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ABSTRACT

We prove that a module M is cofinitely weak supplemented or briefly
cws (i.e., every submodule N of M with M/N finitely generated, has a
weak supplement) if and only if every maximal submodule has a
weak supplement. If M is a cws-module then every M-generated
module is a cws-module. Every module is cws if and only if the ring
is semilocal. We study also modules, whose finitely generated submo-
dules have weak supplements.
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1. INTRODUCTION

Throughout the paper R will be an associative ring with identity and
we will consider only left unital R-modules. All definitions not given here
can be found in Anderson and Fuller (1992) or in Wisbauer (1991). A
module M is supplemented (see Wisbauer, 1991), if every submodule N
of M has a supplement, i.e., a submodule K minimal with respect to
N+ K=M. K is a supplement of N in M if and only if N+ K= M and
NN K< K (see Wisbauer, 1991). If N+ K= M and NN K< M, then K
is called a weak supplement of N (see Lomp, 1999; Zoschinger, 1978),
and clearly in this situation N is a weak supplement of K, too. M is a
weakly supplemented module if every submodule of M has a weak supple-
ment. A submodule N of a module M is said to be cofinite if M/N is
finitely generated. M is called a cofinitely supplemented module if every
cofinite submodule of M has a supplement (see Alizade et al., 2001).
We call M a cofinitely weak supplemented module (or briefly a cws-
module) if every cofinite submodule has (is) a weak supplement. Clearly
cofinitely supplemented modules and weakly supplemented modules are
cofinitely weak supplemented and a finitely generated module is weakly
supplemented if and only if it is a cws-module.

In Sec. 2, we show that M is a cws-module if and only if every max-
imal submodule of M has a weak supplement. For the modules M with
Rad M <« M, we give some conditions equivalent to being a cws-module
in Theorem 2.21. It is proved by Lomp (1999) that the ring R is semilocal
if and only if zR is a weakly supplemented R-module. We show that R is
semilocal if and only if every R-module is cws.

In Sec. 3, we study finitely weak supplemented modules (briefly, fws-
modules), that is the modules whose finitely generated submodules have
weak supplements. Under proper conditions the sum of two fivs-modules
is a fivs-module. We show that M is a fws-module if and only if every
cyclic submodule of M is a weak supplement.

2. COFINITELY WEAK SUPPLEMENTED MODULES

The following lemma shows that without loss of generality, weak
supplements of cofinite submodules can be regarded as finitely generated.

Lemma 2.1. Let M be a module and U be a cofinite (maximal) submodule
of M. If V is a weak supplement of U in M, then U has a finitely generated
(cyclic) weak supplement in M contained in V.
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Proof. 1If U is cofinite, then V/VNU is finitely generated since
V/(VNU)=M/U. Let V/(VNU) be generated by elements

x1+VnU, xx+VnU,...,.x, +VnNnU

Then for the finitely generated submodule W= Rx;+ Rx,+---+ Rx,
of ¥V we have W+ U=W+VNU+U=V+U=M and WNULSVN
U< M. Therefore, W is a finitely generated weak supplement of U
contained in V.

If U is maximal, then V/(VNU) is a cyclic module generated by
some element x+ (VN U) and W= Rx is a weak supplement of U. []

A slight modification of 41.1(2) by Wisbauer (1991) shows that sup-
plements of cofinite submodules are finitely generated. The following
example shows that a weak supplement of a cofinite submodule need
not be finitely generated. Firstly we need the following lemma.

Lemma 2.2. The Z-submodule M =" gprime Z- (1; consisting of all rational
numbers with square-free denominators, is a small submodule of the Z-mod-
ule Q of all rational numbers: ;M < 7Q.

Proof. Suppose M+ A=Q for some A<Q. Clearly B=ZNMnN
A=7ZNAF#0, hence B=nZ for some 0#n¢c Z. Then

(M/B)/(MNA)/Bl=M/(MNA)=(M+A4)/A=Q/A

is divisible.

It is not hard to see that M/B is torsion and each p-component is
bounded (see Fuchs, 1970). Then the same is true for the divisible group
Q/A. Since every nonzero torsion divisible group is a direct sum of
groups Z,~, which are not bounded we conclude that 4 =Q. O

Example 2.3. Consider Q @ Z, as a Z-module where p is a prime. Then
Q @0 is a maximal submodule of Q @ Z,, therefore it is cofinite. Let M
be as in Lemma 2.2. (M®Z,)N(QB0)=MD0<KQD0<QTZ, by
Lemma 2.2, therefore M & Z, is a weak supplement of Q & 0. Note that
M/Z is a direct sum of the cyclic groups <%+ Z.), q prime; therefore M/Z
is not finitely generated and hence M is not finitely generated. So weak
supplements of cofinite submodules need not be finitely generated.

Lemma 2.4. Iff: M — N is a homomorphism and a submodule L containing
Ker fis a weak supplement in M, then f(L) is a weak supplement in f(M).

Copyright © 2003 by Marcel Dekker, Inc. All rights reserved.
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Proof- 1If L is a weak supplement of K in M then f(M)=f(L+K)=
f(L)+f(K) and since LNK< M, we have f(LNK)<f(M) by 5.18
Anderson and Fuller (1992). As LD Kerf, f(L)Nf(K)=f(LNK). So
f(L) is a weak supplement of f(K) in f(M). O

Proposition 2.5. 4 homomorphic image of a cws-module is a cws-module.

Proof. Letf: M — N be a homomorphism and M be a cws-module. Sup-
pose that X is a cofinite submodule of f(M), then

M/f1(X) = (M/Kerf)/(f ' (X)/Kerf) = f(M)/X.

Therefore M/f~'(X) is finitely generated. Since M is a cws-module,
/7Y(X) is a weak supplement in M and by Lemma 2.4, X=/£(f"'(X)) is
a weak supplement in f(M). O

Corollary 2.6. Any factor module of a cws-module is a cws-module.

We will see below that the inverse image of a c¢ws-module under a
small epimorphism is a cws-module.

Proposition 2.7 (c.f. 41.4(4) of Wisbauer, 1991). If K is a weak supple-
ment of N in a module M and T< M, then K is weak supplement of
N+ T in M as well.

Proof. Let fiM—(M/N)®(M/K) be defined by f(m)=(m+N,
m+K) and g:(M/N)®d(M/K)— (M/(N+T))®(M/K) be defined by
gm+ N, m"+K)=(m+N+T, m'+K). Then f is an epimorphism as
M=N+K and Kerf=NNK< M as K is a weak supplement of N in
M. So f is a small epimorphism. Now Kerg=(N+T)/N®0 and
(N+T)/N=0o(T)< M/N since T< M, where o: M — M/N is the
canonical epimorphism. Therefore g is a small epimorphism. By 19.2 in
Wisbauer (1991), fg is a small epimorphism, ie., (N+7T)NK=
Ker(fg) < M. Clearly (N+T)+ K= M, so K is a weak supplement of
N+Tin M. [

Lemma 2.8. [Iff: M — N is a small epimorphism, then a submodule L of
M is a weak supplement in M if and only if f(L) is a weak supplement in N.

Proof. 1If L is a weak supplement of K in M then by Proposition 2.7,
L+Kerf is also a weak supplement of K and by Lemma 2.4,
f(L)=f(L+Kerf) is a weak supplement in N.
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Now let f(L) be a weak supplement of a submodule 7 of N, i.e.,
N=f(L)+ T and f(L)NT< N. Then M=L+f '(T). It follows from
the proof of Corollary 9.1.5 in Kasch (1982) that the inverse image of a
small submodule of N is small in M. So LN/ (T)<f '(f(L)NT)< N.
Thus /~'(T) is a weak supplement of L. O

A module N is called a small cover of a module M if there exist a
small epimorphism f: N — M, i.e., Ker f< N (see Lomp, 1999).

Corollary 2.9. A4 small cover of a cws-module is a cws-module.

Proof. Let N be a cws-module, f: M — N be a small epimorphism and L
be a cofinite submodule of M. Then N/f(L) is an epimorphic image of
M/L under the epimorphism f: M/L — N/f(L) defined by fim+ K)=
f(m)+f(L), therefore f(L) is a cofinite submodule of N. Since N is a
cws-module, f(L) is a weak supplement. By Lemma 2.8, L is also a weak
supplement in M. O

Corollary 2.10. Suppose that M is an R-module with Rad M < M and
M/Rad M is a cws-module. Then M is a cws-module.

To prove that an arbitrary sum of cws-modules is a cws-module, we
use the following standard lemma (see 41.2 of Wisbauer, 1991).

Lemma 2.11. Let N and U be submodules of M with cofinitely weak sup-
plemented N and cofinite U. If N+ U has a weak supplement in M, then U
also has a weak supplement in M.

Proof. Let X be a weak supplement of N+ U in M. Then we have

N/INO(X+U)=2(N+X+U)/(X+U)=M/(X + U)
=~ (M/U)/[(X + U)/U].

The last module is a finitely generated module, hence NN (X + U) has a
weak supplement Y in N i.e.,

Y+[NN(X+U)]=N, YNNNX+U)=YN(X+U)<N<M.
Now

M=U+X+N=U+X+Y+[NN(X+U)|=U+X+7,
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and

UNX+Y)<[XN(Y+U)]+[YN(X+U)]

<
<IXNIN+U]+[YN(X+U) <M

Therefore X+ Y is a weak supplement of U in M. O
Proposition 2.12.  An arbitrary sum of cws-modules is a cws-module.

Proof. Let M=), M; where each submodule M; is cofinitely weak
supplemented and N be a cofinite submodule of M. Then M/N is ge-
nerated by some finite set {x;+ N, xo+ N,...,x;+ N} and therefore
M=Rx;+ Rx>+---+ Rx;,+ N. Since each x; is contained in the sum
>_jer, M; for some finite subset F; of 1, Rx; + Rxa+ -+ + Rx; < Z/GF

j for some finite subset F= {11, ir,..., I} of . Then M=N+>, M
Since M=M; +(N+Y,_, "M, ) has a trivial weak supplement 0 and
M; is a cws- module N + S 1M has a weak supplement in M by
Lemma 2.11. Similarly N+ Z, | M; has a weak supplement in M and
so on. Continuing in this way we will obtain (after we have used Lemma
2.11 r times) at last that N has a weak supplement in M. O

Let M and N be R-modules. If there is an epimorphism f: M®™ — N
for some set A, then N is said to be an M-generated module.

The following corollary follows from Proposition 2.12 and Proposi-
tion 2.5.

Corollary 2.13. If M is a cws-module, then any M-generated module is a
cws-module.

The class of cws-modules is strictly wider than the class of the weakly
supplemented modules as the following example shows.

Example 2.14. Let p be a prime integer and consider the Z-module
M=, (a;) which is the direct sum of cyclic subgroups (a;) of order
p'. Since each (a;) is local and therefore is a cws-module, M is a cws-
module by Proposition 2.12. We will show that M is not weakly supple-
mented.

Let T=pM and suppose that 7 has a weak supplement L, i.e.,
M=T+L and N=TNL<« M. Then N E(M) as well, where E(M)
is an injective hull of M. Since the injective hull E(N) of N is a direct sum-
mand of E(M), N< E(N). It follows from Theorem 4 by Leonard (1966)
that if a torsion abelian group is small in its injective hull then it is
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bounded. Therefore N must be bounded, i.e., p”"N=0 for some positive
integer n. Then, as pL<LNpM=LNT=N,

pn+1M :pn+1T +pn<pL) Spn+1T+pnN :pl’l+1T

Therefore p"*'a,,»,=p"'b for some he T=pM. Since b=pc for some
c=(ma;);2, € M, we have

+1 +1 +2
0#p" apr = p"" (PMys2apy2) = Myop™ i =0

This contradiction implies that M is not a weakly supplemented module.

Now we are going to prove that a module is cofinitely weak supple-
mented if and only if every maximal submodule has a weak supplement.
Firstly we need the following lemma.

Lemma 2.15. Let U and K be submodules of N such that K is a weak sup-
plement of a maximal submodule M of N. If K+ U has a weak supplement
in N, then U has a weak supplement in N.

Proof. Let X be a weak supplement of K+ U in N. If KN(X+U)C
KNM< N then X+ K is a weak supplement of U since

UNX+K)<XN(K+U)+KN(X+U)<N

Now suppose KN(X+U)ZKNM. Since K/(KNM)=(K+M)/M=
N/M, KNM is a maximal submodule of K. Therefore (KNM)+
[KN(X+ U)]=K. Then X is a weak supplement of U in N since
UNX<(K+U)NX<«N and

N=X+U+K=X+U+KNM)+[KN(X+U)|=X+U

as KN(X+U)< X+ Uand KNM <K N. So in both cases there is weak
supplement of U in N. O

For a module N, let I" be the set of all submodules K such that K is
a weak supplement for some maximal submodule of N and let cws(N)
denote the sum of all submodules from I'. As usual cws(N)=0 if T =0.

Theorem 2.16. For a module N, the following statements are equivalent.

1. N is a cws-module.
2. Every maximal submodule of N has a weak supplement.
3. N/cews(N) has no maximal submodules.
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Proof. (1)=(2) is obvious since every maximal submodule is cofinite.

(2)=(3): Suppose that there is a maximal submodule M/cws(N') of
N/cws(N). Then M is a maximal submodule of N. By (2), there is a weak
supplement K of M in N. Then K €T, therefore K< cws(N)< M. Hence
N= M+ K= M. This contradiction shows that N/cws(N) has no maxi-
mal submodules.

(3)=(1): Let U be a cofinite submodule of N. Then U+ cws(N) is
also cofinite. If N/[U+ c¢ws(N)]#0, then by Theorem 2.8 of Anderson
and Fuller (1992), there is a maximal submodule M/[U+ cws(N)] of
the finitely generated module N/[U+ cws(N)]. It follows that M is a
maximal submodule of N and M/cws(N) is a maximal submodule of
N/cws(N). This contradicts (3). So N=U+ cws(N). Now N/U is fini-
tely generated, say by elements x;+ U, x,+ U, ..., x,,+ U, therefore
N=U+ Rx; + Rx,+ - -+ Rx,,. Each element x; (i=1, 2,..., m) can be
written as x; = u; + ¢;, where u; € U, ¢; € cws(N). Since each ¢; is contained
in the sum of finite number of submodules from I, N=U+
K+ K>+ - -+ K, for some submodules K;, K>,..., K,, of N from I.
Now N=(U+ K+ K>+ -+ K,_1) + K, has a weak supplement, namely
0. By Lemma 2.15, U+ K;+ K>+ -+ K,,_; has a weak supplement.
Continuing in this way (applying Lemma 2.15 n times) we obtain that
U has a weak supplement in N. O

Recall that a module M is cofinitely supplemented if every cofinite
submodule of M has a supplement in M.

The following example shows that cws-modules need not be cofinitely
supplemented.

Example 2.17. Consider the ring,
R:zp,q:{% la,beZ, b#0, (p,b)=1, (q,b):l}

The left module zR is (cofinitely) weak supplemented, but is not
(cofinitely) supplemented (See Remark 3.3 of Lomp, 1999).

It is known (see 41.1(5) of Wisbauer, 1991 and Lemma 1.1 of Keskin,
2000) that for every supplement submodule K of a module M,
Rad K= KN Rad M and that for a weak supplemented module M the last
equality implies that K is a supplement.

Lemma 2.18. Let M be an R-module and U be a cofinite submodule of M.
If U has a weak supplement V in M and for every finitely generated
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submodule K of V, Rad K=KnNRad M, then U has a finitely generated
supplement in M.

Proof. V is a weak supplement of U in M, ie., U+ V=M and
UNnV« M. Since M/U is finitely generated, by Lemma 2.1, U has a
finitely generated weak supplement K<V in M, ie., M=U+K and
UNK<« M. Then UNnK<RadM. Therefore UNK<KNRad M=
Rad K. But Rad K< K by 10.4 of Anderson and Fuller (1992), so
UNK<«XK,ie., Kis asupplement of U in M. O

Theorem 2.19. Let M be an R-module such that for every finitely gener-
ated submodule K of M, Rad K=KNRad M. Then M is cofinitely weak
supplemented if and only if M is cofinitely supplemented.

Proof. Let U be a cofinite submodule of M. Since M is a cws-module, U
has a weak supplement N in M and by Lemma 2.18, U has a supplement.
Hence M is cofinitely supplemented.

The converse statement is obvious. O

Corollary 2.20. Let M be a finitely generated module such that for every
finitely generated submodule N of M, Rad N=NNRad M. Then M is
weakly supplemented if and only if M is supplemented. Furthermore in this
case every finitely generated submodule of M is a supplement.

Proof. The first statement follows from Theorem 2.19 as in a finitely
generated module, every submodule is cofinite. If N is a finitely generated
submodule then N has a weak supplement K, therefore N+ K= M and
NNK<NNRad M=Rad N« N, i.e., N is a supplement of K. O

Theorem 2.21. Let M be an R-module with Rad M < M. Then the follow-
ing statements are equivalent.

M is a cws-module.

M/Rad M is a cws-module.

Every cofinite submodule of M/Rad M is a direct summand.
Every maximal submodule of M/Rad M is a direct summand.
Every maximal submodule of M/Rad M is a weak supplement.
Every maximal submodule of M is a weak supplement.

ANl S

Proof. (1)=(2): By Corollary 2.6.
(2)= (3) is obvious since Rad(M/Rad M)=0.
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(3)=(4): Maximal submodules are cofinite.

(4)=(5) is obvious.

(5)=(6): By Lemma 2.8.

(6) = (1) holds for every module M by Theorem 2.16. O

Corollary 3.2 by Lomp (1999) gives that a ring R is semilocal if and
only if zR is a weak supplemented R-module. Since every left R-module is
rR-generated, by Corollary 2.13 we have the following corollary.

Corollary 2.22. Let R be a ring. Then R is semilocal if and only if every
R-module is a cws-module.

3. FINITELY WEAK SUPPLEMENTED MODULES

Let M be a module. If every finitely generated submodule of M has a
weak supplement in M, then M is called a finitely weak supplemented or
briefly, an fiws-module.

To prove that under proper conditions the sum of two fivs-modules is
a fws-module, we give the following modification of 41.2 from Wisbauer
(1991).

Lemma 3.1. Let M be a finitely generated module, M| and U be finitely
generated submodules and M, be a fws-module . If M|+ U has a weak
supplement X in M such that M, N (X+ U) is finitely generated, then U
has a weak supplement in M.

Proof. X is a weak supplement of M+ U in M, so M;+U+X=M
and (Mi+U)NX<KM. MiNn(U+X)<M; and by the assumption
MN(U+ X) is finitely generated and M; is a fiws-module. So M;N
(X+ U) has a weak supplement Y in M, that is, [M\N(X+ U)]+
Y=M;and M\iNn(X+U)NY=X+U)N Y<K M. We get

Mi+U+X=MNX+U)]+Y+U+X=U+X+Y
and

UNnX+Y)<[(U+Y)NX]+[(U+X)NY]

<
<[(U+M)NX]+[(U+X)n Y] < M

This means that X+ Y is a weak supplement of U in M. O

ﬂ MaARCEL DEKKER, INC.
- 270 Madison Avenue, New York, New York 10016



Downloaded by [Izmir Yuksek Teknologi Enstitusu] at 00:12 27 May 2016

Cofinitely Weak Supplemented Modules 5387

We do not know whether the sum of two fws-modules is always a
fws-module, however the following statement holds (c.f. 41.3 of Wis-
bauer, 1991). Recall that a module is coherent if it is finitely generated
and every finitely generated submodule is finitely presented.

Proposition 3.2. Let M be an R-module and M = M|+ M,, with M|, M,
finitely generated and finitely weak supplemented. Suppose that either

(i) M is coherent, or
(1) M is self-projective and M, N M, =0.

Then M is a fws-module.

Proof. Let U be a finitely generated submodule of M.

(1) Clearly M|+ M,+ U has the trivial weak supplement. Let us
consider the submodule M,N(M;+ U+0).

If M is coherent, then by 26.1 of Wisbauer (1991), M,N
(M, + U+0), as an intersection of finitely generated submodules, is fini-
tely generated and by Lemma 3.1, M, + U has a weak supplement X in
M. By Lemma 2.1, we may consider X as a finitely generated submodule
of M.

Now M;N(X+ U) is also finitely generated by 26.1 from Wisbauer
(1991) and applying again Lemma 3.1, we conclude that U has a weak
supplement in M.

(i) If M is self-projective and M, N M, =0, then
(M] + U)/[Mz N (M] + U)] & M/M2 ~ M,

is M-projective by 18.1 of Wisbauer (1991) and by 16.12 of Anderson and
Fuller (1992), (M, + U)-projective. Now we can say M,N(M;+ U) is a
direct summand of M|+ U and so finitely generated. Hence by Lemma
3.1, M, + U has a weak supplement X in M. By Lemma 2.1, we may
consider X as a finitely generated submodule of M.

Now

X +U)/IMin(X+U)]= (M +X+U)/M =M/M =M,

is M-projective by 18.1 of Wisbauer (1991) and by 16.12 of Anderson and
Fuller (1992), it is (X4 U)-projective. So M1N(X+ U) is a direct sum-
mand of X+ U and so is finitely generated. Therefore by Lemma 3.1,
U has a weak supplement. This completes the proof. O
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Proposition 3.3. If M is a fws-module and f: M — N is an epimorphism
with finitely generated Ker f then N is also a fws-module.

Proof. If K is a finitely generated submodule of N then clearly /(K is
finitely generated as Ker/ is finitely generated. Therefore f~'(K) is a
weak supplement in M. By Lemma 2.4, K=/( f~'(K)) is a weak supple-
ment in N. O

Corollary 3.4. Let M be a finitely generated fws-module which is self pro-
Jjective or coherent. Then for any finitely generated submodule K < M", with
positive integer n, the factor module M" /K is a fws-module.

Proof. By Proposition 3.2, M" is a fws-module and by Proposition 3.3,
M"/K is a fws-module. O

Proposition 3.5. Let f: M— N be a small epimorphism. Then M is a
Jfws-module if and only if N is a fws-module.

Proof. If M is a fws-module M then, by Lemma 2.8, N is a fiws-module
since for every finitely generated submodule K of N there is a finitely
generated submodule L of M with f(L)=K.

Now if N is a fiws-module and L is a finitely generated submodule of
M, then f(L) is finitely generated and therefore is a weak supplement in
N. By Lemma 2.8, L is a weak supplement in N. O

Corollary 3.6. If L< M and M/L is a fws-module, then M is a fws-
module.

Lemma 3.7. If every cyclic submodule of a module M is a direct summand
of M then every finitely generated submodule of M is a direct summand
of M.

Proof. Let a submodule L of M be generated by elements xy, x5, . . ., X,.
By induction on n we will prove that L is a direct summand of M. If n=1
then L is cyclic and therefore is a direct summand. Assume that every
submodule of M generated by less than n elements is a direct summand.
The cyclic submodule Rx; is direct summand of M, i.e., M=(Rx;)® K
for some K< M. By modular law L=(Rx;)®(KNL). Then KNL is
generated by elements p(x;), p(x3), ..., p(x,), where p: L — KN L is the
standard projection. Therefore KN L is a direct summand of M. Then
we have K=(KNL)& T for some T<K and we have M= (Rx;)d
(KNL)®T=L&T. So L is a direct summand of M. O
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Theorem 3.8. The following are equivalent for a module M with
Rad M < M.

M is a fws-module.

Every cyclic submodule of M has (is) a weak supplement.

Every cyclic submodule of M/Rad M is a direct summand.

Every finitely generated submodule of M /Rad M is a direct summand.
M/Rad M is a fws-module.

ARl e

Proof. (1)=-(2) and (4) = (5) are obvious.

(2)=@3): Every cyclic submodule R(m+RadM) equals to
a(Rm), where o: M — M/Rad M is the canonical epimorphism, there-
fore, is a weak supplement in M/Rad M by Lemma 2.8. Since
Rad (M/Rad M) =0, every cyclic submodule of M/Rad M is a direct
summand.

(3)=(4): By Lemma 3.7.

(5)=(1): By Corollary 3.6. O

To give an example of a fiws-module which is not weakly supplemen-
ted we will consider Von Neumann regular rings.

R is called a Von Neumann regular ring if for all a € R there exists
X € R such that axa = a. For brevity we will refer to these rings as regular
rings. Every semisimple ring is regular, but a regular ring need not be
semisimple, for example the direct product R=F’ where F is a field
and 7 is an infinite set (see Kasch, 1982, p. 264). Note that every weakly
supplemented module with zero radical is semisimple (see Corollary 2.3
of Lomp, 1999).

Proposition 3.9. A regular ring which is not semisimple is a fws-module
over itself, but is not weakly supplemented.

Proof. Let N be a finitely generated left ideal of R. By Theorem 3.3.16
of Ribenboim (1967), N is a direct summand, i.e., R=N& K and
KNN=0<«R for some left ideal K of R. This shows that K is a weak
supplement of N. Therefore gzR is finitely weak supplemented.

Now suppose that zR is weakly supplemented and let L be any left
ideal of R. Then L+ K= M and LN K < R for some K < R. By Theorem
3.3.18 of Ribenboim (1967), Rad xrR=0 and so LN K=0. It follows that
L is a direct summand. So every left module of zR is a direct summand,
i.e., R is semisimple. This is a contradiction. O
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