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On the estimation and optimization
capabilities of the fatigue life prediction
models in composite laminates

H Arda Deveci1,2 and H Seçil Artem1

Abstract

In this study, the estimation and optimization capabilities of the multiaxial fatigue life prediction models, namely, Failure

Tensor Polynomial in Fatigue, Fawaz–Ellyin, Sims–Brogdon and Shokrieh–Taheri are investigated comparatively.

Fatigue life predictions are obtained for multidirectional graphite/epoxy, glass/epoxy, carbon/epoxy and carbon/PEEK

composite laminate data taken from the literature. The prediction study shows that the models can predict the fatigue

behavior of the multidirectional laminates at different degrees of proximity. In the optimization, a hybrid algorithm

combining particle swarm algorithm and generalized pattern search algorithm is used to search the optimum stacking

sequence designs of the laminated composites for maximum fatigue life. The hybrid algorithm shows superior perfor-

mance in terms of computational time and finding improved global optima compared to the best results presented in the

literature. After the capability of the models and the reliability of the algorithm are revealed, several lay-up design

problems involving different cyclic loading scenarios are solved. The results indicate that the reliability of the optimi-

zation may considerably change according to the used model even if the model may yield reasonable prediction results.
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Introduction

The use of fiber-reinforced composites has increasingly
started being the main driving force in industries such
as aerospace, automotive, military and marine automo-
tive due to their advantageous properties like high
strength, high stiffness, and low weight. However, as
in metallic materials, fatigue damage is an important
issue to be considered in composite structures subjected
to complex multiaxial stress states during service.
Therefore, fatigue requires durability investigation
and special lay-up design in the composite structure
components that must bear significant cyclic fatigue
loads during operation, such as airplanes, wind turbine
rotor blades, boats and bridges.1

Numerous fatigue theories and methodologies have
been developed so far to investigate the fatigue behav-
ior of composite materials and structures. The fatigue
life prediction models in the literature can be classified
into five categories: empirical, phenomenological
modelling; specific damage metrics such as the residual
strength and/or stiffness of the examined material;
probabilistic; artificial neural network based; and

micromechanics. Moreover, the investigation of fatigue
behavior of composite structures under multiaxial
loadings is more important for the applications sub-
jected to real complex loading conditions as the fatigue
damage under uniaxial loading has been clarified in
many studies.2–5 Among these models, only some of
them are suitable to address the problem of fatigue
life prediction of composite materials under multiaxial
stress states. In this respect, it is reported that empirical
models which estimate the fatigue life due to
constant amplitude loading based on experimental
data without making any assumption regarding the
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micro mechanisms leading to fatigue failure have also
practical application potential in fatigue design of com-
posite structures.1

Hashin and Rotem6 presented an empirical fatigue
life prediction model based on the different failure
modes for unidirectional materials considering the
fiber and matrix failure modes independently.
The authors then reported that an interlaminar failure
mode is encountered when multidirectional composite
laminates are considered.7 Sims and Brogdon8 pro-
posed a model that modified the Tsai–Hill failure cri-
terion to a fatigue criterion by replacing the static
strengths with the corresponding fatigue strengths
taking the number of cycles to failure into consider-
ation. This was the first attempt to use a static failure
criterion to constitute a fatigue failure criterion.
Similarly, Fawaz and Ellyin9 proposed a multiaxial
fatigue life prediction model based on Tsai–Hill static
strength failure criterion. The model requires only an
experimental S–N curve of a reference off-axis speci-
men to make estimations. They showed that the model
accurately predicts fatigue failure of different unidirec-
tional and bidirectional fiber-reinforced composite
materials subjected to uniaxial and multiaxial stresses
and different cyclic stress ratios. Philippidis and
Vassilopoulos10 introduced a model which is an
extension of the quadratic version of the failure tensor
polynomial for the prediction of fatigue life under com-
plex stress states. It is reported that the model yields
reliable predictions for both unidirectional and multidir-
ectional laminated composites when compared to exper-
imental data, and can be used in design of composite
structures subjected to multiaxial fatigue loadings.
Kawai11 developed a phenomenological fatigue
damage mechanics-based model that could take into
account the off-axis angle and stress ratio effect under
any constant amplitude loading with non-negative mean
stresses in order to predict the off-axis fatigue behavior
of unidirectional composites. It is shown that the model
is capable of adequately predicting the off-axis behavior
over a range of non-negative mean stresses. Shokrieh
and Taheri-Behrooz12 developed a model based on
strain energy method and Sandhu static failure criterion
for predicting fatigue life of unidirectional composite
laminates in various fiber orientation angles.

In the optimization point of view, composite materi-
als provide great design possibility by allowing
material tailoring to meet preferred design requirements.
Fatigue strength is one of the most important require-
ments to ensure in composite laminate design. This can
be possible through an optimum selection of fiber ori-
entations in a laminate. Nevertheless, there are few pub-
lished studies on the optimum design of laminated
composites for maximum fatigue life.13–17 As the first
attempt in this area, Adali13 introduced a study to

obtain the optimum symmetric angle-ply laminate
under in-plane tensile fatigue loads for maximum failure
load by employing a fatigue failure criterion and deter-
mined optimum fiber orientations, thickness ratio and
fiber content for constant cyclic lives. Then, Walker14

proposed a procedure to minimize the thickness of lam-
inated composite plates subjected to cyclic bending loads
for specific fatigue lives under a cumulative damage con-
straint. In these earlier studies on fatigue design optimi-
zation, the researchers used fatigue models that were
valid only for limited laminate configurations and spe-
cific loading conditions. Essentially, more general stack-
ing sequences and loading conditions are supposed to be
considered in design optimization for typical applica-
tions. In this regard, Ertas and Sonmez15 showed in
their study that the optimum designs of laminated com-
posite plates under in-plane cyclic loading for maximum
fatigue life can theoretically be obtained for more gen-
eral stacking sequences using Fawaz–Ellyin (FWE)
model. Muc and Wierzgo�n16 proposed a design method-
ology to find the optimum stacking sequences having
three different fiber orientations for maximum buckling
load of composite plates by introducing a new type of
discrete design variables. Recently, Deveci and Artem17

have presented a design methodology to investigate
optimum multidirectional stacking sequence design of
laminated composites under various in-plane cyclic
loads for maximum fatigue life by using another model,
failure tensor polynomial in fatigue (FTPF) model.

In the present study, the aforementioned fatigue life
prediction models, FTPF, FWE, Sims–Brogdon (SB)
and Shokrieh–Taheri (ST) are selected to investigate
their prediction capabilities in multidirectional lami-
nates and optimization capabilities in laminate design
for maximum fatigue life. In the first part of the study,
a comprehensive experimental correlation is performed
for different multidirectional composite materials to
evaluate the prediction capabilities of the models by
comparing each other. In the second part, each model
is used to constitute the objective function of its own,
and a particle swarm algorithm embedded generalized
pattern search algorithm is used as a hybrid algorithm
in the optimization. Before the optimization, the effec-
tive performance of the proposed hybrid algorithm is
shown by comparative results using a test problem
with different design cases from the literature. A pre-
optimization study is then performed to justify the
theoretical derivation procedure to be followed using
experimental data from the literature. After these inves-
tigations, a number of problems including many design
cases are solved for each model separately and the
optimum results are presented to discuss.

In the literature, as known, there are many separate
studies dealing with the derivation and application of
fatigue life prediction models for fiber-reinforced
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composite laminates. However, except few studies,1,2,18

the literature is deficient in studies considering the
fatigue life prediction models together to make an eval-
uation about their estimation capabilities on multidir-
ectional laminates. Moreover, few studies13–17 have
conducted on the optimization of composites for
fatigue life maximization. In this regard, our study ful-
fils this gap in the literature and reveals the potential of
the selected suitable models for modeling and improve-
ment of fatigue life of laminated composites.

The fatigue life prediction models used in this study
are practical to apply to the prediction and optimiza-
tion procedures in terms of lower cost and time. It is
also worth to note at this point that these models do
not consider progressive damage and stiffness loss in
composite laminates subjected to cyclic fatigue loading.

Fatigue life prediction using

different models

The first part of the study includes the determination of
fatigue life prediction capability of designated models on
multidirectional composite laminates with different mate-
rials. Four multiaxial fatigue life prediction models are
evaluated for their applicability and predictive ability.
These are the models by Philippidis and Vassilopoulos,10

Fawaz and Ellyin,9 Sims and Brogdon8 and Shokrieh and
Taheri.12 The models are selected as they can be easily
implemented, and sufficient fatigue test data are available
in the literature for evaluation of their accuracy.1

Fatigue life prediction models

FTPF model. A modification of the quadratic version of
the failure tensor polynomial for the prediction of
fatigue strength under complex stress states was intro-
duced by Philippidis and Vassilopoulos10 and termed as
FTPF criterion. The FTPF criterion is based on Tsai-
Hahn tensor polynomial19 and adapted for fatigue.

For a fiber-reinforced composite plate subjected to
in-plane loading, Tsai-Hahn tensor polynomial criteri-
on is expressed in the material coordinates by

F11r
2
1 þ F22r

2
2 þ 2F12r1r2 þ F1r1 þ F2r2 þ F66r

2
6 � 1 � 0

(1)

Here, the components of the failure tensors can be
given by

F11 ¼ 1

XX0 ; F22 ¼ 1

YY0 ; F66 ¼ 1

S2
;

F1 ¼ 1

X
� 1

X0 ; F2 ¼ 1

Y
� 1

Y0 ; F12 ¼ � 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
F11F22

p
(2)

where X andY represent the failure strengths of the mate-
rial along the longitudinal and the transverse directions,
respectively, and S represents shear failure strength. The
prime (0) is used for compressive strengths.

For a cyclic in-plane fatigue loading depicted as in
Figure 1, the components of failure tensors are func-
tions of the number of cycles N, stress ratio,
R ¼ rmin=rmax, and the frequency �, of the loading as

Fij ¼ Fij N;R; �ð Þ; Fi ¼ Fi N;R; �ð Þ; i; j ¼ 1; 2; 6

(3)

and the expressions in equation (2) are still valid for the
calculation of tensor components but the failure stresses
X, X0, Y, Y0, and S are replaced by the S–N curves of the
material along the same directions and under the same
conditions. Thus, the failure stresses X, X0, Y, Y0, S can
be expressed as functions of number of cycles, stress ratio
and frequency. If the S–N curves of the material are
assumed in the general semi-logarithmic form

S ¼ Aþ BlogN (4)

then the expressions of the fatigue failure stresses can
be written as

X N;R; �ð Þ ¼ AX þ BX logN

X0 N;R; �ð Þ ¼ AX0 þ BX0 logN

Y N;R; �ð Þ ¼ AY þ BY logN

Y0 N;R; �ð Þ ¼ AY0 þ BY0 logN

S N;R; �ð Þ ¼ AS þ BS logN

(5)

It is reported that only X N;R; �ð Þ, Y N;R; �ð Þ and S
N;R; �ð Þ tensile fatigue failure stresses are sufficient for
the FTPF criterion to yield satisfactory predictions.
When only these three S–N curves are used, the fatigue
failure tensor components can be given by

F11 ¼ 1

X2 N;R; �ð Þ ; F22 ¼ 1

Y2 N;R; �ð Þ ;

F66 ¼ 1

S2 N;R; �ð Þ ; F1 ¼ F2 ¼ 0

(6)

Figure 1. Representative plate geometry showing in-plane
loading and principal coordinates.
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and by substituting these tensors into equation (1), the

criterion finally takes the form

r21
X2 Nð Þ þ

r22
Y2 Nð Þ �

r1r2
X Nð ÞY Nð Þ þ

r26
S2 Nð Þ � 1 � 0

(7)

where the fatigue failure stresses are shown only as

functions of the number of cycles N. The criterion

can be used in the form of equation (7) for any stress

ratio R, and frequency �, provided the basic S–N

curves are also known for the same R and � values.

FWE model. Fawaz and Ellyin9 presented a fatigue life

prediction model to simulate the fatigue behavior of

unidirectional and multidirectional composite lami-

nates under multiaxial cyclic stress states as presented

in Figure 1. The model requires only one experimental-

ly obtained S–N curve and the static strengths of the

laminate along different directions. The FWE model

assumes that all the on- and off-axis S–N curves of

the laminate can be found lying in a narrow band on

the S–N plane when they are normalized by the corre-

sponding static strengths.
If a reference S–N curve is expressed by the follow-

ing semi-log linear relationship

Sr ¼ mr log Nð Þ þ br (8)

the S–N curve under any off-axis angle can be calcu-

lated by

S a1; a2; h;R;Nð Þ ¼ f a1; a2; hð Þ g Rð Þmr log Nð Þ þ br
� �

(9)

as a function of the reference S–N curve.
In equations (8) and (9), subscript r denotes the ref-

erence direction and a1 and a2 are the first and second

biaxial stress ratios, transverse stress over normal stress

ry=rx
� �

and shear stress over normal stress sxy=rx
� �

,

respectively. mr and br are the parameters derived after

fitting to the experimental data of the reference S–N

curve. f and g are non-dimensional entities defined by

f a1; a2; hð Þ ¼ rx a1; a2; hð Þ
Xr

(10)

g Rð Þ ¼ rmax 1� Rð Þ
r maxð Þr � r minð Þr

(11)

where rx a1; a2; hð Þ is the static strength along the lon-

gitudinal direction, Xr is the static strength along the

reference direction and r maxð Þr � r minð Þr is the stress
range applied to obtain the reference line.

The off-axis static strengths of the examined mate-
rial can be estimated using any reliable multiaxial static
failure criterion. While defining the model, Fawaz and
Ellyin uses Tsai–Hill static failure criterion to deter-
mine rx a1; a2; hð Þ, thus f a1; a2; hð Þ. Function g is intro-
duced to take into account different stress ratios, R as
seen in equation (11). Note that g is equal to 1 when the
stress ratio of the reference S–N curve is the same as
that of the S–N curve being predicted R ¼ Rrð Þ, and for
R ¼ 1 (quasi-static loading), g ¼ 0.

Although the FWE criterion has the advantage of
requiring only one S–N curve data, the predictions are
very sensitive to the selection of the reference curve.

SB model. Sims and Brogdon8 extended the Tsai–Hill
static failure criterion to a fatigue criterion (fatigue
life prediction model) by replacing the static strengths
with corresponding fatigue functions. The expression
of the SB model can be written as

r1
rL

� �2

� r1r2
r2L

þ r2
rT

� �2

þ r12
rS

� �2

� 1 � 0 (12)

where rL, rT and rS denote the fatigue functions (the
corresponding S–N curve equations) along the longitu-
dinal, the transverse directions and shear, respectively.
r1, r2 and r12 are the stresses along the material refer-
ence system.

The SB model refers to lamina fatigue strength and
can be extended to laminates of any orientation using
laminated plate theory and knowledge of the stresses in
the individual lamina to predict first-ply fatigue failure
(the number of cycles). However, the SB model has the
same drawback as the Tsai–Hill criterion, which does
not take the different strengths of the material under
tension and compression into account.

ST model. Shokrieh and Taheri12 proposed a strain
energy-based model for predicting the fatigue life of uni-
directional composite laminates at various fiber angles
and stress ratios subjected to constant amplitude, ten-
sion–tension or compression–compression cyclic loading
R � 0ð Þ. They derived the ST model from the static fail-
ure criterion by Sandhu et al.20 They also adopted the
assumption of El Kadi and Ellyin21 that the relationship
between fatigue life and total input energy can be
described by the power law type of equation

DWt ¼ kNa þ C (13)

where k, a and C are material constants. Letting C ¼ 0,
and k and a are independent of the stress ratio and fiber
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orientation, the total input energy is defined as

DW� ¼ kNa (14)

The proposed model in the on-axis coordinate
system is given by the following equation

DW� ¼ DW�
I þ DW�

II þ DW�
III

¼ Dr1De1
Xeu1

þ Dr2De2
Yeu2

þ Dr6De6
Seu6

(15)

where D before a symbol indicates its range and DW�

represents the sum of strain energy densities contribut-
ed by all stress components in material directions.
DW�

I , DW
�
II and DW�

III denote the strain energy densi-
ties in the longitudinal, transverse and shear directions,
respectively and can be expressed by the set of equa-
tions (16)

DW�
I ¼

1

X2

1þ Rð Þ
1� Rð Þ Drxð Þ2 cos4hð Þ

DW�
II ¼

1

Y2

1þ Rð Þ
1� Rð Þ Drxð Þ2 sin4hð Þ

DW�
III ¼

1

S2

1þ Rð Þ
1� Rð Þ Drxð Þ2 sin2hcos2hð Þ

(16)

where X, Y and S are the material static strengths; r1,
r2, r6, and e1, e1, e6 are stress and strain tensor com-
ponents; eu1, eu2 and eu6 are the maximum strains in the
principal material directions.

Assuming a linear stress–strain response along the
material directions, the conversion of off-axis stresses
into the on-axis coordinate (equation (15)) takes
the form

DW� ¼ 1þ Rð Þ
1� Rð Þ Drxð Þ2 cos4h

X2
þ sin4h

Y2
þ sin2hcos2h

S2

� �

(17)

where h is the fiber orientation angle. Equation (17) is
valid as long as R � 0.

The ST model uses both stress and strain to predict
failure and only one set of data is required (and used as
the reference set) for calibration of the model parame-
ters. However, it seems that the model is only applica-
ble to unidirectional laminates.

Multidirectional laminate predictions for
various materials

Prediction capability of the selected models on different
composite materials in various multidirectional stacking

sequences is investigated by taking multiaxial stress

states into consideration. In this respect, a progressive

failure approach is adopted to simulate the fatigue

behavior of the multidirectional composite laminates.

Fatigue life of the laminates is determined by following

ply-by-ply analysis. First, for the applied load range of

the laminate in question, the stresses in layers are calcu-

lated using classical lamination theory, and then fatigue

life of the weakest layer is predicted using the related

model equation (i.e. equations (7), (9), (12) or (14)) given

in a general closed form as

f r1; r2; r6; logNð Þ � 1 � 0 (18)

This approach is applied from the first failing ply to

the last failing ply by recalculating the stress state on

undamaged layers, and thus the final fatigue life of

the laminate is determined by the sum of the lives

of the layers.
The fatigue life predictions of different multidirec-

tional composite laminates that include graphite/epoxy

laminates,22 carbon/epoxy laminates,23 E-glass/epoxy

laminates,24 carbon/PEEK laminates25 are obtained

by using the proposed FTPF, SB, FWE and ST

models. Predictions of all the models are shown in

the same figure for the related laminate configuration

to make a comparison of their estimation capabilities.

The fatigue life prediction curves are presented with the

experimental data (Exp. data) in Figures 2 to 11.

Graphite/epoxy composite laminates. Fatigue life predic-

tions for multidirectional 0=90½ �4s and 0=45=� 45=90½ �2s
graphite/epoxy laminates22 (R¼�1) are shown in

Figures 2 and 3, respectively. ST model predictions

could not be performed since the method restricts the

use for negative R values. In the figures, predictions of

Ertas and Sonmez15 obtained by FWE method are also

included to give an idea about our prediction perfor-

mance and reliability. It is noted that the reference

Figure 2. Fatigue life predictions for ½0=90�4s graphite/
epoxy laminate.
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curve of �45½ �4s laminate is selected for the predictions of

FWE method.
It is seen from Figure 2 that the prediction of FWE for

the 0=90½ �4s laminate is very close to the prediction of

Ertas and Sonmez,15 and the curve provides an approx-

imate prediction compared to the experimental data until

105 cycles lifetime, and after that it slightly underesti-

mates the data. However, FTPF and SB slightly over-

estimates the data until 105 cycles with the same

predictions, and after that point they make close predic-

tion. As seen in Figure 3, the FWE prediction for the

0=45=� 45=90½ �2s is very close to the prediction of Ertas

and Sonmez15 and in a good agreement with the exper-

imental data. However, FTPF and SB predictions slightly

underestimate the data at first, and then overestimate the

data towards the end with close predictions to each other.

Carbon/epoxy composite laminates. Fatigue life predictions

for 0=902½ �s, 0=904½ �s and 02=902½ �s carbon/epoxy lami-

nates23 under tension–tension fatigue testing (R¼ 0.1)

are shown in Figures 4 to 6, respectively. It should be

noted that �45½ �2s carbon/epoxy laminate is selected as

the reference curve for the predictions using FWE and

ST models.

For the 0=902½ �s laminate, it is seen from Figure 4

that the prediction of ST is in better agreement with the

experimental data than the predictions of FTPF, SB

and FWE models. For the 0=904½ �s, 02=902½ �s laminates

(Figures 5 and 6), FWE and ST predict in a wider range

of stress amplitude according to the data. It can be said

that ST predicts the fatigue behavior with a more aver-

age accuracy. However, FTPF and SB make the same

underestimated predictions for all the laminates.

E-glass/epoxy composite laminates. In Figures 7 to 9, fatigue

life predictions for 0=90=90=0½ �s, 45=0=0=� 45½ �s and

45=90=� 45=0½ �s E- glass/epoxy laminates24 under zero-

tension fatigue testing (R¼ 0) are presented, respectively.

It can be noted that 45=� 45=� 45=45½ �s laminate of the

same material is selected as the reference curve for the

predictions of FWE and ST models.
It is seen from Figure 7 that the predictions of the

FTPF and SB models for the 0=90=90=0½ �s laminate are

identical and in a very good agreement with the exper-

imental data. Nevertheless, FWE model underesti-

mates the experimental data to a degree. On the other

hand, ST model slightly overestimates the data. As seen

in Figure 8, prediction curve of ST model fits the

Figure 3. Fatigue life predictions for ½0=45=� 45=90�2s graph-
ite/epoxy laminate.

Figure 4. Fatigue life predictions for ½0=902�s carbon/
epoxy laminate.

Figure 5. Fatigue life predictions for ½0=904�s carbon/
epoxy laminate.

Figure 6. Fatigue life predictions for ½02=902�s carbon/
epoxy laminate.
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experimental data very well for the 45=0=0=� 45½ �s
laminate. However, FTPF and SB slightly underesti-
mates the data with the identical predictions, and
FWE further underestimates the data. It can be seen
in Figure 9 that ST model prediction curve is in a good
agreement with the data; however, the prediction
curves of FTPF-SB and FWE models underestimate
the data in increasing degrees, respectively.

Carbon/PEEK composite laminates. Fatigue life predictions

for ½0=90�4s and ½0=45=90=� 45�2s carbon/PEEK25 lam-

inates under zero-tension fatigue testing (R¼ 0) are

shown in Figures 10 and 11, respectively. For the

½0=90�4s, ½30�16 and ½60�16 laminate curves and for the

½0=45=90=� 45�2s laminate, ½15�16 and ½�45�4s laminate

curves are selected as reference curves for the predictions

of FWE and ST models, respectively.
It is seen for the ½0=90�4s laminate that the models

generally make close predictions. However, FTPF and

SB models slightly overestimate the experimental data

with identical predictions. FWE and ST underestimate

the data to some degree with close prediction curves.

For the ½0=45=90=� 45�2s laminate, FWE and ST over-

estimate between the life of 105 and 107 cycles

with close prediction curves. On the other hand,

FTPF and SB slightly underestimate the data with

close prediction curves.
Regarding all the results, the estimation study

indicates that any fatigue life prediction model is not

obviously better than the other in simulating fatigue

life behavior of the composite laminates. Besides, it

seems that FTPF and SB models have more prone to

predict the fatigue behavior in all the multidirectional

laminates of different composite material compared to

Figure 7. Fatigue life predictions for ½0=90=90=0�s E-glass/
epoxy laminate.

Figure 8. Fatigue life predictions for ½45=0=0=� 45�s E-glass/
epoxy laminate.

Figure 9. Fatigue life predictions for ½45=90=� 45=0�s E-glass/
epoxy laminate.

Figure 10. Fatigue life predictions for ½0=90�4s carbon/
PEEK laminate.

Figure 11. Fatigue life predictions for ½0=45=90=� 45�2s
carbon/PEEK laminate.

1310 Journal of Reinforced Plastics and Composites 37(21)



the other models. ST model shows a better perfor-
mance in carbon/epoxy and glass/epoxy laminates.
FWE model makes the best prediction in graphite/
epoxy laminates. In carbon/PEEK laminates, all the
models show tendency to underestimate or overesti-
mate the experimental data.

Optimization

The second part of the study is the optimization of
composite laminates for different design cases using
the fatigue life prediction models and a hybrid algo-
rithm. The hybrid algorithm is constituted by
MATLAB Optimization Toolbox.26 Generalized pat-
tern search algorithm (GPSA) is hybridized with parti-
cle swarm algorithm (PSA).

Hybrid algorithm

Hybrid methods combining two different metaheuristic
optimization algorithms have been used by the
researchers in the literature to take advantages of
each powerful side of these algorithms.17,27–29 For
this purpose, first, the initial algorithm is applied to
obtain a point close to the global minimum, and then
the other selected algorithm is applied to refine and
improve the result obtained by the initial algorithm;
thus, the possibility of global convergence is increased
to a significant degree depending on the nature of the
problem. Accordingly, in this study, the combination
of GPSA and PSA is considered as the hybrid algo-
rithm to achieve a high accuracy rate in our results.
The initial algorithm is PSA, and the GPSA runs
after the PSA terminates for each iteration. In the fol-
lowing sections, brief information about each algo-
rithm is given.

GPSA is a derivative-free optimization method
developed by Torczon30 for unconstrained optimiza-
tion of functions and later extended to cover nonlinear
constrained optimization problems. As opposed to the
traditional local optimization methods that use infor-
mation about the gradient or partial derivatives to
search for an optimal solution, GPSA is a direct
search method which finds a sequence of points xi
that approach the global optimal point through many
iterations. Each iteration consists of two phases: the
search phase and the poll phase. In the search phase,
the objective function is evaluated at a finite number of
points on a mesh to find a new point with a lower
objective function value than the best current solution.
In the poll phase, the objective function is evaluated at
the neighboring mesh points to see if a lower objective
function value can be obtained.31

PSA is on the other hand a population-based algo-
rithm. In this respect, it is similar to the genetic

algorithm. A collection of individuals called particles
move in steps throughout a region. At each step, the
algorithm evaluates the objective function at each par-
ticle. After this evaluation, the algorithm decides on the
new velocity of each particle. As the particles move, the
algorithm reevaluates. The inspiration for the algo-
rithm is flocks of birds or insects swarming. Each par-
ticle is attracted to some degree to the best location it
has found so far, and also to the best location any
member of the swarm has found. After several steps,
the population can coalesce around one location if the
algorithm finds the global, or can coalesce around a
few locations if the algorithm finds local optima, or
can continue to move if there is a better solution.32

The optimization procedure which describes how
PSA works and interacts with GPSA in the hybrid
algorithm is given in Figure 12 and explained step by
step as follows:

Start 

Set PSA solution as the 
initial point for GPSA ( 0x )

Set the initial 
mesh size ( 0

mΔ )

Are termination 
criteria satisfied?

YES 
Stop

NO 

Generate the neighboring 
mesh points by 

m m
i i id ν= Δ

m m
i i ix x d= +

Complete poll by computing 
the objective function values 

at all mesh points ( )m
if x

Is the poll 
successful? 

?

( ) ( )m
i if x f x≤

YES Expand mesh 

1 2m m
i i+Δ = Δ

Update the 
current point

Contract mesh 

1 0.5m m
i i+Δ = Δ

Use the 
current point

NO

PSA creates initial particle 
velocities v within the range [-r, r] 

Evaluate the obj fun at each p(i) and determine 
b=min(fun(p(i))) and the best location d (b=fun(d))

Stopping criteria 
satisfied? 

YES
Stop

NO

Update d, v and neighbors 

Figure 12. Flowchart of the hybrid PSA-GPSA optimization.
PSA-GPSA: particle swarm algorithm-generalized pattern
search algorithm.
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Step 1. PSA begins by creating the initial particles

and assigning them initial velocities v uniformly within
the range [�r, r], where r is the vector of initial ranges.

Step 2. It evaluates the objective function at each

particle location p(i) of each particle i, and determines

the best (lowest) function value b¼min(fun(p(i))) and
the best location d.

Step 3. It chooses new velocities based on the current

velocity, the particles’ individual best locations, and the
best locations of their neighbors.

Step 4. It then iteratively updates the particle loca-

tions (the new location is the old one plus the velocity,
modified to keep particles within bounds), velocities,

and neighbors.
Step 5. Iterations proceed until the algorithm

reaches a stopping criterion.
Step 6.When the PSA terminates, the reached optimal

solution is used as an initial point for GPSA to search.
Step 7. GPSA starts its search with the initial solu-

tion x0 and an initial mesh size Dm
0 .

Step 8. If the search phase satisfies a solution with a
lower objective function value than the best current

solution, the algorithm stops.
Step 9. If termination criteria not satisfied, the algo-

rithm goes to the poll phase and generates a set of
neighboring mesh points xmi by multiplying the current

mesh size by each pattern vector dif g. The fixed-

direction pattern vectors are used to determine the
points to search at each iteration and defined by the

independent variables in the objective function, com-

monly the maximal basis with 2N vectors consisting of
N positive and N negative vectors, and the minimal

basis with Nþ 1 vectors.
Step 10. In the polling step at kth iteration,

GPSA polls all the mesh points by computing their

objective function values f xmið Þ in order to find an

improved point.
Step 11. If the poll is successful, which means an

improved point is found, the current mesh size is mul-

tiplied as Dm
iþ1 ¼ 2Dm

i , and the current point is updated

by the new mesh size for the next iteration kþ 1. If the
polling fails to find an improved point, the mesh size is

reduced by Dm
iþ1 ¼ 0:5Dm

i , and this current point is used

for the next iteration.
This process continues through many iterations until

global optimum is reached.

There is not any other study except the Deveci
and Artem17 in the literature on fatigue life modeling
and/or optimization study by hybridization of meta-
heuristic algorithms. In this regard, the proposed
hybrid PSA-GPSA algorithm brings a new approach
to the solution of optimization problems for fatigue
life advance of laminated composites.

Algorithm performance

A buckling optimization problem previously stud-
ied33,34 is considered as a test problem and solved
with the selected options to evaluate the performance
of the hybrid PSA-GPSA algorithm in terms of com-
puter processor time (CPU time) and maximization of
critical buckling load factor with the best stacking
sequences. The results of the hybrid algorithm are com-
pared with the best-known results studied by different
hybrid algorithms in the literature.35–38 Table 1 shows
the details of composite plate dimensions a and b, and
in-plane loads Nxx and Nyy for the load cases.

The optimum critical buckling load factors for all
the load cases are compiled from the literature and
presented together with the present critical buckling
load factor, stacking sequence and CPU time results
in Table 2. The best results are given for load cases
1–4 in the table.

In the table, the critical buckling load factor kcbð Þ
results are given in British units to provide consistency
with the literature. CPU times are average of the best
cases specified in each load case and given in seconds
[s]. Ply contiguity constraint for stacking sequences is
applied to the first three load cases. Besides, stacking
sequences are subjected to symmetry and balance con-
straints. In order to provide an average quality of sol-
utions, each load case is performed 100 times with
different starting points.

It can be seen from the table that the present kcb
values for the test problem are found superior to the
results given in the literature for load cases 1, 2 and 3.
It should be noted that k17cb represents the results of the
previous published study of the authors obtained from
the hybrid algorithm combining genetic algorithm
(GA) and GPSA, and the present proposed PSA-
GPSA algorithm finds greater kcb values in much
shorter CPU time than the GA-GPSA hybrid algo-
rithm. In load case 4, the same results are obtained

Table 1. Load cases for test problem.

Load case Number of plies a (mm) b (mm) Nxx (N/mm) Nyy (N/mm)

1 48 508 127 17.5 2.2

2 48 508 127 17.5 4.4

3 48 508 127 17.5 8.8

4 64 508 254 17.5 17.5
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for the first and second optima in a shorter CPU time.
kcb values denoted with superscript a are the real opti-
mum values calculated from the stacking sequence
designs given by the related references. It can be
noted that kcb values found35–38 are possibly misrepre-
sented due to round of error in their optimization
procedures. This test study implies that the proposed
PSA-GPSA hybrid algorithm shows very good perfor-
mance in searching the design space within a short time
for laminated composite optimization and has capabil-
ity to yield the best possible results for the fatigue
optimization studies.

Fatigue life maximization using

the models

Validation of the proposed fatigue
optimization strategy

In the optimization part of the study, multidirectional
laminate derivations are produced to increase the
fatigue life theoretically using different fatigue life pre-
diction models and the PSA-GPSA hybrid algorithm.
It is obvious that the optimum stacking sequences
giving maximum fatigue lives require a validation sup-
porting the proposed fatigue optimization strategy.
In this regard, a pre-optimization study is performed
to justify the theoretical derivation procedure using
experimental data from the literature. The prediction
and optimization procedures are applied to different
multidirectional composite laminates.22,24,25 For each
laminate, first, estimated fatigue life is determined.
Then, the optimum laminate configurations to be
replaced with the tested laminate are investigated and
the stacking sequences with increased fatigue lives are
obtained. The results are presented in Table 3 with the
stacking sequences and experimental fatigue lives of the

reference materials. In the table, the maximized results
for each case are shown and the corresponding fatigue
lives are given as logarithmic.

It is seen in Table 3 that the predicted fatigue life values
obtained by each one of the models show differences com-
pared to the experimental fatigue life values. In general,
the FTPF, FWE and ST models can make good predic-
tions in different proximities for almost all the stacking
sequences (e.g. 0=90=90=0½ �s24, 0=90½ �4s22 and 0=90½ �4s25).
However, life predictions of the FWE model are typically
lower than the other models (e.g., ½45=90=� 45=0�s24 and
½0=90�4s25). It can also be noted that the ST method is not
capable of predicting for the stacking sequences22 since the
cyclic stress ratio R is �1.

The optimization results show that longer fatigue
lives can be obtained with mostly same stacking
sequences of the laminates; however, fatigue life
values show differences according to the model. For
example, while a fatigue life of 105 cycles level is
reached experimentally and predictively for the
½45=90=� 45=0�s sequence24 for each model, different
fatigue lives are achieved by the same optimum
½0=45=90=0�s sequence. ST model yields the optimum
sequences with longer fatigue lives not less but more
than 108 cycles when compared with the other models.

Considering that the fatigue lives of the lami-
nates22,24,25 are mostly predicted with an acceptable
accuracy by all the models, and the optimum stacking
sequences having longer fatigue lives than the experi-
mental and predicted lives are obtained by the optimi-
zation, it can be concluded that the optimum results
obtained theoretically will be acceptable.

Optimization problems and results

In this optimization study, the aim is to investigate the
optimum fiber stacking sequences of the laminated
composites for maximum fatigue life using FTPF,

Table 2. Performance results of the hybrid PSA-GPSA algorithm.

Load

Case

k35�38
cb ([lbf/in3]/

[lbf/in3])

k17cb ([lbf/in3]/

[lbf/in3])

CPU time17

[s]

kpresentcb ([lbf/in3]/

[lbf/in3])

CPU timepresent

[s] Stacking sequence present

1 16120.38 20950.55 372.44 22385.40 106.02 ½904=�45�4s
16119.48 20920.39 22303.53 ½ð904=�45Þ3=�45=902=�45�s
16087.83 20894.53 22273.37 ½ð904=�45Þ3=�453�s

2 13442.04 15961.75 376.25 16769.66 97.59 ½ð904=�45Þ3=902=�45=902�s
13441.28 15729.07 16766.43 ½ð904=�45Þ3=902=�452�s
13435.94 15512.55 16727.65 ½ð904=�45Þ3=�45=902=�45�s

3 10003.53 10591.61 376.12 11192.70 95.82 ½904=�45�4s
10002.95 10460.19 11151.77 ½ð904=�45Þ3=�45=902=�45�s
9999.45 10343.85 11136.69 ½ð904=�45Þ3=�453�s

4 3973.01a 3973.01 439.94 3973.01 314.75 ½�45=9010=ð�45=908Þ2�s
3973.00a 3973.00 3973.00 ½904=ð902=�45Þ3=908=�45=906�s

aThe optimum values calculated from the stacking sequences of the references.

PSA-GPSA: particle swarm algorithm-generalized pattern search algorithm.
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FWE, SB, and ST fatigue life prediction models and is
thus to determine the potential usability of the models
on future fatigue design applications by evaluating the
feasibility of the results. Therefore, the stacking
sequence of the laminate and fatigue life N is deter-
mined for each design case in the optimization. The
number of distinct laminae n and the thickness of the
laminae t0 of the laminates are predefined in the design.
The orientation angles are considered as the discrete
values of 0�, 45�, �45�, 90� which are conventional in
industry. The composite material used in this study is

taken from the study of Hashin and Rotem.7 The lam-
inated composite material is a unidirectional 32-layer
E-glass/epoxy. The ply thickness t0 is 0.250 mm. Stress
ratio R is 0.1 and frequency � is 19 Hz. The material,
strength and fatigue properties are presented in
Table 4.

We have considered several problems including in-
plane cyclic loadings Nxx, Nyy, Nxy (load per unit
length) applied in combinations of tension, compression
and shear loads. The PSA-GPSA hybrid algorithm is
used to solve the optimization problems.

Table 4. Properties of the laminates used in the study.7

Material properties Strength properties Fatigue properties

E11 ¼ 54:72 GPa Xt ¼ �Xc ¼ 1235:64 MPa X ¼ 1387:62� 135:92 logN
E22 ¼ 17:75 GPa Yt ¼ �Yc ¼ 41:19 MPa Y ¼ 39:38� 2:23 logN
G12 ¼ 6:01 GPa S21 ¼ 82:38 MPa S ¼ 75:54� 7:02 logN
�12 ¼ 0:285

Table 3. Fatigue life prediction and optimization using different models for various experimental data.

Stacking sequence

Experimental

fatigue life Model

Predicted

fatigue life

Optimized stacking

sequence

Maximized

fatigue life

½0=90=90=0�s24 6.2871 FTPF 6.2500 ½0=90=0=0�s 7.5434

FWE 5.4519 ½0=90=0=0�s 6.9816

SB 6.2500 ½0=90=0=0�s 6.8270

ST 6.8149 ½0=90=0=0�s 9.1027

½45=0=0=� 45�s24 5.8845 FTPF 5.2760 ½0=0=45=0�s 6.0207

FWE 4.5529 ½0=0=45=0�s 6.4233

SB 5.2760 ½0=0=45=0�s 6.4812

ST 5.7986 ½0=0=45=0�s 8.2089

½45=90=� 45=0�s24 5.9772 FTPF 5.1948 ½0=45=90=0�s 7.4445

FWE 4.0734 ½0=45=90=0�s 7.6495

SB 5.1948 ½0=45=90=0�s 7.2081

ST 5.7200 ½0=45=90=0�s 10.2409

½0=90�4s22 6.1121 FTPF 6.4412 ½03=90�2s 6.1402

FWE 5.2487 ½03=90�2s 6.1343

SB 6.4412 ½03=90�2s 5.7544

ST –a –a –a

½0=�45=90�2s22 6.3413 FTPF 7.0128 ½0=90=ð02=45Þ2�s 7.5819

FWE 5.8453 ½ð0=45Þ2=03=90�s 6.5744

SB 7.0129 ½0=90=ð02=45Þ2�s 6.5139

ST –a –a –a

½0=45=90=� 45�2s25 6.1058 FTPF 4.6015 ½0=45=0=90�2s 10.8758

FWE 6.8997 ½03=45=03=90�s 6.4986

SB 4.5257 ½0=45=0=90�2s 7.6704

ST 6.7481 ½0=45=0=90�2s 9.9679

½0=90�4s25 6.1125 FTPF 6.9716 ½0=ð0=90Þ3=0�s 10.5854

FWE 5.0038 ½03=90�2s 6.7503

SB 6.9716 ½0=ð0=90Þ3=0�s 10.7224

ST 4.5741 ½03=90�2s 10.3122

aMethod cannot make a feasible prediction or does not yield any feasible optimum solution.

FTPF: Failure tensor polynomial in fatigue; FWE: Fawaz–Ellyin; SB: Sims–Brogdon; ST: Shokrieh–Taheri.
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The laminates are subjected to symmetry and balance
geometric constraints to avoid undesirable stiffness cou-
pling effects. Apart from that, in order to decrease the
probability of large scale matrix cracking and to provide
damage tolerant structures,33 ply contiguity constraint is
applied to the laminates by constraining the maximum
number of contiguous plies of the same orientation to four.

Consequently, the optimization problem can be
defined as

Maximize: logNðhkÞ, hk 2 02;�45; 902f g, k ¼ 1; . . . ; 32

Models: FTPF, FWE, SB, ST
Constraints: Symmetry

Balance
Ply contiguity

Tool: MATLAB Optimization Toolbox

where the number of design variables hk decreases to
8 from 32 due to balanced and symmetric configuration
of the plates. Hence, composite plates are to be
arranged in the sequence of �h1=�h2=�h3=�h4=�½

Table 5. Optimum stacking sequence designs and the corresponding fatigue lives for various in-plane tension
cyclic loads.

Loading Model Stacking sequence Global optima Fatigue life

4/0/0 FTPF ½ð04=902Þ2=02=902�s 21(5) 1.177	 108

FWE ½02=�45=ð04=�45Þ2�s 23(5) 3.345	 108

SB ½ð04=902Þ2=02=902�s 20(3) 1.318	 108

ST ½02=�45=ð04=�45Þ2�s 40(6) 3.211	 107

4/1/0 FTPF ½ð04=�45Þ2=�45=02�s 16(3) 4.356	 108

FWE ½�45=02�4s 13(6) 9.693	 106

SB ½�45=ð04=�45Þ2=02�s 21(1) 2.867	 108

ST ½ð04=�45Þ2=�45=02�s 50(7) 4.939	 105

4/2/0 FTPF ½02=ð02=�45Þ2=04=�45�s 20(3) 1.353	 109

FWE ½�455=02=�452�s 1(1) 3.229	 105

SB ½ð04=�45Þ2=�45=02�s 16(3) 2.267	 108

ST ½ð04=�45Þ2=�45=02�s 55(9) 1.617	 104

4/4/0 FTPF ½�45=04=�45=904=�452�s 67(44) 8.616	 105

FWE ½02=902�4s 48(20) 3379

SB ½�45=04=�45=904=�452�s 76(57) 1.699	 105

ST –a –a –a

4/6/0 FTPF ½�454=ð902=�45Þ2�s 13(13) 1061

FWE –a –a –a

SB –a –a –a

ST –a –a –a

6/0/0 FTPF ½02=�45=ð04=�45Þ2�s 22(3) 7.685	 105

FWE ½02=�45=ð04=�45Þ2�s 23(4) 2.956	 107

SB ½02=�45=ð04=�45Þ2�s 33(6) 6.563	 105

ST ½ð04=�45Þ2=02=�45�s 32(5) 1.474	 104

6/2/0 FTPF ½ð04=�45Þ2=�45=02�s 13(2) 2.695	 106

FWE ½�453=ð02=�45Þ2=02�s 8(7) 2.542	 104

SB ½ð04=�45Þ2=�45=02�s 33(5) 8.502	 105

ST –a –a –a

6/3/0 FTPF ½04=ð�45=02=�45Þ2�s 23(9) 7.414	 104

FWE ½ð�452=02Þ2=�452�s 6(6) 1054

SB ½04=ð�45=02=�45Þ2�s 20(8) 1.729	 104

ST –a –a –a

8/0/0 FTPF ½ð04=�45Þ2=�45=02�s 22(4) 9277

FWE ½ð02=�45Þ2=04=�45=02�s 20(3) 2.538	 106

SB ½ð04=�45Þ2=�45=02�s 35(4) 7295

ST –a –a –a

8/2/0 FTPF ½02=�45=04=ð�45=02Þ2�s 26(6) 7690

FWE ½02=�45=ð�45=02Þ3�s 14(9) 2043

SB ½02=�45=04=ð�45=02Þ2�s 15(2) 2847

ST –a –a –a

aThe model yields unfeasible designs in which fatigue lives are smaller than 103 cycles.

FTPF: Failure tensor polynomial in fatigue; FWE: Fawaz–Ellyin; SB: Sims–Brogdon; ST: Shokrieh–Taheri.
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h5=�h6=�h7=�h8�s. The fiber angles are used as ply
stacks of 02, �45, 902 for the design cases. MATLAB
Optimization Toolbox26 is used to constitute the hybrid
PSA embedded GPSA with predefined operators.

Regarding the optimization strategy, in order to deter-
mine the fatigue life of a laminate, first, fatigue life of each
lamina is calculated using the equations of each model
which are induced to log N formulations and then the

Table 6. Optimum stacking sequence designs and the corresponding fatigue lives for various in-plane
tension-compression cyclic loads.

Loading Model Stacking sequence Global optima Fatigue life

1/�4/0 FTPF 902=ð902=02=902Þ2=02
� �

s
13(3) 1.495	 108

FWE ½904=�45=904=02=�45=902�s 18(1) 6.647	 105

SB ½902=ð902=02=902Þ2=02�s 32(6) 3.017	 108

ST ½ð04=902Þ2=02=902�s 36(7) 3.533	 1032

1/�6/0 FTPF ½902=�45=904=ð�45=902Þ2�s 37(4) 9.281	 104

FWE ½904=�45=904=02=�45=902�s 21(2) 1684

SB ½902=�45=904=ð�45=902Þ2�s 36(5) 8.962	 104

ST ½02=902�4s 47(17) 8.917	 1030

1/�8/0 FTPF ½904=ð�45=902Þ3�s 31(5) 1855

FWE –a –a –a

SB ½904=ð�45=902Þ3�s 28(3) 1705

ST ½04=ð904=02Þ2�s 44(16) 2.074	 1027

2/�2/0 FTPF ½ð02=902Þ2=902=04=902�s 48(17) 3.153	 109

FWE ½ð02=902Þ2=902=04=902�s 50(29) 1.185	 108

SB ½ð02=902Þ2=902=04=902�s 45(14) 2.844	 109

ST ½ð02=�45Þ2=04=�45=02�s 16(2) 8.331	 1026

2/�4/0 FTPF ½ð904=02Þ2=02=902�s 7(2) 1.662	 108

FWE ½ð904=02Þ2=902=�45�s 25(3) 8.901	 105

SB ½ð904=02Þ2=02=902�s 39(7) 4.792	 108

ST ½02=ð02=�452Þ2=�45�s 12(10) 2.036	 1022

2/�6/0 FTPF ½ð�45=904Þ2=02=902�s 51(5) 3.238	 104

FWE ½904=�45=904=02=�45=902�s 21(2) 3010

SB ½904=ð02=902Þ2=�45=902�s 36(5) 6.278	 104

ST ½�453=04=�453�s 25(25) 8.775	 1018

4/�2/0 FTPF ½ð04=902Þ2=02=902�s 37(8) 1.662	 108

FWE ½04=904=04=�45=02�s 34(8) 8.901	 105

SB ½ð04=902Þ2=02=902�s 36(6) 4.792	 108

ST ½02=�45=ð04=�45Þ2�s 30(5) 1.241	 1013

4/�4/0 FTPF ½ð02=902Þ2=ð902=02Þ2�s 50(18) 2.075	 107

FWE ½ð02=902Þ2=ð902=02Þ2�s 49(23) 2.437	 105

SB ½ð02=902Þ2=ð902=02Þ2�s 43(19) 1.098	 108

ST ½ð04=�45Þ2=�45=02�s 20(5) 1.637	 1021

4/�6/0 FTPF ½ð904=02Þ2=02=902�s 39(6) 4.153	 104

FWE ½ð904=02Þ2=02=902�s 37(5) 4145

SB ½ð904=02Þ2=02=902�s 35(8) 2.188	 105

ST ½�45=02�4s 53(26) 1.036	 1019

6/�2/0 FTPF ½ð04=�45Þ2=902=02�s 22(5) 3.238	 104

FWE ½�45�8s 1(1) 1.323	 104

SB ½02=902=02=�45=04=902=02�s 28(1) 6.278	 104

ST ½02=ð02=�45Þ3=02�s 39(9) 2.797	 107

6/�4/0 FTPF ½02=ð02=902Þ3=02�s 37(9) 4.153	 104

FWE ½02=ð02=902Þ3=02�s 42(6) 4145

SB ½02=ð02=902Þ3=02�s 43(8) 2.188	 105

ST ½02=�45=ð04=�45Þ2�s 32(5) 9.460	 1012

6/�6/0 FTPF –a –a –a

FWE -–a –a –a

SB ½02=902�4s 46(15) 6361

ST ½ð04=�45Þ2=�45=02�s 18(3) 7.512	 1017

aThe model yields unfeasible designs in which fatigue lives are smaller than 103 cycles.

FTPF: Failure tensor polynomial in fatigue; FWE: Fawaz–Ellyin; SB: Sims–Brogdon; ST: Shokrieh–Taheri.
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minimum value among the obtained fatigue lives is chosen

as the fatigue life of the laminate. This selection addition-
ally guarantees the first-ply fatigue failure strength. In the
optimization, a laminate configuration is accepted to be

more fatigue-resistant than other configurations providing
that the fatigue life found by the fatigue model is longer

than the fatigue lives of the others.
In order to increase the efficiency and reliability of

the algorithm, at least 100 independent searches are
performed for each case. Different load levels and

combinations which allow feasible designs are investi-
gated. The optimum stacking sequences of laminates,
the fatigue lives in cycles, and the number of global
optima found for various in-plane cyclic loads (Nxx/
Nyy/Nxy) obtained using the four different models are
presented in Tables 5 to 8. Since multiple global optima
exist in many loading cases, only one stacking sequence
is shown for each loading in the tables. For the global
optima in the tables, values outside brackets denote the
number of global optima, and values inside brackets

Table 7. Optimum stacking sequence designs and the corresponding fatigue lives for various in-plane
tension and shear cyclic loads.

Loading Model Stacking sequence Global optima Fatigue life

0/2/2 FTPF ½ð�45=902Þ3=�452�s 39(31) 1.598	 107

FWE –a –a –a

SB ½�45=902=�452�2s 19(19) 1.871	 107

ST ½ð02=904Þ2=02=902�s 12(2) 3.854	 1026

0/4/2 FTPF ½�45=902=ð902=�45Þ3�s 21(15) 4.747	 104

FWE –a –a –a

SB ½�45=902=ð902=�45Þ3�s 22(15) 7.102	 104

ST ½902=ð02=904Þ2=02�s 9(2) 7.572	 1020

0/0/4 FTPF ½�45�8s 1(1) 2.075	 107

FWE –a –a –a

SB ½�45�8s 1(1) 1.098	 108

ST ½�45�8s 1(1) 1.402	 106

0/2/4 FTPF ½�452=902=�455�s 8(8) 2919

FWE –a –a –a

SB ½�452=902=�455�s 8(8) 7485

ST ½ð02=904Þ2=02=902�s 9(2) 3.854	 1026

2/0/2 FTPF ½02=ð02=�452Þ2=�45�s 24(17) 1.598	 107

FWE ½�452=ð02=�452Þ2�s 7(7) 4.730	 104

SB ½�452=ð02=�452Þ2�s 19(18) 1.871	 107

ST ½ð04=902Þ2=02=902�s 27(6) 7.063	 109

2/2/2 FTPF ½�45�8s 1(1) 7.180	 106

FWE ½ð904=02Þ2=02=902�s 11(2) 1361

SB ½�45�8s 1(1) 7.866	 106

ST ½04=904=04=902=02�s 25(2) 1.673	 108

2/4/2 FTPF ½ð�452=902Þ2=�452�s 13(12) 1588

FWE –b –b –b

SB ½ð�452=902Þ2=�452�s 16(15) 1500

ST ½02=902=ð04=902Þ2�s 40(6) 7.358	 106

4/2/1 FTPF ½02=�452=04=�453�s 14(10) 7.746	 105

FWE ½04=904=04=902=02�s 23(5) 1.986	 104

SB ½02=�452=04=�453�s 20(18) 4.704	 105

ST ½04=904=04=902=02�s 29(4) 1948

4/0/2 FTPF ½�452=04=ð�45=02Þ2�s 22(12) 4.747	 104

FWE ½02=ð02=902Þ2=04=902�s 24(4) 8721

SB ½�452=04=ð�45=02Þ2�s 23(9) 7.102	 104

ST ½02=ð02=902Þ2=04=902�s 28(4) 1.388	 104

4/2/2 FTPF ½ð02=�45Þ2=�454�s 17(16) 1588

FWE ½902=ð04=902Þ2=02�s 24(3) 2482

SB ½ð02=�45Þ2=�454�s 16(15) 1500

ST ½902=ð04=902Þ2=02�s 27(5) 1948

aThe model does not give any solution by the optimization.
bThe model yields unfeasible designs in which fatigue lives are smaller than 103 cycles.

FTPF: Failure tensor polynomial in fatigue; FWE: Fawaz–Ellyin; SB: Sims–Brogdon; ST: Shokrieh–Taheri.
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denote the number of optimum stacking sequences
ensuring the ply contiguity constraint. The optimum
results with fatigue lives smaller than 103 cycles are
not included in the tables.

Table 5 shows the results for only tension cyclic
loads. As the results indicate, the fatigue life is found
to be sensitive to the level of stress. For each Nxx load-
ing level, 4, 6 and 8 (	102 N/mm), fatigue lives of the

Table 8. Optimum stacking sequence designs and the corresponding fatigue lives for various in-plane
tension-compression-shear cyclic loads.

Loading Model Stacking sequence Global optima Fatigue life

1/�1/1 FTPF ½�454=ð02=902Þ2�s 74(70) 3.766	 108

FWE ½�454=902=02=902=�45�s 18(17) 3.406	 107

SB ½�454=ð02=902Þ2�s 84(77) 4.166	 108

ST ½04=ð902=02Þ3�s 28(5) 3.828	 1017

1/�2/1 FTPF ½ð904=�45Þ2=902=02�s 55(6) 7.434	 107

FWE ½ð�45=902Þ2=902=02=�452�s 28(22) 1.127	 107

SB ½ð904=�45Þ2=902=02�s 65(12) 8.780	 107

ST ½02=ð02=902Þ3=02�s 24(1) 1.899	 1020

1/�4/1 FTPF ½904=�452=904=02=902�s 44(6) 1.542	 106

FWE ½904=�45=904=02=902=�45�s 21(2) 2.267	 105

SB ½904=�452=904=02=902�s 40(7) 1.811	 106

ST ½ð04=902Þ2=02=902�s 39(7) 3.533	 1032

1/�1/2 FTPF ½�453=02=�453=902�s 39(39) 1.533	 107

FWE ½�455=02=�452�s 1(1) 3.588	 105

SB ½�453=02=�453=902�s 38(38) 1.810	 107

ST ½02=ð02=902Þ2=04=902�s 28(4) 3.828	 1017

1/�2/2 FTPF ½ð�452=902Þ2=�45=902�s 12(8) 3.138	 106

FWE ½�452=902=�452=02=�452�s 7(7) 2.743	 105

SB ½ð�452=902Þ2=�45=902�s 15(12) 4.171	 106

ST ½ð04=902Þ2=02=902�s 27(5) 1.899	 1020

1/�4/2 FTPF ½ð904=�45Þ2=�45=902�s 13(3) 6.534	 104

FWE ½�453=904=02=�45=902�s 21(15) 5419

SB ½ð904=�45Þ2=�45=902�s 29(5) 1.049	 105

ST ½02=902=ð04=902Þ2�s 14(3) 3.533	 1032

2/�2/1 FTPF ½ð902=02Þ3=�452�s 75(49) 1.533	 107

FWE ½ð902=02Þ3=�452�s 69(46) 9.328	 106

SB ½ð902=04Þ2=902=�45�s 83(40) 1.819	 107

ST ½ð02=�45Þ2=04=�45=02�s 13(1) 2.303	 1013

2/�4/1 FTPF ½904=�45=904=04=902�s 38(8) 5.144	 105

FWE ½ð904=02Þ2=902=�45�s 28(3) 3.864	 105

SB ½904=�45=904=04=902�s 52(8) 6.321	 105

ST ½02=902=ð04=902Þ2�s 31(4) 3.730	 1014

2/�6/1 FTPF ½02=ð904=�45Þ2=902�s 43(6) 4566

FWE ½904=�45=904=02=902=�45�s 21(2) 2402

SB ½904=�45=904=02=902=�45�s 47(9) 7716

ST ½02=902=ð04=902Þ2�s 31(4) 4.032	 1018

4/�4/1 FTPF ½ð02=902Þ2=ð902=02Þ2�s 48(13) 1.040	 105

FWE ½ð02=902Þ2=ð902=02Þ2�s 28(9) 1.342	 105

SB ½ð02=902Þ2=ð902=02Þ2�s 45(15) 2.212	 105

ST ½ð04=�45Þ2=�45=02�s 16(3) 1.740	 1013

2/�2/2 FTPF ½�45=902=02=�45=02=902=�452�s 79(75) 6.725	 105

FWE ½�453=904=02=�452�s 18(17) 3.469	 105

SB ½�45=902=02=�45=02=902=�452�s 78(74) 9.738	 105

ST ½02=ð02=902Þ3=02�s 27(6) 7.521	 1011

2/�4/2 FTPF ½ð�45=902Þ2=902=02=902=�45�s 71(27) 1.272	 104

FWE ½ð�45=902Þ2=902=02=902=�45�s 26(11) 7.376	 104

SB ½902=ð902=�45=902Þ2=02�s 56(9) 1.913	 104

ST ½ð902=04Þ2=902=02�s 31(3) 3.730	 1014

FTPF: Failure tensor polynomial in fatigue; FWE: Fawaz–Ellyin; SB: Sims–Brogdon; ST: Shokrieh–Taheri.
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optimum designs generally decrease with the increase
of Nyy loading as may be expected. However, fatigue
lives of the designs show increase for 4/0/0–4/1/0–4/2/0
and 6/0/0–6/2/0 loading increments in the optimization
with FTPF and SB models. Moreover, fatigue life
range varies according to the model. Maximum range
and values of fatigue lives are mostly obtained by the
FTPF. Optimum fatigue-resistant designs can be
achieved for almost all the design cases by the FTPF,
FWE and SB model optimizations. Nevertheless, ST
model does not yield any feasible optimum design for
4/4/0, 4/6/0, 6/2/0, 6/3/0, 8/0/0 and 8/2/0 loading cases.
Besides, the models except FTPF do not give feasible
designs for 4/6/0 loading. It can also be noted that the
same optimum designs are obtained with different
fatigue life values by the models (e.g. 4/0/0 and 6/0/0).

Table 6 shows the results for tension-compression
cyclic loads. Optimum stacking sequences with reason-
able fatigue lives ranging between 103 and 109 cycles
can be obtained by FTPF, FWE and SB models
according to the given loadings. However, ST model
finds optimum designs having excessive fatigue lives for
all the given loadings, which is unrealistic considering
the loading magnitudes and the results of the other
models. FTPF and SB models provide designs with
much higher fatigue life than FWE. It is also noted
that identical stacking sequences can be obtained by
the FTPF, FWE and SB models for specific loadings.

Table 7 shows the results for different tension and
shear cyclic loads. The same optimum stacking sequen-
ces can be obtained by the models for specific loading
cases. Optimum stacking sequences with reasonable
fatigue lives ranging between 103 and 108 cycles can
be obtained by all the models according to the given
loadings. However, ST model finds optimum designs
having excessive fatigue lives in the 0/2/2, 0/4/2 and
0/2/4 zero-tension-shear type loadings. FTPF and SB
models yield designs with fatigue life in the same cycle-
level for many loadings (e.g., 2/0/2 and 4/2/1), and ST
can find comparable results with FTPF and SB such as
in 4/0/2 loading. On the other hand, it seems that FWE
can achieve to obtain optimum designs with a lower
fatigue life compared to the other models for 2/0/2,
2/2/2, 4/2/1, 4/0/2 loadings, whereas it cannot find
any optimum solution for 0/2/2, 0/4/2, 0/2/4 zero-
tension-shear and 0/0/4 pure shear cyclic loadings.
It is also seen that the presence of shear load
significantly decreases the maximized fatigue life.
For example, while fatigue life can be maximized to
1.353	 109 in the 4/2/0 loading for the FTPF, the
fatigue lives in 4/2/1 and 4/2/2 loading cases are
obtained as 7.746	 105 and 1588, respectively.

Table 8 shows the results for several tension-
compression-shear cyclic loading cases. It is seen that
maximum fatigue life of the designs decreases as the

compression and shear loads are increased. Optimum
stacking sequences with feasible fatigue lives ranging
between 103 and 108 cycles are obtained by FTPF,
FWE and SB models according to the given loadings.
FTPF and SB yield the same stacking sequences with
fatigue lives that can be close to each other in the opti-
mization. However, FWE yields designs with lower
fatigue life compared to FTPF and SB in many loading
cases (e.g. 1/�4/1, 1/�1/2, and1/�4/2), and optimiza-
tion by ST model yields stacking sequences with very
high fatigue lives, which is unrealistic.

It is typically seen in the optimization that FTPF
and SB models yield acceptable stacking sequence
designs with proper fatigue life values. However, the
optimization with FWE model generally gives designs
with lower fatigue life compared to the FTPF and SB,
and even gives no design for zero-tension-shear loading
type. Also, overestimated fatigue-resistant designs are
obtained by the optimization with ST model, which is
impractical considering the maximized life values of the
other models. This situation may arise from two rea-
sons. First, FWE and ST are very sensitive to the selec-
tion of reference S–N curve and the chosen reference
curve may not be accurate for the models. Second, the
usage of ST model for the prediction is limited to uni-
directional composite laminate under tension–tension
and compression–compression loading cases. This lim-
itation seems also valid for the optimization with ST
model considering the designs having overestimated
fatigue lives.

Conclusion

In this study, the estimation and optimization capabil-
ities of the fatigue life prediction models, FTPF, FWE,
SB and ST on multidirectional composite laminates are
investigated for comparison.

For the estimation part, fatigue life predictions of
multidirectional graphite/epoxy, glass/epoxy, carbon/
epoxy and carbon/PEEK composites in different lam-
inate configurations taken from the literature are
obtained. It is seen that the models can simulate
the fatigue behavior of various multidirectional com-
posite laminates of different materials in different
approximations. Any model has no obvious advan-
tage over the other models. However, FTPF and SB
are more prone to make estimations that could be
acceptable in all the laminates. Besides, while FTPF
and SB models mostly make the same estimations,
FWE and ST makes different estimations compared
to them. These variable prediction results lead to the
necessity to research the optimal design capability of
the models.

In the optimization part of the study, a hybrid algo-
rithm composed of PSA and GPSA is used as search
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algorithm. A buckling optimization problem with dif-

ferent design cases is selected as a test problem and

solved to evaluate the performance of the hybrid algo-

rithm. The results are compared with the published

data in the literature. It is seen that the PSA-GPSA

hybrid algorithm has the capability to find better

results in a shorter time than the other algorithms com-

pared. After the reliability of the algorithm is ensured,

the fatigue optimization strategy is also validated for

all the models through comparisons of their prediction

and fatigue life maximization results with the experi-

mental data that belong to different composite materi-

als and multidirectional laminate configurations from

the literature.
Finally, a number of fatigue optimization problems

that include stacking sequence design cases for various

in-plane cyclic loadings are solved using the FTPF,

FWE, SB and ST models. The results of the optimiza-

tion study for maximum fatigue life imply that FTPF

and SB models produce more reliable fatigue-resistant

designs than FWE and ST models considering that the

fatigue life values reached by the ST are irrationally

high in many cases, and FWE yields less number of

reliable designs than the others. Hence, it can be con-

cluded that FTPF and SB are more reasonable to use in

optimization compared to FWE and ST. This situation

possibly arises from that FTPF and SB use the S–N

curve equations of [0], [�45] and [90] laminates to con-

stitute their models, which guarantees a more robust

mechanical model. However, the FWE and ST models

use only one S–N curve equation to constitute their

models, and these off-axis S–N curves should be select-

ed wisely as they directly affect the accuracy of the

predictions. In this respect, it is also understood that

even if fatigue life prediction models with one reference

S–N curve give accurate fatigue life predictions, this

does not mean that they will give feasible optimum

stacking sequence results.
As a concluding remark, this study makes a

unique contribution to the literature as it addresses

both the fatigue life prediction of multidirectional

laminates of different composite materials and the

optimization for fatigue-resistant stacking sequence

designs by using different models. In this regard,

the study reveals the abilities of the chosen models

in terms of modeling and improvement of fatigue life

of laminated composites for potential use by engi-

neers and designers.
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