Commun Nonlinear Sci Numer Simulat 18 (2013) 1635-1651

Contents lists available at SciVerse ScienceDirect

Commun Nonlinear Sci Numer Simulat

journal homepage: www.elsevier.com/locate/cnsns

Exact solutions of forced Burgers equations with time variable
coefficients

Sirin A. Biiyiikasik *, Oktay K. Pashaev

Dept. of Mathematics, Izmir Institute of Technology, 35430 Urla, Izmir, Turkey

ARTICLE INFO ABSTRACT
Articlf’ history: In this paper, we consider a forced Burgers equation with time variable coefficients of the
Received 25 April 2012 form U, + (fu(t)/p(t))U + UUy = (1/2p(t))Uy — w?(t)x, and obtain an explicit solution of

Received in revised form 25 July 2012
Accepted 30 November 2012
Available online 12 December 2012

the general initial value problem in terms of a corresponding second order linear ordinary
differential equation. Special exact solutions such as generalized shock and multi-shock
waves, triangular wave, N-wave and rational type solutions are found and discussed. Then,
we introduce forced Burgers equations with constant damping and an exponentially decay-
ing diffusion coefficient as exactly solvable models. Different type of exact solutions are
obtained for the critical, over and under damping cases, and their behavior is illustrated
explicitly. In particular, the existence of inelastic type of collisions is observed by con-
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1. Introduction

The nonlinear diffusion equation, known as Burgers equation (BE) after the extensive work of Burgers [1,2] is an impor-
tant model which appears in various fields of physical science. In hydrodynamics, it is a standard model of turbulence used to
study propagation of nonlinear waves and shock formation [3]. It is used also to describe processes in gas dynamics [4,5],
nonlinear acoustics [6], heat conduction, and plasma physics. In cosmology, the Burgers equation is a good approximation
to understand the formation and distribution of matter at large scales [7].

The standard Burgers equation is of the form V, + VV, = vV,,, where V mostly represents the velocity field, t is a time var-
iable, x € R is the space variable and v is a constant viscosity or diffusion coefficient. This equation is probably the simplest
nonlinear model admitting direct linearization, and thus being C-integrable in contrast to S-integrable systems which re-
quire spectral transform technics. Indeed, analytic solutions of the Burgers equation can be obtained by the Cole-Hopf trans-
formation, which transforms the nonlinear Burgers equation to a linear heat equation [4,5]. Lately, other methods like,
Hirota’s direct method and Bdcklund transformation [11], hyperbolic function method [8], and homogeneous balance meth-
od [9] were used to construct new exact solutions of the BE.

As known, the main features of the Burgers equation are due to the simultaneous existence of a nonlinear term and a lin-
ear diffusion term. If the diffusion is dominant over nonlinearity, the solution of the BE approaches the solution of the dif-
fusion equation. On the other hand, if the nonlinear term dominates over the diffusion, one may expect formation of shock
discontinuities. An interesting property of the BE appears when a balance occurs between the nonlinear effect and the effects
of dissipative nature. In that case, the system exhibits shock profile solitary wave solutions. Moreover, Burgers equation
posses also multi-shock solitary wave solutions [10,11] and shocks of different amplitude and speed can fuse (merge) to
a single shock, so that completely non-elastic interactions may occur. Another important property of the Burgers equation
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is related with the rational type solutions. Indeed, the zeros of the heat equation solution lead to pole singularities for the
Burgers solution. Choodnovsky brothers [12] and Calogero [13], showed that the motion of these poles corresponds formally
to the motion of one-dimensional particles interacting via simple two-body potentials, such that the corresponding many
body problems are integrable. For recent work on the pole dynamics of the standard Burgers equation one can see [14].

The standard BE as mentioned above is exactly solvable model, however the inhomogeneous and variable parametric Bur-
gers equations, in general, are not integrable and very few exactly solvable models are known. For example, in case
U; + UUy = vUy + F(x,t), if the forcing term depends only on time, i.e., F(x,t) = G(t), this equation can be transformed to
a standard Burgers equation, see [15]. The problem with an elastic forcing term F(x, t) = —k*x + f(t) is discussed and analytic
solutions are obtained in [16]. Later, the problem with F(x,t) = G(t)x, where G(t) is arbitrary, was solved in [17]. In [18], an
invertible transformation between the inhomogeneous BE and the stationary Schrédinger equation was constructed so that
each solution of the stationary Schrédinger equation generated a fully time-dependent solution of the inhomogeneous BE.
Recently, exact solutions were obtained using the Cole-Hopf transformation and the Green’s function approach, see [19].
Transformation properties of a variable-coefficient Burgers equation were discussed in [20]. In [21], a forced Burgers model
with space- and time-dependent coefficients of the form U; + a(x, t)UU, = b(x, t)Uy + F(x, t), was investigated using a gen-
eralized Cole-Hopf transform and symbolic computation. For the significance of the generalized forced Burgers models
and possible applications in various fields one can see again the discussion in [21] and references given there.

In this work, we consider a forced Burgers equation (FBE) with time variable coefficients of the form

Ut+%U+UUX=%UXXfw2(t)x, —00 <X < 00 (1)
where I'(t) = ju(t)/u(t) is the damping term, D(t) = 1/2u(t) is the diffusion coefficient, and F(x,t) = —w?(t)x is the forcing
term which is linear in the space variable x. In fact, this equation for constant u(t), or under change of variables
t'= f[ds/y(s), v(x,t') = u(t)U(x, t) reduces to forced Burgers equation of type vy + vvy = (1/2) vy + G(t')x, which was stud-
ied by Eule and Friedrich in [17]. However, although in [17] solution was given for an arbitrary function G(t'), only the cases
when G(t') is a constant and the case when it is a stochastic white noise force were discussed.

Motivated by this idea, here we introduce and give explicit exact solutions for forced Burgers equations with different
variable parameters. For this, in Section 2 first we establish the relation between the FBE (1) and the standard BE. As a result,
explicit solution for the IVP of the FBE (1) is found in terms of solutions to the heat equation and a second order linear ODE.
Then, some particular exact solutions such as shock and multi-shock type waves, triangular wave, N-wave and rational type
solutions are given. In Section 3, for comparative reasons, first we recall some solutions of the forced Burgers equation with
constant u and w?. Then, exactly solvable models (1) with positive constant damping and exponentially decaying diffusion
coefficient are considered and different type of exact solutions mentioned in Section 2 are obtained for the critical, under and
over damping cases. We observe generalized traveling wave solutions which speed, steepness, and shock amplitude are
functions of time. Special properties like interaction of shocks in multi-shock wave solutions, and motion of pole singularities
of rational type solutions are described explicitly and illustrated constructively. Section 4 includes brief summary, future
plans and potential fields of applications.

2. Forced Burgers equation with time dependent coefficients

In this section, we obtain relation between solution of the FBE with variable coefficients and the standard Burgers equa-
tion. Then, using Cole-Hopf transform we find an analytic solution of the IVP for the FBE (1) in terms of solution to a cor-
responding second order linear ODE.

Proposition 2.1. If r(t) is solution of the IVP for the linear ODE
i +%f+ @O =0, r(t))=ro#0, #(to)=0, @)
then the IVP for the FBE with variable coefficients
Ur + 53U + UUx = 315 U — 0%(0)%,
Ux,t)]r—, = U(X,tp), —oo<X<o0
has solution in the following forms:

(@ Ukt =Dy, T

ey wore)

V(n(x, ), 7(t)), (4)

where
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and the function V(n, t) satisfies the IVP for the standard BE
{v + W, =1V,
V(1,0) = p(to)U (1, to)-

_@ _ r(tO) q)r,(n(xvt)»f(t))
(b) U0 =0% = or® e 0.700) ° 7)

where 1, T are as defined in part (a), and ¢(n, T) satisfies the IVP for the heat equation

1o,
{ (pr 2 (.0;1;7, (8)

@(n,0) = exp [~ [" u(to)U (&, to)de].

Proof. (a) Using substitution U(x,t) = [u(t)] " [o(t)x + s(t)V(s(t)x, T(t))], one can show that, if the auxiliary functions satisfy
the nonlinear system of ordinary differential equations

. p? _ _

bt i FHOONO =0, plto) =0, 9)
. s

T*m:07 ‘E(l’o)zo,

., PO _
s+m5_07 S(to) =1,

then the IVP (3) for the FBE transforms to the IVP (6) for the standard BE. Also, noticing that Eq. (9) is a nonlinear Riccati
equation, the system is easily solved, and we obtain the functions

p(t):u(t)%; () =) [ m T(to) = 0 s(rp%, (10)

which substituted back give the result (4). Thus, solution of the FBE (3) is explicitly obtained in terms of solution V(#, 1) to
the BE (6) and solution r(t) of the IVP for the linear ODE (2). Part (b) of the proposition, follows directly from the Cole-Hopf
transformation V = -, /¢, which reduces the IVP (6) for the BE to the IVP (8) for the usual heat equation. O

The solution of the IVP (8) for the heat equation

ot = [ exp |- g0y
V21T J s 27 T
and Cole-Hopf transformation V = —¢, /@, leads to solution of the IVP (6) for the BE
I exp[ ("ZT + [fvee 0)d§’>]dé
I exp [ = (U 4 Ve, 0)de) | de

Therefore, using the above proposition, one can find formal solution of the IVP (3) for the FBE in terms of solution r(t) of the
linear ODE (2), that is

Vin. 1) =

()

U(x,t) :r(t)

) P () e <<:z?’ b Fao)U(E to)de ﬂdéy .

por( e exp{ ((m + f W(t)U(& to)dfﬂ

where 7(t) is as defined in (5), and the time interval on which the solution exists depends on the properties of the auxiliary
functions. Since it is difficult to analyze solution (11) for an arbitrary initial condition, in what follows, we consider particular
problems for which the FBE (3) subject to some localized initial profiles has exact solutions and one can observe explicitly
their behavior. As known, the standard BE (6) has different type of solutions, such as shock solitary waves, similarity, N-wave
and rational function solutions. This suggests us to look for corresponding type of solutions for the FBE with variable coef-
ficients, as follows.

x+ |

(a) Shock wave solutions. The standard BE (6) has shock solitary wave solution

V(n,7) =c—Atanh[A(n — cT + ¢o)], (12)
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where A, c, ¢ are arbitrary real constants. Then, the FBE (3) with initial condition

U(x,to) = L(c — Atanh [Ax + ¢¢))

H(to)
has generalized shock wave solution
_ i) r(to) I(to)
Ux,t) = %X + TGLG) (c —Atanh {A(Wx —cT(t) + COH ), (13)

where r(t) is a solution of the IVP (2) and t(t) is given in (5). In particular, when in (13) one has ¢ = ¢y = 0, the FBE (3) has
shock type static solution of the form

_ () Ar(to) {Ar(to) }

U(x,t) r(t)x MGLO) tanh ) x|, (14)
corresponding to the initial condition U(x,tyo) = —(A/(to)) tanh[Ax], —co < X < oo.
Solution (12) of the standard BE (6) is a localized wave of constant amplitude moving with constant speed. However, the
solution (13) of the FBE with variable coefficients is a generalized traveling wave of the form U(x,t) = u(x,t)+
A(t) tanh[B(t)(x — C(t))], where the term u(x, t) contributes to the wave amplitude, A(t) is the shock amplitude, B(t) is related
with the steepness of the shock profile, x = C(t) describes the motion of the “center” of the profile, and » = C(t) is its velocity.
Accordingly, for the wave solution (13), one can see that the shock amplitude is proportional to 1/u(t)r(t), and steepness of
the profile is proportional to 1/r(t). Also, the position of the “center” of the wave profile is described by
x(t) = [r(t)/r(to)](ct(t) — co), where its velocity can be easily found using that »(t) = x(t).
Multi-shock wave solutions. Since the standard BE has multi-shock solitary wave solutions [10,11], it is natural to ask for mul-
ti-shock type solutions for the FBE with variable coefficients. Here, we outline the procedure, and give formal results. Clearly,
the heat Eq. (8), has simple solutions of the form

a?
@,(0,7) =exppi(n, D), pi0,7) = —ain +T+p],  G.p] ER,

and their linear superposition
@(7’7 T) = EXP[p1 (17 T)] + eXP[Pz (177 T)] +oo exp[pk(’/’v ‘C)], i= 1,2,..., k7

is also a solution. By the Cole-Hopf transform V = —¢, /@, it follows that the BE (6), has corresponding solutions of the form

vin7) = exp[p; (11, T)] + a2 €Xp[p, (1, T)] + - - - + A exXp[py (1, T)]
’ exp[p; (17, 7)) + exp[p, (1, )] + - - + expp(1, 7))

Therefore, using Proposition 2.1, one obtains that the FBE (3), has generalized multi-shock wave solutions given by

Uix,t) — ) _T00) [0y €XDlpy ()] +02 €XDIpa(x. )] + -+ Gk EXpIp,1.1)
VRO ROR© [ explpy (x, 0]+ explpy(x. 0] + - + explpy(x. 1)

)

where

T(to) a? 0 .
(X, t) = —ai—2x+ L 1(t Jooi=1,2,...k
p1(7) Ir(t) +2 ()J’_p;, 1< s Ny
r(t) is solution of (2), and t(t) is given in (5). For k = 2 and proper choice of constants, one obtains one-shock wave. When
k > 2 one expects formation of multi-shock wave solutions. Indeed, this is the case, and illustrative examples are given in
Section 3.
(b) Triangular wave solution. The BE (6) has triangular wave (similarity) solution,

1 (e" — 1) exp[-1*/21]
vt = V27T (1 +1er - 1)erfc[17/\/ﬁ})7 (15)

corresponding to initial condition V(#,0) = Ad(n), see [10], where A is a constant, 5(#) is the Dirac-delta distribution, and
erfcla) = (2/v/7) [ exp[—¢&]dé. Then, the FBE (3) has generalized triangular wave solution of the form
r(t) r(to) 1

_(%x)z / 2r(r)}
U, t) =y :
r©)" " wOr) \2mT(0) | 141 (et 1)erfc[%x/«/21'(t)}

(e* — 1) exp

(c) N-wave solution. The heat Eq. (8) has solution

om,T) =1+ \/gexp[fnz/ZrL >0,
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which behaves like delta distribution as T — 0 (a-positive constant). The corresponding N-wave solution of BE (6), see [10], is

_ (1 _Va/Texpl-n*/27]
Vin. 1) = <r> 1+ /a/t exp[-n?/21]’

Therefore, generalized N-wave solution of the FBE (3) is of the form
T(t) rz(to) a/r( ) €Xp

() 2x(e )}
U(X»f):m“rﬂ(t)f(f)rzf 1+\/W6Xp{ ( ) /27(t )}

Since the behavior of this solution at 7(ty) = 0 is rather complicated, as an initial profile one can consider a profile at any time
t > to.
(d) Rational function solutions. Formal solution of the IVP for the heat Eq. (8) can be found also by applying the evolution
operator to the initial condition, that is

;o T() >0 (17)

00

(11,7) = expl(t/2)0 Z () om0,

=~

If the initial condition is ¢,,(1,0) = #™, then the solution of the heat problem (8) is
(pm(n7 T) = exp[(r/z)ai]nm = Hm(’?v 1/2)7 m= 07 17 27 AR
where Hy(17,7/2) are Kampe de Feriet polynomials, defined by

2 |m/2 T/Z m 2k H 0) = m
7777/ mzk'm Zk ) m(”7)7’17

with [m/2]=m/2 for even m, and [m/2]=(m-1)/2 for odd m, see [24]. Using also the relation
OyHn(n,7/2) = mHn_1(n,7/2), it follows that, the BE (6) has rational solutions of the form

V1.%) = g g0 = - T L m 123, (1)

or more generally

o[ & St ManHm_1(17,7/2)
V y = - l mPm 5 = - m-1 ) 12172737"'7 19
KT == 5 (n;]a Pun f)) SATRTITET (19)

where a,, are arbitrary real constants. Therefore, we obtain that the variable coefficient FBE (3) with initial conditions
Un(x,to) = —(m/u(to)x), m=1,2,3,..., has rational solutions

Ut = (1) (”(U’“>)> 20

)" u(t) \r(t) Hm(%x,jr(t))

and with more general initial conditions

k m—1
Uk(x, o) = ——) (Zm 1 MnX ) k=123,

W(to) \ 3K amxm
it has rational solutions of the form
Mt 1 (r(to) [ ZmaManHn- 1( X3 f(ﬂ)
U =—2X——— | =2 . 21
0= 0% (r(t))( S gan (29,1 00) @y

Solutions (20) and (21) can be written also in terms of standard Hermite polynomials H,,(y) using that

Han,7/2) = VT2 (2;%

i
where H,,(y), are defined by exp[2y¢ — &2] = S (€™ /m!)H,, (y). Thus, the points where Kampé de Feriet polynomials vanish
can be found in terms of the well known zeros of the Hermite polynomials. For this, we denote by y, [ =1,2,...,m, the
zeros of the Hermite polynomial H,,(y), so that for each fixed m, one has Hy,( ,(f,)) =0foralll=1,2,...,m. From relation
(22) it follows that

)7 Hm(n70):’/’m7 m:071727"'7 (22)



1640 S.A. Biiyiikasik, O.K. Pashaev/Commun Nonlinear Sci Numer Simulat 18 (2013) 1635-1651

Ha(,7/2)=0 «— n=-i2y¥/1/2, 1=1,2,...,m. (23)

Thus, Uy, (x, t) given by (20) has singularities at points where H,, ((r(to)/7(t))x, T(t)/2) = 0, and according to (23), the motion of
these pole singularities is described by

m(t):—Zy;?% ? [=1,2,....m. (24)

We note that, for a real-valued solution r(t) and t(t) > 0, t €I, the solution Un(x,t) does not have moving singularities on
the real line. It may have real singularity only at x = 0. On the other hand, for some special choice of the coefficients a,,, the
solutions Uy (x, t) of the form (21) may have singularities moving on the real line. Illustrative examples are given in next
section.

3. Exactly solvable Burgers models
3.1. Forced Burgers equations with constant coefficients

Burgers equation with constant coefficients and a forcing term linear in the space variable x

1
Up+UUy = 5

is a known integrable model and one can see for example [17,23]. For this model, according to Proposition 2.1 one has
w(t) =1,7 =0, and w?(t) = w3 - real constant, so that the corresponding IVP for the second order linear ODE is

F(f)+ @2r(t) =0,  r(0)=ro#0, F0)=0. (26)

Unx — 03X, (25)

When, @3 = 0, one has r(t) = o,y = X, T = t, and formula (4) gives U(x, t) = V(x, t), which is a solution of the standard Bur-
gers equation, as expected. Using the approach in previous section, we will recall some particular solutions for the cases
when o} > 0 and w3 < 0.

3.1.1. Case w} > 0
In that case the IVP (26) has oscillating solution r(t) = ro cos(wot) and the auxiliary function is t(t) = tan(wot)/m,. From
Proposition 2.1, it follows that the forced BE (25) has solutions

U(x,t) = —wg tan(wot)x + sec(wot)V(sec(wot)x, tan(wot)/wo), (27)

where V(#, 7) is a solution of the standard Burgers equation. In what follows, using the discussion in previous section, we will
write explicitly some special solutions of BE (25), and note that, in the limit case wo — 0, these solutions U(x, t) approach the
solutions V(x,t) of the standard BE.

(a) Forced Burgers Eq. (25) with initial condition U(x,0) = —A tanh(Ax), —oo < X < oo, has shock type static wave solution
U(x,t) = —mp tan(wot)x — Asec(mot) tanh (A sec(wot)x), (28)

and with initial condition U(x,0) = ¢ — Atanh[Ax + ¢o], oo < X < oo, it has shock wave solution of the form

U(x,t) = —wp tan(wot)x + sec(wot) <c — Atanh

A (sec(wot)x - wio tan(wot)) + co} ) . (29)

In Fig. 1a, we plot solution (28), and in Fig. 1b the solution (29). Note that, due to the trigonometric functions in U(x, t), finite
time singularities appear periodically, and they can be interpreted as formation of shock discontinuities.
(b) Forced BE (25) has triangular wave solution

_ _(sec(wgt)x)?
U = —mo tan(wgt)x + sec(wot) “o = Dex [ Ztamwgt)/wo]
0 o "\ 2m tan(wot) 1+1(er—1erfc sec(apt)x
2 \/2tan(mgt)/wg

for t € (0,/2wy). In general, triangular wave exists on time interval where 7(t) = tan(wot)/wo > 0.
(c) N-wave solution can also be considered for BE (25) using formula (17) on time interval where (¢t) > 0.
(d) Forced BE (25) subject to initial conditions U, (x,0) = —m/x, m = 1,2,3,.. ., has rational function solutions of the form

Un(, ) = o tan(ot)x — sec(eot) |:mHm—1 (sec(awpt)x, tan(wot)/Zwo)} 7

Hp(sec(mot)x, tan(wot)/2o)

with moving pole singularities x (t) = —iyi,1 cos(wot)+/2 tan(wot)/we, 1=1,2,...,m.
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(b)

Fig. 1. (a) Shock type static wave solution U(x, t) given by (28), A = 30, wo = 1. (b) Shock wave solution U(x, t) given by (29),A =30, wo =1,c= -1, ¢, = 0.

3.1.2. Case w3 < 0
When @3 = —@?, @ > 0, the BE (25) becomes

U, + UU, = %uxx +ax, (30)

and the corresponding ODE (26) has solution r(t) = ro cosh(at), where the auxiliary function is 7(t) = tanh(wt)/®. Therefore,
solutions of BE (30) are of the form

Ux, ) = d tanh(@HX + — v( (31)

X tanh(wt)
cosh(wt) ) ’

cosh(wt)” @

where V(#, 7) is a solution of the standard BE. As in the previous case, we see that in the limit @ — 0, the following particular
exact solutions U(x, t) approach the corresponding solution V(x, t) of the standard BE.

(a) The forced BE (30) with initial condition U(x,0) = ¢ — Atanh[Ax], —oco < X < oo has one-shock wave solution

- - 1 A sinh(wt)
U(x,t) = @tanh(mt)x + cosh(@D) (c —Atanh {cosh((bt) (x —c—= )] ) (32)

which amplitude depends on time, the center of the wave profile moves according to x(t) = csinh(wt)/®, and its velocity is
v(t) = ccosh(mt). In Fig. 2a, we plot one-shock wave and observe that the shock center moves with increasing velocity

Fig. 2. (a) One-shock wave solution U(x,t) given by (32), A=15,c=1,® = 1. (b) Two-shock wave solution U(x,t) given by (33), a; =1, a, =6,
a; =10,p% =0, pS =5, p3=-5 w=1.
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v(t) = cosh(t), t > 0, and its amplitude decays with time. Also, one can see that the initial profile is localized in the sense that
U(x,0) approaches constant as x — oo, while U(x,t) — @x when t — co.
In general, BE (30) has multi-shock type solutions of the form

1 a1 exppi (X, £)] + a2 exppo (X, )] + - - - + a expp(X, 1)) (33)

Ux £) = o tanh(@)x + cosh(mt) explp; (X, t)] + exp[p,(x,t)] + - - - + exp[pe(X, t)] ’

where

_ @ a ~ 0 i_
pi(x,t) = cosh(d)t)x+2d)tanh(wt)+pf’ i=1,2,....

In Fig. 2b, we illustrate the fusion of two-shock type solution.
(b) Triangular wave solution of BE (30) is

0 (e* —1)exp |- =2 x>
U(x,t) = wtanh(wt)x + nsinﬁjzd)t [ Slnh(Zwtj }
OO\ 1+ (et - Derfe| o]

which corresponds to Dirac-delta initial distribution, see Fig. 3a.
(c) N-wave solution of BE (30) is of the form

~ () 0 2
2mx \/ tan[111(()(?)t) €xp |:7 sinh((UZ(?)t)x }
(34)

sinh(2wt g G ’
( ) T+ tan[ll'ltz)(bt) exp [7 sinh((DZd)t) Xz]

U(x,t) = wtanh(mt)x +

and one can see Fig. 3b.
(d) Rational function solutions of BE (30) subject to initial conditions U,(x,0) = —m/x, m=1,2,3,..., are of the form

Un(x,t) = @ tanh(@t)x + (35)

1 mHy,_1 (x/ cosh(@t), tanh(wt)/2m)
cosh(d)t)( Hp(x/ cosh(wt), tanh(it) /2m) >

For each fixed m, the rational solution (35) has pole singularities whose motion in the complex plane is described by

. sinh(2t
x0(t) = —iy!) % t>0 1=12,....m,
and as @ — 0 they approach the well known poles xﬁ,’f(t) = —iyf,’f V2t of the standard BE.
Finally, we note that for the above particular solutions, one has lim, ., U(x,t) = wx. Similar result was obtained in [22],

where the long-time asymptotics for solutions of the BE (30) were discussed according to the properties of the initial profile.

Fig. 3. (a) Triangular wave solution U(x,t) on time interval 0.1 <t<1, with A=50,w=1. (b) N-wave solution (34) on time interval
01<t<08,a=15 w=1.
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3.2. Forced Burgers equations with constant damping and exponentially decaying diffusion coefficient
In this part, we consider exactly solvable forced Burgers equations

Ui+ yU + UU, = %e*”’fuxx —W3x, —oo0<X<oo, t>0, (36)

with constant damping I'(t) =7y >0, exponentially decaying diffusion coefficient D(t) =e /2, w?(t) = w3 >0 and
L(t) = e”. The corresponding IVP for the linear ODE is then

F+yF+wir=0, r0)=ry#0, i(0)=0, (37)
and it has three different type of solutions depending on the sign of @3 — (y2/4). In what follows, for each case we discuss

separately the related variable coefficient Burgers equations (36).

3.2.1. Critical damping case
If w2 — (y%/4) = 0, the IVP (37) for the linear ODE, has solution

r(t) =ri(0)e ¥(1 +% ) (38)

and the auxiliary function is 74 (t) = t/(1 + yt/2). Therefore, the BE (36) has solutions of the form

(Y t e /2 eni2x
U0 = (2) <1+%tx>+<l+%t v 1+3714+4t) (39)

where V(#, 7) satisfies the standard BE.
Clearly, when wo — 0, one has also y — 0, and in that case we can see that the following particular solutions U(x, t) ap-
proach solutions V(x, t) of the standard BE.

(a) BE (36) with initial condition U(x,0) = c — Atanh [Ax] has shock wave solution

B V 2 t e—yt/z eyt/2 e
U(x,t)_f(§> <1+Zt>x+<]+;t c—Atanh |A 1+%t(xfcte 1, (40)

which shock amplitude decays with time eventually going to zero, and its ‘“center” moves with velocity
v(t) = c(1 — yt/2)e7""/2, see Fig. 4. Multi-shock wave solutions of the BE (36), can be found from the general solution

1+5t

exp[p; (X, t)] + - - - + exp[py(x, t)]

M\ 2 —yt/2
U(x,t):—(é) <1j%t>x+<ef >[a1 exp[p; (x,t)] + +akexp[pk(x,t)}]7 1)

<>

(a) (b)

Fig. 4. Critical damping case. (a) One-shock wave solution U(x,t) given by (40), y=2,A=4,c=5,¢o=0. (b) The profiles of U(x,t) at times
t=0,t=02,t=04.
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where

er’2 a t o
) — _qa il _ ¢ =1,2,...,k
pi(x,t) a,<l+%t>x+2 <1+%t>+p,, i 2,0k,

and a;,p? are real constants. In Fig. 5 we plot two-shock wave solution U(x,t), with special choices in (41),
k=3,7=2,a,=1,p% =0,a, = 7,p9 = 5,a; = 15,p3 = —4. We observe fusion of the two-shock wave, which shock contribu-
tion eventually goes to zero.

(b) Using again the results in Section 2, one obtains that the BE (36) has generalized triangular wave solution

Ux t)—_(2)2 t e Ja4pt/2)( (e —1)exp [—ex?/2t(1 + yt/2)]
20 \(1+5t) (1+11) 2mt 1+1(er - Verfe[er2x/\/2t(1 + yt/2)] )’

corresponding to Dirac-delta initial profile, see Fig. 6.
(c) BE (36) for the critical damping case has N-wave solution of the form (17) with r(t) = r1(t) and t(t) = 71(t). Explicit
form of this generalized N-wave solution is

N2 t X /2 exp [—eitx? /2t(1 + 7t /2)]
Ut =~ (3) ((1 )“ (1

.
2 +30) 30\ 1 4 [ exp [—ertx2 /26(1 + yt/2)]

and one can see Fig. 7.
(d) Rational solutions of the BE (36) with initial conditions Uy, (x,0) = —m(1/x), m = 1,2, ... are of the form

t/2 ¢
Un(x,1) = —(2)2 N P i i) (42)
me 2) \(1+3t) (1+3%t) Hm<err/zx ' ) '

145677 2(1+30)

and their behavior for m = 1 and m = 2 is illustrated in Fig. 8. According to (24), for each m, the motion of the pole singu-
larities is described by

xU(t) = —iv2yDe 2\ /t(1 +yt/2), 1=1,2,.... (43)

Since y > 0 and t > 0, clearly U, (x,t) has no moving singularities on the real line. On the other hand, forced BE (36) with
more general initial conditions

k k
Ui(x,0) = — (Zmamxml) > anx™, k=12,
m=1 m=0

-2 -1

Fig. 5. Critical damping case. (a) Fusion of the two-shock wave U(x, t). (b) Profiles of U(x, t) at times t =0, t = 0.2, and t = 0.6.
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(b)

Fig. 6. Critical damping case. (a) Plot of triangular wave solution U(x, t) for time interval 0.1 < t < 1.5, and A = 10, y = 2. (b) Profile of U(x,t) at times
t=0.001,t=0.3,and t = 0.4.

Fig. 7. Critical damping case. (a) Plot of N-wave solution U(x,t) for time interval 0.1 <t < 0.8 with a =10 and y = 2. (b) Profiles of U(x,t) at times
t=001,t=03.

has the following rational solutions

k 7t/2 t
t e 12 [ ZmeiMamHm <$+%rx’ 2(1+%t))
0)* T @

2 14+2t k /2
I RERANDYRTILE (5’72[" 2<1t+%r>)

Ui t) = (5 ((1

As an example, in Fig. 9 we consider solution U, (x, t), which has one fixed singularity x = 0 and one moving singularity on the
real line approaching x =0 as t — oc.

At the end of this section, we note that for the above particular solutions one has lim, . U(x,t) = —(y/2)x, so that in the
long-time limit the system becomes stable with velocity proportional to the displacement. Here, the limit function —(y/2)x is
also a stationary solution for the BE (36).



1646 S.A. Biiyiikasik, O.K. Pashaev/Commun Nonlinear Sci Numer Simulat 18 (2013) 1635-1651

Ul U2

(a) (b)

Fig. 8. (a) Profiles of the rational solution U;(x,t) given by (42) for t =0, t = 0.2, t = 0.4. b) Profiles of the rational solution U,(x,t) given by (42) for
t=0,t=01,t=03,(y=2).

U2

-5}

(b)

Fig. 9. (a) Rational solution U, (x, t) of the form (44), y =2, ao =0, a; = 8, a, = 1. (b) The profile corresponds to time t = 1.

3.2.2. Under damping case
If w3 — (y?/4) > 0, then the ODE (37) has oscillating solution

12 (t) = r2(0) %e%r cos[Qt — a], (45)

where Q = /w2 — (y2/4) > 0, o = tan"! (), and the auxiliary function is

() = w% (tanfor — 2 + 5. (46)

Then, BE (36) has solutions of the form

oy Q e 2 Q ey Q Y
Ux,t) = _(i +QeanQr — o] )x + a0 cosiar a1 oo cosr a2 (tan[Qt o) +E) 7 (47)

where V(#, 7) satisfies the standard BE.
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When y — 0, one has Q — wo > 0 and o — 0. In that case, it is not difficult to see that the bellow given solutions of the

forced BE (36) with variable coefficients approach the corresponding solutions of the forced BE (25) with constant
coefficients.

(a) BE (36) has shock type static solution

Y AQ  e2 AQ  e2x
Ux,t) = — (£ + |Q| tan[Qt — ——————tanh |— ———— 48
*.0) (ZH | tan| oc])x o Cos[Qt — o] an wp cos[Qt — ]|’ (48)
which behavior is illustrated in Fig. 10a, and it has shock wave solution in the form
__(? _ L
Ux,t) = (2 +Qtan[Qt oc])x oo
e V2 Q ety Q Y
X o —a (c — Atanh [A(w—o oSt o~ S (tan[gt — o]+ E))} ) (49)

which for some particular parameters is plotted in Fig. 10b. Note that the solution wave (49) is broken by shock discontinu-
ities which appear periodically at finite times.
Multi-shock wave solutions are found as

_ha(t) eT2(to) [a1 €Xp[py (X, )] + a2 eXp[p, (X, )] + - - - + ax eXp[py (X, t)]
U0 = 5 ¢ | g O] ooy B exppo )
where

pi(x7 t) =—a; rrZZ((tl(‘)))X + ‘;iTZ(t) +P?7 i= 1,2,..., k»

r2(t) is given by (45), and 7, (t) is given by (46).
(b) BE (36) has generalized triangular wave solution of the form (16) with r(t) = r,(t) and (t) = 7,(t) on a time interval
where 7,(t) > 0.
(c) Generalized N-wave solution of BE (36) for the under damping case can be found using formula (17) on a time interval
where 7,(t) > 0.
(d) BE (36) with initial conditions

k k
Ui(x,0) = — (Zmamxr’”>/2amx’", k=1,2,...,
m=1 m=0

has rational function solutions

- T'z(t)

) (t)

; Sk mapHp (22x,17,(t)
Ui t) = e (T2 (= r<ff“) o)) (50)
Zm:OamHm(%x’%‘b(t))

Fig. 10. Under damping case. (a) Shock type static solution U(x,t) given by (48), wo = 1,7 =1, A = 30. (b) Shock wave solution U(x,t) given by (49),
wo=1,7=1,A=30,c=0.6.
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Fig. 11. Under damping case. (a) Rational solution U;(x,t), wo=1,y=1,a0=15,a; =1. (b) Rational solution U,(x,t), wo=1,y=1,
ap=0,a1=8,a,=1.

In Fig. 11, we plot U,(x,t) and U,(x,t) for some particular choice of the coefficients. In both cases we observe moving
singularities.

3.2.3. Over damping case
When w3 — (y?/4) < 0, the IVP (37) has solution

Wo

r3(t) = r3(0)ae zsinh[Q't + f], (51)
where Q' =, /|w? — (2/4)|, and f = coth™' (;%). Then,
__@ / y
T3(t) = fw—% (coth[Q t+p — m), (52)

and thus BE (36) has solutions of the form

e ) ) Qlet/2 ) ( Qert/2x 72/( ) ,L>)
U(x,t)_( S+Q coth[gt+ﬁ])x+(wosinh[Q,Hm V(onsimnat 25 7 cothlQt + ]~ 55) ) ). (53)

where V(#, 1) satisfies the standard BE (6).

(a) Shock and multi-shock wave solutions for the forced BE (36) can be obtained from the general expression

Ci(0), o Ts(to) [ eXpIp, (%, )] + @ eXplp, (%, 1)] + - + @y explp, (. 0]
VD =1 0* €7 ) | explpy(x, 0] 1 explpy (. 0)] 1 - + explpy(x. 0] ] G4
where

pi(x,t) = —a; rr33((tt0))x+azjf3(t) +p?, i=1,2,...k,

and r;(t) is given by (51), t5(t) is given by (52). The behavior of a three-shock wave is illustrated in Fig. 12. We see that
shocks with higher amplitude move faster, at certain time all shocks merge to single one, shock profile becomes steeper with
time and its amplitude eventually goes to zero.

(b) Generalized triangular wave solution of BE (36) is of the form (16) with r(t) = r3(t) and 7(t) = 75(t),t > 0.

(c) Generalized N-wave solution of BE (36) for the over damping case can be written using formula (17).

(d) The forced BE (36) with initial conditions Uy, (x,0) = —(m/x), m = 1,2,3..., has rational type solutions of the form

2 130y 1

Un(x,t) = L(t)x _ e;,t(rs(o)) MH1 (ri(t) X,21:3(t)) m_123

e r3(t) r3(f) r30),, 1 ) 12,3, ...,
Hr r3(t) xvzf3(t)

where r3(t) and 75(t) are given by (51) and (52), respectively.

From the general form of the solution (53), clearly if the function V(5(x,t), z(t)), is bounded for t >> 1, then the long-time
behavior of U(x, t) is described by lim, ., U(x,t) = (—7/2 4+ Q')x, and the limiting function is a stationary solution of the BE
(36).
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Fig. 12. Over damping case. (a) Fusion of a three-shock wave solution U(x,t), when =3, wo=1,a=1,a,=7,0a;=15,a, =20,
p? =0,p3 =6,p3 =0, pj =—12. (b) Profiles of U(x,t) at times t =0, t =0.3,t = 0.8.

3.2.4. Variable coefficient case with w3 < 0
In the study of damped harmonic oscillator, usually y and w, are positive parameters leading to the critical, under and the

over damping cases, which we already discussed. However, we can take also w3 = —®?,® > 0, y > 0, and consider the Bur-
gers equation

U: +yU + UU, = %e*V‘Uxx + %X, —oco<X<oo, t>0. (55)
In that case, we have the IVP i + yi — @?r = 0, r(0) =1 # 0, (0) = 0, which has solution

r(t) = ro = e~% cosh[Qt + ],

ol

where Q = /@2 + (y2/4), and j = tanh™' (y/2Q). Then, BE (55) has solutions of the form,

(b)

Fig. 13. (a) Shock wave solution when @ =1, y = 0.4, A = 15, ¢ = 1. (b) Shock wave solution when @ =2,7=04,A=15,c=1.
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5 5 5 0 —yt/2 O t/2 0 - 5 N
U(x,t) = (—(y/2) + Qtanh(Qt + p))x + % (coslf(f)t n [})> 1% (% <coshi;~2t " B)) ,% (tanh[Qt +pl - i)) . (56)

Notice that, when y — 0, one has Q — @, and g — 0. If V(5,7) is as in the previous cases, then one can see that the solution
(56) of the variable parametric BE (55) approaches the solution (31) of the constant coefficient forced BE (30), which in turn
approaches the standard BE solution, when @ — O.

Different type of exact solutions can be found and analyzed following the procedure in Section 2. To illustrate the effect of
increasing the parameter o, as an example, we plot shock wave solution for @ = 1, and for w = 2. We observe that in
Fig. 13b, the center of the wave profile moves faster and the shock contribution decays more rapidly to zero, comparing with
the wave in Fig. 13a.

4. Conclusion

In this article, exactly solvable forced Burgers equations with specific time variable coefficients are discussed. In partic-
ular, Burgers equations with constant damping, exponentially decaying diffusion coefficient and a forcing term linear in the
space variable were treated explicitly. For these models we found generalized shock wave solutions which speed, steepness,
and shock amplitude are functions of time. Special properties such as fusion of shocks in traveling wave solutions, and mo-
tion of pole singularities of rational type solutions were observed. In addition, we shortly discussed the limiting case of the
parametric equations, and the long-time behavior of their solutions. Similarly, our results can be used to study variable para-
metric forced Burgers models related with the Sturm-Liouville problems for the classical orthogonal polynomials [25].

We note also that, there are different approaches to study the variable parametric Burgers problems posed in this article.
The one, which we used here, is transforming the inhomogeneous Burgers equation with variable coefficients to a standard
Burgers equation, and then applying Cole-Hopf linearization. Another approach is a direct linearization of the variable para-
metric Burgers equation in the form of a variable parametric parabolic equation, which in turn can be transformed to a stan-
dard heat equation or can be solved using the evolution operator method. These problems are discussed in a forthcoming
article.

As known, the Burgers equation has unique importance in computational physics due to the big number of applications to
turbulence, shock formation, stochastic motion, etc. This is why we think that our solutions could have wide applications to
real physical situations. Here we will mention only few potential fields. One interesting approach is related with quantum
computational physics. A quantum algorithm as a microscopic-scale algorithm for a type-II quantum computer was studied
by modeling the time evolution of a continuous field governed by the nonlinear Burgers equation in one space dimension
[26]. In this case the Burgers equation is derived as an effective field theory governing the behavior of the quantum computer
at its macroscopic scale, where both the lattice cell size and the time step interval become infinitesimal. If U(2) quantum gate
parameters are variable in space, then the Burgers equation with variable parameters, like tunable shear viscosity, will ap-
pear as effective description of quantum computer with control on quantum gates. It will require extension of techniques in
[27] to quantum models with sufficiently many qubits per lattice node.

One of the most interesting applications of Burgers equation with external force is in stochastic processes. It was shown
that the one-dimensional Burgers equation with an elastic forcing term is connected with the Ornstein-Uhlenbeck process
[28]. The study of diffusion driven by the Burgers flow begins from first solving the Burgers equation for a chosen external
force field and it is the place where our solutions could be explored. Next specifying the probability density, and ending with
the corresponding “passive contaminant” concentration dynamics. Then solution of the Burgers equation with the forcing
term, the Burgers velocity field, determines the stochastic Ito equation, where the given forced Burgers velocity field is per-
turbed by the noise term representing a molecular diffusion in the form of the Wiener process. The fluid velocity is consid-
ered as the forward drift of the stochastic process. For the time independent linear force term, the forward drift of the
Markovian diffusion process is a linear function of x. It was proved that the forced Burgers dynamics and the diffusion-con-
vection equation for the concentration of a passive component in a flow, in case of gradient velocity fields is compatible with
the Markovian diffusion process input [29]. Solution of extended Burgers equation for time dependent force, considered in
present paper, generalizes the usual one related with the Ornstein-Uhlenbeck process and depending on choice of the time
depending function it can represent a stationary state or an anomalous spreading. This question is under investigation now.

Another interesting problem is the turbulence as was studied by Polyakov in terms of the Burgers equation, modeling the
Navier-Stokes equation with white noise random force. It was shown that the model exhibits scaling behavior. If in our
forced Burgers equation, w?(t) is a white noise force, then our solutions can be applied to analyze this problem. The advan-
tage is that we can find an analytic solution for the arbitrary time dependent functions. This problem as well as the stretched
structure of the solution, similar to stretched vortices in Navier-Stokes equation, is also under investigation.

As another application in stochastic mechanics, in [30] studying the limit of systems of Brownian particles with electro-
static repulsion when the number of particles increases to infinite, a non-linear stochastic differential equation has been
introduced. Existence and uniqueness of the corresponding nonlinear diffusion process then has been related with real ana-
lyticity of solutions for the holomorphic Burgers equation. Generalization of the Burgers equation and its solution as given in
the present paper could lead to interesting extension of these results.
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In plasma physics, an electrohydrodynamical model in the form of the Burgers equation with external force, describing
the evolution of a local electric field in plasma under the assumption of motionless ions with electric field obeying the Pois-
son equation was proposed [31]. This is the electric analog of the magnetohydrodynamical problem considered by Olsen,
where the external field in Burgers equation is determined by the magnetic field. In more general situation with allowed ions
motion, this will lead to the Burgers equation with external force depending on space and time through electric and mag-
netic fields.

Last application which we mention is related with the study of unsaturated flow, in the presence of a web of plant roots,
which was modeled by Burgers’ equation with a spatially varying sink function [32].

We summarize and conclude by saying that our work was motivated by two main ideas. First one is the big number of
possible applications in real physical problems, as mentioned above. And second one is the exact solvability of our models,
where the explicitly found solutions can provide convenient schemes to develop perturbation theory, test numerical
methods and develop new algorithms necessary for revealing the nature of many nonlinear physical phenomena.
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