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A New Continuous Velocity Observer Formulation for a Class of Uncertain
Nonlinear Mechanical Systems
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Abstract—In this study, we present a smooth robust velocity
observer for a class of uncertain nonlinear mechanical systems.
The smoothness of the observers is guaranteed by utilizing
hyperbolic tangent function as opposed to signum-type func-
tions applied in most robust and sliding mode observers found
in the literature. The proposed observer does not require a
priori knowledge of an upper bound of the uncertain system
dynamics and introduces a time-varying observer gain for
uncertainty compensation. Practical stability of the observer
error is ensured via Lyapunov-type stability analysis. Numerical
simulation studies backed up by experimental results are pre-
sented to illustrate the performance of the proposed observer.

I. INTRODUCTION

Most of the commercially available mechanical systems
(especially industrial robot manipulators) are not equipped
with a physical sensor to measure the velocities of the
system. In the lack of sensory information for the veloci-
ties, in the literature, the two common ways to obtain the
velocity data are either by filtering the position data [1]
or by designing an observer [2], [3], [4]. In filter—based
approaches, usually a filter is designed to approximate the
behavior of a differentiator over a range of frequencies which
in most cases results in extra numerical noise insertion to
the overall system. On the other hand, use of observers
for velocity estimation as in [2], [3], and [4] avoids the
aforementioned drawback of filter—based techniques. While
most of these velocity observers require the dynamical model
of the mechanical system to be partially or exactly known
[5], [6], there are robust observers [3], [4] that require only
the upper bounds of the uncertain functions in the dynamical
model. These robust observers can roughly be grouped as
the ones that utilize signum function in their designs (i.e.,
sliding mode observers or their modifications) [3], [4], [7],
[81, [9], [10], [11] and the ones that require higher observer
gains (i.e., high—gain observers) [12], [13], [14]. While the
discontinuous nature of the signum function is considered
to be useful in the stability analysis, researchers seeked
for alternatives to replace them especially for some imple-
mentations where smoothness is required. The commonly
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utilized alternatives of the signum function are the hyperbolic
tangent function and the saturation function. However, most
of the past works did not analyze the consequences of this
modification with mathematical rigor.

The lack of mathematical proof of utilizing hyperbolic
tangent function in lieu of signum function in observer
designs motivated this work. Specifically, a novel continuous
velocity observer for nonlinear mechanical systems is aimed.
In the literature, hyperbolic tangent function is usually uti-
lized as a continuous approximation of the signum function.
Specifically, the approximation tanh (ks (t)) & sgn (s (t)) is
considered for some “big” positive constant x € R and for
some time—varying function s (¢) € R. However, a common
approach in the literature is to conduct the stability analysis
for the signum function (to make use of its discontinuous
nature to reject uncertainties) and to utilize hyperbolic tan-
gent function for numerical verification (when discontinuity
is a concern in the implementation). In a seemingly novel
departure from the existing results in the literature, in this
paper, hyperbolic tangent function is utilized in the observer
design and its associated analysis is presented. It is also
noted that, unlike the above approximation, in our design,
we used x = 1 so hyperbolic tangent function is applied to
the argument of the signum function directly. The proposed
observer design includes a time—varying observer gain to
avoid the need of a priori knowledge of the upper bounds
of the uncertain mechanical system dynamics. Lyapunov
type stability analysis techniques are utilized to demonstrate
practical tracking (i.e., the velocity observer error can be
driven to the vicinity of the origin that can be adjusted
to be arbitrarily small). The performance of the proposed
observer was demonstrated by both numerical simulations
and experiments performed on a twin rotor system.

The rest of the paper is organized in the following manner.
The plant model considered in this work is presented in
Section II, while the observer formulation and the stability
analysis are presented in Sections III and IV, respectively.
Numerical studies performed on a two link robot manipula-
tor are presented in Section V-A, and experimental results
obtained from a twin rotor system are presented in Section
V-B. Finally concluding remarks are given in Section VI.

II. PLANT MODEL

The mechanical system model considered in this work is
a second order nonlinear dynamical equation in the form

&= h(z,z)+ Gz, &)u (1)
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where x(t) € R™ is the position (i.e., the output) with &(t),
Z(t) € R™ denoting velocity and acceleration of the me-
chanical system, respectively, u(t) € R™ is the control input,
h(z,&) € R™ and G(x,2) € R™*"™ are uncertain nonlinear
functions of position and velocity of the mechanical system.

The subsequent observer development requires the me-
chanical system model in (1) to satisfy the following standard
assumptions (see [15] for the precedence of these assump-
tions).

Assumption 1: The nonlinear functions h(z, ), G(z, &),
and the control input u(t) are C*.

Assumption 2: The control input and its time derivative
are bounded functions of time [i.e., u(t), u(t) € Loo].

Assumption 3: The system output x(¢) and its time deriva-
tive &(¢) remain bounded for all time [i.e., x(t), £(t) € Loo].

III. OBSERVER DESIGN

Our objective is to design a continuous observer to esti-
mate the velocity of the mechanical system. Mathematically,
a velocity observer signal, denoted by :E(t) € R”, will be
designed to observe i (¢) while ensuring the velocity observer
error, defined as i (t) £ i(t) — 2 (t), approach to a finite and
acceptable region around the origin. The design problem is
restricted by the constraint that the right-hand side of the
system model in (1) being uncertain.

To achieve this objective, the subsequent stability analysis
allowed us to design the velocity observer as

t=p+ (K +1,)& )

where K € R™ "™ is a positive definite, diagonal, constant
observer gain matrix, I, € R™*™ is the standard identity
matrix, and Z(¢) € R™ is the position observer error defined
as

FEa— i 3)

The term p(t) € R™ in (2) denotes an auxiliary filter signal
updated according to

p = K&+ Tanh(z) 4)

where B(t) € R™ ™ is a positive definite, diagonal, time—
varying observer gain matrix and Tanh(z) € R™ is the
vector form of the hyperbolic tangent function defined as

Tanh(i) £ [tanh(Z1), ..., tanh(&,)]" (5)

for & 2 [#1,...,3n]". We design the entries of the time—
varying observer gain matrix (¢) to have the following form

Bi(t) = In(cosh(Z;(t))) +/0 Z;(7) tanh(z;(7))dr  (6)

Vi=1,---,n. Notice from (6) that Bl(t) > 0 Vt.

Remark 1: The main difference between the velocity ob-
server in this paper and the velocity observer in [15] is that
we used hyperbolic tangent function instead of the signum
function. An important difference of the proposed velocity
observer from the one in [15] is that, as opposed to the
constant observer gain K5 in (45) of [15], we designed a
time—varying observer gain when multiplying the hyperbolic
tangent function [i.e., B(t) in (4)].

IV. STABILITY ANALYSIS

In this section, the stability of the velocity observer
design in (2)—(6) will be presented. To facilitate the stability
analysis, we define a filtered version of the position observer
error, denoted by r(t) € R™, as follows

r2 i+ i (7

Notice that, since the velocity observer error Z(t) is unavail-
able, the filtered observer error 7(¢) is unavailable as well.
Taking the time derivative of (7) yields

F=F -4+ (8)

where the second time derivative of (3) was utilized. After
taking the time derivative of (2) and substituting (4), we
reach

i =Kr+ i+ fTanh(z) )

where (7) was utilized. Substituting (1) and (9) into (8) yields
the dynamics for the filtered observer error to be obtained in
the following form

i = —Kr+ N — BTanh(i) (10)
where the auxiliary signal N(¢) € R™ is defined as
N £ h+ Gu. (11)

It is highlighted that, based on Assumptions 1, 2 and 3, it is
clear that N(t) and N(t) are bounded functions of time.
An auxiliary function V() € R is defined as

V¢ - L 12)

where L(t) € R is given as

Lé/ T (1) [N (1) — BTanh (& (1)) dr  (13)
0

with § € R™*™ being a positive definite diagonal constant
matrix, and (7, € R is a constant given as follows

L&) Bi(Infeosh (& (0))] +1) — 2" (0) N (0). (14)
i=0
We are now ready to state the following lemma whose
results will later be utilized in the proof of the main theorem.
Lemma 1: When

V|Z[| = d(e) (15)

which can alternatively be stated as Z(t) being outside of a
hyperball around the origin, the auxiliary term V7, (¢) can be
lower bounded in the sense that

Vi(t) >0 (16)
provided that the entries of [ satisfy
1 .
B> = (INilloo + %] ) (17)

where subscript ¢ denotes the entries of a vector or a diagonal
matrix, the notation ||-||  denotes the supremum of a time—
varying signal, and ¢ is a positive design parameter which
specifies the radius of the hyperball d (¢). Alternatively, for
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the region in (15), provided (17) is satisfied, from (12) and
(13), we can obtain
t
> / #T (7) [N () = BTanh (& ()] dr.  (18)

0
Proof: Substituting the definition of 7 (¢) in (7) into
(13) yields

L

/0 T (1) (N (1) — BTanh (Z (7)) dr
EdET (1
+ /OddT( )N(T)dT

dz” (7)
_/0 T ganh (3 (7)) dr.

After evaluating the last integral and integrating the second
one by parts, we can obtain

19)

L - /0 & () (N ()~ T sTanh (& (7)) dr

+ ()N (t) =Y B (In(cosh (& (1)) + 1)

i=1

+ Zﬂi (In (cosh (Z; (0))) +1) — " (0) N

i=1

(0).(20)

Now, after using the property 7 (t) Tanh (7 (t)) > 0, we
can upper bound the right-hand side of (20) as

L < /lez (I1N: ()l + || 222 @1
— B |tanh (Z; (7))|) dr
+ 2NN Ol — Zﬂ (In (cosh (Z; (t))) + 1)
+ _Z/si (In (cosh (&; (0))) + 1) — & (0) N (0)

where Y | 3; was added and subtracted. When ||z (¢)| >
d (£) and the entries of 3 satisfy (17), the integral term on
the right-hand side of (21) (the first two lines) takes negative
values. Applying the fact [16]

(Zln cosh (Z; ( ))+1>—||:13|| >0VAe(0,1) (22)

when ¢ < ||[Tanh(Z(t))| is satisfied, the third line of
(21) would also be negative. Utilizing the definition of the
constant (7, in (14) along with the above facts, results in
VL(t) being positive when ¢ < |Tanh(Z(t))|. In other
words, V(t) is positive if ||Z (¢)|| is outside the hyperball
d (£), whose radius can be adjusted using e. [ |

Remark 2: As presented in the proof of Lemma 1 and will
be demonstrated in the proof of the main theorem, if ¢ =
0, then, it would be possible to drive the velocity observer
error to zero. But as € — 0 then, from (17), it is clear that
B — —+oo. While this seems like a problem, as highlighted
in Remark 1, 8 is not utilized in the observer design and

instead the time—varying observer gain B (t) was introduced
and utilized in (4).

Theorem 1: The velocity observer in (2)—(6) ensures ulti-
mate asymptotic convergence of velocity observer error Z(t)
to a hyperball with an adjustable radius.

Proof: To prove this theorem, we define the following
function

A L r 1 32
VAV 4 or 7‘—1—52@ (23)

where ~ R

Bi = Bi — Bi
and V,(t) was previously defined in Lemma 1. Note that the
expression in (23) is positive and lower bounded provided
that Vi(t) > 0 [i.e., when ||Z|| > d (¢) from Lemma 1] and
thus on the same region satisfies

ar((lwll) < V(t,w) < as([[w])

(24)

Vwll = |z = d(e)
(25)

where w(t) € RZ"+1)x1 is defined as
- - T
w= [T By Bn VVL |

Based on (23), the class K functions «; (||w]|) and s (JJw]|)
are defined as

(26)

1 2 2
ar ([lwl) = 5wl ez (Jwll) = [wl”. @7
By taking the time derivative of (23), we obtain
V=V +rTr+ > Bibi. (28)

i=1
By utilizing the time derivative of V7, (¢) in (12) along with
the time derivative of L(t) in (13), and substituting (10) into
(28), we obtain

V = rT(=N+ BTanh(z))

+ #T(~Kr+ N — BTanh(z +Zm (29)

i=1

Note that, from the time derivative of (6), we obtain
Bi = rstanh(F) Vi =1,--- ,n (30)

After utilizing the time derivative of 3;(t) in (24) along with
(30), from (29), we reach

3

V=rT (ﬁ — ﬁ) Tanh(z) — ZB ;tanh(#;) — rT Kr

=1

(€29)
and after considering the fact
(ﬁ ﬁ) Tanh(z Z r,ﬁl tanh(Z (32)
we obtain
V=—TKr Yw|>|z|>d(). (33)

From (23) and (33), it is clear that V(t) € L and thus
r(t), Vi(t), f(t) € Loo. From the definition of r(t), the
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error signals #(t), Z(t) € Lo. From the structures of (23)
and (33), it can be stated that the trajectories of velocity
observer error Z(t) starting from any given initial value will
approach into the hyperball in (15) as time increases provided
that (17) is satisfied. |

V. NUMERICAL RESULTS

In this section, the performance of the proposed observer
was demonstrated by numerical simulation and experimental
results. First, a numerical simulation was performed on a two
link robot manipulator model. Next, experiment results were
obtained from a twin rotor system [17], [18].

A. Simulation Results

In this section, numerical simulations conducted on a two
link robot manipulator model is presented. The equations of
motion are as follows [14]

Hyy Hyp T

Hys Ha T

n —hiy —h(i1 + 22) T
—h.%"l 0 j72

tntie =12 | 1| [ 0] o9

where z7 (t), 22 (t) € R denote angular positions of joints
and wy (t), uz (t) € R are the control inputs which were
applied as [uy (t),uy ()] = [sin(t), cos(t)]”. In (34), Hy,
Hys, Hoo and h are defined as

Hyq a1 + 2agz cos (x2) (35)
Hiys = a9+ ascos(za) (36)
Hy = a3 37

h = agsin(z2) (38)

where the values of the parameters were a1 = 3.473, as =
0.193 and a3 = 0.242. We would like to highlight that the
above modeling functions were only utilized to simulate the
robot manipulator and they were not utilized in the observer
design.

The robot manipulator is considered to be at rest at the ini-
tial positions of x (0) = [ 0.06 0.06 ]7(deg). During the
simulation, the observer gain was set to K = diag{10, 10}.
The auxiliary filter signal in (4) was initiated from zero, and
#(0)=[ 57 57 |7 (deg).

The actual velocity & (¢) and the observed velocity Z (t)
are shown in Figure 1. The velocity observer error Z (t) is
shown in Figure 2. The diagonal entries of the time—varying
observer gain matrix B (t) are presented in Figure 3. From
Figures 1 and 2, it is clear that the velocity observer is
working accurately and the design objective was met.

B. Experimental Results

The proposed velocity observer was experimentally tested
on a twin rotor system in our laboratory at Izmir Institute
of Technology [17], [18]. Twin rotor system, which is a
nonlinear system with significant cross coupling, resembles
a helicopter model. The mechanical system which was used

Time [sec]

Fig. 1. The actual velocity 4 (¢) (dashed) and the observed velocity & (t).

5
Time [sec]

Fig. 2. The velocity observer error  (t).

in the experiment studies was built in our laboratory, and
used as a test-bed for various control applications. The
system consists of two rotors placed on a beam. Similar to a
helicopter, position and velocity of the beam are controlled
by changing the rotor velocities. The electronic sub—system
consists of two motor drivers, two optical encoder readers,
and a PC—to—device communication interface. The system
sends yaw and pitch angles to PC and receives motor velocity
information from PC via an RS232 port with a 56700 baud
rate, and is controlled via the LabView software.

Researchers pursued several approaches to develop a
dynamic model for the twin rotor system. Reviewing the
literature reveals the dynamic model of a twin rotor system
to be of the following form [19]

Mi=f+u (39)

where z (t) £ [z, (t), 7, (t)]" € R? denoting pitch and
yaw angles of the beam, M (z) € R?*2, f(z,i) € R?
are uncertain nonlinear functions, u (t) € R? is the control
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Fig. 3. The diagonal entries of the time-varying observer gain matrix

B ().

input. In (39), i (¢), i (t) € R? denote velocity and acceler-
ation vectors, respectively. Notice that, choosing G (z, %) =
M=t (x), h(x,i) = M~ (x) f (z,4) yields the model in
(1).

During the experiment, the control input is
designed as wu(t) = (1 — exp(—t))[590,750]7 +
[10sin(0.17t), —150sin(0.17t)]7, and the  observer

gain matrices' were set to K = diag(0.01,0.0001) and
B = diag(0.0016, 0.0002).

The pitch angle z,(t) and yaw angle x,(t) are shown
in Figures 4 and 5, respectively. The pitch angle observer
error &,(t) and the yaw angle observer error Z,(t) are shown
in Figures 6 and 7, respectively. Finally, the observed pitch
velocity ,(t) and the observed yaw velocity i, (t) are shown
in Figures 8 and 9, respectively. From Figures 6 and 7, it is

clear that the observer design objective was met.

VI. CONCLUSION

In this work, a new robust continuous velocity observer
was designed for a class of uncertain nonlinear mechanical
systems. The smoothness of the velocity observer was en-
sured via the use hyperbolic tangent function in the design.
The design of the velocity observer differs from the similar
observer techniques in the literature in the sense that, the
proposed observer utilizes a time—varying observer gain for
uncertainty compensation. Ultimate asymptotic stability of
the observer error was ensured via Lyapunov-type stability
analysis. Numerical simulations backed up with experimental
results performed on a highly nonlinear system were pre-
sented to illustrate the performance of the proposed observer.

Current research is underway to make the proposed ob-
server a fully self-tuning velocity observer by designing an
adaptive update rule for the constant gain matrix K.

For simplicity reasons, the time—varying observer gain matrix 8 was
chosen as a constant.
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Fig. 5. Yaw angle x(¢).
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