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Abstract: An asymptotic approach to the linear problem of regular water waves interacting with a vertical cylinder of an arbitrary cross sec-
tion is presented. The incident regular wave was one-dimensional, water was of finite depth, and the rigid cylinder extended from the bottom
to the water surface. The nondimensional maximum deviation of the cylinder cross section from a circular one plays the role of a small parame-
ter of the problem. A fifth-order asymptotic solution of the problem was obtained. The problems at each order were solved by the Fourier
method. It is shown that the first-order velocity potential is a linear function of the Fourier coefficients of the shape function of the cylinder, the
second-order velocity potential is a quadratic function of these coefficients, and so on. The hydrodynamic forces acting on the cylinder and the
water surface elevations on the cylinder are presented. The present asymptotic results show good agreement with numerical and experimental
results of previous investigations. Long-wave approximation of the hydrodynamic forceswas derived and used for validation of the asymptotic
solutions. The obtained values of the forces are exact in the limit of zero wave numbers within the linear wave theory. An advantage of the
present approach compared with the numerical solution of the problem by an integral equation method is that it provides the forces and the dif-
fracted wave field in terms of the coefficients of the Fourier series of the deviation of the cylinder shape from the circular one. The resulting as-
ymptotic formula can be used for optimization of the cylinder shape in terms of the wave loads and diffracted wave fields. DOI: 10.1061/
(ASCE)WW.1943-5460.0000407.© 2017 American Society of Civil Engineers.
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Introduction

Prediction of wave forces is important to engineers for the design of
offshore and coastal structures. Floating airports, bridge pylons,
semi-submersibles, and tension leg platforms are typical examples
of such structures. For large-scale structures, one should take the
diffraction effects into account. The potential wave theory is usually
used to estimate the wave loads.

The wave–body interaction is a three-dimensional and nonlinear
problem with a position of the free surface of the liquid that is
unknown in advance and an unknown wetted surface of the body.
The problem can be linearized for waves of small amplitude com-
pared with the water depth, wave length, and linear size of the body.
Within the linear theory of water waves, the free surface boundary
conditions are linearized and imposed on the equilibrium level of
the water surface. Viscous effects and surface tension of the liquid
are important for short water waves with relatively high frequency.
For large dimensions of offshore structures and moderate wave
length, both viscous and capillary effects can be neglected at lead-
ing order. The resulting linear problem of wave theory is addition-
ally simplified if the water depth is constant and the structure is a

vertical cylinder extending from the flat sea bottom to the free sur-
face. Such cylinders represent legs of offshore platforms and piles
of offshore wind turbines. Offshore platforms are used for explora-
tion of oil and gas from under the seabed and processing. A general
offshore structure has a deck that is supported by deck legs. The
hydrodynamic forces acting on these legs are of major concern to
engineers because the design of the legs is dominated by wave
loads. In many applications, the cylinders have circular cross sec-
tions, but not necessarily.

One of the first studies of diffraction of plane water waves by sta-
tionary obstacles with vertical sides was performed by Havelock
(1940) for water of infinite depth. Results were obtained for cylin-
ders of circular and parabolic sections. Cylinders of ship forms
were also studied by Havelock (1940) using some approximations
with applications to a ship advancing in waves. The draught of the
ship was assumed infinite. Havelock (1940) noticed that, for peri-
odic linear water waves and obstacles with vertical sides, both
time and the vertical coordinates can be separated from the prob-
lem, and the original problem of water waves can be reduced to
the two-dimensional problem of plane sound waves diffracted
by the two-dimensional rigid body representing the cross section
of the vertical cylinder. Then, known results from diffraction
problems of sound and electromagnetic waves can be transferred
and applied to the problem of water waves diffracted by a vertical
cylinder. MacCamy and Fuchs (1954) extended this approach to
water of finite constant depth and a surface-piercing vertical cir-
cular cylinder.

Chen andMei (1971) solved the water wave diffraction problem
for a vertical elliptic cylinder. The elliptic cylindrical coordinates
and the method of separating variables were used to find the veloc-
ity potential in terms of an infinite series of Mathieu functions. In
another study, Chen and Mei (1973) investigated the same problem
using long-wave approximation. Numerical results were also pre-
sented for a ship-like body. Williams (1985) used two different
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methods to solve the diffraction problem for elliptic vertical cylin-
ders. One method used the two-term asymptotic expansions of the
exact solution for the forces and moments acting on the elliptic cyl-
inder with small eccentricity. The second method was the integral
equation method. It was concluded that the asymptotic method
gives good results for small wave numbers. In a recent study by Liu
et al. (2016), wave diffraction by a uniform bottom-mounted cylin-
der with an arbitrary cross section was numerically studied. The ve-
locity potential was sought in the form suggested by MacCamy and
Fuchs (1954) for a circular cylinder. However, the coefficients in
the Fourier series for diffracted waves were determined by using the
body boundary condition for the noncircular cylinder. In this nu-
merical method, the body boundary condition was satisfied approxi-
mately by the Galerkin method. Fourier series were used to repre-
sent the cross sections of the cylinders and the free surface
elevation. As a practical application of this numerical method, the
wave forces and wave run-up on quasi-elliptic caisson foundations
of a cross-strait bridge pylon were investigated. These numerical
results are used in the present paper for validation of the authors’ as-
ymptotic solutions.

There are two main approaches to the numerical treatment of
the diffraction problem of cylinders with arbitrary cross section.
One is the integral equation method developed by Hwang and
Tuck (1970) in the investigation of harbor resonance. Isaacson
(1978) applied this method to calculations of wave forces on cyl-
inders used in offshore structures. The method is based on source
or source-dipole distribution and Green’s theorem. The resulting
Fredholm integral equation (the second approach) for the velocity
potential is solved by discretizing the cylinder contour into small
segments. This method was also used by Mansour et al. (2002)
and Wu and Price (1991). Wu and Price (1991) calculated wave
drift forces acting on multiple vertical cylinders of arbitrary cross
sections. The boundary element method was developed by Au
and Brebbia (1983) for the diffraction problem of vertical cylin-
ders. This method is based on the Galerkin weighted residual for-
mulation. After obtaining the integral equation, the boundary of
the cylinder is discretized into boundary elements that are chosen
to be constant, linear, or quadratic. The boundary element method
was applied to the cylinders of circular, elliptic, and square cross
sections. Au and Brebbia (1983) obtained the wave forces acting
on a square cylinder and compared their results with the experi-
mental and numerical results of Mogridge and Jamieson (1976).
The agreement between the numerical, experimental, and theoret-
ical predictions of the hydrodynamic forces acting on the square
cylinder was shown to be fairly good. Approximation of equiva-
lent circular radius was used by Mogridge and Jamieson (1976).
In this approximation, the horizontal hydrodynamic force acting
on a vertical cylinder is approximated by the force acting on the
circular cylinder with the same area as its cross section. The
boundary element method of Au and Brebbia (1983) was used by
Zhu and Moule (1994) in the problem of short-crested wave inter-
action with vertical cylinders with arbitrary cross sections. The
boundary element method for the diffraction problem of vertical
and horizontal cylinders is explained in detail by Wrobel et al.
(1985).

Numerical methods such as the integral equation method and the
boundary element method can be used to solve the diffraction prob-
lem for vertical cylinders with an arbitrary section. However, in
some cases, these numerical methods are not preferable, such as
when evaluating free surface integrals in the second-order diffrac-
tion problem of vertical cylinders (Eatock Taylor and Hung 1987).
The free surface integral converges slowly, and the values of the
first-order potential have to be evaluated many times, which is not

possible with the integral equation methods. Also, the integral equa-
tion methods require quite fine discretization of the boundary of the
cylinder, which could be tedious and is the source of errors. The
method of the present paper, which was originally proposed by Mei
et al. (2005), can deal with geometries with arbitrary cross sections
with little effort.

In this paper, linear water waves scattered by a vertical cylinder
with an arbitrary cross section extending from the sea bottom to the
free surface in water of finite depth were studied by asymptotic
methods. The nondimensional maximum deviation of the cylinder
cross section from a circular one plays the role of a small parameter
of the problem. A fifth-order asymptotic solution of the problem
was obtained. Numerical calculations of the diffracted velocity
potential, the forces acting on the cylinder, and the diffracted wave
field were reduced to operations with the Fourier coefficients of the
shape function, which describes the cross section of the cylinder,
and the velocity potentials on the cylinder surface at each order of
approximation. It is shown that the first-order velocity potential is a
linear function of the Fourier coefficients of the shape function of
the cylinder, the second-order velocity potential is a quadratic func-
tion of these coefficients, and so on. The obtained solution makes it
possible to formulate and solve two practical problems in terms of
the Fourier coefficients of the shape function: optimization of the
shape of the cylinder and identification of the cylinder shape by
using a measured wave field far from the cylinder. The asymptotic
approach of this paper was applied to calculations of the hydrody-
namic forces acting on elliptic, quasi-elliptic, and square cylinders.
The comparisons of the asymptotic forces with available numerical
and experimental results by others demonstrate good accuracy of
the present approach. Long-wave approximation of the hydrody-
namic forces is obtained and used for validation of the asymptotic
solution.

Note that Mei et al. (2005) were concerned with the leading
order corrections to the forces caused by small deviation of a verti-
cal elliptic cylinder from the circular one. A similar perturbation
approach was used by Mansour et al. (2002) for vertical cylinders
with a cosine-type radial perturbation of the cylinder cross section.
The leading order corrections to the forces were obtained and com-
pared to the numerical results by the integral equation method. It
was shown that the agreement is good for small perturbation ampli-
tude. In contrast to the perturbation analysis by Mansour et al.
(2002), the present asymptotic approach is not restricted to a partic-
ular cylinder shape, and a fifth-order approximation of the solution
was obtained. This paper shows that the fifth-order asymptotic solu-
tion makes it possible to consider even such noncircular cylinders
as square ones and to obtain accurate results in terms of the hydro-
dynamic forces.

The present asymptotic approach can be extended to truncated
vertical cylinders and oscillating rigid and elastic cylinders of arbi-
trary cross sections, as well as to submerged horizontal cylinders in
plane incident waves. The diffraction problem of a truncated verti-
cal cylinder with a circular cross section of radius a was solved by
Garrett (1971). In that paper, both the incident and diffracted waves
were expanded in Bessel functions in the interior region (r< a) and
in the exterior region (r> a), and then these two solutions and the
derivatives of the solutions were matched at the boundary (r = a).
Black et al. (1971) used a variational formulation and a theorem due
to Haskind to calculate wave forces on a stationary body using only
far-field properties. Yeung (1981) used the same method to solve
the radiation problem for a truncated vertical cylinder with a circu-
lar cross section. In the case of deep water, themultipole expansions
are usually convenient to describe the velocity potential for wave
diffraction and radiation. Ursell (1950) used a series of complex
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potential functions arising frommultipoles at the center of the cylin-
der to solve the problem of the generation of surface waves by a
submerged circular cylinder. Thorne (1953) investigated the motion
arising from line and point singularities using multipole expansion
method in deep and shallow waters. Two-dimensional multipoles
were developed in a systematic way for submerged and floating cyl-
inders by Eatock Taylor and Hu (1991). The application to arbitrary
body shapes was accomplished by coupling the multipole expan-
sion with a boundary integral method.

The outline of the paper is as follows. Mathematical formulation
of the problem and its solution for a vertical circular cylinder are
given in the next section. The fifth-order asymptotic solution of the
problem is described in the “Vertical Cylinders with Nearly
Circular Cross Sections” section. Each approximation of this as-
ymptotic solution is obtained by operating with the Fourier coeffi-
cients of the shape function and the velocity potentials of the lower-
order approximations. The asymptotic approach is applied to ellip-
tic cylinders in waves, and the obtained results are compared with
the numerical results of Williams (1985) in the “Hydrodynamic
Force on Elliptic Vertical Cylinder” section. In the next section, the
present approach is applied to square cylinders, and the obtained
results are compared with experimental results by Mogridge and
Jamieson (1976) in terms of the horizontal forces acting on square
cylinders. In the section “Hydrodynamic Force on Quasi-Elliptic
Vertical Cylinder,” the results of the present asymptotic method are
compared with the three-dimensional solution of the Navier-Stokes
equations by Wang et al. (2011). The wave force and run-up values
for cylinders with circular, elliptic, quasi-elliptic, and square cross
sections with the same cross-sectional area are compared. In the
next section, the wave force and wave run-up on cylinders with co-
sine-type perturbations of their cross sections are studied and com-
pared with the numerical results byMansour et al. (2002) and Liu et
al. (2016). Asymptotic behavior of wave forces for long waves is
studied in the section “LongWave Approximation ofWave Forces”
for cylinders with arbitrary cross sections. The findings of the analy-
sis are summarized and conclusions are drawn in the last section of
this paper.

Formulation of the Problem

Diffraction of two-dimensional water waves by a vertical cylin-
der with an almost circular cross section is studied within the lin-
ear wave theory. The problem is formulated in a polar coordinate
system (r,u ,z) where the z-axis points vertically upward. The

plane z = – h corresponds to the sea bottom, and the plane z = 0
corresponds to the mean level of water surface. The rigid cylin-
der extends from the sea bottom to the free surface. The cross
section of the vertical cylinder is described by the equation
r ¼ R½1þ ɛf ðu Þ�, where R is the mean radius of the cylinder, and
« is a small nondimensional parameter of the problem. The top
view of the studied configuration is shown in Fig. 1. The smooth
and bounded function f (u ) describes the deviation of the shape of
the cylinder from the circular one. A one-dimensional incident
wave of amplitude A and wave frequency v propagates at angle a
to the positive x-axis from –1 toward the cylinder. Within the
linear wave theory (Mei et al. 2005), the wave field is described
by a velocity potential Uðr; u ; z; tÞ. For a vertical cylinder with an
arbitrary cross section, the velocity potential is expressed only
through the propagating wave mode

U r; u ; z; tð Þ ¼ Re
gA
v

cosh k zþ hð Þ½ �
cosh khð Þ f r; uð Þe�iv t

� �
(1)

where i ¼ ffiffiffiffiffiffiffi�1
p

; and RefAg = real part of a complex number (A).
The complex-valued function f ðr; u Þ satisfies the Helmholtz
equation

f rr þ
1
r
f r þ

1
r2

f uu þ k2f ¼ 0 r > R 1þ ɛf uð Þ� �� �
(2)

in the flow region, the far-field condition

f�eikr cos ðu�aÞ ðr ! 1Þ (3)

and the boundary condition on the surface of the cylinder

∂f
∂n

¼ 0 r ¼ R 1þ ɛf uð Þ� �� �
(4)

where n = unit outward normal vector to the surface of the cylinder;
g = gravitational acceleration; k = wave number; k ¼ 2p=λ; and l =
length of the incident wave. The wave number k is related to the
wave frequency v by the dispersion relation v 2 ¼ gktanh ðkhÞ,
k> 0.

The hydrodynamic force FðtÞ ¼ ðF x;F yÞ acting on the vertical
cylinder is obtained by integration of the dynamic pressure
pðr; u ; z; tÞ ¼ �r ∂U=∂t over the wetted part of the cylinder

Incident wave

D

D

n

x

y

Fig. 1. Top view of the problem configuration
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F tð Þ ¼ �
ð0
�h

ð
∂D
pn ds dz

¼ �rgA
tanh khð Þ

k
Re i

ð
∂D
f r; uð Þn ds e�iv t

	 

(5)

where @D = boundary of the cylinder cross section;
r ¼ R½1þ ɛf ðu Þ�; and ds = small element of this boundary. The
nondimensional force scaled with rgApa2tanh ðkhÞ is denoted by
tilde. Here, a is a characteristic dimension of the vertical cylinder
cross section, which can be different from R. The components of
the nondimensional force are given by

~F xðtÞ ¼ Reð~Fx e
�iv tÞ; ~F yðtÞ ¼ Reð~Fy e

�iv tÞ (6)

~Fx ¼ �iR
pka2

ð2p
0
f
�
R 1þ ɛf uð Þ� �

; u
�

ɛf 0 uð Þsin u
�

þ 1þ ɛf uð Þ� �
cos u

�
du (7)

~Fy ¼ �iR
pka2

ð2p
0
f
�
R 1þ ɛf uð Þ� �

; u
�

�ɛf 0 uð Þcos u
�

þ 1þ ɛf uð Þ� �
sin u

�
du (8)

Note that the phases of ~Fx and ~Fy depend on the position of the
origin (O) of the coordinate system (Fig. 1), but the moduli j~Fxj and
j~Fyj are independent of the coordinate system.

The elevation of the free surface z ¼ hðr; u ; tÞ is related to the
unknown potential f ðr; u Þ by the linear kinematic boundary condi-
tion h t ¼ Uzðr; u ; 0; tÞ, which gives

h r; u ; tð Þ ¼ Re iA f r; uð Þ e�iv t
� �

(9)

The far-field condition Eq. (3) and Eq. (9) provide the assumed
shape of the incident wave h Iðr; u ; tÞ

h I r; u ; tð Þ ¼ A sin v t � kr cos u � að Þ½ � (10)

where h Ið0; u ; tÞ ¼ A sin ðv tÞ at the origin of the coordinate
system.

The maximum elevation of the water surface at the cylinder per
the wave period is known as the wave run-up4ðu Þ. The wave run-
up is scaled in this paper with the wave height 2A. Eq. (9) yields
4ðu Þ=2A ¼ jf ðr; u Þj=2, where r ¼ R½1þ ɛf ðu Þ�. The wave run-
up and its dependence on the shape of the cylinder are important in
the design of offshore structures, where the wave run-up should not
exceed the elevation of the wet deck of an offshore structure above
the mean water level. Wave run-up on offshore structures could be
much higher than that predicted by the linear wave theory (De Vos
et al. 2007; Lykke Andersen et al. 2011). Nonlinear waves with a
steep front or breaking in front of the structure produce a thin run-
up sheet and spray near the structure, increasing the run-up. The
run-up can be also affected by aeration of water near the structure
due to the wave breaking, in particular. Many nonlinear physical
effects near the structure are not included in the present linear
model. However, it can be shown that these effects provide small
contributions to the hydrodynamic structure (Iafrati and Korobkin
2006; Korobkin and Malenica 2007; Korobkin 2008) and the dif-
fracted wave field.

Eqs. (2)–(4) for an arbitrary vertical cylinder can be solved
numerically only. The analytical solution is well known for the

circular cylinder r = R (MacCamy and Fuchs 1954). In this study,
this solution corresponds to the leading-order velocity potential of
Eqs. (2)–(4) as ɛ ! 0

f 0 r; uð Þ ¼
X1
m¼0

emi
m Jm krð Þ � J0m kRð Þ

H 1ð Þ0
m kRð Þ

H 1ð Þ
m krð Þ

" #
cos m u � að Þ½ �

(11)

where em = Neumann symbol; e 0 ¼ 1; em ¼ 2 for m � 1; JmðrÞ =
Bessel functions of the first kind with order m; Hð1Þ

m ðrÞ = Hankel
functions of the first kind corresponding to outward-propagating cy-
lindrical waves; and prime = derivatives with respect to the argu-
ment. By using the Wronskian identity JmðrÞHð1Þ0

m ðrÞ � J0mðrÞ
Hð1Þ

m ðrÞ ¼ 2i=ðprÞ, the potential f 0ðr; u Þ on the surface of the cyl-
inder is given by

f 0 R; uð Þ ¼ 2i
pkR

X1
m¼0

emim

H 1ð Þ0
m kRð Þ

cos m u � að Þ½ � (12)

Here

2i

p kRH 1ð Þ0
m kRð Þ

�
ffiffiffiffiffiffiffiffi
2

pm

r
e
�m log 2m

ekR

� �
(13)

as m ! 1. Therefore, Eq. (12) converges exponentially, and only
a few terms are needed to calculate the potential f 0ðR; u Þ and its
derivatives in u with good accuracy.

Eqs. (12) and (7) provide the total nondimensional hydrody-
namic force acting on the circular cylinder in the incident regular
wave with a ¼ 0

�
and a = R (Mei et al. 2005)

~Fx ¼ 4i

p kRð Þ2H 1ð Þ0
1 kRð Þ

(14)

The force formula similar to Eq. (14) for ɛ > 0 and a given func-
tion [f ðu Þ] describing the cross section of a noncircular vertical cyl-
inder are determined here.

Vertical Cylinders with Nearly Circular Cross Sections

Asymptotic methods are used to find an approximate solution for
Eqs. (2)–(4) as ɛ ! 0. The derivatives ∂f =∂u and ∂f =∂r in the
boundary condition [Eq. (4)] on the surface of the cylinder

∂f
∂r

�
R 1þ ɛf uð Þ� �

; u
�
� ɛf 0 uð Þ
R 1þ ɛf uð Þ� �2 ∂f∂u

�
R 1þ ɛf uð Þ� �

; u
�

¼ 0

are approximated by their Taylor series up to Oðɛ5Þ at r = R, and
then the fifth-order asymptotic expansion of the potential f ðr; u Þ

f ðr; u Þ ¼ f 0ðr; u Þ þ ɛf 1ðr; u Þ þ ɛ2f 2ðr; u Þ þ ɛ3f 3ðr; u Þ
þ ɛ4f 4ðr; u Þ þ Oðɛ5Þ (15)

is substituted in the boundary condition. The resulting approxima-
tion of Eq. (4) is
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f 0;r þ ɛ f 1;r þ Rf uð Þf 0;rr �
f 0 uð Þ
R

f 0;u

	 


þ ɛ2 f 2;r þ Rf uð Þf 1;rr �
f 0 uð Þ
R

f 1;u þ R2f 2 uð Þ
2

f 0;rrr þ
2f uð Þf 0 uð Þ

R
f 0;u � f uð Þf 0 uð Þf 0;ru

	 


þ ɛ3
f 3;r þ Rf uð Þf 2;rr �

f 0 uð Þ
R

f 2;u þ R2f 2 uð Þ
2

f 1;rrr þ
2f uð Þf 0 uð Þ

R
f 1;u � f uð Þf 0 uð Þf 1;ru

þ 2f 2 uð Þf 0 uð Þf 0;ru þ R3f 3 uð Þ
6

f 0;rrrr �
3f 2 uð Þf 0 uð Þ

R
f 0;u � Rf 2 uð Þf 0 uð Þ

2
f 0;rru

2
66664

3
77775

þ ɛ4

f 4;r þ Rf uð Þf 3;rr �
f 0 uð Þ
R

f 3;u þ R2f 2 uð Þ
2

f 2;rrr � f uð Þf 0 uð Þf 2;ru þ 2f uð Þf 0 uð Þ
R

f 2;u

� 3f 2 uð Þf 0 uð Þ
R

f 1;u � Rf 2 uð Þf 0 uð Þ
2

f 1;rru þ 2f 2 uð Þf 0 uð Þf 1;ru þ R3f 3 uð Þ
6

f 1;rrrr

� 3f 3 uð Þf 0 uð Þf 0;ru þ Rf 3 uð Þf 0 uð Þf 0;rru � R2f 3 uð Þf 0 uð Þ
6

f 0;rrru þ R4f 4 uð Þ
24

f 0;rrrrr

þ 4f 3 uð Þf 0 uð Þ
R

f 0;u

2
66666666666666664

3
77777777777777775

¼ O ɛ5ð Þ (16)

where the functions f nðr; u Þ and their derivatives are calculated at
r = R. At the leading order as ɛ ! 0, Eq. (16) provides
f 0;rðR; u Þ ¼ 0. This is the boundary condition that leads to the so-
lution Eq. (11) for the circular cylinder. At the first order, Eq. (16)
gives

f 1;r R; uð Þ ¼ f 0 uð Þ
R

f 0;u R; uð Þ � Rf uð Þf 0;rr R; uð Þ (17)

The unknown potentials f nðr; u Þ; n ¼ 0;1;2;3;4; in Eq. (15)
satisfy Eq. (2). This equation is used, in particular, to calculate the
second derivative f 0;rr and to write Eq. (17) in terms of f 0ðR; u Þ
given by Eq. (12) and its derivatives in u

f 1;r R; uð Þ ¼ 1
R
f uð Þf 0;u u þ 1

R
f 0 uð Þf 0;u þ R k2f uð Þf 0 R; uð Þ

(18)

Note that the wave number k now appears in the boundary condi-
tion for the potential f 1ðr; u Þ.

Equating the terms in Eq. (16) with ɛ2; ɛ3, and ɛ4 to zero, the
boundary conditions for the potentials f 2; f 3, and f 4 are
obtained, respectively. These boundary conditions have the form
ðn ¼ 1;2;3;4Þ

f n;rðR; u Þ ¼ Gnðu Þ (19)

where Gnðu Þ = sums of the products of the functions
f ðu Þ; f 0ðu Þ; f 0ðR; u Þ,…, f n�1ðR; u Þ and derivatives of the
potentials f 0ðR; u Þ,…, f n�1ðR; u Þ in u . Starting from the solu-
tion Eq. (12) for the circular cylinder and a given function
f ðu Þ, the right-hand side G1ðu Þ in Eq. (18) is calculated, and
then the outward-propagating wave solution f 1ðr; u Þ of Eq.

(2) subject to the boundary condition Eq. (18) on the circular
cylinder r = R is determined. By using the obtained potential
f 1ðr; u Þ, G2ðu Þ is calculated and f 2ðr; u Þ is determined, and
so on. The boundary value problems for the potentials f nðr; u Þ
are identical and differ only by functions Gnðu Þ in the body
boundary condition [Eq. (19)]. By using the Fourier series of
the functions Gnðu Þ

Gn uð Þ ¼ 1
2
G cð Þ

n0 þ
X1
m¼1

G cð Þ
nm cos muð Þ þ G sð Þ

nm sin muð Þ (20)

the potentials are given by

f n r; uð Þ ¼ 1
2
G cð Þ

n0
H 1ð Þ

0 krð Þ
kH 1ð Þ0

0 kRð Þ
þ
X1
m¼1

G cð Þ
nm cos muð Þ

h

þ G sð Þ
nm sin muð Þ

i H 1ð Þ
m krð Þ

kH 1ð Þ0
m kRð Þ

(21)

In particular, f nðR; u Þ and their derivatives are obtained in the
form of their Fourier series. Calculations of the functions Gnðu Þ
and their Fourier coefficients are reduced to multiplication and sum-
mation of Fourier series. If the coefficients in the Fourier series of
the function f ðu Þ are known

f uð Þ� f cð Þ
0

2
þ
X1
m¼1

f cð Þ
m cos muð Þ þ f sð Þ

m sin muð Þ (22)

and using the Fourier series [Eq. (12)] of f 0ðR; u Þ, the deriva-
tives f 0ðu Þ; f 0;u ðR; u Þ; and f 0;u u ðR; u Þ are calculated by differ-
entiating Eqs. (12) and (22) term by term, and then the Fourier
coefficients of the right-hand side in Eq. (18) can be determined.
Finally, the solution f 1ðr; u Þ is given by Eq. (21). Similar
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arguments are applied to the higher-order problems for f 2; f 3,
and f 4. It is seen that the asymptotic solution [Eq. (15)] of the
problem is obtained by operating with the Fourier coefficients of
the potentials f nðR; u Þ and the function f ðu Þ, which describe the
shape of the vertical cylinder. Summation and differentiation of
Fourier series are straightforward operations. The multiplication
of two Fourier series

g uð Þ� a0
2
þ
X1
m¼1

am cos muð Þ þ bm sin muð Þ

h uð Þ�a0

2
þ
X1
m¼1

am cos muð Þ þ b m sin muð Þ

provides the Fourier series

g uð Þh uð Þ�A0

2
þ
X1
m¼1

Am cos muð Þ þ Bm sin muð Þ (23)

where (Fichtenholtz 2001)

An ¼ a0an

2
þ 1
2

X1
m¼1

am amþn þ am�nð Þ þ bm b mþn þ b m�nð Þ� �
(24)

Bn ¼ a0b n

2
þ 1
2

X1
m¼1

am b mþn � b m�nð Þ � bm amþn � am�nð Þ� �
(25)

b m�n ¼ �b n�m and am�n ¼ an�m if m� n < 0

Calculations of the components ~Fx and ~Fy of the hydrodynamic
force acting on the vertical cylinder and the diffracted waves far
from the cylinder can also be reduced to operations with the Fourier
coefficients of the function f ðu Þ and the potentials f nðR; u Þ. For
example, the integrand of ~Fx in Eq. (7) can be approximated as

f
�
R 1þ ɛf uð Þ� �

; u
�

ɛf 0 uð Þsin u þ 1þ ɛf uð Þ� �
cos u

� �

¼
X4
n¼0

ɛnSn uð Þ þ O ɛ5ð Þ

where

Sn uð Þ ¼ 1
2
S cð Þ
n0 þ

X1
m¼1

S cð Þ
nm cos muð Þ þ S sð Þ

nm sin muð Þ
h i

The nondimensional x-component of the force is given by

~Fx ¼ � iR
ka2

S cð Þ
00 þ ɛS cð Þ

10 þ ɛ2S cð Þ
20 þ ɛ3S cð Þ

30 þ ɛ4S cð Þ
40

h i
þO ɛ5ð Þ

(26)

where SðcÞ00 provides the force acting on the circular cylinder r =

R; SðcÞ10 = linear function of the Fourier coefficients f ðcÞm and f ðsÞm in

Eq. (22); and SðcÞ20 = quadratic function of these coefficients. A
similar analysis is applied to calculations of the y-component of
the force ~Fy.

Far from the cylinder (r � R), Eq. (21) provides

f n r; uð Þ� ~f n uð Þ e
ikrffiffi
r

p

~f n uð Þ ¼
ffiffiffiffiffiffi
2
pk

r
e�i

p

4
1
2

G cð Þ
n0

kH 1ð Þ0
0 kRð Þ

þ
X1
m¼1

G cð Þ
nm cos muð Þ þ G sð Þ

nm sin muð Þ
h i �ið Þm

kH 1ð Þ0
m kRð Þ

8<
:

9=
; (27)

The functions ~f nðu Þ; n � 1 depend on the Fourier coefficients
f ðcÞm ; f ðsÞm ; m � 0 of the function f ðu Þ. This dependence is linear for
~f 1ðu Þ and quadratic for ~f 2ðu Þ. The obtained asymptotic formula
for the diffracted wave field can be used to determine the shape of a
vertical cylinder by using the wave measurements far from it.

Assume that the incident wave and the diffracted wave field (ele-
vation of the water surface) far from a cylinder are known. Assume
that the cylinder is vertical but the shape of its cross section and the
position of the cylinder are not known. By analyzing the measured
diffracted wave field and the derived first-order approximation of
the potential

f r; uð Þ� ~f 0 uð Þ þ ɛ ~f 1 uð Þ� � eikrffiffi
r

p r ! 1ð Þ (28)

one can estimate the radius of the cylinder (R), the position of its
center, the scale of its surface perturbation « , and the Fourier coeffi-
cients f ðcÞm and f ðsÞm of the deviation f ðu Þ of the cylinder cross section

from the circular one. This problem of the cylinder identification is
not considered in this paper. The algorithm of this study relates the
function ~f 1ðu Þ and the shape function f ðu Þ, which is crucial for ef-
ficient solution of the identification problem.

In some problems, the shape function can also depend on the
small parameter « {r ¼ R½1þ ɛf ðu ; ɛÞ�} and can be approximated
as

f ðu ; ɛÞ ¼ f0ðu Þ þ ɛf1ðu Þ þ ɛ2f2ðu Þ þ ɛ3f3ðu Þ þ ɛ4f4ðu Þ þ Oðɛ5Þ
(29)

The asymptotic expansion [Eq. (29)], where each function fnðu Þ
is presented by its Fourier series, is substituted in Eq. (16), and one
again arrives at the boundary conditions in the form of Eq. (19) but
with different functions Gnðu Þ. In particular, f ðu Þ is changed to
f0ðu Þ in Eq. (18). The expansion [Eq. (29)] is used in the next sec-
tion to find an approximate solution of the problem for an elliptic
cylinder with a small eccentricity.
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Hydrodynamic Force on Elliptic Vertical Cylinder

To validate the algorithm of the present paper, which is based on the
asymptotic formula and operations with the Fourier coefficients, the
algorithm is applied to the problem of elliptic vertical cylinders.
This problem was solved by Chen and Mei (1971) by series of the
Mathieu functions and elliptic coordinates, and by Williams (1985)
using the method of integral equation on the boundary of the cylin-
der. Williams (1985) also used the asymptotic behaviors of the
Mathieu functions to derive an asymptotic formula for the total
force components when the eccentricity of the elliptic section is
small.

In this section, the vertical cylinder with elliptic cross section of
small eccentricity e ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� b2=a2
p

, where a is the semimajor axis
and b is the semiminor axis of the elliptic cross section, is consid-
ered. The equation of the ellipse in the polar coordinates (r; u ) with
the origin at the focus of the ellipse reads

r ¼ a 1� e2ð Þ
1� e cos u

(30)

Taking the eccentricity e as a small parameter of the problem
ɛ ¼ e and calculating the Fourier coefficients of the right-hand side
in Eq. (30), one obtains

r ¼ a
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� ɛ2

p
þ 2a

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� ɛ2

p X1
n¼1

ɛ

1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� ɛ2

p
 �n

cos nuð Þ

¼ aþ ɛa cos u þ ɛ2a
�1þ cos 2uð Þ

2

	 

þ ɛ3a

�cos u þ cos 3uð Þ
4

	 

þ ɛ4a

�1þ cos 4uð Þ
8

	 

þO ɛ5ð Þ (31)

Comparing Eq. (31) with the equation of the cylinder in the pres-
ent analysis {r ¼ R½1þ ɛf ðu ; ɛÞ�} and expansion [Eq. (29)], one
finds

R ¼ a; f0 uð Þ ¼ cos u ; f1 uð Þ ¼ � 1
2
þ 1
2
cos 2uð Þ;

f2 uð Þ ¼ � 1
4
cos u þ 1

4
cos 3uð Þ; f3 uð Þ ¼ � 1

8
þ 1
8
cos 4uð Þ

The nondimensional force components ~Fx and ~Fy are calculated
by the present algorithm using Eq. (26), Eq. (12) for the potential
f 0ðR; u Þ on the cylinder at the leading order, and Eq. (21) for the
higher-order potentials f nðR; u Þ; where n ¼ 1;2;3;4. The modulus
of the force components j~Fxj and j~Fyj is calculated by the fifth-order
approximation [Eq. (15)] and by the third-order approximation,
keeping only three terms in Eq. (15). The forces are calculated for
0 < ka < 4 and the eccentricity e ¼ 1=2. The obtained forces are
compared with the results byWilliams (1985) in Figs. 2(a and b).

For this range of ka, it was found that the five terms in Eqs. (12)
and (21) provide accurate results. At the end of each operation with
the Fourier series, the resulting series was truncated to five terms
with cosines and five terms with sines. Note that the forces were
computed byWilliams (1985) by two different methods, depending
on the value of the product ka. For large ka, the forces were com-
puted by the boundary element method, and for small ka, the solu-
tion was found in the series form involving Mathieu functions. In
the boundary element method, the elliptic contour was divided into
120 elements. Because of problems with convergence of the series
of the Mathieu functions, Williams (1985) used the asymptotic for-
mula of these functions for small eccentricity e and obtained fifth-
order approximations of the force components up to Oðe5Þ terms.
The formulas for the coefficients in the asymptotic formula by
Williams (1985) are collected in the four-page appendix at the end
of that paper. The approach of the present paper is more straight-
forward and provides the approximations of the force components
of the same order as by Williams (1985) for small eccentricity.
The Mathieu functions in the infinite series solution depend on
the parameter q ¼ ðkaeÞ2=4:Williams (1985) suggested using his

asymptotic formula for q � 0:4 and the boundary element method
for q > 0:4. This implies that, in Figs. 2(a and b), the solid lines rep-
resenting the forces by Williams (1985) for e = 1/2 were computed
by his asymptotic formula for 0 < ka < 2:5: Figs. 2(a and b) show

0 1 2 3 4
0.0

0.5

1.0

1.5

2.0

ka

F
x

0 1 2 3 4
0.0

0.5

1.0

1.5

2.0

ka

F
y

(b)

(a)

Fig. 2. The x- and y-components of the nondimensional force acting
on elliptic cylinder for e = 0.5: (a) a ¼ 0�; (b) a ¼ 90� (Note: The solu-
tion by Williams (1985) is shown by the solid line, and the present as-
ymptotic solutions of the third order and fifth order are shown by the
square and triangle markers, respectively)
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that the present asymptotic fifth-order solutions is very close to the
forces computed by Williams (1985). The present asymptotic solu-
tion in the long-wave approximation (ka ! 0) provides

~F x tð Þ ¼ 2� 3
2
ɛ2 � 1

8
ɛ4 þO ɛ6ð Þ

	 

cos v tð Þ (32)

for a ¼ 0
�
and

~F y tð Þ ¼ 2� 1
2
ɛ2 � 1

8
ɛ4 þO ɛ6ð Þ

	 

cos v tð Þ (33)

for a ¼ 90�: The asymptotic formulas [Eqs. (32) and (33)] coincide
with those derived byWilliams (1985).

Hydrodynamic Force on Square Vertical Cylinder

Let equation r ¼ aFðu Þ describe the square, x ¼ 6a;�a < y < a
and y ¼ 6a;�a < x < a; in the polar coordinates, x ¼ r cos u and
y ¼ r sin u : The Fourier coefficients of the function Fðu Þ; 0 �
u � 2p ; are determined, and then the corresponding Fourier series
is converted into the form r ¼ R½1þ ɛf ðu Þ�, identifying values of
R; ɛ, and the function f ðu Þ. Then, the approach in the section
“Vertical Cylinders with Nearly Circular Cross Sections” gives the
components of the total hydrodynamic force acting on the square
cylinder.

A square has four lines of symmetry:

Fð�u Þ ¼ Fðu Þ; F p

2
� u

 �
¼ F

p

2
þ u

 �
; F

p

4
� u

 �

¼ F
p

4
þ u

 �

The Fourier series of the function Fðu Þ contains only
cos ð4mu Þ; m � 0

F uð Þ ¼ 1
2
F0 þ

X1
m¼1

Fm cos 4muð Þ

Fm ¼ 8
p

ðp=4

0
F uð Þcos 4muð Þ du ¼ 8

p

ðp=4

0

cos 4muð Þ
cos u

du

where F0 ¼ ð8=pÞlog ð1þ ffiffiffi
2

p Þ; and Fm ¼ ð16=pÞ ffiffiffi
2

p ð�1Þm=
½ð4m� 1Þð4m� 3Þ� þ Fm�1; m � 1: Therefore, R ¼ a F0=2 	
1:1222a:

The maximum value of Fðu Þ is
ffiffiffi
2

p
; which gives ɛ ¼ 2

ffiffiffi
2

p
=

F0 � 1 	 0:26 and jf ðu Þj⩽1;where

f ðu Þ ¼
X1
m¼1

fm cos ð4mu Þ; fm ¼ 2Fm=ðɛF0Þ (34)

where f1 = −0.5357; f2 = 0.1689; f3 = −0.0801; f4 = 0.0463; and f5 =
−0.03. The shapes given by the equation r ¼ R½1þ ɛf ðu Þ� with
three terms (dashed line) and 10 terms (solid line) retained in the se-
ries [Eq. (34)] are shown in Fig. 3. It is seen that the approximation
of the square cross section with only three terms in the series [Eq.
(34)] is reasonably good.

Hydrodynamic forces acting on a square caisson have been
studied by Mogridge and Jamieson (1976). They performed
experiments with a 30:48
 30:48� cm ð12
 12� in:Þ square

box in a wave flume 3:65 m (12 ft) wide, 1:37 m (4.5 ft) deep,
and 49:3 m (162 ft) long. The hydrodynamic forces for a ¼ 0

�

were measured and compared with the predictions by the theory
of equivalent circular radius. In this theory of equivalent circular
radius, the horizontal hydrodynamic force on a vertical cylinder
with the area of its cross section jDj is approximated by the force
acting on the circular cylinder of radius Re, where the area of the
circular cross section pR2

e is equal to the area jDj. For the
square-shape vertical cylinder with jDj ¼ ð2aÞ2, one obtains
Re ¼ 2a=

ffiffiffiffi
p

p 	 1:1283a. It is seen that the equivalent radius Re

is very close to the radius R 	 1:1222a calculated earlier by
using the Fourier series.

The computed hydrodynamic forces acting on the square ver-
tical cylinder with a ¼ 0� are shown in Fig. 4. The fifth-order
approximation [Eq. (15)] was used. Note that ɛ5 < 0:0012.
Representing the square with four terms in Eq. (34) and truncat-
ing the Fourier series of the potentials f n; n ¼ 0;1;2;3;4, in Eq.
(21) to 16 terms, the force shown by the dashed line is obtained.
The computed force is very close to the experimental results by
Mogridge and Jamieson (1976), which are shown by markers.
Keeping just one term in Eq. (34) and four terms in the Fourier
series [Eq. (21)], one arrives at the solid line, which is very close
to the prediction of the force with four terms in Eq. (34), where

Fig. 3. Approximation of the square by the equation r ¼ R½1þ ɛf ðu Þ�
in the polar coordinates with three (dashed line) and 10 (solid line)
terms retained in Eq. (34)

F x

Fig. 4. Nondimensional hydrodynamic force acting on the square ver-
tical cylinder in waves [Note: Comparison of Mogridge and Jamieson
(1976) theory (dotted line), experimental results (filled circle markers),
present method with one term in Eq. (34) (solid line), and present
method with four terms in Eq. (34) (dashed line)]
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1 � ka � 4, but underpredicts the force in the interval
0 � ka � 1. The force predicted by the equivalent circular radius
theory of Mogridge and Jamieson (1976) is shown by the dotted
line in Fig. 4. This prediction of the force is very close to the
present asymptotic force with one term in Eq. (34), where
0 � ka < 2. The authors conclude that more terms in Eq. (34)
provide a better approximation of the experimental force for long
waves but do not improve the prediction of the hydrodynamic
force for short waves.

Hydrodynamic Force onQuasi-Elliptic
Vertical Cylinder

A quasi-ellipse consists of a rectangular part in the center and two
semicircular parts at the front and back [Fig. 5(a)]. In Fig. 5(a),D=2
is the radius of the semicircles, and B is the length of the rectangular
part.

Let r ¼ Fðu Þ describe the quasi-ellipse in Fig. 5(a) in the polar
coordinates, x ¼ r cos u and y ¼ r sin u , where

F uð Þ ¼

B cos u þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
D2 � B2 sin 2u

p

2
; 0 � u � arctan

D
B

D
2 sin u

; arctan
D
B
� u � p � arctan

D
B

�B cos u þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
D2 � B2 sin 2u

p

2
; p � arctan

D
B
� u � p þ arctan

D
B

�D
2 sin u

; p þ arctan
D
B
� u � 2p � arctan

D
B

B cos u þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
D2 � B2 sin 2u

p

2
; 2p � arctan

D
B
� u � 2p

8>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>:

The Fourier coefficients of the function Fðu Þ; 0 � u � 2p are
determined, and then the corresponding Fourier series is converted
into the form r ¼ R½1þ ɛf ðu Þ�, identifying values of R; ɛ, and the
function f ðu Þ: Then, the approach in the section “Vertical
Cylinders with Nearly Circular Cross Sections” gives the compo-
nents of the total hydrodynamic force acting on the quasi-elliptic
cylinder.

A quasi-ellipse has two lines of symmetry, Fð�u Þ ¼ Fðu Þ;
andF p=2� uð Þ ¼ F p=2þ uð Þ. Hence, the Fourier series of the
function Fðu Þ contains only cos ð2mu Þ; m � 0

F uð Þ ¼ 1
2
F0 þ

X1
m¼1

Fm cos 2muð Þ

Fm ¼ 1
p

ð2p
0
F uð Þcos 2muð Þ du ¼ 4

p

ðp=2

0
F uð Þcos 2muð Þ du ;

m ¼ 0;1;2;…

The Fourier coefficients Fm, m ¼ 0;1;2;…, are evaluated for
D = 20 m and B = 12 m. These particular values were used byWang
et al. (2011). Then

R ¼ F0=2 	 13:1026 m

The maximum value of Fðu Þ is ðDþ BÞ=2, which gives ɛ ¼
ðBþ DÞ=F0 � 1 	 0:221136 and jf ðu Þj⩽1;where

f ðu Þ ¼
X1
m¼1

fm cos ð2mu Þ; fm ¼ 2Fm=ðɛF0Þ (35)

where f1 = 3.06712; f2 = −0.145175; f3 = −0.0595601; f4 = 0.050526;
f5 = −0.0148836; f6 = −0.00652338; and f7 = −0.00973661. The
shapes given by the equation r ¼ R½1þ ɛf ðu Þ� with two terms
(dashed line) and eight terms (solid line) retained in the series

Eq. (35) are shown in Fig. 5(b). It is seen that the approximation for
the quasi-elliptic cross section with eight terms in the series Eq. (35)
is reasonably good.

Fig. 5. (a) Quasi-ellipse; (b) approximation of quasi-ellipse by the
equation r ¼ R½1þ ɛf ðu Þ� in the polar coordinates with two (dashed
line) and eight (dotted line) terms retained in Eq. (35) and the exact
shape of quasi-ellipse (solid line)
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Wang et al. (2011) developed a three-dimensional time domain
method to solve the Navier-Stokes equations including viscosity
and nonlinear effects. Wave forces on the quasi-ellipse caisson
were calculated and compared with the results ofWang et al. (2011)
(Fig. 6). For comparison purposes, the vertical axis in Fig. 6 is cho-
sen as F�

x ¼ ðpka=4Þ~Fx; a ¼ ðBþ DÞ=2 ¼ 0:8D. Fig. 6 shows
that there is a small discrepancy between the present results and the
results ofWang et al. (2011), which can be attributed to the effect of
viscosity and nonlinearity considered in the Navier-Stokes formula-
tion of Wang et al. (2011). Fig. 6 shows that the present approach
gives slightly smaller values for wave forces compared with the
Navier-Stokes computations. However, the present model can still
be used to make a quick study to identify critical wave numbers and
directions as input to more detailed and computationally more ex-
pensive Navier-Stokes computations.

For the incident wave propagating at an angle a to the positive
x-axis, the wave force and the maximum wave run-up are computed

and compared for cylinders of circular, elliptic, quasi-elliptic, and
square cross sections (Fig. 7) with the same cross-sectional area.
The forces and maximum run-ups for a ¼ 0� are compared in Figs.
8(a and b), respectively. Fig. 8(a) shows that the wave force is
smallest for the cylinder with a quasi-elliptic cross section, and Fig.
8(b) shows that maximum nondimensional wave run-up is highest
for the square cylinder. For the incident wave propagating at angle
a ¼ 90� to the positive x-axis (Fig. 7), wave forces for elliptic and
quasi-elliptic cylinders are higher than for a ¼ 0�. This can be
attributed to the larger projected area normal to the flow of these
cylinders for a ¼ 90�. The computations for a ¼ 90� provide that
the wave force is highest for the cylinder with a quasi-elliptic cross
section, and the maximum nondimensional wave run-up is highest
for the quasi-elliptic cylinder, where 0 < ka < 1:1, and for the
square cylinder, where 1:1 < ka < 4. The figures for the latter case
is not included. It is concluded that the forces are dependent on
angle of wave incidence a with the corresponding corrections of
orderOðɛÞ [see Eq. (26), where SðcÞ00 is independent of a].

Hydrodynamic Force andWave Run-up on Cylinder
with Cosine-Type Radial Perturbations

Mansour et al. (2002) studied vertical cylinders with cosine-type ra-
dial perturbations of their cross section

r ¼ R½1þ ɛ cos ðNu Þ� (36)

where N = positive integer. The cross sections of the cylinders in
Eq. (36) are shown in Fig. 9 for R = 1 m, ɛ ¼ 0:05, and
N ¼ 1;2;3;4;5;6.

Mansour et al. (2002) derived the leading-order corrections to the
forces acting on the cylinders Eq. (36) as ɛ ! 0, and to the maxi-
mum nondimensional run-up 4max=2A for these cylinders. They
also computed the hydrodynamic forces and wave run-ups by the
method of boundary integral equation and compared their numerical
and first-order asymptotic results. They concluded that the first-order
asymptotic solutions agree well with the numerical solutions in the
range 0 � ɛ � 0:05. The higher-order asymptotic solution of the

Fig. 6. Nondimensional hydrodynamic force acting on the quasi-ellip-
tic vertical cylinder in waves [Note: Wang et al. (2011) forH=h ¼ 0:05
(filled squares), H=h ¼ 0:095 (empty squares), H=h ¼ 0:15 (filled tri-
angles), and H=h ¼ 0:2 (empty triangles), and the present method with
14 terms in Eq. (35) (line with empty circle markers); here, H is the
wave heightH ¼ 2A, and h is the water depth]

Fig. 7. Orientation of quasi-elliptic (dot-dashed line), elliptic (solid line), square (dashed line), and circular (dotted line) cylinders relative to incident
wave
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present paper provides forces and run-ups almost identical with the
numerical forces and run-ups byMansour et al. (2002) (Figs. 10 and
11). It is observed that the present approach compares quite well
with the integral equation method of Mansour et al. (2002) even for
high values of kR. Note that the asymptotic results by Mansour et al.
(2002) for the maximum nondimensional wave run-up deviate sig-
nificantly from their numerical results for kR � 1.

To compare the forces computed by Mansour et al. (2002) with
the results of the present method, the forces in Eqs. (7) and (8) are
multiplied by ð1=2Þtanh ðkhÞ. The resulting nondimensional forces
j�Fxj ¼ ½ð1=2Þtanh ðkhÞ�j~Fxj are shown in Figs. 10(a–d) for N = 2, 3,
4, and 6 in Eq. (36), Figs. 10(a–d) demonstrate that the first-order
asymptotic forces by Mansour et al. (2002) are very close to both
the numerical results and the present higher-order forces for ɛ ¼
0:05 and 0 < kR < 4: The maximum run-up 4max=ð2AÞ is more
sensitive to the number of terms in the asymptotic solution [Eq.
(15)] [Figs. 10(e–h)]. It is seen that the present fifth-order asymp-
totic solution provides a wave run-up almost identical to the numer-
ical solution for ɛ ¼ 0:05. This conclusion is also true for ɛ ¼ 0:1
(Fig. 11) for both the force and the maximum run-up as functions of
the nondimensional wave number kR. Note that the first-order as-
ymptotic solution cannot be used for ɛ ¼ 0:1.

The present method is restricted to vertical cylinders whose
cross sections are close to a circle. Liu et al. (2016) numerically
solved Eqs. (2)–(4) with no restriction on the shape of the cylinder
cross section. The method they used is not an asymptotic method
but a Fourier series method combined with the Galerkin method to
satisfy the body condition [Eq. (4)]. However, the authors reported
some difficulties with the system of equations they obtained. The
system is ill posed for some cases after truncating the infinite system
of equations. Despite the reported difficulties, their results show

good agreement with numerical results by Mansour et al. (2002).
The present method deals only with multiplication and summation
of Fourier series to find the unknown potentials f n; n ¼ 1;2;3;4, so
the present method is stable in solving the wave diffraction problem
for vertical cylinders.

The effect of the truncation of the Fourier series Eqs. (12), (21),
and (22) on the performance of the present asymptotic solution is
demonstrated by Figs. 12 and 13. Let the number of terms m vary
from 1 to p in Eqs. (21) and (22). After each multiplication of two
Fourier series, the resulting Fourier series is truncated to p terms.

Fig. 8. (a) Nondimensional hydrodynamic force and (b) maximum
nondimensional wave run-up on cylinders of circular (solid line), ellip-
tical (dotted line), quasi-elliptical (dashed line), and square (dot-dashed
line) cross sections with same cross-sectional areas [Note: Angle of
wave incidence a is zero]

Fig. 9. Cross sections of the cylinders [Eq. (36)] for R = 1 m,
ɛ ¼ 0:05, and (a) N = 1 (dashed line), N = 2 (solid line), (b) N = 3
(dashed line),N = 4 (solid line), (c)N = 5 (dashed line),N = 6 (solid line)
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The system of the equation in the method of Liu et al. (2016) is trun-
cated in a similar way because Fourier series are used to represent
the body shape and the velocity potential.

Liu et al. (2016) recommended p = 20 for any shapes of the cyl-
inders with cosine-type section. It was observed that p = 12 in the
present asymptotic solution provides good agreement with the nu-
merical results by Liu et al. (2016). Even p = 6 in the present method
provides a very reasonable agreement with the numerical force and
maximum run-up. The distributions of the wave run-up along the
cylinder are shown in Fig. 13 for p = 20 in the computations by Liu
et al. (2016) and p = 6, 12 in the present calculations. The predic-
tions of the wave run-up by the present method are good even for
waves with kR = 4.

Long-Wave Approximation ofWave Forces

The formula [Eq. (5)] for the hydrodynamic force FðtÞ acting on a
vertical cylinder with cross section D can be simplified for long
waves, where ka ! 0 and a is a characteristic dimension of the cylin-
der cross section. The ideas by Haskind (1973, Chapter 2) are used
here, who expressed the forces as integrals of the potential of the inci-
dent wave, three radiation potentials, and their normal derivatives on
the cylinder. The radiation potentials describe waves generated by the
cylinder oscillating in x- and y-directions and due to torsional oscilla-
tion of the cylinder. Haskind (1973) also introduced generalized added
masses and damping coefficients of vertical cylinders as functions of
the nondimensional wave number ka. The generalized added masses

Fig. 10. (a–d) Nondimensional hydrodynamic force and (e–h) maximum nondimensional wave run-up on the vertical cylinder in Eq. (36); compari-
son of results by the present method (solid line) with the analytical (dashed line) and numerical (filled circles) results by Mansour et al. (2002) for ɛ ¼
0:05 and (e)N = 2 in (a) and (e);N = 3 in (b) and (f);N = 4 in (c) and (g), andN = 6 in (d) and (h)
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approach the added masses of the two-dimensional bodyDmoving in
unbounded incompressible liquid as ka ! 0. This section is limited
to the force component in the direction of the incident wave propaga-
tion in the limit as ka ! 0, witha ¼ 0�.

Eqs. (5) and (6) provide the nondimensional x-component of the
hydrodynamic force acting on the cylinder

~Fx ¼ �i
pa2k

ð
∂D
f r; uð Þ nx ds (37)

where f ðr; u Þ = solution of Eqs. (2)–(4); and nx = x-component
of the unit normal vector n to the surface of the cylinder. It is con-
venient to introduce new potential wðx; yÞ by the equation
f ðr; u Þ ¼ eikx � ikwðx; yÞ. The potential wðx; yÞ satisfies Eq. (2)
and describes outgoing waves as r ! 1, and its normal deriva-
tive on the cylinder is given by

∂w
∂n

¼ eikxnx on ∂Dð Þ (38)

By using the potential wðx; yÞ and Eq. (38), the force [Eq. (37)]
can be presented in the form

~Fx ¼ 1
pa2

� i
k

ð
∂D
eikx nx ds�

ð
∂D
w

∂w
∂n

e�ikx ds

 �
(39)

The product eikx nx in the first integral of Eq. (39) can be viewed
as the scalar product of two vectors: ðeikx; 0Þ and n. Then, the diver-
gence theorem yields

� i
k

ð
∂D
eikx nx ds ¼ � i

k

ð
D
div eikx; 0

� �
dxdy ¼

ð
D
eikx dxdy

Taking the limit in Eq. (39) as ka ! 0, where x=a ¼ Oð1Þ, one
obtains

~Fx 0ð Þ ¼ 1
pa2

jDj �
ð
∂D
w 0

∂w0

∂n
ds

 �
(40)

where jDj = area of the cylinder cross section; and w 0ðx; yÞ = limit-
ing value of the potential wðx; yÞ as ka ! 0. The potential w 0ðx; yÞ
satisfies the following equations:

r2w0 ¼ 0 outsideDð Þ
∂w0

∂n
¼ nx on ∂Dð Þ

w ! 0 x2 þ y2 ! 1
� �

and describes the two-dimensional flow caused by the motion of the
body D in unbounded and incompressible liquid in the x-direction
at the unit speed. The integral in Eq. (40) multiplied by �r is
known as the addedmassmxx. Finally

~Fx 0ð Þ ¼ 1
pa2

jDj þ mxx

r

 �
(41)

For the elliptic cylinder x2=a2 þ y2=b2 ¼ 1 with the semimajor
axis a and the semiminor axis b, where b ¼ a

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� e2

p
and e is the

eccentricity of the ellipse, jDj ¼ pab; mxx ¼ rpb2 and Eq. (41)
gives

~Fx 0ð Þ ¼ b
a
þ b2

a2
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� e2

p
þ 1� e2 ¼ 2� 3

2
e2 � 1

8
e4 þO e6ð Þ

which corresponds to the asymptotic formula Eq. (32). For the ellip-
tic cylinder x2=b2 þ y2=a2 ¼ 1,jDj ¼ pab; mxx ¼ rpa2 and Eq.
(41) gives

~Fx 0ð Þ ¼ b
a
þ 1 ¼ 2� 1

2
e2 � 1

8
e4 þO e6ð Þ

Fig. 11. (a) Nondimensional hydrodynamic force and (b) maximum
nondimensional wave run-up on the vertical cylinder in Eq. (36); com-
parison of the present method (solid line) with the numerical method of
Mansour et al. (2002) (filled circles) for ɛ ¼ 0:1 andN = 4

Fig. 12. Effect of truncation number p on the nondimensional (a) hydro-
dynamic force and (b) maximum wave run-up for ɛ ¼ 0:05 and N = 3 in
Eq. (36), Liu et al. (2016) numericalmethodwithp ¼ 9; 20 (filled circles),
and the presentmethodwithp=4 (dashed line) andp=9 (solid line)
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which corresponds to the asymptotic formula Eq. (33).
For the square cylinder with side 2a, jDj ¼ 4a2 and mxx 	

1:51rpa2, which gives ~Fxð0Þ 	 ð4=pÞ þ 1:51 	 2:7832:
The fifth-order approximation from the section “Hydrodynamic

Force on Square Vertical Cylinder” with four terms in Eq. (34)
gives j~Fxð0Þj 	 2:736, and just one term in Eq. (34) gives
j~Fxð0Þj 	 2:563. The latter value is close to that predicted by the
theory of equivalent circular radius (Fig. 4). Therefore, the theory
by Mogridge and Jamieson (1976) underpredicts the force for long
waves by approximately 8.5%.

Conclusion

An asymptotic approach to the linear problem of regular water
waves interacting with a vertical cylinder with an arbitrary

cross section was presented. The incident regular wave is one-
dimensional, water is of finite depth, and the rigid cylinder
extends from the bottom to the water surface. Deviation of the
cylinder surface from a mean circular cylinder is assumed
small compared with the radius of the mean circular cylinder.
The fifth-order asymptotic solution of the problem was
obtained. Each term in the asymptotic expansion of the veloc-
ity potential is the solution of a radiation problem for the cir-
cular cylinder. These radiation problems differ only by the
value of the normal derivative of the corresponding potential
on the surface of the circular cylinder. The radiation problems
were solved by the Fourier method. The numerical solution of
the problem was reduced to operations with the Fourier coeffi-
cients of the potentials and the shape function. The numerical
algorithm was applied to the problems of wave diffraction by

Fig. 13. Nondimensional wave run-up4ðu Þ=2A for the cylinder [Eq. (36)] with ɛ ¼ 0:05 and N = 5 computed for (a) kR = 1, (b) kR = 2, (c) kR = 3,
and (d) kR = 4; present asymptotic method with p = 6 (dashed line) and p = 12 (dotted line) is compared with the numerical results (solid line) by Liu et
al. (2016) with p = 20
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elliptic, square, and quasi-elliptic cylinders and by the cylinder
with cosine-type radial perturbation. The obtained results were
compared with experimental and numerical results by others in
terms of the hydrodynamic forces and wave run-up on cylin-
ders in waves. The present approach provides forces very close
to those computed numerically and measured in experiments
for relatively long incident waves, 0 < kR < 4, where 2p=k is
the wave length of the incident wave. The present approach
should be used with care for short incident waves. A reason
for this conclusion comes from the body boundary condition.
The analysis of the velocity potentials (f n) revealed that they
have terms with factors ðkRÞ2n. Correspondingly, the expan-
sion [Eq. (15)] is formally asymptotic only if ɛðkRÞ2 � 1. For
small values of « and short waves with λ=R ¼ Oðɛ1=2Þ, the
method of renormalization or the multiscale method can be
used to derive uniformly valid asymptotic expansions of the
hydrodynamic forces.

The asymptotic method of this paper was validated for the long-
wave approximation. The long-wave approximation provides the
forces acting on a vertical cylinder with an arbitrary cross section in
linear regular waves through the area of the cylinder cross section
and the added masses of this cross section. The values of the forces
at kR = 0 are exact within the linear wave theory. The added mass
tables can be used to calculate the forces at kR = 0.

An advantage of the present approach compared with the numer-
ical solution of the problem by a boundary element method is that it
provides the forces and the diffracted wave field in terms of the
Fourier series of the deviation of the cylinder shape from the circu-
lar one. The leading-order potential f 0ðr; u Þ is independent of
these coefficients, the first-order potential f 1ðr; u Þ is a linear form
of these coefficients, and the second-order potential f 2ðr; u Þ is a
quadratic form of the coefficients. By using these forms of the
potentials f nðr; u Þ, one can formulate the problem of identifica-
tion of the cylinder and its shape with the help of measured eleva-
tions of water surface far from the cylinder. One can also deter-
mine how much some small variations of a cylinder shape change
the loads acting on this cylinder in waves, and optimize the shape
of the cylinder to approach certain restrictions on the loads.

It was found that cylinders with quasi-elliptic cross sections ex-
perience the least wave force compared with cylinders of elliptic,
square, and circular cylinders with the same cross-sectional area for
zero angle of wave incidence (Fig. 7).

In real applications, cylinders are always arranged in groups;
therefore, the analysis of the so-called hydrodynamic interaction
problem of several noncircular cylinders in waves should be car-
ried out. The present method is very suitable for analysis of this
problem, and the authors suggest solving the problem by itera-
tions satisfying the boundary condition on each cylinder one after
another and using the addition theorem of the Bessel functions.
The iterations are suggested to combine with the asymptotic
approach of the present paper to improve the convergence of the
iterations.
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