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Abstract 

 

New robotic systems are placed out of their constrained workspaces in order to work alongside humans. Consequently, 

these applications call for robots monitoring and regulating physical human-robot interaction. These robots’ mechanical 

compliance should be varied when they are in physical contact with the human or their changing environments. This 

compliance variation can be achieved in a variety of ways. However, one common idea is the variation of joint stiffness 

mechanically, electromechanically or by control. The solution presented in this paper is an electromechanical way of varying 

the joint stiffness. Among the electromechanical methods for varying the joint stiffness, continuously variable transmission 

(CVT) systems can be used in human-robot interfaces if a set of design criteria are met. These criteria include backdrivability, 

independent output position and stiffness variation, shock absorbing and low mass/inertia. In this paper, a novel two-cone 

CVT design with a double spherical transmission element is introduced by taking into account the abovementioned criteria. 

Additionally, design parameters are identified via carrying out a geometrical analysis of this new CVT system.   

Keywords: Continuously variable transmission, Variable stiffness actuation, Human-robot interface 

 

1. Introduction 

The first robot applications in the industry required only motion control strategies. The first examples 

of these robots are in the automotive industry and are employed for pick-and-place, painting and welding 

jobs. The main function of these robots is to accomplish these tasks by following a predefined motion 

trajectory with minimum errors. The major disadvantage of these conventional industrial robots is that 

they cannot be used in unpredictable environments such as working next to human coworkers. Even if 

motion control is achieved with high accuracy, the safety factor should be considered in case of a collision 

with a human coworker. Hence, these robots are confined in well-defined and constrained working cells 

in which they can only operate when there is no human coworker is inside.    

In recent years, a new generation of robots, known as human-robot interfaces, have been developed to 

work alongside humans not only in industrial settings but also in households. The well-known examples 

are industrial coworkers, household robots, advanced prostheses and haptic devices (Samur, 2012). These 

new generation robots differ from the conventional ones in their performance criteria. While accuracy 

and repeatability are the key metrics of performance in conventional robots, the key metrics in these 

robots include easiness of backdriving the robot by physically interacting with its end-effector (also 

known as backrivability) and stiffness variation range (also known as impedance width) are the 

prominent ones. 

As an example of robots collaborating with humans, haptic devices display varying mechanical 

impedances to the human operator by regulating the amount of forces felt against the motion induced by 

the human operator. Since a haptic device should display a wide range of impedance values, one of the 

performance metrics of a haptic device is determined by this range. The minimum impedance is the 

resistance that the haptic device displays against motion when the desired resistance to be displayed is 

zero. The maximum impedance is the maximum applicable resistance that can be displayed against the 

motion of the human. Some factors affecting these measures are the frictions at the joints of the device 
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and inertia of the links. While the increase in the value of these factors affects minimum impedance 

adversely, the maximum impedance performance is improved. Therefore, haptic device design is 

accomplished by adjusting the trade-off between the minimum and maximum impedance characteristics 

of the device. However, it is the variability of the joint stiffness that moves the device performance from 

a minimum impedance range to a maximum impedance range. Commonly, this is achieved by employing 

a suitable controller to regulate the actuator’s output torque with respect to the motion induced by the 

human (Samur, 2012). While the range of the impedance is dependent on the motor’s capability up to a 

certain level, variable stiffness joint structures are designed to increase this impedance range.  

Another cluster of robots in the field of human-robot interaction is collaborative industrial robots. 

These robots are designed to work alongside human coworkers. They are developed in compliance with 

the ISO 10218-1 standard in order to prevent any damage to the human coworker. First clause of this 

standard (5.10.2) defines a condition that no motion will be allowed if the human coworker is in the 

collaborative workspace. The working condition stated in the second clause (5.10.3) explains that the 

robot can be moved as long as the human coworker applies direct force input to the robot. The other 

clause (5.10.4) is related to the distance defined between the human coworker and the robot. The 

operation can be carried out if the minimum distance defined between the robot and the human coworker 

is not violated. In the final clause (5.10.5), robots with inherent force limitations may work alongside the 

human coworker in continuous contact because they are not capable of applying excessive forces to the 

human coworker. This force limitation can be achieved by control, mechanical design or a combination 

of both. 

The main difference of collaborative robots with respect to conventional ones is that pure motion 

control is not sufficient to achieve new tasks anymore since physical interaction takes place between the 

human and the robot. Thus, they should comply with their environment in order to execute their tasks 

safely. In other words, these robots should not apply excessive amounts of force in the case of physical 

contact with their environment. If the robot interacts with a stiff wall, the environment stiffness will be 

higher. On the other hand, if the physical interaction happens with a human, the environment stiffness is 

lower. Since in a general application scenario the robot is expected to physically interact with different 

objects with different stiffness characteristics, the robot’s joint stiffness should be adjusted as the 

environment stiffness changes. Similar to human anatomy, these robots’ joint stiffness should be 

controlled. Joint stiffness control can be achieved either actively or passively (Migliore et al., 2005). 

Active joint stiffness control is achieved by implementing compliant control algorithms. Via these 

algorithms, the impedance of the joint is changed by control (Vanderborght et al., 2013). If high position 

accuracy is required in some directions of the workspace where there is no physical constraint, stiff 

actuation with a high-gain controller is preferred. Hence, if some unexpected external forces are applied 

to the end-effector of the robot, the robot will apply larger forces to compensate for this effect in order 

to follow the predefined motion trajectory closely. Conversely, if high joint compliance is required in 

another direction of the workspace in which there is a physical constraint, soft joint actuation with a low-

gain controller is employed for the motion along this direction. In this case, if undesired external forces 

are exerted on the end-effector along one direction, for example when tracking an irregular surface, a 

low gain controller can be selected for the motion along the normal of the surface. As a result of this, the 

position error will be higher in that specific direction than the stiff joint actuation position error to prevent 

significant impacts on the surface. Applying active joint stiffness control has some drawbacks. In these 

types of closed-loop control system designs, maintaining stability is always a challenge. Also, the 

selection of the force sensor is important since the stiffness of the force sensor will identify the use of 

this active stiffness controller for a certain application with a predefined stiffness range. 

Passive stiffness control is sub-divided into two groups, mechanical and electromechanical. Passive 

stiffness control is also classified as inherent compliance (Vanderborght et al., 2013). In purely 

mechanical stiffness control, fixed compliance is provided by adding either an intrinsically compliant 
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element like springs between the end-effector and the actuator or a mechanism providing a constant 

transmission ratio. Subsequently, a fixed stiffness is obtained which can be used in applications with 

well-defined environments. The capstan drive system is a common choice of a transmission system for 

haptic devices which also results in fixed joint stiffness. The main uncertainty of this design is the 

backlash due to the slip problem (Lu et al., 2012). Furthermore, the fundamental imperfection is that 

these actuation systems with fixed stiffness do not have the potential to change the stiffness of the joint 

in the course of operation. Nevertheless, by active control of the actuator, the joint stiffness can be 

regulated within a predefined limit. Hence, these actuator designs are not suitable for environments that 

have highly varying stiffness characteristics.  

Actuators with adaptable joint compliance have the capacity to interact with dynamic environments 

with varying stiffness characteristics. A general approach to configure these types of actuators is using 

an elastic element between the actuator and the joint structure, and continuously controlling the 

compression/tension of this elastic element via an additional actuator. As a result of this, while the joint’s 

motion is controlled, the actuation system’s stiffness can be changed independently. Moreover, these 

types of actuators have shock absorbing properties due to the existence of an elastic element, which 

prevents possible physical damage during a significant physical impact. 

Among a variety designs for actuators with adaptable joint compliance, in biologically inspired 

antagonistic springs with antagonistic motors type of joint design, joint stiffness and joint angle are 

changed independently without using a current controller for the motor actuation (Migliore et al., 2005). 

Since stiffness is obtained passively, stability is guaranteed. Nevertheless, the joint motion range is 

limited in this design.  

The cross-coupled variable stiffness actuator (VSA), has the capability to work in an unlimited 

operating range. In this design, a timing belt is continuously in contact with pulleys applying tension, 

and pulleys are coupled to the motors’ shafts (Tonietti et al., 2005, and Vanderborght et al., 2013). As in 

any application with timing belts working under tension, this part should be replaced after a duration of 

use.  

In another design called bidirectional antagonism with variable stiffness (BAVS), a harmonic drive is 

used as the transmission system, which may result in obtaining higher torque outputs. In this design, the 

output shaft is connected to the handle with the help of a pinion crown wheel system. This system’s 

disadvantage is that the system does not have the capability to absorb shock due to an unexpected impact 

(Ishida et al., 2006). Further, the pinion crown wheel system adds an extra inertia to the mechanism. 

Hence, it affects the backdrivability adversely.  

Antagonistic springs with independent motors have shock-absorbing features due to the spring located 

between the joint and base. Furthermore, this design is smaller in size with respect to the previous 

designs. Hence, it has the capacity to be utilized in wider range of applications (Wolf et al., 2008, and 

Grebenstein et al., 2011). On the other hand, since the stiffness motor is located on the joint, the total 

moving inertia is increased. Therefore, the backdrivability property is adversely affected.  

Additionally, the lever length type of variable stiffness joint design also has a shock-absorbing feature 

and independent position-stiffness variation property (Visser et al., 2011). However, the mechanism 

occupies a larger volume than the other VSA designs, and this limits the application of this system in 

human-robot interfaces. 

Alternative to the above approaches, continuously variable transmission (CVT) systems have been 

used to vary the stiffness of the joint continuously by changing the transmission ratio continuously. These 

systems have been widely used in automotive transmissions. In an ideal condition, these systems have 

the potential to provide continuously varying power transmission within a predefined limit. This 

transmission can be accomplished via friction, belt or gear systems (Sclater et al., 2001). One example 

of gear-based CVT systems are planetary gear based CVT systems (Ivanov et al., 2012). However, they 
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are not capable of varying the stiffness independent of the output movement since the input, which is 

needed to increase the output torque, is supplied from the external load. 

 Another type of CVT is the toroidal traction drive (Novellis et al., 2012). In this drive system, there 

are input and output discs, which are constructed to form a toroidal cavity. In addition, a suitable number 

of rollers are used as the transmission element. By steering the rollers that are contacted continuously 

with input and output discs, the output speed is regulated. The main principle of this speed adjustment is 

based on the difference between the effective radius of the input and output discs. To increase the upper 

level of transmissible torques and speeds, a specific lubricant is used at the contact points under 3 GPa 

pressure (Carbone et al., 2004). Different types of toroidal traction drives have been developed including 

singe-roller half toroidal variator, single-roller full toroidal variator, and double roller full toroidal 

variator. The main application areas of these transmission systems are identified as highway systems, 

larger engine cars, trucks (Carbone et al., 2004) and industrial machines (Yildiz et al., 2015). 

In addition to the abovementioned designs, flywheel-infinitely variable transmission systems are 

constructed to be used in the construction of an exoskeleton robot (Alò et al., 2018). In this case, a 

flywheel with the infinitely variable transmission (IVT) is coupled to a human knee in order to assist the 

human during walking. The significant feature of this design is that since flywheel stores and releases 

the energy during walking, the necessary amount of energy to be supplied from the motor is reduced. 

Thus, a smaller motor can be selected for this design.  

A different version of IVT has been developed to alter the output stiffness via friction force.  The 

working principle is the same as friction-based CVT cone-drive systems. This design is used in a haptic 

device design (Faulring et al., 2007).  

CVT based variable stiffness mechanisms can find application in a human-robot interface if the 

specific design criteria of backdrivability, independent output position and stiffness variation, shock 

absorbing and low mass and inertia are met. Although there are various CVT designs in the literature for 

human-robot interfaces (Kim et al., 2002; Faulring et al., 2007), the primary limitation of the two-cone 

drive CVT designs is that the transmission ratio and the output position cannot be altered independently. 

The source of this problem is that the friction wheel, which is designed to transmit the torque from the 

input cone to the output cone, should be moved along a linear path to vary the transmission ratio. This 

gives rise to remarkable longitudinal friction force along the linear path.  

In this study, we propose a new variable stiffness actuation system to be used in human-robot 

interfaces. This system is based on two-cone friction drive CVT, which provides a solution for the 

independent transmission ratio and motion variation problem. The solution is formulated by using 

spherical transmission elements instead of the friction wheel. The presented design also aims to guarantee 

bidirectional power transmission and allows adjustment of shock absorption characteristics. The working 

principle of the novel CVT design is presented in the next section. The geometrical analysis of the design 

is carried out to identify the design parameters. The analysis results are validated by using the model of 

the CVT in a computer-aided design (CAD) environment. Obtained results are discussed and the work 

is concluded in the last section by addressing future work. 

2. Working principle of the Novel CVT 

In this section, the working principle of the novel CVT and the design details are presented. In 

conventional friction-drive two-cone CVTs are two cones, which are covered with friction material, and 

a transmission wheel are used to transmit the moment from the input shaft to the output shaft. These 

input and output shafts are coupled to respective cones. In order to vary the transmission ratio, the 

transmission wheel is moved along a straight path while the effective radii measured at the contact points 

of the cones are changed. However, it is not possible to control the output position and transmission ratio 

independently in this way since the transmission wheel does not have the capability to perform the 
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holonomic motion. In other words, the cones must be rotated to ease the change of the transmission ratio, 

and this condition limits the usability of the two-cone CVT drive in human-robot interfaces. 

 

Figure 1. Isometric view of the single-sphere two-cone CVT (Mobedi and Dede, 2018) 

 

In order to ensure holonomic motion, the transmission wheel is swapped with a spherical transmission 

element (Figure 1) which will be called the sphere from this point on. Hence, in a rigid body approach, 

point type of contact with the two cones is guaranteed, allowing the control of output position and 

transmission ratio independent from each other. In other words, stiffness variation with constant load and 

stiffness variation at constant position requirements, which are stated in (Wolf et al., 2016), can be 

achieved with this transmission system. The cones are covered with a friction material to create friction 

surfaces on the cones to avoid slippage without applying a larger amount of normal force on the cones. 

A diaphragm or any other material a with higher friction coefficient can be chosen for constructing this 

friction surface. 

The location of the sphere along the normal of the plane formed by the rotation axes of the cones is 

important for the linear shifting action during the change of the transmission ratio. If the sphere is placed 

so that its center is exactly on the plane formed by the rotation axes of the cones, it becomes impossible 

to change the transmission ratio without changing the output position. This problem is visualized by the 

help of a sketch drawing presented in Figure 2. 

 
Figure 2. The free-body diagram of the sphere located between the cones 

 

𝑀1 = 𝐹𝑡1𝑟 (2.1) 

𝑀2 = 𝐹𝑡2𝑟 (2.2) 

When the sphere is translated along the (-)Z-axis direction due to the friction surfaces, tangential 

friction forces act on the sphere resisting the motion. These tangential forces are equal to each other since 

the normal forces and friction coefficient are the same for the two cones. Consequently, 𝑀1 and 𝑀2 have 

equal magnitudes as presented in Equations 2.1 and 2.2. However, these moments are in opposite 

directions, which constrain the sphere to translate without rolling about Y-axis. Hence, the sphere should 

slip on the cones when changing the transmission ratio. Nevertheless, slip between the cones and the 
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transmission element is not desired in order to guarantee the transmission within the selected torque 

transmission limits. For this reason, while the sphere is translated to vary the transmissions ratio, it should 

be rolling instead of slipping. In order to formulate a solution for this, the sphere is located above the 

cones. The mathematical proof of this solution is formulated by Equations 2.3 and 2.4 based on the free-

body diagram of the sphere when it is placed above the cones, which is presented in Figure 3 for an 

arbitrary location of the sphere along the Z-axis. 

 
Figure 3. The free-body diagram of the sphere located above the cones 

 

∑𝑀𝑌 = 𝐹𝑡1𝑎 − 𝐹𝑡2𝑐 
(2.3) 

∑𝑀𝑋 = −𝐹𝑡1𝑏 − 𝐹𝑡2𝑑 
(2.4) 

When Equations 2.3 and 2.4 are investigated, it is obvious that resultant moment about the X-axis make 

the sphere roll on the cones and move the sphere in the desired (-)Z-axis. The moments of the tangential 

forces about the Y-axis act against each other which almost prevent the rotation about the Y-axis. 

Therefore, with this solution, it is possible to move the transmission element without the necessity of a 

pure slip condition. This also indicates that the mechanism is capable of adjusting the transmission ratio 

by minimally disturbing the output position of the cone. 

Nevertheless, this relocation of the sphere constitutes new problems. In order to explain these new 

problems, Figures 4 and 5 are presented. In Figure 4, it is assumed that there is a handle coupled to the 

output cone and the user holds it and applies a force denoted as “User force” in the figure. When the 

input torque is applied in the clockwise (CW) direction, the transmission is achieved as indicated in 

Figure 4. The friction forces acting on the sphere during transmission are in the downward direction (P1, 

P2). Hence, transmission without slippage is guaranteed with a higher limit of torque transmission. For 

the other case in which the input is in the counterclockwise (CCW) direction as presented in Figure 5, 

torque transmission with the previously defined upper limit cannot be guaranteed since the friction forces 

acting on the sphere (P3, P4) are upward, reducing the normal force between the sphere and the cones 

(“W” is the weight of the sphere). This situation results in slippage at the point of contact at lower ranges 

of transmission torque value.  
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Figure 4. Side view of the one transmission point for CW direction (Mobedi and Dede, 2018) 

 

Figure 5. Side view of the one transmission point for CCW direction (Mobedi and Dede, 2018) 

 

In order to propose a solution to this problem, a second sphere below the cones is added to the system. 

Hence, when one of the cones is in Figure 5 situation, the other will be in Figure 4 situation. 

Consequently, a constant regulated combined normal force on the cones is guaranteed at all times, which 

means that the designated torque transmission is achieved independent of the direction of motion. 

Additionally, as presented in Figure 6, both spheres are pre-tensioned with two additional forces (𝐹1, 𝐹2)  

guaranteeing the equal amount of normal force acting on each sphere when there is no torque 

transmission. The calculation of 𝐹2 in terms of 𝐹1 and the mass of the sphere, m, is stated in Equation 

2.5. 

𝐹2 sin 𝜗 = 𝑚𝑔 + 𝐹1 sin ∅ (2.5) 

  The isometric view of the double-sphere CVT is presented in Figure 7. In order to validate the 

working principle, an initial prototype is manufactured and proof of design experiment is conducted to 

observe if the same amount of torque can be transmitted in both CW and CCW directions. This initial 

experiment validated the performance of the new CVT design, and it was shown that bidirectional power 

transmission and independent transmission ratio and position variation was accomplished (Mobedi and 

Dede, 2018). 
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Figure 6. Double-sphere CVT (1) Front view of the system (2) Side view of the system (Mobedi and Dede, 2018) 

 

 

Figure 7. Isometric view of the double-sphere two-cone CVT (Mobedi and Dede, 2018) 

 

In this initial prototype, the spheres are housed inside a carriage system. This carriage system is moved 

along a linear path to change the transmission ratio. The exploded view of the carriage system is indicated 

in Figure 8. In this design, there is a total of 8 parts as follows: compression springs (6), set screws (7), 

support elements (5), four pieces of steel pins (4) and bearings (3), two pieces of steel spheres (1, 2) and 

the carriage (8). In the assembly process, first, upper and lower spheres are placed into the sphere cavities, 

and the bearings are placed into the slots. Following this, steel pins are mounted through the bearings’ 

holes so that the spheres can be confined in the carriage. The next step is related to the application of pre-

tension on the spheres. Two support elements are located at the back of the steel pins, and springs are 

placed behind the aforementioned support elements. Finally, a set-screw (7) is mounted on the spring so 

that the pretension of the spring can be altered.  
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Figure 8. Exploded view of the carriage system (Mobedi and Dede, 2018)  

After assembly of the carriage system, the carriage system is assembled on a screw-nut system (11) 

and linear guides (9) as shown in Figure 9. This screw-nut system is used to move the spheres located on 

the carriage along the changing radii of the cones. A motor should be coupled to the screw-nut system to 

move the carriage automatically. The cones are denoted as (10) and the bedding pieces for the cones and 

the carriage’s linear guides are denoted as (12) and (13) respectively in Figure 9. 

 

Figure 9. Exploded view of the whole assembly (Mobedi and Dede, 2018) 

 

By adjusting the normal force between the cones and sphere through varying the compression on 

springs denoted by (6), the transmission torque limits can be set. As an example, if it is required to set 

the torque transmission limit to lower values, the normal force is reduced by releasing the compression 

on the spring. As a result of this, when this limit is exceeded there will be slippage between the cones 

and the sphere. Consequently, an excessive amount of torque to be applied either to the user or to the 

actuator during operation can be avoided. Therefore, the joint structure is inherently safe in the 

mechanical design sense. 

Bearings denoted with (3) in Figure 8 are used to transmit the compression force to the spheres in order 

to minimize friction during the linear motion of the carriage. The use of these bearings results in a quicker 

response time during the transmission ratio variations. 

3. Geometrical Analysis of the CVT 

The primary objective of this section is to present the computations of the positions and orientations 

of the bodies that compose this CVT design by identifying the design parameters. Rigid body assumption 

is used in these computations. Through these computations, the limits of the CVT are calculated as a 
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function of design parameters so that an optimum design methodology can be applied. To achieve this, 

the rotations between the frames are defined, and the angles are computed with the help of the plane 

geometry.   

Within the methodology of the geometrical analysis, an arbitrary position of the sphere making contact 

with the cones is considered. Then, the required planes and triangles are analyzed via the CAD model of 

the first prototype of the CVT, which is presented in Figure 10. For each defined length or angle, a 

parametric formula is derived and later compared with the measured values from the CAD model. 

Afterward, these formulas are coded in Matlab, and the required orientations are calculated symbolically. 

As a final step, the abovementioned angles are verified with the help of the CAD model of the 

transmission system created in Solidworks software. The comparison is carried out for five different 

locations of the sphere indicating different transmission ratios. The results are presented at the end of this 

section.  

 

Figure 10. Isometric view of the drive 

 

In Figure 10, the isometric view of the CVT drive is presented. There is a sphere located above the 

cones, and all the calculations are carried out by considering this structure. The other sphere, which is 

located below the cones, is not taken into account since investigating one sphere interaction is sufficient 

to understand how the system works. Additionally, since the two spheres are located along the same 

vertical axis, (i.e., they always move symmetrically with respect to the 𝑂1𝑂3𝑂16𝑂26 plane), it is sufficient 

to carry out the calculations with one of the spheres. 

The properties of the distance vectors generated with respect to the specific points on Figure 10 are 

presented below: 

𝑂1𝑂4
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗  ∥  𝑂2𝑂5

⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗   ∥  𝑂10𝑂9
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗   ∥  𝑂13𝑂19

⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗   ∥  𝑂15𝑂21
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗   (3.1) 

𝑂10𝑂15
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗   ∥  𝐶𝑂16

⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗  ∥  𝐶𝑂3
⃗⃗ ⃗⃗ ⃗⃗  ⃗  ∥  𝑂9𝑂4

⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗ (3.2) 
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𝐶𝑂7
⃗⃗ ⃗⃗ ⃗⃗  ⃗ ⊥ 𝑂2𝑂7

⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗   and 𝐶𝑂11
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗ ⊥  𝑂19𝑂11

⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  (3.3) 

The design parameters are identified as 𝑅, 𝑟1, 𝐿, 𝜃, 𝐷 where: 

𝑅 (|𝐶𝑂7
⃗⃗ ⃗⃗ ⃗⃗  ⃗|): Radius of the sphere 

𝑟1 (|𝑂1𝑂2
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  |):  Minimum cone radius 

𝐿 (|𝑂30𝑂31
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  |):  The length of the side of the cone 

𝜃:  Cone angle 

𝐷:  The distance between the cone’s rotation axes 

Z:  The distance of the center of the sphere from  𝑂1 

The necessary dimensions for the geometrical analysis are defined and calculated in Equations 3.4 

to 3.9. 

|𝑂22𝑂7
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  | = |𝐶𝑂10

⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗| = |𝐶𝑂9
⃗⃗ ⃗⃗ ⃗⃗  ⃗| = |𝑂6𝑂5

⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  | = |𝑂11𝑂12
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  | = |𝑂13𝑂14

⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  | = |𝑂15𝑂16
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  | = 𝑅 sin 𝜃 (3.4) 

|𝑂1𝑂3
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  | = |𝑂2𝑂6

⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  | = |𝑂26𝑂16
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  | = 𝑍 (3.5) 

|𝑂26𝑂21
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  | = 𝐿 cos 𝜃 (3.6) 

|𝑂16𝑂21
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  | = 𝐿 cos 𝜃 − 𝑍 (3.7) 

|𝑂2𝑂5
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  | = |𝑂2𝑂6

⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  | + |𝑂6𝑂5
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  | = 𝑍 + 𝑅 sin 𝜃 (3.8) 

|𝑂19𝑂13
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ | = |𝑂21𝑂15

⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  | = |𝑂16𝑂21
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  | + |𝑂16𝑂15

⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  | = 𝐿 cos 𝜃 − 𝑍 + 𝑅 sin 𝜃 (3.9) 

 

 

Figure 11. Front view of the drive (Aux.1) 

 

Figure 11 presents the auxiliary view denoted with Aux.1 in Figure 10, which is the view along 𝑂1𝑂3
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  . 

Based on Figure 10 and 11, the triangles presented in Figure 12 are formed. 
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Figure 12. Illustration of 1st group of triangles 

 

Since |𝑂2𝑂5
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  | and |𝑂19𝑂13

⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ | are known as functions of design parameters, 𝑦1 and 𝑦2 parameters 

presented in Figure 12 are calculated as follows: 

𝑦1 = tan 𝜃 (𝑍 + 𝑅 sin 𝜃)  (3.10) 

𝑦2 = tan𝜃 (𝐿 cos 𝜃 − 𝑍 + 𝑅 sin 𝜃)  (3.11) 

 

 

Figure 13. Top view of the drive 

 

In Figure 13, 𝑂7 and 𝑂11 are contact points of the sphere with the cone on the left and the cone on the 

right, respectively. It is clearly observed that these points are not along the same horizontal axis. Hence, 

effective radii do not have the same distance from the initiation point for any location of the sphere (𝑑1 ≠

𝑑2). These radii (𝑟2 = |𝑂4𝑂7
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗| and 𝑟3 = |𝑂15𝑂11

⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  |) are calculated in Equations 3.12 and 3.13 by drawing 

two lines from these contact points to the rotation axes of the respective cones. These drawn lines are 

perpendicular to the rotation axis of the cones.  
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 𝑟2 = |𝑂4𝑂7
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗| = 𝑦1 + 𝑟1 (3.12) 

𝑟3 = |𝑂11𝑂15
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  | = 𝑦2 + 𝑟1 (3.13) 

 

Consequently, in practice, the effective radius 𝑟2 cannot be as small as 𝑟1 even if the sphere is located 

at the very top location (near initiation point) of the CVT drive according to the sketch in Figure 13.  

Considering Figure 12 and 13, since 𝑂9𝑂4𝑂8 and 𝑂10𝑂15𝑂20 define two half triangles, the complete 

triangle presented in Figure 14 can be formed. This situation can also be observed in Figure 11. Thus, 𝑟𝐿 

and 𝑟𝑅 lengths are computed based on this triangle in Equation 3.14 and 3.15.  

𝑟𝐿 = |𝑂9𝑂4
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗| = 𝑟1 + 𝑦1 + 𝑅 cos 𝜃 (3.14) 

𝑟𝑅 = |𝑂10𝑂15
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  | = 𝑟1 + 𝑦2 + 𝑅 cos 𝜃 (3.15) 

 

 

Figure 14. The illustration of △ 𝑶𝟗𝑶𝟒𝑶𝟏𝟓 

 

Cosine theorem is implemented in Equation 3.16 and 3.17 to compute 𝛼1 and 𝛼2. 

cos 𝛼1 = (𝑟𝐿
2 + 𝐷2 − 𝑟𝑅

2) (2𝑟𝐿𝐷)⁄  (3.16) 

cos 𝛼2 = (𝑟𝑅
2 + 𝐷2 − 𝑟𝐿

2) (2𝑟𝑅𝐷)⁄  (3.17) 

Since |𝐶𝑂7
⃗⃗ ⃗⃗ ⃗⃗  ⃗|, |𝑂2𝑂6

⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  |, |𝑂19𝑂14
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ | and |𝐶𝑂11

⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗| are known, |𝐶𝑂22
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ |, |𝑂22𝑂6

⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  |, |𝑂12𝑂14
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  | and |𝐶𝑂12

⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗| are 

calculated from trigonometric relations indicated in Figure 15.   

 

Figure 15. Illustration of 2nd group of triangles 

 

Also, by using these triangles, the following dimensions are obtained from Figure 16: 

𝑟𝐶𝐿 = |𝐶𝑂3
⃗⃗ ⃗⃗ ⃗⃗  ⃗| = 𝑟1 + 𝑍 tan𝜃 + (𝑅 cos 𝜃)⁄  (3.18) 

𝑟𝐶𝑅 = |𝐶𝑂16
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗| = 𝑟1 + tan𝜃(𝐿 cos 𝜃 − 𝑍) + (𝑅 cos 𝜃)⁄  (3.19) 
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Figure.16 The illustration of the center of the sphere with the help of △ 𝑪𝑶𝟑𝑶𝟏𝟔 

 

Based on Figure 16, using the cosine theorem, 𝛼𝐶𝐿 and 𝛼𝐶𝑅 are computed as follows: 

cos 𝛼𝐶𝐿 = (𝑟𝐶𝐿
2 + 𝐷2 − 𝑟𝐶𝑅

2 ) (2𝑟𝐶𝐿𝐷)⁄  (3.20) 

cos 𝛼𝐶𝑅 = (𝑟𝐶𝑅
2 + 𝐷2 − 𝑟𝐶𝐿

2 ) (2𝑟𝐶𝑅𝐷)⁄  (3.21) 

Obviously, 𝛼1 = 𝛼𝐶𝐿 and 𝛼2 = 𝛼𝐶𝑅. The position vector of the center of the sphere with respect to 

0th frame, 𝑃⃗ 𝐶 (𝑂1𝐶⃗⃗⃗⃗ ⃗⃗  ⃗), is computed in Equation 3.22 based on the sketch presented in Figure 17. 

 

 
 

Figure 17. The illustration of the 0th and 1st frame 

 

𝑃⃗ 𝐶 = 𝑂1𝐶⃗⃗⃗⃗ ⃗⃗  ⃗ = (𝑟𝐶𝐿 cos 𝛼𝐶𝐿)𝑢⃗ 1
(0)

+(𝑟𝐶𝐿 sin 𝛼𝐶𝐿) 𝑢⃗ 2
(0)

+ 𝑍𝑢⃗ 3
(0)

 (3.22) 

 

In Figure 18, the translation of the center of the sphere, as it is moved from one end of the drive to the 

other end, is presented. In order to clearly visualize this motion, the path of the sphere’s center on the 

𝑢⃗ 1
(0)

− 𝑢⃗ 2
(0)

 (X-Y) plane, on the 𝑢⃗ 1
(0)

− 𝑢⃗ 3
(0)

 (X-Z) plane, and in the Cartesian frame are illustrated in this 

figure. These three graphs are drawn by making use of Equation 3.22.  
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Figure 18. The projection of the position variation of the center of the sphere 

(a) X-Y plane, (b) X-Z plane, (c) isometric view 

      

Subsequently, the position vector of the left cone contact point with respect to 0th frame is calculated. 

The left cone contact point is 𝑂7 as shown in Figure 10 and 13. Therefore, 𝑃⃗ 𝐿 is defined as 𝑂1𝑂7
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗   (Figure 

10) and its vector equation is presented in Equation 3.23. Note that 𝑟2 represents the |𝑂4𝑂7
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗| dimension 

indicated in Equation 3.12. 

𝑃⃗ 𝐿 = (𝑟2 cos 𝛼1)𝑢⃗ 1
(0)

+ (𝑟2 sin 𝛼1)𝑢⃗ 2
(0)

+ (𝑍 + 𝑅 sin 𝜃)𝑢⃗ 3
(0)

 (3.23) 

The position vector of the right cone contact point with respect to the 1st frame is written with the help 

of 𝑂26𝑂11
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗   since the right cone contact point is 𝑂11 (Figure 10). Therefore, the vector formula for 𝑂26𝑂11

⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗   

is stated in Equation 3.24, and the sign of 𝑢⃗ 1
(1)

 component is negative according to the definition of the 

1st frame presented in Figure 17. Note that 𝑟3 represents the |𝑂11𝑂15
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  | dimension indicated in Equation 

3.13.  

𝑃⃗ 𝑅 = (−𝑟3 cos 𝛼2)𝑢⃗ 1
(1)

+ (𝑟3 sin 𝛼2)𝑢⃗ 2
(1)

+ (𝑍 − 𝑅 sin 𝜃)𝑢⃗ 3
(1)

 (3.24) 

In order to represent 𝑃⃗ 𝑅 vector in 0th frame, the homogenous transformation matrix 𝐻̂(0,1) is defined 

in Equation 3.25, and the necessary transformations are performed in Equation 3.26 and 3.27. 

𝐻̂(0,1) = [

1 0 0 𝐷
0 1 0 0
0 0 1 0
0 0 0 1

] (3.25) 

𝑃̅𝑅
∗(0)

= 𝐻̂(0,1)𝑃̅𝑅
∗(1)

, where 𝑃̅𝑅
∗(𝑖)

= [𝑃̅𝑅
(𝑖)

1
] (3.26) 

𝑃⃗ 𝑅 = (−𝑟3 cos 𝛼2 + 𝐷)𝑢⃗ 1
(0)

+ (𝑟3 sin 𝛼2)𝑢⃗ 2
(0)

+ (𝑍 − 𝑅 sin 𝜃)𝑢⃗ 3
(0)

 (3.27) 

After determining the position vector of the contact points with respect to the inertial reference frame 

(0th frame), the boundary conditions of the contact points in terms of the 𝑍 parameter are determined. 

Considering Figures 10 and 13, it is clear that the minimum 𝑍 value measured from the inertial reference 

frame is equal to the 𝑢⃗ 3
(0)

 component of 𝑃⃗ 𝑅 (Equation 3.28). In other words, this component is set equal 

to zero (Equation 3.29) so that the minimum 𝑍 value can be computed (Equation 3.30). The reason for 

this is that the position of the right cone contact point is always closer to the inertial reference frame with 

respect to the left cone contact point, which can be observed in Figure 13.  
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𝑃⃗ 𝑅 = (−𝑟3 cos 𝛼2)𝑢⃗ 1
(1)

+ (𝑟3 sin 𝛼2)𝑢⃗ 2
(1)

+ (𝑍 − 𝑅 sin 𝜃)𝑢⃗ 3
(1)

  (3.28) 

0 = 𝑍𝑚𝑖𝑛 − 𝑅 sin 𝜃 (3.29) 

𝑍𝑚𝑖𝑛 = 𝑅 sin 𝜃 (3.30) 

On the other hand, the maximum 𝑍 value is obtained from the 𝑢⃗ 3
(0)

 element of 𝑃⃗ 𝐿 presented in Equation 

3.23. Therefore, this component of Equation 3.23 is set equal to 𝐿 cos 𝜃, which is the maximum distance 

from the inertial reference frame according to Figure 10. The necessary calculations are performed in 

Equation 3.31 and 3.32.  

𝑍𝑚𝑎𝑥 + 𝑅 sin 𝜃 = 𝐿 cos 𝜃 (3.31) 

𝑍𝑚𝑎𝑥 = 𝐿 cos 𝜃 − 𝑅 sin 𝜃 (3.32) 

In this way, the boundary conditions of the 𝑍 values are computed. These boundaries help us to 

determine the maximum and minimum transmission ratios achievable by the CVT drive since this ratio 

is varied due to the location of the contact points with respect to the inertial reference frame.  

Up to this point, the location of the sphere has been calculated with respect to the inertial reference 

frame as a function of design parameters. However, the orientation change of the sphere has not yet been 

investigated. Here, the investigation of this issue is addressed. In Figure 19, the side view of the CVT 

drive is presented. A plane is defined by making use of 𝐶, 𝑂7 and 𝑂11 points that were presented in Figure 

10. The angle between this plane and the 𝑢⃗ 1
(0)

− 𝑢⃗ 2
(0)

 plane is identified as 𝛾 in Figure 19. 

 

 

Figure 19. The illustration of the 𝜸 angle 

 

In Figure 20, which is a zoomed view of Figure 10, there are three frames identified with numbers 2, 

3 and 4. The second frame has the same orientation as the inertial reference frame and the first frame, as 

presented in Figure 17. Therefore, rotations with respect to the second frame can be considered as the 

rotations with respect to the inertial reference frame. In the third frame, it is aimed to determine the axis 

which is tangent to the left cone contact point along the longitudinal direction (𝑢⃗ 3
(3)

). Thus, the rotation 

(𝜃11) is performed around the 𝑢⃗ 2
(2)

 axis as can be seen in Figure 20 and 24. Afterward, the axes that are 

aligned with the left cone contact point are specified by rotating the third frame around 𝑢⃗ 3
(3)

 due to the 

fact that 𝑢⃗ 3
(3)

 is tangent to the sphere and the left cone contact point. Thus, the investigated axis, which 

describes the surface normal of the left cone contact point, is assigned as 𝑢⃗ 1
(4)

, which is aligned with 

𝑂23𝐶⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗. Furthermore, 𝑢⃗ 2
(4)

 defines the direction of the tangential velocity and the forces acting between the 

cones and the sphere during the transmission of power from one cone to the other.  
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Figure 20. Detailed view of the contact point between the left cone and the sphere 

 

After identifying the required angles, the parametric equalities of these angles are investigated with 

the help of the CAD model. First, △ 𝐶𝑂3𝑂23, which is presented as the triangle on the left in Figure 21, 

is evaluated. In this case, 𝐶𝑂3
⃗⃗ ⃗⃗ ⃗⃗  ⃗ is perpendicular to 𝑢⃗ 2

(0)
= 𝑢⃗ 2

(2)
, which is the rotation axis of the input cone. 

Since |𝐶𝑂3
⃗⃗ ⃗⃗ ⃗⃗  ⃗| is already defined as 𝑟𝐶𝐿, and the angle between the |𝐶𝑂3

⃗⃗ ⃗⃗ ⃗⃗  ⃗| and |𝐶𝑂23
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ | is 𝜃, |𝑂3𝑂23

⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  | can be 

calculated. Afterwards, |𝑂3𝑂24
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  | and |𝐶𝑂24

⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ | are determined from ⊿𝐶𝑂3𝑂24, as shown in detail in Figure 

21. 

 

 

Figure 21. 3rd group of the triangles 

To determine the 𝜃11, ⊿𝑂23𝑂3𝑂24 presented in Figure 22 is studied. In this case, it is clear that |𝑂3𝑂24
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  | 

is parallel to |𝑂23𝑂25
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  |, and |𝑂3𝑂23

⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  | is parallel to |𝑂24𝑂25
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  |. Next, since these terms are computed already, 

𝜃11 is obtained based on the illustration in Figure 22. The calculations for 𝜃11 are presented in Equations 

3.33 to 3.35.  
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Figure 22. The illustration of the ⊿𝑶𝟐𝟒𝑶𝟑𝑶𝟐𝟑 

 

|𝑂23𝑂24
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  | = √(𝑟𝐶𝐿 cos 𝛼1)2 + (tan𝜃𝑟𝐶𝐿)2  (3.33) 

tan 𝜃11 = (tan 𝜃𝑟𝐶𝐿) (𝑟𝐶𝐿 cos 𝛼1)⁄   (3.34) 

𝜃11 = tan−1( (tan𝜃𝑟𝐶𝐿) (𝑟𝐶𝐿 cos 𝛼1)⁄ )  (3.35) 

Finally, 𝜃12 is calculated from ⊿𝐶𝑂24𝑂23, which is presented in Figure 23. The necessary 

mathematical operations for this calculation are shown in Equation 3.36 and 3.37. 

 

 

Figure 23. The illustration of the ⊿𝑪𝑶𝟐𝟒𝑶𝟐𝟑 

tan 𝜃12 = (sin 𝛼1𝑟𝐶𝐿) (√(𝑟𝐶𝐿 cos 𝛼1)2 + (tan𝜃𝑟𝐶𝐿)2)⁄   (3.36) 

𝜃12 = tan−1( (sin𝛼1𝑟𝐶𝐿) (√(𝑟𝐶𝐿 cos 𝛼1)2 + (tan 𝜃𝑟𝐶𝐿)2)⁄ )  (3.37) 

 

The rotations between the frames are illustrated in Figure 24. Since the orientations of the inertial 

reference frame and the second frame are the same, the rotation matrix is defined between the second 

and fourth frames, and its derivation is presented in Equations 3.38 to 3.40. 
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Figure 24. Rotations taking place on the sphere for left contact point 

 

𝐶̂(2,4) = 𝐶̂(2,3)𝐶̂(3,4) = 𝑒𝑢2𝜃11𝑒𝑢̃3𝜃12  (3.38) 

𝐶̂(2,3) = [
cos 𝜃11 0 sin 𝜃11

0 1 0
−sin 𝜃11 0 cos 𝜃11

]  (3.39) 

𝐶̂(3,4) = [
cos 𝜃12 −sin 𝜃12 0
sin 𝜃12 cos 𝜃12 0

0 0 1

] (3.40) 

𝐶̂(2,4) = [
cos 𝜃11 cos 𝜃12 −cos 𝜃11 sin 𝜃12 sin 𝜃11

sin 𝜃12 cos 𝜃12 0
−cos 𝜃12 sin 𝜃11 sin 𝜃11 sin 𝜃12 cos 𝜃11

] (3.41) 

 

where 𝐶̂(𝑖,𝑗) is the transformation matrix used as the rotation matrix between the ith and jth frame. The 

open form of the rotation matrix in Equation 3.41, which is a function of design parameters (𝑅, 𝑟1, 𝐿, 𝐷, 

𝜃), is not presented here since the computations for this matrix’s elements are already introduced in this 

section.  

In the next step, the rotations between the sphere and the right cone contact point are analyzed. Since 

the surface normal for the right contact point (𝐶𝑂11
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗) and the left contact point (𝐶𝑂7

⃗⃗ ⃗⃗ ⃗⃗  ⃗) do not have the 

same orientation with respect to the inertial reference frame, each of them is considered separately. The 

orientation of the surface normal for the right contact point with respect to the inertial reference frame is 

indicated in Figure 25. 
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Figure 25. Detailed view of the contact point between the right contact point and the sphere 

 

In Figure 25, the second frame is the common frame for the two contact points, which is also indicated 

in Figure 20. Hence, the connection between these calculations is achieved with the help of this frame. 

Similar to the previous investigation, there are three frames denoted as second, fifth and sixth frames in 

this investigation. Thus, in the fifth frame, the axes that are tangent to the sphere along the longitudinal 

direction (𝑢⃗ 3
(5)

) are obtained. Finally, in the sixth frame, the axis 𝑂28𝐶⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗, which is aligned with the contact 

point of the right cone and the sphere, is acquired and defined as 𝑢⃗ 2
(6)

. 

Afterward, the parametric calculations are performed with the help of the triangles presented in Figure 

26. First, ⊿𝐶𝑂16𝑂28 is investigated and |𝑂16𝑂28
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  | is found from the trigonometric relations. Then, |C𝑂25

⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗| 

and |𝑂25𝑂16
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  | are obtained, as presented on the right triangle in Figure 26. 

 

Figure 26. 4th group of triangles 

Consequently, 𝜃21 is calculated from ⊿𝑂25𝑂16𝑂28, as presented in Figure 27. In order to accomplish 

this, |𝑂25𝑂28
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  | is calculated as shown in Equation 3.42, and then, 𝜃21 is acquired from the trigonometric 

relations presented in Equation 3.43 and 3.44.  
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Figure 27. The illustration of  ⊿𝑶𝟐𝟓𝑶𝟏𝟔𝑶𝟐𝟖 

 

|𝑂25𝑂28
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  | = √(𝑟𝐶𝑅 cos 𝛼2)2 + (tan𝜃𝑟𝐶𝑅)2 (3.42) 

tan 𝜃21 = (tan𝜃𝑟𝐶𝑅) (𝑟𝐶𝑅 cos 𝛼2)⁄   (3.43) 

𝜃21 = tan−1( (tan𝜃𝑟𝐶𝑅) (𝑟𝐶𝑅 cos 𝛼2))⁄  (3.44) 

 

As the first step in obtaining 𝜃22, 𝜃23 is computed as shown in Equations 3.45 and 3.46 based on 

⊿𝐶𝑂25𝑂28  illustrated in Figure 28. Finally, 𝜃22 is computed as presented in Equation 3.47. 

 

 

Figure 28. The illustration of the ⊿𝑪𝑶𝟐𝟓𝑶𝟐𝟖  

 

tan 𝜃23 = (𝑟𝐶𝑅sin𝛼2) (√(𝑟𝐶𝑅 sin 𝛼2)2 + (tan 𝜃𝑟𝐶𝑅)2)⁄  (3.45) 

𝜃23 = tan−1( (𝑟𝐶𝑅sin 𝛼2) (√(𝑟𝐶𝑅 sin 𝛼2)2 + (tan 𝜃𝑟𝐶𝑅)2)⁄ )  (3.46) 

𝜃22 = 90 − 𝜃23 (3.47) 

The rotations defined on the sphere for the right contact point in between the frames are illustrated in 

Figure 29. 
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Figure 29. Rotations taking place on the sphere for right contact point 

Since the orientations of the inertial reference frame and the second frame are the same, the calculation 

of the rotation matrix between the second and sixth frames are carried out in Equations 3.48 to 3.50. 

𝐶̂(2,6) = 𝐶̂(2,5)𝐶̂(5,6) = 𝑒𝑢2𝜃11𝑒𝑢3𝜃12 (3.48) 

𝐶̂(2,5) = [
cos 𝜃21 0 sin 𝜃21

0 1 0
−sin 𝜃21 0 cos 𝜃21

] (3.49) 

𝐶̂(5,6) = [
cos 𝜃22 −sin 𝜃22 0
sin 𝜃22 cos 𝜃22 0

0 0 1

] (3.50) 

𝐶̂(2,6) = [
cos 𝜃21 cos 𝜃22 −cos 𝜃21 sin 𝜃22 sin 𝜃21

sin 𝜃22 cos 𝜃22 0
−cos 𝜃22 sin 𝜃21 sin 𝜃21 sin 𝜃22 cos 𝜃21

] (3.51) 

 

The open form of the rotation matrix presented in Equation 3.51 as a function of design parameters 

(𝑅, 𝑟1, 𝐿, 𝐷, 𝜃) is not presented here since the computations for this matrix’s elements are already 

introduced in this section. 

In Figure 30, the largest cone radius 𝑟12 is presented, and its relation to the minimum radius 𝑟1 is 

defined in Equation 3.52. 

 

Figure 30. The geometric illustration of the largest cone radius 

𝑟12 = 𝑟1 + 𝑙 sin 𝜃 (3.52) 
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4. Verification of the Geometrical Analysis 

In this section, the validation for the calculation of the sphere’s orientation in terms of design 

parameters are provided. The angles that are calculated in this section are measured for different 𝑍 values 

from the Solidworks model of this CVT drive system. The measurement accuracy is assigned to be 

0.000001 mm in Solidworks software. These angles defining the geometry are also calculated by using 

the formulations given in this section by using a Matlab m-file code. The results of the Solidworks 

measurements and Matlab calculations are reported in Table 1 along with the differences between them 

as error percentage.  

Table 1 The comparison between the measured and calculated angles 

 𝜽𝟏𝟏  𝜽𝟏𝟐 𝜽𝟐𝟏 𝜽𝟐𝟐 

Z 

M
easu

red
 

C
alcu

lated
 

E
rro

r %
 

M
easu

red
 

C
alcu

lated
 

E
rro

r %
 

M
easu

red
 

C
alcu

lated
 

E
rro

r %
 

M
easu

red
 

C
alcu

lated
 

E
rro

r %
 

3 11.31° 11.31 0.002 40.91° 40.91° 0.0001 9.48° 9.48° 0.0003 64.12° 64.12° 0.0003 

12 11.02° 11.02° 0.0002 39.15° 39.15° 0.0001 9.59° 9.59° 0.0003 62.90° 62.90° 0.0004 

21 10.77° 10.77° 0.0002 37.49° 37.49° 0.0007 9.70° 9.70° 0.0003 61.65° 61.65° 0.0005 

62 9.94° 9.94° 0.0003 30.8° 30.8° 0.0001 10.37° 10.37° 0.0004 55.43° 55.43° 0.0001 

70 9.82° 9.82° 0.0003 29.63° 29.63° 0.0001 10.55° 10.55° 0.0004 54.08° 54.08° 0.0001 

97 9.48° 9.48° 0.0003 25.87° 25.87° 0.0008 11.31° 11.31° 0.0004 49.08° 49.08° 0.0001 

 

According to Table 1, the overall average error is calculated as 0.0009 %, which means that the 

differences between the measurements and the calculations are in in the level of numerical error ranges. 

5. Conclusions 

In this paper, a novel variable stiffness joint design based on two-cone friction-drive CVT is 

introduced. The main reasons that the two-cone friction drive CVT systems are not used in the design of 

VSA systems are investigated. These reasons are identified as the bidirectional torque transmission 

problem and position change during the transmission ratio variation problem. To overcome these 

problems, a significant modification is issued in the two-cone friction-drive CVT design by changing the 

transmission element to a double sphere. A previously built and reported (Mobedi and Dede, 2018) first 

prototype, which is used in the proof of concept tests, showed that this new CVT can perform the 

bidirectional torque transmission. 

Nevertheless, the inertia of the cones and the spherical transmission elements produced for the first 

prototype should be decreased to minimize the minimum impedance displayed to human. Moreover, 

optimization of the mechanism is important to enhance the application of the area of this new CVT in 

human-robot interfaces. To implement the optimization, a geometrical analysis is required to identify the 

capabilities of the device with respect to the design parameters. In this article, geometrical analysis of 

this new CVT drive is presented, and parametric formulas for the required angles that define the geometry 

of this drive are derived. These formulas are validated against a Solidworks model of the drive system.  

Future studies of this work include static force analysis in order to carry out the optimization of this 

drive for a haptic device, production of the optimized drive, and finally, design validation tests to measure 

the performance of the design by using metrics defined for haptic systems. 
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