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Abstract: The aim of this work is to extend the recent work of the author on the discrete frequency function to the
more delicate continuous frequency function 7, and further to investigate its relations to the Hardy—Littlewood maximal
function M, and to the Lebesgue points. We surmount the intricate issue of measurability of 7 f by approaching it
with a sequence of carefully constructed auxiliary functions for which measurability is easier to prove. After this, we
give analogues of the recent results on the discrete frequency function. We then connect the points of discontinuity of
Mf for f simple to the zeros of T f, and to the non-Lebesgue points of f.
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1. Introduction
Let R be the set of real numbers, and let RT denote the set of positive real numbers. Let f € L'(R). We
define the average of f over an interval of radius 7 € R™ centered at z € R by
1 /"
Arf(@) = o [ flz+y)dy.

2r J_,

These averages can be regarded as a function of two variables (z,r) € R x RT, given by

Af(z,r) = A f (),

and this gives an extension of the function f to the upper half plane. The Hardy—Littlewood maximal function

is then given as

Mf(z) = sup Ar|f|(x).

reR+

We aim to study the distribution of the values r for which Mf(z) = A,|f|(z). To this end, we define
the sets
Epe:={r>0: Mf(z) = Ar|f|(2)},

and the frequency function

Tf(z):=

inf Ey , if the set is nonempty
0 otherwise.
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Clearly this function is well defined. Two properties emerge directly from this definition: if the infimum of the
set in the definition is greater than zero, then it belongs to the set, and if 7 f(z) = 0, then there is a sequence
of radii {ry}nen such that r, — 0 and A, |f|(z) = Mf(z) as n — oo. These two properties show that the
two cases in the definition are intimately connected. In the next section, we will prove these two properties, and
also illustrate the behavior of 7 f by calculating it for certain functions f. We will observe that although the
large scale behavior of 7 f is similar to the discrete case investigated in [11], the local behavior can be much
more complicated due to the possible fractal structure of f.

The motivation for our study of this frequency function comes from the works [4, 8, 9]. In [4], a
classification of the local maxima of M f based on the values of T f was used to great effect. In that work, Kurka
answered in positive n =1 case of the following question raised by Hajlasz and Onninen in [3]: is f — VM f a
bounded operator from WP(R") to L'(R™)? Indeed he obtains the stronger result that the variation of M f
is at most a constant times the variation of f. In [8, 9], the set Ej, and its variants are defined and used
to prove that f +— VM f is a continuous operator on W1P(R"). In this vein, we also would like to point out
the work [13], which defines a function similar to our frequency function, and using it characterizes the sine
function.

Observing the values of T f is very much like expressing a function as its Fourier series, for if around
a point the function is more steep, then we expect 7 f to be small, if it is more dispersed then we expect
Tf to be large, and this is the exact opposite of the Fourier case. This analogy is the reason we call T f the
frequency function. This analogy can be seen as a part of more general and well-known connections between
maximal functions and oscillatory integrals articulated in such works as [7, 12]. We hope that understanding
the frequency function will contribute to the study of such connections. Also, as a more immediate motivation,
we hope to extract information about the Hardy—Littlewood maximal function and the Lebesgue points using
the frequency function, and our last two theorems show that this actually is possible.

Our first result is that the images under the frequency function are measurable. This result is the key to
the others, as it allows us to investigate measure-theoretic properties further. It is very natural to expect the
frequency function to be measurable, since it is defined using other measurable functions; however, a rigorous

proof turns out to be difficult.

Theorem 1.1 Let f € L*(R). The function T f is Lebesque measurable.

With this theorem at hand, we will move to further investigation, and prove level set estimates. As a
function, f € L'(R) contains most of its mass in an interval of finite radius centered at the origin, for large ||
it is most natural to expect T f(z) to be like |z|. If, however, the mass of the function is dispersed sparsely over
the real line, as is the case for the function we will introduce to prove Theorem 1.4, the frequency function can
deviate from |z| for some x. The next section supplies further examples illustrating both of these situations,
but how often can 7 f(x) deviate from |z| for an arbitrary function? The next three theorems explore this

issue.
Theorem 1.2 Let f € L*(R). Let C > 1 be a real number. Then the set

SC::{xER:;gSTf(x)Sg}

is bounded.
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Our next theorem is a deeper result that gives information about the density of level sets of a somewhat different
type. We note that in this theorem and for the rest of the paper, |E| will denote the Lebesgue measure of a
set F/, and #F will denote its cardinality.

Theorem 1.3 Let f € L*(R) be a function that is not almost everywhere zero. Let C' > 1 be a real number,
and let N € N. Then

. erR: 2| < N, Tf(z) < %}\ L,

N—o00 N

We have the following theorem that makes it clear that it is not possible to improve upon Theorem 1.3,

even by comparing 7 f(x) to a function other than |z|/C'.

Theorem 1.4 For every € > 0, there exists a function f € L'(R) such that
1
[{zeR:|z| <N, Tf(x)=0}|> gN/logH'EN

for infinitely many values of N € N.

With these facts about the frequency function at hand, we turn to its applications. Our next theorem
relates the points of discontinuity of M f to the zero set of T f when f is a simple function. We thus extract
information about the formation of discontinuities of M f. It may well be possible that this theorem is true
for a wider class of functions, but as our arguments rely crucially on the range of f being a finite set, such a
result is beyond our reach. Also, as M f,T f are both nonlinear operators, classical approximation by simple

functions argument of measure theory does not work either.

Theorem 1.5 Let f € LY*(R) be a simple function. Let x be a point at which Mf is discontinuous. Then for
every r > 0, there exists y € (x —r,x 4+ r) such that T f(y) =0.

Let E C R. A point z is called a point of density for E if

lim |[EN(z—rx+7)
r—0 or

=1

A point is called an exceptional point for E' if it is not a density point for either E or its complement E°¢. It

is well known that if both E, E° have nonzero measure then E has an exceptional point, see [2, 5, 14].

A more general concept than that of density points is the concept of Lebesgue points. For f € L} (R)

loc

we call = a Lebesgue point of f if there exists ¢(x) such that

1 T
lim — — =0.
i oo [ 1rta+0) = e@)ldt =0
It is well known that for almost every x this equation is satisfied with c¢(x) = f(z), see [1, 6]. We combine the
existence of exceptional points with Theorem 1.5 to prove the first part of the following theorem. As opposed
to Theorem 1.5, the phenomenon observed in this first part is peculiar to simple functions, a relatively easy
example showing this will be provided. Then we use topological arguments to prove the other direction of the

theorem. This other direction is not true even for simple functions, as we will show.
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Theorem 1.6 Let f € L*(R) be a simple function. If x is a point of discontinuity for M, then for every
r > 0 there exists y € (x —r,x + 1) such that y is not a Lebesque point of f. Conversely let f € L*(R) be a
characteristic function. If x is a non-Lebesque point for f, then for every r > 0 there exists y € (x —r,x + 1)

such that Mf is discontinuous at y.

Even for characteristic functions it is possible for a point of discontinuity of M f to be a Lebesgue point
of f, and Mf to be continuous at a non-Lebesgue point of f. Examples of both situations will be furnished.
Therefore, it is not possible to improve the theorem in this direction either.

In the next section, we include examples to show that the operator 7 is indeed very rough, and a small
change of the function f can lead to great changes in 7 f. Also included are functions f for which a small
change of x can lead to great changes in T f(z). We will thus gain insight into the regularity properties of the
frequency function. After these examples, we will prove the basic properties of the frequency function mentioned
right after its definition. The rest of the article is devoted to proofs of our theorems: in the third section we
will prove our first theorem. To this end, we will introduce certain auxiliary functions and investigate their
properties. In the fourth section, we will prove the next three theorems that concern the size of the frequency

function. The final section is reserved for the last theorems.
As a last remark, we note that both the maximal function and the frequency function do not distinguish

between a function and its absolute value, and further, the Lebesgue points of a function are also Lebesgue
points for its absolute value. Therefore, it suffices to prove all our results in this work only for nonnegative
functions. Also if two functions are the same almost everywhere, then their images under both the maximal
function and the frequency function and their Lebesgue points are the same. Thus, if one of our results holds

for one of these functions, it also holds for the other.

2. Examples and certain basic properties
2.1. Examples

We will now compute the frequency function 7 f for certain functions f to get a sense of its behavior. We start
with considering the zero function: let f;(x) := 0 for almost every x. Clearly M fi(z) = T fi1(x) = 0 for every
x. Notice that both the maximal function and the frequency function remove whatever irregularities may occur
due to the behavior on measure zero sets. As our Theorem 1.3 shows, this is the only function for which the

image under the frequency function is not mostly greater than or similar to |z|.

We now consider the function fo(z) := xj—1,1j(2). We have

1 |z] <1

Mhre) = { Lo el >1

o[ +1

0 lz] <1
|| +1 |z > 1.

T fa(x) :{

As is clear for |x| large, T fo(x) is always like |z|.

In our third example, we demonstrate that for some functions this is not so.

n

Looom<e<2m+1, neN
fg(LE) =
0 elsewhere.

Clearly this function is integrable, and yet T f3(x) = 0 whenever 2" < x < 2™ + 1, for n large. This is simply

because the function f5(z) gets sparser and smaller as = gets larger. We thus see that there can be points

1758



TEMUR/Turk J Math

x arbitrarily distant from the origin for which 7 f3(x) is not comparable to |z|. Our Theorem 1.3 says that
nonetheless the density of such points decrease to zero.

Our fourth example is actually a sequence of examples

1
far(z) = EX[fl,l](x)a
where k£ € N. Observe that

1/k | <1
Mf4,k<x>:{/ TN

Klz|+k

0 lz] <1

Than(@) = {|x vl jz| > 1.

Notice that whereas Mf, ) does depend on k, T f4 is independent of it. As k — oo, the examples fi
converge to the zero function both pointwise and in L' sense, yet 7 fy, never changes. Thus, even when two
functions are close to each other pointwise or in L! sense their frequency functions can be very different.

Our fifth example is of fractal type. Let

F5(@) = X(—1,0) (@) + Y X(e-rnt1-2-n-1,2-n+1)(T).
neN

This function is the characteristic function of an open set. If x is in this set then T f5(z) = 0. However, if
z=2""" — 2771 for n > 2, then T fs5(z) = 1 — 2. Thus, we see that on the interval (0,¢) the function
T f5(x) switches from 0 to 1 — « infinitely often. Thus, the behavior of the image under the frequency function

can be highly irregular even on arbitrarily small intervals, and it can show fractal type behavior.

2.2. Basic properties of the frequency function

Here we will demonstrate the two properties of the frequency function mentioned right after its definition. We
first observe that if f € L'(R) then

[ A f(2)| < | fll1/2r, and lim A, f(z) = 0. (2.1)

=00

Next we introduce a well-known result that will be repeatedly used in the rest of this work. This is Lemma 3.16

in [1], and a proof can be found there.

Lemma 2.1 Let f € LY(R). Then the function Af(z,r):R x RT — C is continuous.

We are now ready to obtain our properties. The proofs utilize (2.1), Lemma 2.1 and the least upper
bound property of R.

Proposition 2.2 Let f € LY(R). If Tf(z) >0 then Tf(z) € {r>0: Mf(z) = A-|f|(x)}.

Proof This means E;, is nonempty and 7 f(z) = inf Ef ., so there exists a sequence {r,}nen such that
Tf(x) <rn, <Tf(z)+n~ ', and Mf(z) = A, |f|(x) = A|f|(x,r,). Then letting n — co and applying Lemma

2.1 completes the proof. O
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Proposition 2.3 Let f € LY(R). If Tf(x) = 0 then there exists a sequence {r,}tnen such that v, — 0 and
A | fl(z) = Mf(z) as n— o0.

Proof This is clear if f =0 almost everywhere, or if E, is nonempty. We thus assume otherwise, in which
case Mf(x) is either a positive real number or infinite. If it is infinite, there must be a sequence {r,}nen
with n||fll1 <A, |f|(z), but then by (2.1) we have n| f||; < ||f|l1/2r,, which in turn yields 7, < n~!. Thus,

{rn}nen is a sequence with desired properties.

If, on the other hand, Mf(x) is a positive real number, we must have values rp such that (1 —
2-FIMf(z) < A | fI(x) < || f|li /27, with the last inequality coming from (2.1). This yields 7 < || f]|1/Mf(z).
Then by the Bolzano—Weierstrass theorem we must have a convergent subsequence {7k, }nen, with limit » in
[0, [ fll1/Mf(z)]. This r cannot be positive, for in that case by Lemma 2.1 we have A, |f|(z) = M f(x), which
is a contradiction. Therefore, this subsequence converges to 0, and we have A, |[f|(x) — Mf(x) as n — ooc.

O

3. The measurability of the frequency function

In this section we prove Theorem 1.1. We recall that the measurability of M f follows easily from the continuity

of averages. Indeed

M (e, 00)) = [ Al (@, 00)),

r>0

and since A,|f| are continuous, M f~!((c,00]) is not only measurable but also open. Therefore, Mf is not
only measurable but also lower semicontinuous. Unfortunately, arguments of this type are not available for the
frequency function. Indeed, examples fo and f5 of Section 2 clearly demonstrate that 7 f need not be lower
or upper semicontinuous. We therefore need a different method. We will write the frequency function as the
limit of a sequence of auxiliary functions for which measurability can be proved using countability arguments.
Let f € L'(R). We define for k,l € N the sets

Efppyi={reQt:r>27"" A/|f|(z) +27% > Mf(2)},

and the operators

inf Ey , 1 if the set is nonempty

0 else.

Teaf(z) == {

Clearly Ti.f : R — R are well defined. If Ey ;i is nonempty, then its infimum 7, f(r) may not be rational,
but still satisfies
Teaf(x) =271 and  Ag  po)lfl(z) +27% > Mf(2). (3.1)

If f is not zero almost everywhere, then Ef ;1 ; are bounded for k large enough. Indeed if we pick k such that

27F < Mf(x)/2, then by (2.1) for r € Ef,x,; we have

r < | fll/MF (). (3-2)

The next proposition will exploit the countability of E¢, ;; to show that 7 ;f are measurable.

Proposition 3.1 Let f € L'(R). The function Ty, f is measurable for every k,l € N.
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Proof We fix k,l € N. It suffices to show that for any « the set Tx;f *([o,0)) is measurable. When
a < 27! this set is either R or Tx;f~1([27},00)). Therefore, we assume that o > 27!, We consider for every
r € QT the set

S, = {x € R: A |f|(x) +27% > Mf(x)}.

Clearly these sets are measurable. We claim that

T N2 o) = ) S,

and for a > 27! that

Tuf e = U s U s)
refa,00)NQ se27ha)NQ
We will verify the second claim, the first follows from the same arguments with even less difficulty. Let
x € Trif '([a,00)). Thus, there must be a rational r > T, f(z) > o with A.|f|(z) +27F > Mf(z),
and there can be no rational 27! < s < a with A|f|(z) + 2% > Mf(x). This proves inclusion in one
direction. Conversely let = be in the set on the right hand side. Then = € S, for some r € [a,00) N Q, and
x ¢ S, for any s € 27!, @) N Q. Thus, E; .k, is not empty, but can contain no element 27! < s < «, and this
means Ty f(x) = inf ¢, > a. This concludes the proof.

O
We now are ready to show the measurability of T f by writing it as a limit. For each fixed I, we prove

that {7k f}ren converge to a real valued function 7;f. We then show that lim;_, 7;f = T f.

Proof If f = 0 almost everywhere, then 7 ,f = 27!, and therefore both the existence of 7,f and their
convergence to T f are clear. We therefore assume otherwise.

We first concentrate on the existence of 7T f, and therefore fix [ € N. We observe that for any = we have

Efrpi12Epe212 Erzsi 2 ... (3.3)

If for x, there exists k, € N such that Ejf,x, ; is empty, then so is Ef s, for all k& > k., and therefore
Teaf(xz) = 0 for such k. In this case limp_oo T f(z) = 0. If for x all of Ef,,; are nonempty, then
T f(z) =inf Ey 4 11, and we have the chains

infEf@)Ll § infEfyx,g,l < infEf_’z’g,l S ce

Tif(z) < Tauf(z) < Tsaf(z) < ...

Thus, limy_ e Tk, f(x) exists. Moreover, since by (3.2) for large k the sets Ef, ;; are bounded above by a
common bound, this limit is finite.
Hence, we can define a real valued measurable function 7;f(z) := limy_,o T, f(x), and reduce to proving

limy_ oo T1f(z) = T f(z) for every real x. This we will do in cases. For any = exactly one of the following is

true:
I. The set Ey, is empty, and thus 7 f(z) = 0.
)

IL. The set Ey, is nonempty with 7 f(z) =infE¢, > 0.
ITI. The set Ef, is nonempty with 7 f(z) =infE;, = 0.
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Case I. We will see that for such = the sets in the chain (3.3) are empty after some point, and therefore
for any [ € N we have 7,f(z) = 0. We fix [ € N. Owing to Lemma 2.1 and (2.1) the function A|f|(z,r) attains
its supremum on {z} x [27!,00), at some (z,7,). As Fj, is empty we have A, |f|(z) < Mf(z). For any k
with 27% < Mf(z) — A, |f|(z) the set Ef ., is empty, and we are done.

Case II. We will see that 7;f(z) = T f(x) for any [ with 27! < T f(x)/2. Fix one such I. By
Proposition 2.2 we have T f(x) € E¢,. Then by Lemma 2.1, the sets Ef, ,; are nonempty for every k € N,
and actually contain elements smaller than 7 f(x) for every k. Thus Ty f(x) = infEp 50 < T f(x), and
therefore 27! < Ty f(x) < T f(z), but (3.1) together with Lemma 2.1 yields Az, p(z)|f](z) > Mf(z) if we take
the limit & — oo. This requires 7;f(x) > 7 f(x) and we are done.

Case III. Since Ey, is nonempty but inf E; , = 0, there must be a sequence {ry}nen C Ef , converging
to zero. Fix n € N, and let { be such that 27! < rn/2. By Lemma 2.1 for each k, the set Ef , ;; must contain
an element less than r,, and thus 7;;f(x) = infEf ;5 < r,. Taking limits we deduce that 7;f(z) < ry,

which in turn leads to limsup,_, . 7;f(z) < r,. Letting n — oo, this means limsup,_, . 7;f(x) = 0. Therefore,

lim;—, 00 71 (z) = 0.
O

4. The size of the frequency function

4.1. Proof of Theorem 1.2

We use the same idea as in the proof of the analogous theorem in [11] that if the set was unbounded, we
could extract a sequence of points around each of which the integral of |f| would be comparable to | f]|1.

The analogous result in [11] proves finiteness, while here finiteness is wrong, and we have to make do with

boundedness.

Proof The result is clear if f is almost everywhere zero. Therefore, we will assume otherwise. Assume to
the contrary that the set is not bounded. Then at least one of Sc NRT, Sc "R~ must be unbounded: we will

assume Sc NRT is unbounded, the other case follows from the same arguments. Let

C+1 Cc+1 Cc-1
A= — B:=— D:=—.
c-1 c’ c

Since f € L'(R) there must be some m € N with
| @ > .

Owing to our unboundedness assumption on Sc NRT we can find an element x; € S¢ with x; > m. Again
by the same assumption there exists zo € S¢ with xo > 2Axz;. Proceeding thus we extract a sequence

{z:}ien C Se with 2,11 > 2Ax; for each natural number i. Then from Proposition 2.2 we have

1

MI@) = Arsaolfie) < grpes [ if@as

This implies
SoMi@) < [ (f@ds
[Dz;,Bx;)
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We observe that since A = B/D, we have Dx;11 > 2Bx;, and thus the intervals [Dx;, Bx;] never intersect.

Hence, we must have

ST M <Z/ #)ldz < |f1. 1)

ieN ieN Y [Dzi,Bxg]

On the other hand, as z; > m we have

Mf(x;) > Ao,

1 2z 1 3z
Filwi) = 47,,/ @i+ o)lde = — [ [f()ldz > ”8%

—2$1' in —X;

Then from (4.1) we obtain the contradiction

S <y

ISh

Therefore, Sc NRT must be bounded. O

4.2. Proof of Theorem 1.3

The proof of Theorem 1.3 uses the ideas introduced in its analogue in [11], but also accounts for the difference
that now the maximal function may be infinite for some points in the domain. We will again use the Vitali
covering lemma, which we state below.

Lemma 4.1 (Vitali covering lemma) Let {B;}, be a finite collection of open intervals with finite length.
Let E C R be a subset covered by these intervals. Then we can find a disjoint subcollection {B;, }1_, of {Bi}",
such that

Zn |E|
k=1

A proof can be found in [10]. We now prove Theorem 1.3.

Proof The classical weak boundedness result for the maximal function states
3
{z : Mf(z) > A} < S,

and this implies the set S, of points & where M f(z) = 0o has zero Lebesgue measure. Therefore, in any set
of positive measure we can find points at which M f is finite.

We define A, B, D exactly as in the proof of Theorem 1.2. We will use the notations
Ky = {x eER:jz| <N, Tf(x) < |g|} \Sw, Ki=KynRY Ky=KynR".
We will prove
A}i_r)noo |K—]\I;\}| =0, (4.2)

and the same arguments give the analogous result for K . The theorem clearly follows from these two results.
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We assume to the contrary that (4.2) is wrong, that there exists a small € > 0 such that |K]\L, |/N; > €

for a strictly increasing sequence {N;};ey € N. We pick a natural number M such that

M
| i@ = 1,

-M

We extract a subsequence from {N;};en as follows. Let N;, be such that N;, > M, and let N;,,, > 10Ae ' N;,
for every k> 1. We fix k£ > 1. We have

K%, VKX |296ﬁj“ > 9N;

. . 7
2k iog 1 2k—1"

For z € Kj\}izk \I{]\L,mf1 , we can find positive real numbers r, < z/C satisfying A,_|f|(z) > M f(x)/2, by

taking r, = T f(x) if T f(zx) is positive, and by using Proposition 2.3 if 7 f(z) =0 . Also, since x > M

Aww>&mm:1/%mmﬂw=13me>M“
- dz [ o, dz |, - 8z
‘We combine these two to obtain
20, A fl(a) = [ 1+ 0ld = 28] (13)

The intervals (x —r,,z + ;) cover the set K ]JG \ K K, . By the inner regularity of the Lebesgue measure,
2k 2k —1

we can find a compact subset K of this set with at least half its measure, and there exists a finite subcover

of K consisting of intervals (x — 75,z + ;). By the Vitali covering lemma we have a subset x1,x2,...x,, for

which the intervals (z; — s, @ + r,), 1 <14 < pj are disjoint, and

9eN;

Z2A

Pk 1 1
E > = > Z|KT *
i=1 s 2 3|K| - 6|KNi2k VK, |z 60

2k—1
Combining with (4.3) yields

Pk Pk r
> [ otz 3 sl

T, =1

1Al &
8N, i

© =1

Hf”l 9€N’L2k
8N; 120

12k

el
- 120

v

\ \/

However, the intervals (z; — rs,,x; + ry;) are disjoint, so we have

/BN (t)|dt > Z/ i+ t)|dt > lflh
120

DN?Z)C 1
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As [DN; BN; k € N are disjoint, summing over k we have

2k—17 2k]’

BNigy,
=y [ = Y A0

keN i2k—1 keN

which is a contradiction.

4.3. Proof of Theorem 1.4
The function we provide is analogous to the one in [11]. We make use of the sparsity of the function to show

that the frequency function vanishes.

Proof We may assume ¢ is much smaller than 1. Let A, ,f denote the average of f over [r,s]. For any

1+e/2

integer m > 10 we denote m’ := mlog m, and m” := mlog' ™ m. We define

— 1
f(x) = Z ﬁX(m//ym//+1)($).

m=10

Let M > 1010105710 be a natural number, and let N be the smallest integer not less than M” . Consider
m € [M/2, M]NN and values = € (m”,m"” +1). For § > 0 small enough we of course have Asf(z) = f(z) =
1/m’. We will show that A, f(z) cannot be larger than this for any r. We have |f|1 = C: < 2/e; therefore,
if r > 2 — 10, then (2.1) leads to A, f(x) < ||fll1/z < 2/em”. Considering our choice of M, this is less than
1/m’. Clearly the case r < 10 is also impossible. Thus remains the case 10 < r < z —10. In this case, observe
that
Af@) = 2 [ fet @< 1/m T dt < =L At

2r J_, m! 10m/ ’
A moment’s consideration makes it clear that to maximize the last expression it is most advantageous to choose
r such that m” —r = k” for some 10 < k < m. Furthermore, it is best to choose k = 10, for the nonzero values
of f get smaller and also sparser. Thus, the last average is not greater than Ajo» ,,» f, which in turn is bounded
by 4/em”. Therefore, we can conclude that Asf(x) = M f(z) for any § small enough, and T f(z) = 0. Hence,
we have

o ol < N, Tf() =0} 2

>

M
- 25N/ log' e N.

ool —

5. Connections and applications

In this section we prove our last two theorems and thereby establish connections of the frequency function with

various other concepts of harmonic analysis.

5.1. Proof of Theorem 1.5
The proof relies crucially on the range of f being finite. Starting from the highest value f takes, which since

we may assume f to be nonnegative makes sense, we iterate two arguments: that if the average of f over a set
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is equal to its maximum on that set, then f must have that value almost everywhere on that set, and that a
discontinuity of M f cannot be approached by a sequence of points over which M f is greater than its value at
the discontinuity and 7T f is bounded below by a positive constant. While the first of these arguments is clear,

the second requires a more rigorous expression which we provide below.

Lemma 5.1 Let f € LY(R) N L>®(R), and let € > 0. If {Tn}lnen is a sequence converging to x with
Mf(zn) > Mf(z) + € for all n € N, then the set {T f(xn) : n € N} cannot be bounded below by a positive
constant.

Proof Suppose r > 0 is such a lower bound. By Proposition 2.2, and (2.1), for each n € N we have

which implies T f(z,) € [r, || f|l1/2¢€] for each n € N. By the Bolzano—Weierstrass theorem there is a subsequence
{Zn, tren for which T f(x,,) converges to ' € [r, || f|l1/2¢]. Then by Lemma 2.1 we have as k — oo

Mf(x) + e < Mf(zn,) = ATz, 1(@n,) = Aw|fl(x) < Mf(2),

a contradiction. O

We now present the proof of our theorem.

Proof If f is zero almost everywhere, then M f is never discontinuous; therefore, we assume otherwise.

Owing to this and our remarks at the end of the introduction, we may write

n
f = Z i XA;»
i=1

where 0 < a1 < as < ...<a,, and A; are disjoint sets that have positive finite measure.

Assume to the contrary that there exists an interval (z — v,z + r) of positive radius r in which the
frequency function is never zero. Since M f is lower semicontinuous, there exists € > 0 and a sequence of points
{zr}ren C (x — 7,z + 1) converging to x with M f(zp) > Mf(z) +e.

Let z € (x — r,x + r) be a point with A,f(z) = f(z) as s — 0. If f(z) = a,, that a, is the greatest
value f can attain leads first to the equality Az, f(2) = M f(2) = a,, and then further to the conclusion that
within (z—T7 f(2),2+ T f(z)) the function f must be a,, almost everywhere. However, this implies T f(z) =0,
a contradiction. Thus, |4, N (z —r,z+7)] =0.

We must therefore have M f(x) < a,,_1, for otherwise the elements of our sequence {z} } ey would satisfy
Mf(z) > an—1 +e€, which implies, by the conclusion of the last paragraph, for k large enough T f(zy) > 2r/3,
and this contradicts Lemma 5.1.

If |A,_10(z—7/3,z+71/39)| >0 for every i € N, we can extract a point z; from each of these sets
satisfying A, f(z;) — f(zi) = an—1 as s — 0. Therefore, Ars.,)f(2) = Mf(z) > an_1. If for a natural
number ¢ we have T f(z;) < 2r/3, then f = a,_1 almost everywhere in (z; — 7T f(2:),2; + T f(2:)), and this
contradicts our assumption that the frequency function is never zero in (z —r,x +r). Therefore T f(z;) > 2r/3
for all i € N. However, this in its turn contradicts Lemma 5.1. Hence, there must be a natural number i; for
which |A,,_1 N (x —r/31, 2 +7r/31)] = 0.
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We now repeat the arguments of the last two paragraphs for each 1 < m < n to first show that
MFf(x) < ap—m, and then that |[A,_,, N (z — /3 2 +r/3)| =0 with i1 < iz... < i,_1. Then for large
enough k the elements of the sequence {x)}reny must satisfy 7 f(zx) > r/3"-171 and this contradicts Lemma

5.1. Thus, our assumption that the frequency function is never zero in (x — r,z + r) must be wrong.

5.2. Proof of Theorem 1.6

For the existence of non-Lebesgue points we rely on Lemma 5.1 and the existence of exceptional points. We will
assume the existence of a radius r > 0 for which all points in (z —r,z +r) are Lebesgue points, and proceed to
obtain a contradiction by locating an exceptional point in this interval, and proving that it cannot be a Lebesgue
point. For the existence of discontinuities of M f, we assume the existence of a radius r > 0 for which M f
is continuous in (z — r,x 4+ r), and use topological arguments. After the proof we give an example showing
that it is not possible to extend this theorem to nonsimple functions. Then along with a heuristic explanation
we give another example making clear that it is not possible to obtain a full converse in this theorem. Finally,
to show the impossibility of improving upon this theorem in another direction, we provide two more examples
demonstrating that even for characteristic functions a point of discontinuity of M f may well be a Lebesgue

point of f, and at a non-Lebesgue point of f, we may have M f continuous.

Proof If f is zero almost everywhere, then M f is never discontinuous. Therefore, we may assume otherwise.

Owing to this and our remarks at the end of the introduction we may write

n
f = Z AiXA;»
=0

where 0 = ag < a1 < as < ... < a,, the sets A; form a partition of R, and when ¢ > 0 have finite positive
measure. We let b be the minimum distance between any two of these coefficients. Since M f is discontinuous
at x, there exists an ¢ > 0 and a sequence {x}reny converging to x with Mf(z) > Mf(x) +e.

We observe that if y is a Lebesgue point for this function, that is if

1 Y+s
lim—/ |f(t) —c|dt =0,
Y

y—s
then ¢ = a; for some j. For we have

1 [y*s

= Alm 9
|f(t)_C|dt:Z|az_c|‘ [y Sy+5]| Zmlnlaz_cl7
=0 ’

2s y—s 2s

from which our observation is immediate. We further observe from this that y is a point of density for A; if
c=aj.

We assume to the contrary that there exists a radius r» > 0 for which all points in (x — r,z + r) are
Lebesgue points of f. Thus, in particular x is a Lebesgue point, which as we observed above means it is a point
of density for A; for some j. Therefore, Mf(z) > a;, and |4; N (x — s,z + s)| > 0 for any positive s. If we
have |A; N (x — s,z + s)| = 2s some s, then M f(x) > a; + € implies that for k large enough 7 f(xx) > s/2,
and this contradicts Lemma 5.1. Therefore, 0 < |A; N (z — s,z + s)| < 2s for any positive s.
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As z is a point of density for A; we can find a radius ' < r, such that |[4; N (z —7",z+ )] > 3r'/2.
Therefore, A; N (z —r',z) and A; N (x,z + r’) both have measure at least '/2, and thus both of them have
density points, let v € A; N (z —r',x) and v € A; N (x,2 +r’) be such points. The set A$ N (u,v) has
positive measure by the conclusion of the last paragraph. Therefore, it has an exceptional point y, and as

c

(—00,u] U [v,00) are density points for (A§ N (u,v)) we must have y € (u,v). Owing to this y is also an

exceptional point for A;.

However, as we assumed all points in (x — r,z + r) to be Lebesgue points for f, this y must also be a
Lebesgue point, from which it follows that it is a point of density for some A;. Clearly [ = j is not possible.
To see that [ # j is also not possible, observe that in this case A; C A§; therefore, y is a point of density for

Af. Thus, our assumption must be wrong, and (x —r,xz +r) contains a non-Lebesgue point.

We now turn our attention to the other direction. If f is zero almost everywhere, then all points are
Lebesgue, so we may write f = x4 where 0 < |A] < oco.

Assume to the contrary that there exists an r > 0 such that M f is continuous in (z—r, z+r). We observe
that as = is a non-Lebesgue point 0 < |[AN(x —s,z+s)| < 2s for every s > 0. Let U = {z e R: M f(z) =1}.
Clearly if z is a point of density for A, then it is in U. On the other hand, if z is a point of density for A€, it
cannot be in U. Hence, we have [(A\U)U (U \ A)] =0. As we assumed M to be continuous on (x —r,x+7r),
the set (z —r,z +r) N U is open. It can neither be empty, nor all of (x — r,z + r), for this would contradict
0 <|AN(x—r,x+r)| < 2r. Therefore, it is the union of an at most countable collection of disjoint open
intervals, one (a,b) of which is such that either a # x —r or b # x4+ r. We let y to be the endpoint for which
this is true. This means M f(y) < 1. However, as y € U this is a contradiction.

O

We now show that Theorem 1.6 is not valid for nonsimple functions. We let ¢(x) := (—|z| 4 1)x[-1,1)(2),

and

fol@) == 3 62 — 2%%).
k

=1

This function is a sequence of isosceles triangles of height 1 and base length 274**1 . It is continuous everywhere
except at the origin. Since continuity at = implies that z is a Lebesgue point, all points in R — {0} must be
Lebesgue points. Furthermore, as the triangles get thinner very fast, the origin is also a Lebesgue point, but
clearly, M fg is discontinuous at the origin.

The maximal function is calculated by taking supremum over averages of all positive radii, and is of global
nature, whereas the Lebesgue points are determined via a limit of averages of radii converging to zero, and is
local. Obtaining information regarding global phenomena from local phenomena is of course much harder than
doing the converse, and most of the time impossible. A full converse in our theorem is not possible exactly due

to this reason, as the following example makes clear. Let
fr(z) := x(=1,0) + 100X (1,2)-
Clearly, 0 is a non-Lebesgue point of f7, but M f7 is continuous around 0. However, when we restrict ourselves

to characteristic functions we obtain global control over values the function can take, and this allowed us to

prove the partial converse.
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Let us consider the following function

fs(x) == ZX(2*'€72*%*1,2*’€)($)~
keN
Heuristically this amounts to considering the intervals (27%~!,27%)  dividing them into 2* pieces and taking
the rightmost piece. Therefore, from each dyadic interval we are taking less and less, and this makes 0 a
Lebesgue point. However, clearly M fs is discontinuous at 0.
The last example is more interesting. Let ap = 0,a;1 = 1 and then apy1 = ax + 2—k(k+1)/2 " Thijg

sequence clearly converges to a limit a < 2. Let by := (ag + ax+1)/2, and define

Fo(%) = X(aas1) (®) + D X(bpansn) (2)-
k=0

Essentially, this means taking the right halves of the intervals (ay,ar+1), the lengths of which decrease at an
ever increasing pace. We have A,_q, fo(a) = 3/4 for each k > 1, showing that a is not a Lebesgue point, while
the averages A,_p, fo(a) increase to 1 as k increases, implying M f9(a) = 1. This, by lower semicontinuity of

Mfg and fg being a characteristic function, implies the continuity of M fy at the point a.
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