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Robust Control Design for Positioning of an Unactuated Surface Vessel

Baris Bidikli, Enver Tatlicioglu and Erkan Zergeroglu

Abstract—In this paper, a robust controller is designed to
achieve accurate positioning of an unactuated surface vessel
by using multiple unidirectional tugboats. After initially locat-
ing opposing tugboats to specific configurations, the control
problem is transformed into a second order system with an
uncertain non-symmetric input gain matrix. Upon applying
a matrix decomposition, a robust controller is proposed. De-
tailed stability analysis ensured asymptotic tracking. Numerical
simulation results demonstrate the efficiency of the proposed
controller.

I. INTRODUCTION

The positioning of large surface vessels like barges, plat-
forms and unactuated ships is considered as the marine
example of the swarm robotic applications. Since these types
of large vessels can not generate necessary position and
orientation control effort due to their low speed operation,
they are in need of assistance of multiple tugboats. As
a result of this, this objective is realized via a group of
tugboats that are strategically positioned along the vessel’s
hull. Manipulation with multiple tugboats can be seen as
a feasible solution for these type of applications. However,
the radio communication between all involved tugboats,
especially in human manipulated tugboats, affects the con-
trol performance dramatically. Although, the communication
performance is increased with advanced global positioning
systems, control of these type of systems is still a challenging
problem because of possible problems that may arise in
communication system during manipulation. As a natural
result of these, above mentioned marine control problem has
attracted attention of the control community.

In the last decade, different types of controller designs
have been proposed for these type of applications. In [1], ori-
entation tracking control of a unactuated vessel through the
utilization of a swarm of vehicles operating in a decentralized
fashion was achieved via presented robust control strategy.
In order to design this robust controller, the influence of
the other swarm vehicle was treated as a force disturbance
into the model dynamics. In [2], an exact model knowledge
position and orientation tracking controller was proposed for
an unactuated surface vessel. In [3], an adaptive position
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control strategy was designed without using the location of
the tugboats about the vessel hull. In this paper, the control
strategy was developed such that it does not require the
communicating of data between tugboats. Another adaptive
control strategy was presented in [4] that took the uncertainty
of system parameters into account. In [5], an optimization
based force/torque allocation was employed and compared
against a commutation based force/torque allocation strategy.
Recently, in [6] a position tracking control of ship berthing
with assistance of autonomous tugboats was provided by
using sliding mode control approach.

In this paper, a robust control design for a position tracking
of a large surface vessel manipulated by 6 autonomous
tugboats is presented. First, the dynamic model of a 3 degree
of freedom unactuated surface vessel manipulated by 6 uni-
directional tugboats is given. Upon specification of the initial
configurations of the uni-directional tugboats, the control is
considered to be performed by 3 bi-directional tugboats.
Next, the open-loop error system is obtained where an
uncertain input gain matrix, which includes uncertain inertia
matrix of the surface vessel and another uncertain matrix
that includes positions of tugboats, is obtained. A matrix
decomposition is applied to initialize the control design. A
robust controller, which does not require the configurations
of the 3 bi-directional tugboats, is then proposed. Detailed
stability analysis is presented where asymptotic tracking is
ensured. Numerical simulations are performed where the
positions and orientations of the tugboats are perturbed with
sinusoidal terms and satisfactory tracking performance is
obtained.

II. SYSTEM MODEL

The dynamic model of a 3 degree of freedom unactuated
vessel manipulated by six external tugboats can be written
as [71, (8], [9], [10]

Mg+ Dy, = F (D
T = Rv 2)

where F' = [F‘%,,Fy,MZ}T € R represents the total forces
and moments applied to the vessel and acting on the vessels
center of mass. The inertia matrix that includes such effects
as added mass is denoted by M, (v) € R3*3 and obtained
as [7]

My = Mgp + Ma 3

where Mpp () € R3*3 denotes the positive definite, sym-
metric rigid body part of the inertia matrix while the added
mass inertia matrix is represented by M4 (v) € R3*3. It
should be noted that M4 (v) is not necessarily symmetric

1071



that can result with an asymmetric M, (v) [7]. However, it
is assumed that this added mass term does not lead a rank
deficiency in M (v) [i.e., M (v) is full rank]. The matrix
D (v) € R3 contains drag, damping, and other parasitic
effects while = (t) = [z, (t),y, (t), ¥ (t)]" € R? represents
the composite inertial position (z,,y,) and heading 1) of the
vessel while body fixed linear and angular Vel%)city signals

are represented by v (t) = {u (), v(t), (t)l € R3. The
rotation matrix is denoted by R (¢) € SO (3) and defined
o cos(¢p) —sin(yp) 0
R(¢) = | sin(y) cos(y) 0 |. 4)
0 0 1

A. Force Decomposition and Commutation Strategy

It is assumed that, the unactuated vessel is moved via
thrust inputs that are provided from six tugboats in contact
with the vessel’s hull as shown in Figure 1. According to
this assumption F' is a result of the combined efforts that is
provided from six tugboats and expressed as

F=BU &)

where Uy (t) = [U1q, Uth, Una, Usp, Usq, usp] € RS denotes
a thrust input vector from six tugboats while the thrust
configuration is shown by B; € R3*6 is defined as

10 0 !
—1 0 0
B1 — CaQa Sa?a Ly2a0a2a - LIQ(LSQ2Q (6)
Ca2b Sa2b Ly2b0a2b - La:QbSoQb
Ca3a Sa3a *LyBaCa(}a + LZL‘3(LSOL3(1
Casv Sasvy  —Ly3Casp + LaspSasp

where Cy = cos (6), and Sy = sin (). The opposite tugboats
can then be placed as follows for utilizing the unidirectional
structure of tugboats

Qop = Qigq + T L:r2b = LzQa
A3p = Q3q — T Lm?)b = Lw3a

Ly2b = LyQa
Ly3b = Ly3a

(7

As a result of this, the force equation given in (5), the thrust
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Fig. 1. System description showing the vessel frames

input vector and the thrust configuration matrix defined in
same equation are obtained as

F=BU ®)

U () = [u1, uz, ug]' ©)
10 0 !

B = CaQa SaQa LyZaCona - LIQ(LSOLZ(I (10)
Ca3a SaSa _LyBaCa?)a + LzSaSoz?)a

by utilizing the fact that u; = u;q — usp, Vi = 1,2, 3.
Remark 1: Similar to [3] the tugboats are considered to
be placed according to the configurations in (6). In this study,
unlike [3] we consider the configurations in (6) are the initial
configurations and that they may vary as the motion starts.
This relaxes the static positioning assumption in [3] and is

a novel departure from the existing literature.

The main purpose of the subsequent sections is to design
U (t) appropriately to obtain satisfactory tracking perfor-
mance. The following commutation strategy can be applied
to U (t) to specify tugboat’s unidirectional thrust effects [11]

Uia = 5 (uq +/u? + 63) wip = 3 (_Ui +\/u? + 63)
(1D
where i = 1,2,3 and ¢y € R* denotes the control gain
selected to obtain non—zero w;; (t) values that prevents the
tugboats from losing contact with the vessel.

B. Open—Loop Operation

The time derivative of (2) is taken to obtain the following
compact representation of the system

&= Rv+ Ry (12)

which contains the time derivative of R (t) that can be
obtained as follows because of the structure of the rotation
matrix

R =RS; (13)

where S3 (w) € R3*3 is a skew—symmetric matrix defined

as
1

0
0. (14)
0

After substituting (13) into (12), the right hand side of (12)
can be re—arranged as

O_
Ss24¢ |1 0
0 0

i=-R(M;'Ds - Ssv) + RM;'BU (15)

where (1) was utilized. The more compact form of the model
is obtained as follows by rewriting the right—hand side of (15)

¥=h+GU (16)
where h (z,v) € R? and G (z,v) € R3*3 are defined as
—R(M;'D, — S3v)
RM;'B.

h
G

L
L

a7

Since G is a real matrix with non-zero leading principal
minors the following matrix decomposition is possible [12],
[13]

G = SDU, (18)
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where S (z,v) € R3*3 represents a symmetric positive
definite matrix while a diagonal matrix with entries being
+1 and a unity upper triangular matrix are denoted by
D e R3*3,and U, (z,v) € R3*3, respectively. As a result of
applying the above matrix decomposition to the models that
are available in the literature, D came out to be an identity
matrix. Despite this, the derivations given in this paper will
be presented for the general case where it is assumed that D
is available for control design (see [14] for the presendence
of this type assumption).
After taking the time derivative of (16), we obtain

=+ SDU,U (19)

where (16) and (18) are utilized and an auxiliary signal,
o (x,d,%) € R? is defined as

02 h+GG 1 (i—h). (20)

At this point, we would like to define the inverse of S as a
new matrix denoted by M (z,v) € R3*3. It is remarked that
M is symmetric and positive definite because of symmetric
and positive definite structure of S. In addition to this, the
following bounds are valid for M (z,v)

m x> < XTM (z,v)x <m(z,v)[[x]|* VxeR® 21

where m € R and m (z,v) € R are denoted a positive
bounding constant and a positive non—decreasing function,
respectively.

The following equation can be obtained by multiplying
both sides of (19) with M

M% = f+ DU,U
where f (z,#,%) £ My € R5.

(22)

III. ERROR SYSTEM DEVELOPMENT

Ensuring a good tracking performance for inertial po-
sitions and heading of the vessel for a given reference
trajectory and the boundedness of all signals under the
closed—loop operation constitute our main control objectives.
The control design is based on availability of x (¢) and % ()
(i.e., full-state feedback).

The output tracking error, e; (t) € R3, is defined as
follows to quantify the tracking control objective

(23)

A
e1=x9—T

where z4(t) € R? is a smooth reference trajectory that is

chosen in the sense that
zq(t)eC®and 2 (1) € £o0,i =0,1,2,3. (24

In order to eliminate the higher order time derivatives from
our Lyapunov-based stability analysis, the auxiliary error
signals, e (t) € R® and r (t) € R3 are defined as follows
(25
(26)

é1 + €1
€ +Tey

A
€y =
T =

where I' € R3*3 denotes a positive—definite, diagonal,
constant gain matrix. The following expression is obtained

by taking time derivative of (26) and multiplying the result
from left with M

M7= M (Fq+é +Té) — f—DUU  (27)

where (22), and the time derivatives (23) and (25) were
utilized. The right-hand side of (27) can be re—arranged as

1. )
M?'":—iMr—eg—DUuU—i—N (28)

where N (z,#,%, 24, T4, $q, Tq,t) € R3 is an auxiliary
function and defined as

N &M (Zq+é +Feg)—f+eg+§Mr. (29)

The auxiliary function N can be partitioned as a sum
of two newly defined auxiliary signals denoted by N (1),
N (t) € R3. These auxiliary signals are defined as

N & N

N £

(30)
€29

T=Tq,0=Tq,E=%q
N —N.

After substituting the above definitions, the final form of
open—loop error system can be obtained as follows by re—
arranging (28)

1. o~
Mi =~ Mr—e; = DUU+N+N.  (32)

IV. CONTROLLER FORMULATION

Motivated by the subsequent detailed stability analysis and
based on the open—loop error system in (32), the control input
U (t) is designed as

t
U=DK |es(t) —es(to) + F/ es (o) da} + DIT (33)
to
where the auxiliary signal IT () € R? is generated according
to the update law

IT () = CSgn (ey (t)) with II (tg) = 0s. (34)

In (33) and (34), K, C € R®*3 denote positive definite,
diagonal, constant gain matrices while a vector of zeros is
represented by 03 € R? and Sgn(-) € R? is the vector signum
function. The control gain is chosen as K = Is + k,l3 +
diag{k41,kaq2,0} where k,, kg1, kg2 € R are positive,
constant controller gains, the notation diag {-} represents a
diagonal matrix, and I3 € R®*3 is the standard identity
matrix. The following closed—loop error system is obtained
by substituting the time derivative of (34) into (32) and then
adding and subtracting DK (t)

1. ~ _
— §MT—€2—K’F+N+N

— D (U, - Is) DKr — DU,DCSgn (e5)

where the fact that DD = I3 was utilized.

Before presenting the accompanying stability analysis,
more detailed examination of the last two terms of (35) are
given. The D (U, — I3) DKr term can be rewritten as

My = (33)

Ay D
D (Uu — 13) DKr=| Ay | + | @y (36)
0 0
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where the auxiliary signals Aj (), Az (¢), @1 (¢), P2 () € R
are defined as

A 2 didokoU,, yro + didsksU,, jrs (37)
Ay 2 dodsksU,, 73 (38)
Oy 2 didokoUy, ,7o + didsksUy, jr3 (39)
Dy 2 dodzhksU,, 3 (40)

with the following definitions of U, , (t), Uy, (1),
Uuz,s (t)’ Uu1,2 (t)’ Uu1,3 (t)’ Uu2,3 (t) eR

r 7 A
UuiJ =

(41)
(42)

Uui,j |w=$d,i€=5ﬁd

Uui,j o Uuz‘,j

A
Uiy =

where Uy, ; (z,v) € R represent the entries of U, (z,v).
From (29), it can be seen that A, (¢) depends on k3, and
from (37) it is clear that, A (¢) depends on k3 and k5. From
(39) and (40) it can also seen that, ®; (¢) depends on k3 and
ko while @5 (t) depends on k3.

On the other hand, the following decomposition can be
applied to DU, DCSgn (e2) term

DU, DCSegn (¢5) = [¥7,0]" +© 43)

where two newly defined auxiliary signals denoted by
U (t) € R? and O (t) € R? have the following forms

[v7,0]"
o

D (U, — U,) DCSgn (e2)
DU,DCSgn (e3)

(44)
(45)

>l

where U, (24, 3a) = Uy|pezy i=i, € R3*3 is a function of
reference trajectory and its time derivative, and ¥; (¢) € R,
i=1,2and ©; (t) € R, i =1,2,3, are defined as

3
\I’i = dl Z dej(ﬂjui,ngn(egﬂ‘) (46)
J=i+1
3
@i = diZdequi‘ngn(eg)j). (47)
j=1

Remark 2: The following upper bounds can be developed
by utilizing the Mean Value Theorem [15]

|70
|5 0]

where pg (-), pij (1) € R are non-negative, globally in-
vertible, non—decreasing functions of their arguments, and
2 (t) € RY is defined as

IN

px (11D =] (48)

IN

pij (1=l 11zl (49)

T T

22l F T (50)

It can be seen from (30) and (41) that N () and Uui‘j (t)
can be upper bounded as [16]

[N (0)]

) i, D)
|Uu1] (t)| [

o (52)

Ui

INIA

where (y,, (g, € R are positive bounding constants.
Based on (37)—(46), (46), (47), following upper bounds can
be obtained for ¢ = 1,2

(Al < pas (20D N1l (53)
@] < Ca, 2 (54)
Wil < pw, (I20) ll=]l (55)

and the following upper—bound can also be obtained for ¢ =
1,2,3
19i] < e,

where (48)—(52) were utilized. From (56), it is clear that
I9]| < e is provided for some positive bounding constant
(o € R, and from (53)—(55), we obtain

[Ai] + 193] + [Ws] < pi ([|z]]) [|=]]

where p; (|z]]) € R i = 1,2, are non-negative, globally
invertible, non—decreasing functions satisfying

(56)

(57

After this point, we can continue with the Lyapunov—
based boundedness and convergence analysis of our robust
controller design.

V. STABILITY ANALYSIS

Proving the boundedness of the error signals under the
closed-loop operation by using Lyapunov-type stability
analysis is the first purpose of this section. Then, we will
present a lemma and obtain an upper bound for the integral
of the absolute values of the entries of the time derivative
of es (t) via this boundedness result. This upper bound will
be utilized in another lemma to prove the non—negativity
of a Lyapunov-like function. Finally, asymptotic stability of
the overall closed—loop system will be proven by using the
results of this lemma.

Theorem 1: (Boundedness proof) The controller in (33)
and (34) guarantee the boundedness of the error signals
in (23), (25) and (26) provided that the controller gains
kg1, kq2 and k, are chosen large enough compared to the
initial conditions of the system and the following condition
is satisfied for the mathematical model in (1) and (2),

1

)\min I)>~=

S

where Apin (T') is the minimum eigenvalue of the gain matrix
T.

(59)

Proof: The most general case of the proof is given
in Appendix A of [17]. The proof for the Theorem 1 can
be obtained by using 2 instead of n given in the mentioned
study. [ ]

Lemma 1: Provided that e, (t) and é5 (¢) are bounded, the
following expression for the upper bound of the integral of
the absolute value of the i—th entry of é5 (¢) i = 1,2,3 can
be obtained

t t
/ |é2’i (O’)| do S K1+ Ko / |62,i (U)‘ do + ‘62’1" (60)
to to
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where k1, k2 € R are some positive bounding constants.
Proof: Readers can refer to [18] for the proof. |
Remark 3: As a result of the fact that U, (¢) being unity
upper triangular, O (¢) in (45) can be rewritten as

© = (I3 + ) CSgn (e2) (61)

where Q(t) £ D (U, — I3) D € R¥*? is a strictly upper
triangular matrix. Since it is a function of the reference
trajectory and its time derivatives, its entries, denoted by
; ; (t) € R, are bounded in the sense that

where (o, ; € R are positive bounding constants.
Lemma 2 Consider the term
L&rT [N — (I3 + Q) CSgn (e2)] - (63)

Provided that the entries of the control gain matrix C are
chosen to satisfy

Cs > (a <1+F)
3

Cy 2> (CNQ + CQz,zC3) (1 + ";2)
2

(64)
(65)

Ci > (Cw, + 60,0 + (o, ,C8) (1 + ;i) (66)

where T; for s = 1,2, 3 denotes the i*"

I', then it can be concluded that

diagonal element of

t

[r@ir<a

to

(67)

where (1, € R is a positive bounding constant defined as

CL—MZ Z ¢, ;0 +/€12CN +ZC le2,i (to)]

1=1 j=1i41
(68)
Proof: Reader can refers to [18] for the proof. |
Theorem 2: (Asymptotic convergence proof) Given the
dynamic model in (1) and (2), the controller of (33) and (34)
ensures the tracking error signal e; (¢) converges to origin
asymptotically in the sense that

llex (£)|] = 0 as t — 400 (69)

provided that I" is chosen to satisfy (59), the entries of C'
are chosen to satisfy (64)—(66), and ky,, kq,1, kq,2 are chosen
large enough.

Proof: The most general case of the proof is given in
Appendix D of [17]. The proof for the Theorem 2 can be
obtained by using 2, 3, A1, A2, A3 and I instead of n, m,
A2, A3, A4 and « given in the mentioned study, respectively.

|

Remark 4: The entries of the control gain matrix C are
required to satisfy (64) which depends on the constant upper
bounds of uncertain system functions, and the entries of the
control gain matrix K are required to be chosen large enough
compared to the initial conditions of the system. While this

seems like a weakness of the controller, we will address this
issue by utilizing the self—tuning strategy that we recently
designed in [19] and [20] for the family of the controllers in
[16] as an add—on to adjust the entries of C' and K.

VI. SIMULATION RESULTS

The performance of the proposed robust controller was
demonstrated via numerical simulations. The ship model in
(1) was utilized with the following inertia matrix [8]

m+Xs 0 0
Ms(x)=1] 0 m—Yy mzg — Y5 . (70)
0 mzyg — Ny ng=mzg —Y;

In the above inertia matrix, constant terms Y; and [V, are
selected as
Y, =00, N, = 71)

to reflect the effects of added mass which result in a non
symmetric' inertia matrix. The detailed information about
the damping matrix Dy (v) can also be found in [8]. The
reference position of the vessel was given as

—-1.0

za(t) = [ 10sin(0.1¢) (m) 10cos(0.1¢) (m) —0.1¢ (rad) |”
(72)
with the initial positions z(0) = [0.3, 2.5, —%]|7 and the

initial velocities v(0) = 03. The control gains K and C
were obtained via a self-tuning strategy [19], [20] as

K = diag{168.2,112.3,107.2}, C = diag{3.2,6.4,2.3} (73)
and the other control gains I' and €y are selected as

T = diag{1,5}, ¢ = V5. (74)

In order to obtain a proper time—dependent nature for the
tugboats’ positions without losing their contact with vessel’s
hull, six tugboats were positioned at the following locations
with respect to the vessel’s center of mass.

L1, = (—0.5,0.1sin(t))

L1y, = (0.5, Olsm( )

Laq = (—0.25+4 0.5sin (t) , —0.145) (75)
Loy, = (—0.25 + 0.5sin (¢) ,0.145)

L3, = (0.1sin (¢),0.145)

L3, = (0.1sin (t), —0.145) .

The incident angle of each tugboat with respect to the hull
was selected as follows

a1 = (w/180) sin (),

a1 =7 — (w/180) sin (¢) ,
2o = /2 + (w/180) sin (¢) ,
Q2p = Otza (71'/180) sin( ) s
asq = 37/2 + (w/180) sin (¢) ,
asp = azq — m + (7/180) sin () .

(76)

The actual position tracking errors and the control inputs
are shown in Figures 2 and 3, respectively. From Figure 2 it
can be clearly seen that unactuated surface vessel tracked the
desired composite inertial positions and heading successfully
which means that our control objective was successfully met.

'In the other control approaches about this subject available in the
literature, especially in [3] which can be considered as the closest work
to ours, the inertia matrix was selected as a symmetric matrix (i.e. same
values were selected for the terms Y, and N;). In our study, this matrix
was selected in non symmetric form and we obtained satisfactory tracking
performance. This can be considered as an other important advantage of
our controller.
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VII. CONCLUSION

In this paper, a robust controller for an unactuated surface
vessel manipulated by autonomous tugboats was designed.
The controller was designed under the restriction that the dy-
namic model of the surface vessel is uncertain. Furthermore,
unlike the similar works in the literature, the surface vessel
was considered to be under the influence of added mass
effects which resulted in an asymmetric inertia matrix. The
control problem is further complicated by the lack of accurate
positions and orientations of tugboats. As a result of these
issues, the resulting open—loop error system had an uncertain
input gain matrix. A matrix decomposition method was
applied and a robust controller was designed. The stability
of the closed—loop system was investigated via detailed
Lyapunov—type tools where asymptotic tracking was proven.
Numerical simulations were performed where the positions
and the orientations of the tugboats were considered to be
disturbed by sinusoidal perturbations. Satisfactory tracking
performance was obtained.

The novelties of the proposed control design and the
accompanying stability analysis can be listed as:

o Different from the existing works on this application
asymmetric inertial added mass effects were considered
and dealt with.

« Positions and orientations of 6 unidirectional tugboats
were considered to be available initially and then they
were allowed to vary. This was demonstrated in the
numerical simulations and can be seen from (75) and
(76). It is noted that [3] did not allow positions and

orientations of the tugboats to vary.

o A self-tuning strategy [19], [20] was employed as an
add-on in the numerical simulations to ease the control
gain tuning process.

Future work will focus on designing an optimal version of
the proposed controller to optimize control efforts.
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