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Nonlinear Adaptive Partial State Feedback Trajectory Tracking Control of
Tendon Driven Robot Manipulators
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Abstract—1In this work, the link position tracking control
problem of a tendon driven robotic system is studied in
the presence of parametric uncertainty and lack of velocity
measurements both of links and actuators. A partial state
feedback nonlinear adaptive controller is proposed to deal
with the unmeasurable states and uncertain dynamical system
parameters. A backstepping approach has been utilized to
develop the control strategy. The proposed nonlinear tracking
controller utilizes online update laws to adapt for parametric
uncertainties, and requires only link and actuator position
measurements and tendon tension measurements. Need for link
velocity measurements are eliminated by using a nonlinear filter,
and a set of linear filters is designed to estimate the actuator
velocities. Lyapunov based arguments have been applied to
prove the stability of the closed-loop system and semi-global
asymptotic link position tracking is achieved.

I. INTRODUCTION

Separating the actuators from the links of the robot and
actuating each joint remotely would decrease the link size,
mass and inertia of the robot manipulator. As this might
become a key point in light weighted, agile robot design,
a significant amount of research has focused on remotely
actuating robotic systems. Among other remote power trans-
mitting methods, the use of tendon transmission systems
present less noisy, clean, and shock absorbent characteristics.
Therefore, tendon driven mechanisms have been used in
many robotic applications. To name some; [1], [2], [3] can be
given as examples to small size applications such as robotic
hands, and [4], [5], [6] are some examples for large size
manipulators. The use of tendon driven actuation is more
popular in dexterous hands [2], [3], [7] as the resultant task
space motion in robotic hand design usuually does not need
to be accurate. For applications where the main performance
criteria is to accurately track a desired task space trajectory,
the use of tendon driven mechanisms are limited which is
mostly due to the elastic nature of the tendons where accurate
position control and trajectory tracking becomes difficult.
And in most model based controllers, it is necessary to
include the elastic tendon dynamics to the system model,
however, with this inclusion, the control problem becomes
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more complicated due to the extra dynamics and hence
possible extra uncertainties [5].

Some part of past research has focused on designing
controller for tendon driven systems. For some background
on tendon driven robot manipulators and classical linear
control approaches on tendon driven systems, the reader is
referred to [8], [9], and the references therein. Controller
formulations including system dynamics are limited in the
literature. In [5], Kobayashi and Ozawa presented an adaptive
neural network based controller for tendon driven robotic
mechanisms with elastic tendons. In [10], Nakayama and
Fujimoto tackled the tracking control of tendon driven robots
by applying the delayed reflexive force feedback. In [11] and
[12], Haiya et al. proposed controllers for multiple degree—
of—freedom (dof) tendon mechanisms using nonlinear springs
with hysteresis characteristics like stiffness adjustable ten-
dons. For the proposed controllers, error of the equation
of spring was estimated by a disturbance observer and
compensated by utilizing the estimated disturbance. In [13],
Wimbock et al. proposed an application of the Immersion
and Invariance type framework to tendon driven systems
with variable stiffness. Among the above cited work, the
only work that considered the uncertainties in the system
dynamics was given in [5], however the proposed adaptive
controller required the measurement of the second and third
time derivatives of link position measurements (see assump-
tion (2) of [5]) which are usually not available.

In this study, we design a nonlinear model based partial
state feedback adaptive controller for tendon driven robot
manipulators that does not require neither acceleration mea-
surements nor velocity measurements. The proposed con-
troller only requires link and actuator position measurements
and tension measurements of each tendons. Specifically, the
proposed semi—global adaptive partial state feedback trajec-
tory tracking controller deals with parametric uncertainties
via three different parameter update rules. The need for link
velocity measurements are eliminated by utilizing a nonlinear
link velocity filter during the error system development,
and the lack of actuator velocity measurements have been
overcome with the help of a set of linear filters. Adding the
dynamics of the power transmission system and consider-
ing tendon elasticity yield a complicated dynamic model,
and the resulting system dynamics mandates the use the
backstepping technique twice. After fusing the backstepping
design procedure with Lyapunov—type analysis tools, we
design the auxiliary backstepping control inputs, and the
control input applied to the actuators. The stability analysis
ensures boundedness of all the signals under the closed—loop



operation, and semi—global asymptotic tracking of the link
position error.

The rest of this work is organized in the following manner.
The dynamical model of tendon driven manipulators along
with the controller formulation is presented in Section II.
Stability analysis of the closed-loop system is given in
Section III. Concluding remarks are given in Section IV.

II. SYSTEM DYNAMICS AND CONTROLLER
FORMULATION

The dynamics of n—dof robot manipulator driven by an
m—tendon mechanism is considered to have the following
form [5]

M(q)§+ Vi(a,9)q + Fag+ Gla) = =J (@) f:(1) (D)
JO+ B0+ Rof: (1) = 74 (2)
[=J;(q)q+ R0 3)

where ¢ (t), ¢(t), ¢(t) € R™ represent the link position,
velocity and acceleration vectors, respectively, 6 (¢), é(t),
6 (t) € R™ represents the actuator position, velocity and
acceleration vectors, respectively, [ (¢), [ (t) € R™ are the
tendon expansion vector and its time derivative, M (q) €
R™*™ denotes the link inertia effects, V,,(g,¢) € R™*"™ rep-
resents the centripetal-Coriolis effects, G(gq) € R™ denotes
the gravitational terms related to the robot, Fy € R™*™
is the constant diagonal link viscous friction matrix, J,
B € R™*™ are the diagonal actuator inertia and viscous
friction matrices, respectively, R, € R™*™ is the diagonal
matrix containing the radius of pulleys mounted on each
actuator, J;(q) € R™*™ is the Jacobian matrix that maps
the joint space to the tendon expansion space, f: () € R™
is the vector of tendon tensile forces generated by the tendon
expansions, and finally 7, (¢) € R™ is the control input
vector applied the actuators.

The control objective is to design a link position tracking
controller for the tendon driven robot manipulator model
given by (1)—(3) under the restrictive constraint that the
dynamical system parameters of (1) are uncertain, and veloc-
ity measurements of both robot links and actuators are not
available. Specifically, the controller should ensure the robot
links to asymptotically follow a desired trajectory despite
the uncertain robot model parameters, and lack of link and
actuator velocity measurements.

In order to quantify the tracking control objective, we
define the link position tracking error e(t) € R™ as follows

“4)

where it is assumed that the desired link position signal ¢ (%)
and its time derivatives are sufficiently smooth and bounded
functions of time. We define a filtered tracking error like
term 7)(t) € R™ as follows

A
€=4dd —¢q

(&)

where a1, as € R are positive constant filter gains, and
ef(t) € R™ is an auxiliary filter variable having the following

néé+ale—|—agef
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dynamic expression
(6)

where a3 € R is a positive constant filter gain and k£ € R is
a positive constant control gain.

After taking the time derivative of (5), pre-multiplying
both sides by M (q), substituting (1), (5) and (6), adding and
subtracting Yy¢, and V,,, (g, ¢)n to the right hand-side of the
resulting equation, we can obtain the following expression

M(q)i = —Vi(g, @)n+Yadr —azkM(q)n+JT (q) fo (1) +x
(7)

ér = —agey + age — kn , ef(O) = Omx1

where x () € R™ is an auxiliary signal defined as

M(q)Ga + Vin(q, 4a)da + Fag + G(q)

~Yapr + a1 M(q) (n — e — azey)
+asM(q) (—aser + age)

—Vin(4,m) (da + are + azey)

+Vin(q, 4a) (1€ + azey)

+Vin(q, 4a + are + azey) (are + asey) . (8)

(1>

X

At this stage we would like to point out that
IxIl < p(ll]]) ] ©)

where p(-) is a positive scalar bounding function, and x(t) €
R3" is defined as follows

T T

2T e gT)" (10)

In order to initiate the first backstepping procedure, we
introduce an auxiliary error term, denoted by 7s(¢t) € R™,
to reach the tendon dynamics, which is defined as

ny = fill) = fa (11)
where f4(t) € R™ is an auxiliary control input. After adding
and subtracting .J]" (q) f4 (t) to the right-hand side of (7), we
obtain the following

M(q)7 —Vin(a,4)n + Yag, — axkM(q)n
+x + J5 (@ng + T} () fa-

Based on the open—loop robot dynamics given in (12), and
motivated by the subsequent stability analysis, we design the
auxiliary control input f; (t) as

fu= @) { Vb + ks — Ko}

(12)

(13)
where K; € R is a positive scalar gain, [J]T(q)]Jr =
Ji(q) [JjT(q)Jj(q)]71 € R™*™ is the pseudo inverse of
JJT(q), and ¢, (t) € RP is the estimate of ¢, updated via
the following

o =TY] (14)

where I' € RP*P is a positive definite, constant, diagonal
adaptation gain matrix. From (14), it is clear that the right—
hand side depends on 7 (t) which is not available. Subse-
quently, we will provide an implementable (i.e., link velocity
independent) form. The control gain k is chosen as

1
k= [1+ kn1p?(||2]])]

15)



with k,; being a positive constant nonlinear damping gain.
Substituting (13) into (12) yields the closed—loop dynamics
to be obtained as follows

M(q)n

~Vin(q,@)n + Yadr — a2k M (q)n
+X + J} (@)nf + kKsep — Kse  (16)
where ¢, (t) € RP is the parameter estimation error and
defined as

(&T é(br_qgr-

Remark 1: Note that, although the control input in (13)
depends on ey (t) (which obviously requires link velocity
measurements), we can construct an implementable (i.e., link
velocity independent) form of the auxiliary control input
fa (t). To construct the link velocity independent version of
the filter given by (6), we insert (5) into (6) to reach the
following expression

A7)

éf = —ké+ (a2 — kar)e — (ag + ko) ey. (18)

We now define, an auxiliary signal, denoted by w (t) € R™,
as

w = es+ ke (19)
whose time derivative can be obtained as
W= (g —kay) e — (ag + kaz) (w — ke) (20)

where (18) and (19) were utilized. From (20), it is clear that
w (t) can be obtained from link position measurements only,
and thus from (19), one can obtain an implementable form
of ey (t). After this, the implementable form of (14) is given
as

b = T [ V@) (e (o) + oy (o)) do
+TY] (t)e(t) —TY,] (0)e(0)

t
+T / Y. (0)e(0)do. 1)

0
The control problem was further complicated by the un-
availability of the actuator velocity information. To overcome
the lack of the actuator velocity measurements, we present
the development of a set of linear filters. From the actuator

dynamics given in (2), we obtain the following expression

§=J1 [Ta — Bl — R.f; (1)} . 22)
To write the actuator dynamics in a state space form, we

define a new vector r(¢) € R*™ and auxiliary state variables
r1(t), ro(t) € R™ as follows
s ]

-

Taking the time derivative of r5(t) and then substituting (22)
and (23), we obtain

0
1+ JﬁlBTl

1
T2

(23)

Fo 2 Ty — T Rafi (). (24)
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The actuator dynamics can be written in the following state
Om x1

space form
:| 7’1+A1 |:0 :|+A2 |:ft (l):| + |:3m1x7}j
(25)

where k¢, ky, € R are constant positive filter gains, Ao,
Ay, Ay € R™*™ are Hurwitz matrices, and are defined as
[17]

k?fllm 1

kf2Im

mx1

= AOT+[

[—ky, I I
A A fidm m
0 __kfg-[m Omxm:|
(=T !B Omxm
A 2 - J'fl B} (26)
~J'R, 0
S a mxXm
A2 o L Omxm JlRa:| '

Based on the above dynamics, the following linear, actuator
velocity independent filters are designed [18], [19]

) ke Ln T
€0 = Aoeo + k:;ll rog02 [eh Eho]

2+m
. T
&1 = Ape1 + n €1 = [5?1 5{2]

Om><1

0 . 27
éQ = A0€2 + ft (Z) €2 = I:Egl 5%2]
. O,
Vo = Agug + ! Vo = [U(Z)q 'U(?Q}T

a

where €01 (t), €02 (t), €11 (t), €12 (t), €21 (t), €22 (t), Vo1 (t),
vo2 (t) € R™ and thus &g (t), &1 (t), €2 (t), vo (t) € R>™.
Based on the structure of the filters, state estimator for r(t),
denoted by #(t) € R?™, is designed in the following manner

-1
Ommm

N J
T =¢go+ A1e1 + Ageq + [ g1

Omxm

:| 0. (28)

The state estimation error, denoted by 7 (¢) € R2?™ is defined
as follows

A
T = L.:J = T. 29)
where substituting (28) yields
T1| _ |m1— o1+ J1 (Be11 + Rag21 — vo1) (30)
) ro — o2 + J 1 (Beia + Racaa — 02)

We can now obtain d (¢) by computing 7 (¢) from (30) and
substituting in (23) as

0 =7y+eoa—J ' B(e12 +0)—J ' Ragaa+J Mgz (31)

To analyze the stability of the filter, we take the time
derivative of (29) and obtain the following estimation error
dynamics

J—l

Oma:m

Omxm

?:f—éO—Alél—Aze‘ﬁ[ o

} vy (32)
where the time derivative of (28) was utilized. Substituting
(25) and the set of linear filters in (27) into (32), it is easy
to obtain

F = Agf. (33)



From the robot link control law given by (13), it is clear
that we need to investigate the stability of 7y (t) as well.
Taking the time derivative of (11) yields

f’g;” (73 (@) + Rof)

+ S A . )
- [JJT(qﬂ {_Yd¢r - Yd¢r + kKsef - Kse}
d
dt
In the last line of the above expression, from the time
derivative of the pseudo inverse of the Jacobian matrix, the
time derivative of joint position vector and thus the auxiliary

error signal 7 (¢) shows up. In view of this, the last line can
be rewritten as

[T (@) {—Ydéﬁr + kK.ep — Kse} . (34

(Q)]Jr} {_Yd(z)r + kK ep — Kse}

t) + \IIQ (67 €f t)ﬂ (35)

where Wy(e,ef,t) € R™ and Uy(e,ef,t) € R™*™ are
known and available functions. After pre—multiplying both
sides of (34) with J and then making use of (5), (6), (14),
(31), (35), we can obtain

afi(l)

J’f]f = W1¢1*J9177+J ol Rafg
Of(l
+ J:;l( )Ra (vo2 — Rae22) (36)

where W1(6,€f7l,€02,€12,q?),t) € R™*P1 is a known and
available regressor matrix and ¢; € RP' is an unknown
constant parameter vector, and both are obtained from

af(l
Wigpr = J J;l( )Jj (q) (4a + ane + azey) (37)
+J8ft(l) Ra (E(]Q — J_lB (512 + 9))

ol
—J [JjT(q)]+ {—Ydé + kK, (—azes + agze)
—K, (—aie —agep)} — J¥y.

In (36), the auxiliary matrix (e, es,t) € R™*™, which
includes known and measurable terms, is defined as

afi(l) T
ol i

A
0= E

Ji (@)—|
(38)

In order to backstep one more time, we define a new
auxiliary error signal, denoted by 7, (t) € R™, as
nL(t) £ voz — ur, (39

where ur,(t) € R™ is an auxiliary input like term. Utilizing

of(l
(39), and adding and subtracting J;;l( )RauL (t) to the
right-hand side of (36) results in
of:(l .
Jnp = Wigr +Jun+J g; )RaT2
of:(l
+ Jul )Ra (up +np — Ragz).  (40)

ol

@] (YaIY] + KK, + K,)+0s.
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From the subsequent stability analysis, we design the auxil-
iary input wuy, (t) in the following manner

af(l)
where the auxiliary variable A(l) € R™*™ is defined as

2
Ra<€22

(41)

uL:A<—Kf77f—W1(£1+ al

af() 17"
A2 R, 42
[ 5 42)
and Ky € R is a control gain designed as
Ky = ky+kaod? |5 + kas T 1Al
2
Hhina |7 (@) (43)

where k¢ € R is a constant control gain, k2, kn3, kna € R
are constant scalar nonlinear damping gains, and .J is the
upper bound of actuators inertia matrix. In (41), ¢y () € R
is the estimate of the unknown parameter vector ¢;, and is
updated according to

¢ =Dy W i, (44)

with T'; € RP'*P1 being a positive definite, constant,
diagonal, adaptation gain matrix. After substituting (41) into
(40), closed—loop dynamics for n; (t) can be obtained as

afe(l) afe(l)
ol ol

R+

RanL
: (45)
where ¢4 (t) € RP? is the parameter estimation error vector
and is defined as

Jny = —Kfnf+W1<l~51+JQm+J

b1 2 P — 1.

We continue the control design by investigating the dy-
namics of 7y, (¢). We take the time derivative of (39), and
then substitute (3), (5), (14), (27), (31), (36), and after some
straightforward mathematical manipulations, we obtain

(46)

7.7L =0y + W2¢2 + 937] + Qu7y + Ta “47)

where W5 () € R™*P2 is an available regressor matrix,
¢ € RP2 includes unknown system parameters, 5 () €
R™, Q3 () € R™*™, Qu(-) € R™*™ are auxiliary terms
that include known and available signals. According to the
subsequent stability analysis, we design the actuator control
input as follows

- [or) 1"
To = —Kpnp — Qo — Wags — { J;t; )Ra:| ny  (48)
with K, € R being a control gain designed as
Kp =k + ks Q17 + Ene 192415 (49)

where k7, € R is a constant control gain, k5, ks € R are
constant scalar nonlinear damping gains, and (132 (t) € RP2
is the estimate of the uncertain parameter vector ¢o which
is designed to be updated as follows

bo =ToaWing (50)



with T's € RP2*P2 being a positive definite, constant,
diagonal, adaptation gain matrix. After substituting (48) into
(47), the closed-loop dynamics for )z, (¢) can be obtained as

8ﬂ@R4TW

ol
N 61V
where ¢g (t) € RP2 is the parameter estimation error vector
and defined as

L = —Kinp + Wads + Qan + Quia — [

b2 2 by — Po.

III. STABILITY ANALYSIS

(52)

In this section, the stability of the closed—loop system will
be investigated by utilizing Lyapunov-based arguments.

Theorem 1: For the tendon driven robot manipulator sys-
tem given by dynamic equations (1)—(3), link position
tracking adaptive controller given by (13), (41), (48), and
adaptation laws given by (14), (44), (50), in conjunction
with actuator velocity error generating filter given by (27)
and (28), semi—global asymptotic link position tracking is
guaranteed in the sense that

le(t)|]| — 0 as t — oo (53)

provided the nonlinear damping gains are selected to satisfy
the following conditions

6

. 1
min{v,1,ks, kr} > Z4k- (54)
L=2 n
A
kn1 > )\—sz(O)HQJrl (55)

where v € R is some positive bounding constant satisfying
min{as, oy K, a3 K} — m > v > 0, and s(t) €
RGn+P)X1 AL )\, € R are defined as follows

AT

s = [ e’ e? " gb,T ] 0
A= % min {1, Amin (Ks) ; Amin (F_1>} 7
)\2 = % max {m27 /\max (Ks) P /\max (F_l) } (58)

where A\pin () denotes the minimum eigenvalue of a matrix.
Proof: The proof is conducted in four sub—parts. At
the beginning of the proof, we present the partial stability
analysis for robot dynamics given by (1). The results of this
analysis will afterwards be used in the composite stability
analysis of the overall closed-loop system.
We define a non—-negative Lyapunov-like function, de-
noted by Vi(n, e, ey, gzgr) € R, as follows
Al

1 1
i2-ntMm el Ket=
1= 50 (q)77+2e e+2

which can be bounded from below and above as

1om o=~
esteerigb,TF Lo, (59)

2 2 2
Azl < A flsl]” < Vi< Ao fls]” (60)

Taking the time derivative of (59), then substituting (5), (6),
(14), (16), (45), (51), and then cancelling common terms, we

232

obtain

0" [~askM(q)n + x] — a1 K [le||”
—asK, |les|” + n" Il (q)ny.

Vi
@y

Using the definition of the control gain £ in (15), and the
upper bounds of M(q) and x (¢) in (8), we can reach the
following upper bound for the right-hand side of (61)

: 2 2 2
Vi < —on|lnl]” —ar K lel|” — oK ey
ol
x
4ok
where the following nonlinear damping argument [20] was
also utilized

+n" T (@ny + (62)

1
<

2
< Togh 1=l

(63)
Using the definition of z (¢) in (10), another upper bound
can be reached as

—askn1p? ([} 1nll* + llnll o (lll) |1z

Vi <yl + 07T (q)my (64)

where v was introduced in (54).
As the second step, we present the stability analysis for the
actuator velocity error generating filters. We define a non—

negative scalar function, denoted by V5 (7) € R, as
Vy & 7T Py (65)

where Py € R?>™*2m is a positive definite, symmetric,
constant matrix chosen to satisfy

AT Py 4+ PyAg = —1Ioyy. (66)
After taking the time derivative of (65), we obtain
Vo = L Pyi + i1 Pyi (67)
and substituting (33) and (66) yields
Vo= =17 = — ||l = 172 (68)

As the third step, we define a non—negative scalar function,
denoted by V3 (nfﬂm 1, d~>2) €R, as

1 1 1opm 4~ 1-r 4~
Vi £ iﬂ?JW + EW{TIL + §¢?F1 Yoy + §¢2TF2 Lha. (69)

Taking the time derivative of (69), substituting (44), (45),
(50), (51), using the contljol gains Ky in (43) and K, in
(49), an upper bound for V3 (¢) can be obtained as

2 ~ 12
Vs < —k 2_p 2, mll” NIl
3 < £l Llncl® + T, + T
s @I g2+ T DRI g
n4 ||V ioo WIS Akes Aong .

Finally, in order to investigate the closed—loop system sta-
bility, we construct a non—negative scalar function, denoted
by V (¢) € R, by summing (59), (65), (69), as

VAV +Vo+ Va. (71)



After taking the time derivative of (71), substituting (64),
(68) and (70), and then simplifying the resulting expression,
we obtain the following expression

: 2 =2 a2 2 2
Vo< = llall” =l = 72l = Ky llngll™ = ke lnel

O 4
dkno  Adkns  4kns  4dkne

0" IT (@)ng = Fna | TT (@)} lIngll®

Applying a similar nonlinear damping argument to the one
in (63) to the last line of (72), the upper bound for V (¢) can
be written as

. 2 <2 S 2 2 2
Vi< =llel® = Nmdl” = 172l = kg lngll™ = ke e
2 S 2 2 <2 <12

12 1Y 7 | Y O Y|

T ab T dks Ak | Ak | Ak

The expression given in (73) can further be upper bounded
as follows

(72)

(73)

6

. . 1

V < —(min{y,1,kp, kr} — E T 121?74
i—2 ng

where z(t) € RGM+4m)x1 s defined as follows

T T
2 [2t oo g ] (75)
Provided the gain condition in (54) is satisfied, the upper
bound for V' (¢) in (74) can be reformulated as

V< =4z (76)

for some positive bounding constant § € R.

Standard signal chasing arguments can now be utilized to
demonstrate boundedness of all the signals under the closed—
loop operation. Barbalat’s Lemma [18] can then be utilized
to prove that z (t) is asymptotically stable, and thus it is easy
to see that the tracking objective is met in the sense that (53)
is satisfied. [ ]

IV. CONCLUDING REMARKS

In this work, we have presented a partial state feedback
adaptive controller for tendon driven robot manipulators
subject to parametric uncertainty in the system dynamics.
Despite the lack of exact knowledge of the system param-
eters and lack of velocity measurements of both links and
actuators, the proposed controller ensured trajectory tracking
in the sense that, the link position tracking error signal is
forced to go to zero. Stability of the closed—loop system and
boundedness of system states are proven via Lyapunov based
arguments.
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