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This paper documents the effect of thermal expansion on a vascularized plate that is heated and loaded
mechanically. Vascular cooling channels embedded in a circular plate provide cooling and mechanical
strength. The coolant enters the plate from the center and leaves after it cools the plate to an allowable
temperature limit. The mechanical strength of the plate decreases because of the embedded cooling
channels. However, cooling the plate under an allowable temperature level decreases the thermal stres-
ses. The mechanical strength of the plate which is heated and loaded mechanically at the same time can
be increased by inserting cooling channels in it. The mechanical and thermofluid behavior of a vascular-
ized plate was simulated numerically. The cooling channel configurations that provide the smallest peak
temperature and von Mises stress are documented. There is one cooling channel configuration that is the
best for the given set of boundary conditions and constraints; however, there is no single configuration
that is best for all conditions.

� 2014 Elsevier Ltd. All rights reserved.
1. Introduction

Advanced technologies require smart capabilities with com-
pactness and light weight for structures that work under signifi-
cant heat fluxes and mechanical loads. The mechanical strength
can be increased by adding more material, however this is not
desirable because of the weight increase. In addition, the structure
should be able to resist intense heat fluxes. The design challenge is
to increase simultaneously the mechanical strength and the cool-
ing performance while decreasing the weight.

This design challenge makes vascularized structure an attrac-
tive design for advanced technologies. Smart capabilities can be
built into a material by embedding vascular channels in it [1–8].
The vascular channels increase the mechanical strength if the
material removed to make room for the channels is placed around
the channels, i.e. if the amount of solid material is fixed [8]. In addi-
tion, the peak temperature can be kept under an allowable limit by
circulating coolant through the vascular channels [7–10]. In sum-
mary, the material should be placed where it is needed the most,
i.e. where it decreases the resistances to the flow of heat, fluid
and stress. The design should be free to vary, in accord with the
Constructal design method [1]. The current literature details the
application of this method to smart structures [1–8,11–13] and
thermofluid design [14–28]. In a few instances, mechanical
strength was used as the design objective [29–31]. However, the
effect of thermal expansion on stresses has been overlooked in
the literature.

If the heating effect is small enough, and the mechanical
strength of a material is governed by the mechanical loading then
the effect of thermal expansion can be neglected. However, the
effect of thermal expansion is an essential design parameter for
the vehicles and parts that work under great heat fluxes and
mechanical loads such as turbine blades, engine parts, electronics
and aerospace applications. This paper documents the effect of
thermal expansion on the strength and thermal performance of a
vascularized plate. The search is for architectures perform the best
by facilitating strength and cooling at the same time. The emerging
structures consist of embedded radial and tree-shaped cooling
channels.
2. Model

Consider a circular plate with embedded cooling channels
(Fig. 1). The diameter of the circular domain is D, and the plate
thickness is H = 0.1D. The plate is heated and loaded uniformly
on its bottom surface. The total volume of the structure and the
flow volume are fixed. The flow volume is 3% of the total volume.
The coolant enters from the center of the plate and leaves from
the rim. The flow is driven by the pressure difference maintained
between the inlet and outlet ports.

http://crossmark.crossref.org/dialog/?doi=10.1016/j.ijheatmasstransfer.2014.09.027&domain=pdf
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Nomenclature

cP specific heat at constant pressure, J kg�1 K�1

D plate diameter, m
d diameter of cooling channels, m
E elasticity modulus, N m�2

H plate thickness, m
k thermal conductivity, W m�1 K�1

n normal direction
P pressure, N m�2

Pl mechanical load, N m�2

Pin inlet pressure, N m�2

Pr Prandtl number
q00 imposed heat flux, W m�2

rx; y; z displacements, m
T temperature, K
u, v, w velocity components, m s�1

x, y, z coordinates, m

Greek symbols
a thermal expansion coefficient, K�1

c Poisson ratio
e strain
l dynamic viscosity, kg m�1 s�1

m kinematic viscosity, m2 s�1

q density, kg m�3

k fluid thermal diffusivity, m2 s�1

g number of the cooling channels connected to the
distributing channel

r normal stress, N m�2

s shear stress, N m�2

u shear strain

Subscripts
0 main distributing channel
1 first level of cooling channel
2 second level of cooling channel
f fluid
in inlet
m mechanical
max maximum
ref reference
s solid
th thermal
out outlet
x, y, z coordinates

Superscript
� dimensionless
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The fluid flow is governed by the mass conservation and
momentum equations for incompressible steady flow
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Here r2 ¼ @2=@x2 þ @2=@y2 þ @2=@z2; furthermore x, y and z are the
spatial coordinates, u, v and w are the velocity components corre-
sponding to these coordinates, and P, m and q are the pressure, kine-
matic viscosity and fluid density. The fluid is single phase with
constant properties.

The temperature distribution inside the flow channels is found
by solving the energy equation

qcP u
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þw
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¼ kfr2T ð5Þ

where cP is the specific heat at constant pressure of the fluid, T is the
temperature, and kf is the fluid thermal conductivity. The continuity
of heat flux between the solid and fluid interfaces requires
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@T
@n
¼ kf

@T
@n

ð6Þ

where n is the vector normal to the fluid–solid interface. The tem-
perature distribution inside the solid is obtained by solvingr2T = 0.

The solid plate is isotropic with elastic deformations that are
small when compared with the dimensions D and H. There are
no volumetric forces such as weight or acceleration. With these
simplifications in mind, the momentum equations and generalized
Hooke’s law become
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where c is the Poisson ratio, a is the thermal expansion coefficient
and E is the elasticity modulus. The strain displacement relations
are
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where rx, ry and rz are the displacements.



Fig. 1. Circular plate with embedded radial cooling channels.
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Eqs. (1)–(4) are nondimensionalized by using D as the length
scale, and constructing dimensionless velocities in the form of
Reynolds numbers

ðex;ey;ez; enÞ ¼ ðx;y;z;nÞ=D; eu ¼ uD=m; ev ¼ vD=m; ew ¼wD=m ð14Þ

The dimensionless pressure difference is defined as [32,33]

eP ¼ ðP � PoutÞD2

lk
ð15Þ

where P, Pout, l and k are the local pressure, the outlet pressure, the
dynamic viscosity, and the thermal diffusivity of the fluid ðkf =qcPÞ.
The dimensionless temperature and continuity of the heat flux are
indicated by
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where Tref is the fluid inlet temperature and ek ¼ ks=kf . Eqs. (7)–(11)
are nondimensionalized by using D as the length scale for displace-
ments and coordinates, and Pm as the pressure scale for the stresses,
elasticity and mechanical load and by constructing the dimension-
less thermal expansion coefficient ea,
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where Pl = 105 N m�2 is the pressure applied uniformly from the
bottom of the plate. The dimensionless mass conservation and
momentum equations are
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where Pr is Prandtl number. The dimensionless energy equation is
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The dimensionless momentum equation and Hooke’s law for
the solid domain are
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The boundary conditions areerx;ery;erz ¼ 0 at x ¼ 0� D and y ¼ ð�D=2Þ � ðþD=2Þ and
z ¼ 0� H on the rim ð33Þ

ePl ¼ 1 and eq00 ¼ 1 at z ¼ 0 on the bottom surface ð34Þ

ePmax ¼ 107 � 108 and eP ref ¼ 0 ð35Þ



Fig. 3. The effect of the dimensionless thermal expansion coefficient on the peak
stress.

E. Cetkin et al. / International Journal of Heat and Mass Transfer 80 (2015) 858–864 861
3. Radial channels

Consider the geometry of Fig. 1, which has cooling channels of
one size (d1) connected to a distributing channel of diameter d0

and length Ld = 0.07D. The bifurcations are accompanied with the
Hess–Murray rule for laminar flow (problem 4.10 of Ref. [1])

d0=d1 ¼ g1=3 ð36Þ

where g is the number of the cooling channels connected to the dis-
tributing channel. The pressure difference between the inlet and
outlet is defined as [32,33].

Pmax ¼
ðPin � PrefÞD2

lk
ð37Þ

The outlet pressure (Pref) is 0, while Pmax is of order 107–108.
This Pmax range corresponds to laminar flow, i.e. Reynolds numbers
less than 2000 in all configurations. We also set ek ¼ 20, Pr = 6,
c = 0.33 and eE ¼ 2� 106. The thermal expansion coefficient ea var-
ied in the range 5 � 10�6–5 � 10�4.

The dimensionless mass, momentum and energy equations
were solved by using a finite element software [34]. The mesh
was refined after each solution, and the problem was solved again
to see whether the solution is mesh dependent. This was repeated
by doubling the number of mesh elements until the results of the
peak stress changed by less than 5%.

The effect of the number of the cooling channels on the peak
stress is shown in Fig. 2, where Vf = 0.03, Pmax = 108 and ea ¼ 10�4.
Three curves are shown: stress due to only mechanical load (bot-
tom), stress due to only thermal expansion (middle), and stress
due to mechanical load and thermal expansion (top). Fig. 2 shows
that thermal stresses decrease as the number of cooling channels
increase, and that the stress due to mechanical load slightly
decreases from N = 6 to 8 and then increases from N = 8 to 24.
Fig. 2 also shows that the superposition of mechanical and thermal
stresses would yield incorrect result when the structure is heated
and loaded mechanically, i.e. summation of the bottom and middle
curves does not yield the top curve in Fig. 2. The reason of that is
that the thermal expansion occurs in every direction, not only in
one direction. Fig. 2 shows that peak stress in the circular plate
becomes minimum when N = 8 and 20.

Fig. 3 shows how the peak stress varies relative to the dimen-
sionless thermal expansion coefficient ea when Vf = 0.03, Pmax = 108

and N = 12. The thermal stresses decrease as ea decreases, and
become negligibly small relative to the mechanical stresses. Belowea ¼ 10�5, the effect of thermal expansion can be neglected. This
result illustrates that the assumption of neglecting thermal
stresses is valid when ea ¼ 10�5 and ePl ¼ 1.
Fig. 2. The peak stress versus the number of radial cooling channels.
Fig. 4a and b show how the peak stress and peak temperature
change relative to the number of cooling channels and the volume
fraction, at Pmax = 108 and Pmax = 107, respectively. The peak stress
and peak temperature increase as N increases when the flow vol-
ume is 1% of the solid volume, Vf = 0.01. Fig. 4a shows that the peak
stress and the peak temperature decrease as N increases when
Vf = 0.03 and 0.05, Pmax = 108. Fig. 4b shows that the peak stress
and peak temperature increase as N increases for all three volume
fractions when Pmax = 107. The reason is that the coolant flow rate
is not large enough to remove heat from the plate when Pmax = 107

and Vf = 0.01. As Pmax and Vf increase, the peak temperature and
peak stress decrease, and after a certain level, increasing them does
not change the result noticeably. For example, increasing Vf from
0.03 to 0.05 when Pmax = 108 does not change the order of the peak
stress and peak temperature relative to increasing Vf from 0.01 to
0.03 in Fig. 4a.
4. Dendritic channels

Next, consider Fig. 5, in which has three cooling channels of size
(d2) are connected to a distributing channel of diameter d0 and
length Ld = 0.07D. The coolant enters from the center and is distrib-
uted through the first level of cooling channels of diameter d2. At a
junction, the channels bifurcate into two daughter channels of
diameter d3, which constitute the second level of cooling channels.
The bifurcations are sized according to the Hess–Murray rule for
laminar flow, cf. Eq. (36). The distance between outlet ports is
fixed. The ratio of the flow volume to the solid volume is fixed at
Vf = 0.03. The pressure difference between the inlet and outlet
ports is fixed at Pmax = 108, which corresponds to laminar flow
(Re < 2000) in all the cooling channels. The dimensionless thermal
expansion coefficient ea is fixed at 10�4.

Fig. 6a shows how the peak stress changes relative to the length
of the first level of channels, L1, when the dendritic cooling chan-
nels have six outlet ports. There are two families of curves in
Fig. 6a: the stress due to mechanical load (bottom) and the stress
due to mechanical load and thermal expansion (top). The figure
shows how the stress increases dramatically from the bottom
curve to top curve when ea ¼ 10�4. The peak stress relative to L1

seems as constant in Fig. 6a bottom curve, however, this is due
to the limits of the ordinate axis. Fig. 6a shows that the peak stress
becomes minimum and then maximum as L1 increases. The reason
of this behavior is because of the location on which peak stress
occurs varies as L1 increases. The peak stress is minimum when
L1 is equal to 0.15 with thermal expansion, and 0.3 without ther-
mal expansion.



Fig. 4. The peak stress and peak temperature versus the number of radial cooling channels.

Fig. 5. Tree-shaped design with one pairing level.

Fig. 6. The peak stress relative to the stem length L1.
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Similarly, Fig. 6b shows how the peak stress changes relative to
the length of the first-level channels when there are eight outlet
ports (i.e. four cooling channels of size d2 are connected to the dis-
tributing channel of diameter d0) and ea ¼ 10�4. The effect of the
design parameter, L1, becomes more significant in the presence
of thermal expansion, as shown by the top curve in Fig. 6b. The
peak stress increases as L1 increases, and after a maximum at
L1 = 0.15, it decreases. The minimum peak stress is achieved when
L1 = 0.3 with and without thermal expansion.

Fig. 7 summarizes the effect of thermal stresses on the peak
stress when a plate is heated and loaded mechanically. First, con-
sider a circular plate with diameter D and thickness Hs. This thick-
ness is selected such as that the volume of this solid plate is equal
to the vascularized plate when Vf = 0.03, and Hs < H. The solid plate
is subjected to mechanical load and heat flux as shown in Fig. 1.
This solid plate is in contact with a heat sink at the center of the
plate, and the heat sink surface area is selected as the area of the
main distributing channel of diameter d0 when N = 6 as shown in
Fig. 1. Fig. 7 also shows the peak stresses of the radial and dendritic
configurations. This figure has two parts: stress due to mechanical
load (bottom) and stress due to mechanical load and thermal



Fig. 7. The minimum peak stress versus design configuration: stresses due to
mechanical load and thermal expansion (top), and stresses due only to mechanical
load (bottom).
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expansion (top). The peak stress increases because of embedding
radial and dendritic designs, cf. Fig. 7 (bottom). Therefore, embed-
ding a vascular cooling network decreases the strength of a plate
when the thermal expansion effect is negligible, i.e. ea ¼ 10�5.
However, the peak stress decreases when the effect of thermal
expansion is considered, as shown in Fig. 7 (top). In addition, the
effect of vascularization dramatically decreases the peak stresses,
in addition to the peak temperatures. Changing the vascular cool-
ing channels from radial to dendritic decreases the peak tempera-
ture but the effect diminishes as the number of the cooling
channels increase, Fig. 7. In summary, embedding vascular cooling
channels in a plate heated and loaded mechanically decreases the
peak stress and peak temperature of the plate.

5. Conclusions

This paper showed that the thermal stresses and cooling perfor-
mance of a circular plate can be improved simultaneously by
embedding vascular cooling channels. The ratio of the flow volume
over the solid volume was fixed. We explored the merits of the
radial and dendritic cooling channels. We documented the config-
urations that performs the best for the given boundary conditions
and constraints. One result is that increasing the volume fraction
increases the mechanical strength and the cooling performance
when the effect of thermal expansion is not negligibly small in
comparison with the stresses due to the mechanical load. Mechan-
ical strength and cooling performance improve as the design
changes from radial to tree-shaped.

The chief conclusion is that when thermal stresses dominate
the stress field the mechanical strength and cooling performance
of a vascularized plate are significantly greater than in a solid plate
without cooling channels. The effect of thermal expansion on the
mechanical strength cannot be neglected when the dimensionless
thermal expansion coefficient ea is greater than 10�5. In addition, a
more uniform temperature distributions is achieved when vascu-
larization is used.
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