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Abstract.

Scissor linkages are commonly used as mechanisms for scaling objects. They constitute a significant
portion of deployable structures. Since 1960s many researchers sought to form novel structures using
the scissor units. In 1990s Hoberman brought a new perspective to the field when he used the loops,
not the units to form linkages. Starting from mid 2000s, other researchers joined into this new approach
of design. One of the latest researches presented a design for scaling a circular forms with anti-
parallelogram loops. This study shows that an anti-parallelogram loop assembly can also be used for
scaling planar curves with variable curvature.
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1 Introduction

Mechanisms that can transform between an open (deployed) and a closed (stowed)
configuration are called deployable structures [8]. Scissor linkages are widely
used for deployable structures. Scissor-like elements (SLEs) are ternary links with
revolute joints. Two SLEs connected at the middle joint constitute a scissor unit.
The first academic study on SLEs was conducted by Pinero in 1961 for his design
of a deployable theater composed of pantographic elements [17]. Escrig defined
the foldability conditions [2, 3]. The subject remains to be of interest today for
many other researchers [13, 16, 22].

A special type of deployable structures is scaling mechanisms. As the name
suggests these mechanisms maintain a specific form while they expand and shrink.
Hoberman introduced angulated SLEs in 1990 for scaling mechanisms [10, 11].
Endpoints of an angulated SLE follows radial lines during deployment while pre-
serving the angle in between provided that the SLE satisfies certain geometrical
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conditions. In 1997 You and Pellegrino [20] reported the necessary conditions for
deployment with subtended angles and introduced Generalized Angulated Ele-
ments (GAEs) of Type I and Type II.

Hoberman’s invention also introduces a novel approach: assembling loops to
synthesize structures. Unlike the commonly used method of assembling scissor
units, Hoberman places rhombus loops on a closed curve and determines the link
lengths of the angulated SLEs using the edges of the rhombi [9, 10]. Liao and Li
[14], Kiper and Soylemez [12] also made use of rhombi for scaling planar graphs
and polygons. Yar et al. [19] used kite and dart loops and Giir et al. [5] used anti-
parallelogram loops to obtain planar linkages comprising SLEs.

2 Assembly of Loops

There are several ways to classify scissor units used in scissor linkages. In the
most common classification scissor linkages are composed of three types of scis-
sor units: transitional, polar and angulated units. Another classification by Zhang
et al. [21] reveals three corresponding types: parallel, symmetric and isogonal
units. Basically, these units are used for altering either the linear lengths, or the
circular arc length or the curvature of a curve segment. Maden et al. [15] present
the alternative assemblies of scissor units and provide analysis and design criteria.
When the scissor linkages in the literature are examined, it is seen that rhombus,
kite, dart, parallelogram, anti-parallelogram and general convex and concave
shaped loops can be found. As an example, a translational linkage with rhombus
loops and a polar linkage with kite loops are seen in Fig. 1.
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Fig. 1 Loop geometries of two scissor structures produced with primary scissor elements

In order to form a scalable polygon, Hoberman [9] places rhombi on the edges
of a polygon, which is usually a segmented approximation of a continuous curve
(Fig. 2). In this study, anti-parallelogram loops are used to form scaling linkages.
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Fig. 2 Loop assembly method as shown in MIT Class 6.S080 by Hoberman [9]

3 Anti-Parallelogram Loop Assemblies

Anti-parallelogram, also known as crossed parallelogram or contraparallelogram,
has two short and two crossing long edges of equal length. A linkage forming an
anti-parallelogram loop can be folded flat in both directions of the motion. Mirror
symmetry of the loop about a vertical axis is preserved during deployment. The
symmetry axis passes through the crossing point of the long edges (Fig. 3).
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Fig. 3 Motion of anti-parallelogram loop

The loops in an assembly are connected at the corners which symbolize the
joint positions. There are many possible alternatives of connecting the loops de-
pending on the choice of connection corner and also their rotation and configura-
tion. The alternatives of anti-parallelogram loop arrays were studied by Giir in de-
tail and a real-life application of one of the linkages resulting from the study was
published in 2017 [4, 6]. In another former study of Giir et al. [5] an assembly
with an alternating order of anti-parallelogram loops was used to form ring-like
structures with radial deployment. This study presents the use of anti-
parallelogram loops to form linkages for scaling planar curves with variable cur-
vature using the same array type used in [5] for ring-like structures (Fig. 4).
SolidWorks software is used to create a kinematic model and visualize the motion.
It is observed that the curve form is preserved during the motion (Fig. 5).
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Fig. 4 Anti-parallelogram loop assembly on a polyline with variable curvature

Fig. 5 Deployment of the linkage

When a planar curve is given, it can be discretized at some points to approxi-
mate it as a polyline. The discretization points can be selected to be equally spaced
on the curve, or the spacing can be decided based on the change in curvature [7] or
according to special design criteria of a specific problem. Since the main charac-
teristics of a curve is how it is curved as one moves on the curve, the curvature
must be somehow represented with the polyline approximation. This can be done
considering the centers of the circles passing through every three consecutive
points of the polyline or considering the angle between two consecutive line seg-
ments of the polyline (Fig. 6). The center of a circle passing through three points
is the intersection of perpendicular bisectors of two pairs of points. Hoberman
makes uses of these “normal lines” in [11] for his construction with thombi. For
most scissor units, the normal lines pass through joints, however this is not the
general case. In [1, 21] unit lines are defined as the lines connecting the joint pairs
on the two sides of a scissor unit, but these unit lines do not always coincide with
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normal lines and may not correspond to any geometrical characteristics of the ap-
proximated curve.

For an anti-parallelogram, the vertical symmetry axis, which does not pass
through any joints but passes through the intersection of the crossing links, corre-
sponds to the normal lines when the loops are assembled on a polyline.
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Fig. 6 Parameters of the linkage

Let the line segment lengths of a polyline be represented by S, for segment n.
The ratio of n'" segment length to the first one can be determined as ky:
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The link lengths of the anti-parallelogram loops are determined using the ratio
between the short (a;) and long edge (b;). The ratio R should be equal for all loops
on every segment, hence resulting in GAEs of Type II, i.e. similar GAEs:

b, b b
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At the fully deployed form, the sum of the link lengths is equal to segment
lengths. Therefore, the kink angle o1 of an angulated SLE meeting at the vertex
of a polyline is simply the angle between the segments meeting at the vertex. The
kink angle at a vertex is equal to the summation of halves of subtended angles of
the neighboring segments. otnn+1 + (Onnt1 + On+1n)/2 = 180° in Fig. 6. Since the kink
angles of a pair of angulated SLEs meeting at a vertex are equal to each other, all
anti-parallelogram loops deploy with the same ratio during the motion, hence re-
sulting in a scaling linkage. A more detailed proof can be found in [5]. The re-
maining link lengths can be found as follows:
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S,=a,+b,=a,(1+R) = a, = >, , b, =S, —a,
1+R

Also the maximum deployed-to-compact form ratio can be found as:

Compactness ratio: 100x by =8 _jp0xR-1
b, +a R+1

The ratio R and compactness ratio can be utilized as design measures. Once the
link lengths are decided, kinematic analysis of the resulting linkage can be per-
formed. Derivation of the kinematic analysis formulations are straightforward (see
for ex. [18]) and are not presented here for conciseness. The formulations are im-
plemented in Microsoft Office Excel (Fig. 7). Cells highlighted in blue color are
the inputs. The fully deployed and partially deployed forms of a polyline with a
closed contour, i.e. a polygon, can be seen in Fig. 8. In Fig. 8, the link lengths ra-
tio is R = 2.5, but any ratio can be selected by the designer.
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1 Vector, Vector, o B
os{o)

2 | ¥-Coord. | ¥-Coord. | X-Coord. | Y-Coord. radian | degree n Sp Ky an by, rad deg
3 [0,1556311] 0,9878152 ] 0,9848077] 0,1736484 | 0,3248| 1,24 | 71,0466 1 158,138 1 31,62276 | 126,49104| 1,41453 | 81,0466
4 [ 0,9848077 0,1736484 | 0,6427881 | -0,766044 | 0,5 [ 1,0472| 60 2 |221,35935]1,4000002 | 44,27187 | 177,08748 | 0,1745332 | 10,000016
5 [0,6427881 | -0,766044 | 0,9848084] 0,1736444| 0,5 | 1,0472 | 59,9997 3 221,35918 | 1,3999991 | 44,271836 | 177,08734 | -0,872664 | -49,99996
6 0,9848084 | 01736444 0,6427886| -0,766044 | 0,5 | 1,0472 | 59,9997 4 |142,30242] 0,9 | 28,460484]113,84194 | 0,1745291 9,9997824
7 [0,6427886 | -0,766044 | -0,34202 | -0,929693 | 0,5 | 1,0472 | 60,0001 5 205,54763 | 1,2999981 | 41,109527 | 164,43811 | -0,872663 | -49,99992
8 [ -0,34202 |-0939693| -1 |0,0003472]0,3417] 1,2221 | 70,0199 6 | 158,11501]1,0000077 | 31,623002 | 126,49201 | -1,919862 | -110
3 -1 |0,0002472] -0,866254 | 0,4996044 | 0,8664] 0,5228 | 29,9539 7 | 189,69595] 1,1997432 | 37,93819 | 151,75676 | 3,1412455 | 175,98011
10 -0,866254 [ 0,4996044] -1 | 0,0006203 | 0,8666 0,5225 | 29,9383 8 |221,36322]1,4000247 | 44,272644 | 177,09058 | 2,6184506 | 150,02617
11 9 126,38922 | 0,799356 | 25,277843 | 101,11137 | 3,1409723 | 179,96446
12 10 | 173,9252 | 1,1000001 | 34,78504 | 139,14016| 2,1502439 | 123,1999
13 200
14
15 150
16
17| w0 [Ratio(o/a)] 4 |
18
19
20 [ Max_[Ratio(®%)] s* | cos(r) | cos(r=o) |
21 50 | 70 | 110,67966]0,9732143 -0,392857 |
22 550
23
24 Y
25 rad | deg rad deg
26 0,2319748 | 13,291177 | 1,742558 | 99,841219
27
28
29 |
30
31
32 <250
33 Design Points N P, P, P, Pras
34 Point No | X-Coord. | Y-Coord. x-Coord. | Y-Coord. | %-Coord. | ¥-Coord. | X-Coord. | ¥-Coord. | X-Coord. | ¥-Coord.
35 1 0 0 1 1 0 0 -30,65938 | -7,746058 | -9,567301 | 126,1287 | 17,225198 109,33106
36 2 |24,607425] 156,18722 1 2 |17,225198] 109,33106 7,1665527 | 66,216995 | 194,02061 | 99,164459 | 169,82267 | 136,23815
37 3 242,60382 | 194,62593 1 3 |169,82267|136,23815 189,83044 | 175,731 |311,75076 | 30,384528 | 269,4236 | 17,538535
38 4 |384,89086| 2505505 -1 4| 269,4236 | 17,538535 | 262,95722 | -10,17762 | 383,07775 | 11,002404 | 367,52204 | 34,835552
39 5 |525,03148] 49,765074 1 5 |367,52204] 34,835552  386,10063 | 71,507462 | 499,24951 | -63,45692 | 460,00862 | -75,38536
a0 6 | 657,15517] -107,6934 1 6 | 460,00862 | -75,38536 | 436,93092 ] -53,76514 | 390,57788 | -181,119 | 422,15364 | -179,391
a1 7 | 603,07663 | -256,2729 1 7 |422,15364| -179,391 | 437,0621| -214,285 | 274,44969 | -214,2286 | 289,36648 | -179,3449
2 8 |413,33069| -256,207 -1 8 | 289,36648 | -179,3449 | 324,77352 | -152,7666 | 160,41063 | -57,97167 | 155,13679 | -101,9291
3 9 221,62398 | -145,613 1 9 | 155,13679| -101,9291 | 165,05295 | -125,1807 | 56,715353 | -125,1135 | 66,664352 | -101,8742
a4 10 |95,234789 | -145,5346 -1 10 | 66,664352| -101,8742 | 100,91379 | -95,79348 | 19,28397 | 28,950432] 0 0

Fig. 7 Kinematic analysis in Excel
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Fig. 8 Deployment of a linkage visualized in Excel graphics

4 Conclusions

Previous studies showed that a circular assembly of anti-parallelogram loops in a
specific array, whether they are identical or similar, is capable of radial deploy-
ment. In this study an assembly of same array type is used for deployable structure
that can scale a curve with variable curvature. SolidWorks and Excel softwares are
used for modelling and calculation. Once the curve is approximated by a poly-line,
there is only one free parameter, ratio R, in order to determine the link lengths of
the linkage. It is demonstrated that such a linkage is capable of radial deployment
with subtended angles. Along with many other scissor mechanisms, anti-
parallelogram loop assemblies have potential applications in kinetic architecture.
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