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Abstract. We represent the Benney system of dispersionless hydrodynamic equations as NLS
type infinite system of equations with quantum potential. We show that negative dispersive
deformation of this system is an integrable system including vector generalization of Resonant
NLS and 241 dimensional nonlocal Resonant NLS. We obtain bilinear form and soliton solutions
in these systems and find the resonant character of soliton interaction. Equivalent vector Broer-
Kaup system and non-local 241 dimensional nonlocal Broer-Kaup equation are constructed.

1. Introduction

Resonant interaction of solitons in KP-II system has attracted much attention recently. This type
of solitons can be constructed from the second and the third flow of the SL(2, R) AKNS hierarchy
[1]. The second flow represented by the Reaction-Diffusion (RD) equation has envelope soliton
form as the Resonant NLS (RNLS) equation [2]. The resonant interaction of envelope solitons
by creation and annihilation processes has been then studied in several nonlinear Schrodinger
type models of RNLS type [3]. As was shown in [4], any envelope soliton equation admits
the resonant counterpart. This process of recovering dispersion of integrable models from
the dispersionless equations always has the resonant option. In the present paper we study
dispersionless hydrodynamic system of Benney. Positive dispersive version of this system was
considered by Zakharov [5], and soliton solutions was found in [6]. Here we are going to study
the negative dispersion equation and resonant phenomena for it.

2. Benney system in the Schrodinger representation
The system of Benney equations
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as a descriptive of long shallow water waves has been reduced to an infinite system of two-
dimensional hydrodynamic equations [5]. Here the horizontal velocity u(z,§,t) is a function of
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layers in the z-direction, enumerated by parameter £ (0 < £ < 1) and the fluid surface shape is
h(z,t) . The Benney system (1), (2), (3) can be rewritten as nonlinear Schrodinger type wave
equation by the Madelung transform to complex wave function

Pl ,) = e " (4)
Then we get the NLS type infinite system of equations with the quantum potential(QPNLS)
, 1 1 Wlm
_ - _ 5
where .
h= [ e nPde (6)
This Madelung transform is some kind of complex Cole-Hopf transformation
W .
1— = u + v, 7
” (7)

where the imaginary part of complex velocity, v = (In /7)., sometimes is called the quantum
velocity. The Benney system rewritten in this wave form is the Hamiltonian system

oH 0 - . O0H
5t (z,6,1) = @(x7§,t)7 —aw(w,i,t) = S e 1) (8)
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2.0.1. Discrete layers In the special case, when the flow is divided into N layers,

N N
x{tzz 5(& — &) :>h:vt:z (10)

the Benney system reduces to a multicomponent (vector) hydrodynamic system. This system via

Madelung transform v = ,/nke_i S to N-complex wave functions ¢ (x, &, t) = Yg(z,t),
k=1,2,...,N, gives the vector NLS equation with quantum potential

1 amm a
Wy = Y5, <Z|¢b )W—J@L Y. (11)

2.0.2. Dispersive deformation and RNLS Tt is noted that in (5) the dispersion term and the
quantum potential term have equal but opposite sign strength. If this condition is broken then
we have more general system
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where i is deformation parameter. This system is a nonlocal 2+1-dimensional generalization of
the Resonant NLS equation [2]. For given v in (4) we can relate new wave function

X, €,1) = e e vl (14)

so that the system (12),(13) becomes the infinite system of NLS equations in 2+1 dimensions
with non-local self-interaction considered in [5]

2

. h b

For discrete set of parameter &, &, ...,&n the wave functions x*(z,t) = x(z, &, t) satisfy the
vector U (V) NLS equation, and for N — oo, the infinite component vector U(oo) NLS. Recently
in [6] this equation has been considered as nonlocal NLS in 241 dimensions with a domain of
integration as a whole real line, —oo < £ < oo, and the bilinear method of Hirota was applied
to solve it for N - soliton solutions localized in plane.

3. Negative dispersion and RNLS

Dispersive deformation described by system (12), (13) is not unique. Indeed the semiclassical
expansion of a solution is going in according to parameter i2. Analyticity of this expansion
implies that semiclassical series should be analytic in full disk in complex plane with radius #.
This poses intriguing question of behavior of this expansion inside of the disk. By replacing
h — ih then we get

|¢]ea
]

Sne = b — (14 1)

it =5

¥, (16)

where )
h= [l g 0P (17)

Both systems (12), (13) and (16), (17) correspond to dispersive Benney system with positive
and negative dispersions correspondingly:
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Positive dispersion case was treated in details in [5]. Here we are going to study the negative
dispersion case. We have several motivations for this.

The negative dispersion hydrodynamic system (18), (19), (20) for particular case n(x,&,t) =
n(z,t)5(§ — &) of one layer, and with h = 7, describes propagation of long magneto-acoustic
waves in cold plasma, moving across the magnetic field, in shallow water approximation [9],
[10]. Parameter i = 23 then is rescaling parameter for this approximation. Reaction-diffusion
form of this system has been derived from the Jackiw-Teitelboim model of low dimensional
gravity [11], [12], [2]. It has subsequently been derived in plasma physics and an auto-Bécklund
transformation was constructed in that context in [8]. The resonant NLS equation as a
theoretical capillarity model was discussed in [7]. In addition, it turns out that a wide class
of NLS equations with underlying Hamiltonian structure may be reduced to consideration of the
resonant NLS equation [3].
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4. Nonlocal Reaction-Diffusion System

The negative dispersion system (16), (17), can not be reduced to NLS equation and solvability
of the model is not evident. However, if instead of Madelung transform (4), we introduce the
couple of real functions,

et (@, t) = e ] 1 e (a6t = et v (21)

then the system (18), (19), (20) for negative dispersion case can be rewritten as the couple of
nonlocal reaction-diffusion equations

1

ef = Eejx—l—heﬂ (22)
1

—e, = Ee;;t—i—he_, (23)
b

ho= / ete de. (24)

When integration domain is given by the set of discrete points, for ei(:r, &ayt) = ex(a) (x,t) we
are getting the vector reaction-diffusion system
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4.1. Linear Problem
The linear problem in Dirac’s notations is

O, =Ud, & =V, (27)
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where

Compatibility condition for this linear system is equivalent to general vector form of the
Reaction-Diffusion (RD) system of equations

1
lej >= §|e;rx>—|—<e_|e+> let >, (31)
1 o
—<et]:§<em\+<e]e ><e|. (32)
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Here most general real symmetric bilinear form is mixture of discrete and continuous spectrum

of &:
<l 2= Y e (a0 + [ (@6 e 6 1) de

corresponding to the unit identity

b
Slen <l + [l de <=1,
n a
and giving the vector discrete-continuous system of RD equations.
4.2. Conserved quantities

The mass distribution density along & direction, u(§) = dM/dE, so that dM = u(€)dE, is
conserved quantity for arbitrary &:

u(€) = /OO drete. (33)
Hence the total mass b b 0o
Mo [ = [ [ doere &

is conserved as well. Conserved quantities are also the total momentum and the Hamiltonian
function respectively

P = /b d¢ /jo dz (eTe; —efe), (35)

H = ;/_o:o dx [/abdfe;ex — (/abd§e+e>2] . (36)

4.8. Hamiltonian structure

0H 0H

+ _ - _
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or by Poisson bracket
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ef ={H,e"}, e ={H,e"}. (39)

5. Bilinear Form
For discrete spectrum of £ we have the vector RD system
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where < &,let >= e} (z,t), < e”|§, >= e, (z,t). For continuous case we have the nonlocal
reaction-diffusion system

ef = el +het, (42)

—e;, = ey, +he, (43)
b

h = / ete de. (44)

were for convenience to compare with RNLS we drop coefficient 1/2 in front of dispersion. Here
< Llet >= et (z,6,1), < e |€ >= e (z,&,t). In addition, to treat most general situation we
consider integration domain between points a and b, so that in particular case a = 0, b = 1
we recover the original structure of Benney system. Moreover, for improper integral a — —oo,
b — oo, we have 2+1 dimensional nonlocal problem similar to the one considered in [6].

We represent two real functions e®(z, &, ) in terms of three real functions

_gt@ &) _ g (x,61)
SR (20 R K Y )
Then substituting it to the above system (42)-(44) gives bilinear equations
(D = Dy)(g* - f) =0, (46)
(De+ D7) (g™ - f) =0, (47)
b
DS = [ gty de (18)

We have following particular cases of this bilinear form. When g* and g~ are independent of £
the system reduces to the one considered in [2]. If integration region contains only the discrete
set of points we have bilinear form for the vector reaction-diffusion system (25), (26)

(D — D) (g - f) =0, (49)
(De+ D3)(g~ @ - f) =0, (50)
DA(f-f)=> g @g=. (51)
a=1
where a = 1, ...,n and
) (a, 1) g~ (z,1)
et (g ) =L D0 @)y gy = LD 52
0= 0= %)
From (48) by dividing on f? we have identity
b
| et e (6 de = 20n ) (53)
For the scalar case it gives
et (z,t)e (x,t) = 2(In f) (54)
and for the vector case .
Z et@ (x,t) e~ (@) (z,t) =2(In f)zq- (55)
a=1



Physics and Mathematics of Nonlinear Phenomena 2013 (PMNP2013) IOP Publishing
Journal of Physics: Conference Series 482 (2014) 012026 doi:10.1088/1742-6596/482/1/012026

5.1. One Soliton Solution
By Hirota perturbation ¢* = egfE + 63g§E +oy f=1+fo+etfy+ ... we get one dissipaton
solution

4 e +ny b _
gli = af(f) e, f=1+ W/ af ay dg, (56)
1 1 a

where 7 = kx4 (k)% + nli(o). We notice that constants nli(o) can be absorbed to functions
ali(f), but for comparison our results with RNLS case it would be convenient to use it in the
above form. Then particular choice of ali(f) = 1 gives reduction to the RNLS case. For one
dissipaton solution we have
g el =(£) e
a e a e
€+ — 1 (5) e = 1 (5) (57)

1+(k++k 2f 1a1d§ 1+(k++k 2f 10/1d§

with N N )
_ k -
64’6* — al (g)a’l (6) ( +1 _|: 1 ) 1 , (58)
4v11 COSh2 Ny 1y +(§11+ n-yii

where v1; = f aj (€)ay (€)d¢ and et = (ki + k7)~2. In terms of amplitude and velocity

k +ki
variables k = <57 v = ki — ki, we have soliton

+ - ai_(f)al_ (6) k2 (59)

e = )
71 cosh? k(x — vt — x)

where z¢g = —(¢11 + Inv11)/2k.

5.1.1. Scalar Dissipaton In particular case when aic are independent of £, we can choose

af =1 — 11 = 1, and we get one soliton solution of RNLS [2].

5.1.2. Vector Dissipaton For N discrete values of parameter &: &1, ..., &y we have solution

i t) =i e, (a=1....N), (90)
67]1 +ny +(a —(a)
=1 v m e QZIQ ’ o

where ali(a) = aF (&), (a=1,...,n). It gives the vector dissipaton

+
ai‘:(a) e

et = o : (62)
ny N +(b) —(b
1+ (k+1+kl DA 1a1( )al()
with soliton shape of the partial mass density
+(a) —(a) 2
@) =) _ 01 "0 k (63)

Y11 cosh? k(x — vt — xg)’

where xg = —(¢11 +In 3> af(a)al_(a))/Qk, M= Dogei af(a)al_(a) and the soliton shape of the
total mass density
n ki2
Z et(@e(a) = 5 . (64)
cosh” k(x — vt — xo)
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5.2. Two Soliton Solution
Continuing Hirota’s perturbation we have two dissipaton solution

gt = af (©)e" +af(€)e
_'_(ki‘r _ kéi-) [ ar(E)nyl ;_( )’Yll ] enfr—f—n;-i—n;

k()2 kg (k{D)?
+(k — k) [ ai (€)y22 ay (€)12 ] 6772++n;+n1+’ )

Ry (kyy )* kg (ki )?

g~ =ay(§e™ +ay(€)e

— iy e e ay ()1 | ot an s
Hk—k)[{ L et i
R e k?fz (ki1 )?

and
ol e 15 e +ny e
f=1+m-7—3 ) + 712 e + 721 )2 + 722 Gk
N (ki ks — kﬁ_k;f)(_”nﬂ_mkl_l k;_“{ — y1y22kiy ko) oy s Ay (67)
(kiy kiy gy kg ) ’
where nli k-ix + (kii)Qt + nii(o), and constants k:;; =k + ki, 4,7 = 1,2 and v;; =
JJaf (©)a; ( ) dg.
If a = 0, we have reduction to the reaction-diffusion system and the above two-dissipaton

solution reduces to the one obtained in [2]. But as was shown in that paper, interaction of
two dissipatons has resonant character. This is why now we can describe the resonant soliton
dynamics for the 2+1 dimensional model in the continuous case, and for vector RNLS in the
discrete case. For vector reductlon in above formulas we substitute a:(¢,) = ai(a), (1=1,2),

+(@) (@)

(a=1,..,n), and v;; = > 0_ a; a;

6. Soliton as non-relativistic particle
For one soliton solution (57) we have the mass density

ai (&)ay (€
() = Ty (68)
71
and the momentum density
m(&) = (&) v, (69)
where 7(§) = dP/d§ and dP = 7(£)d¢. The total mass and total momentum of the soliton are
M=2lk|, P=Mu. (70)
Then for energy ¥ = —4H of one soliton we have
Mv? 1
E=—"" 4 -M> (71)

2 6
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6.0.1. Resonance conditions The positive rest energy of soliton Ey = %M 3 is the reason why
the resonant soliton behavior takes place for this system. Decay of a soliton at rest on the
pair of solitons with positive energies is allowed only if the rest energy is positive. Due to
inequality ¢ M3 = (M + My)3® > LM} + 2 M3 it allows creation of two solitons. The first three
conservation laws for the decaying process are

M=M+M,, P=P+P, FEF=F + Es. (72)

By substituting asymptotic form of created solitons, we find that the defect of mass vanishes
AM = M —(M;+ Ms) = 0 and velocity of the decaying soliton is just the center-of-mass velocity
v = (Mjv1 + Mave) /(M + Ms). From energy conservation law we find resonance constraint on
velocities as

|U1 — U2| = My + Ms. (73)
As an example, let us illustrate decay of soliton in a rest to two solitons. Then ve = —v; My /M,
and v? = M2, v3 = M?. In particular case of equal solitons |v1| = |va|, M1 = My it gives

ki = ki and k; = k5 . It is easy to see that under this constraint the last term in (67) vanishes
and two soliton solution reduces to the one soliton.

7. Distribution in ¢ direction

Functions an(f) are arbitrary integrable functions determining the mass distribution density
p(€) along the ¢ direction according to (33). By choosing these functions we have different
situations. If for one soliton solution (68) we consider the discrete set of mass distribution

N
w(€) =D ued (€ — &), (74)
k=1

then one soliton solution becomes vector soliton. We can also describe continuous and localized
distribution of soliton mass by considering delta sequence 9,,(), lim, o0 6, (&) = 0(&):

b
[ on©de =1, (75)
Below we list some examples (with o = const., (a,b) = (—00,00)):
O =l o = ()
e — — _ .
Ty coshn& " 2 cosh? n¢’
+_ n ! _n_ 1

no _, no _,
af = /’mﬁe 256 = e e (78)

For the set of solutions localized in £ direction we can take also superposition of these
distributions. Since the mass density u(&) is conserved quantity, the mass distribution will
not change with time. However, as we have seen above, only total momentum and energy are
conserved. So it opens possibility to have momentum and energy exchange between localized
distributions in ¢ direction. For discrete distribution it would leads to the exchange between
vector soliton components. Combination of this phenomena with resonant character of soliton
interaction in our model promises quite interesting structure and is under investigation.
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8. Non-Madelung Fluid Form

In addition to the Madelung fluid representation (18), (19), (20) the system (42)-(44) can be

rewritten in terms of another hydrodynamical variables. The density of fluid is the same
p(z,&,t) =eFe, (79)

but the velocity field called the drift velocity is derived by the Cole-Hopf type formula

et
v(x, &, t) = e—i. (80)
In terms of these variables we have nonlocal 241 dimensional version of the Broer-Kaup system
vy = (vg + 0% 4+ Ry, (81)
pt 4 prz = (pV)a, (82)
h— / " e, (83)
a

Dispersionless limit of this hydrodynamic system is the Benney system (1), (2), (3). Moreover,
in particular case when p is independent of £ |, so that h(z,t) = p(x,t), the system reduces to
the Broer-Kaup system
U = (Ua: + v? + p)ma (84)
pt + Prz = (PV)z- (85)
For one soliton solution, velocity
ki*‘ _ kl_eflf'+771_+¢11+1n711

— (lnet).. =
v ( ne )a: 1+ enf+ﬁf+¢11+lnv11 (86)

is shock-soliton

v = 7g—ktanhk‘($—vt7$o), (87)
with soliton profile for the density
+ — 2
ay (§ay (§) k
L) = . 88
pla;&:1) Y11 cosh? k(x — vt — x) (88)

By choosing proper distribution in & direction we can localize this soliton in (z,£) plane.
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