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Abstract. When a light, immiscible oil leaks above an unconfined aquifer, it spreads and
forms a floating mound on the water table. The oil mound migrates in the direction of
ambient groundwater flow. In this study we present a governing equation for the migrating
mound thickness by averaging the oil phase mass balance equation. Analytical and
numerical solutions to an advective-dispersive type equation are presented to estimate the
temporal and spatial distribution of the migrating oil mound thickness for two problems of
practical importance: formation, spreading, and migration of an oil mound on the water
table and spreading and migration of an established layer of oil with ambient groundwater
flow. The model results compare favorably with test data obtained by laboratory flume
experiments. Although the model has some simplifying assumptions such as the absence of

capillary pressure gradients, sharp saturation changes across the phase interfaces, and
single mobile phase (i.e., oil flow only), it can be useful as a screening or site assessment

tool because of its relative simplicity.

Introduction

When an immiscible oil lighter than water, e.g., a light non-
aqueous phase liquid (LNAPL) such as gasoline, leaks above
an unconfined aquifer, it migrates down under the dominant
influence of gravity and eventually reaches the water table,
where it forms a floating mound of oil on the groundwater
surface. The flooding oil can be recovered by two-pump oper-
ations [Corapcioglu et al., 1994). Effective recovery of oil can
minimize the remaining contaminant mass in the subsurface.
Recovery wells are sited after an investigation using monitor-
ing wells. Observation wells are drilled circumscribing the es-
timated contaminant extent to determine the thickness of the
oil mound on the water table. The accuracy of this technique is
directly proportional to the number of wells drilled on the site.
One difficult aspect of monitoring subsurface hydrocarbons is
that accumulations in monitoring wells do not always directly
correspond to the actual or true thickness in the formation
[Abdul et al., 1989). Considering that the hydrocarbon will
depress the water within the well at steady state and under
capillary equilibrium conditions, the net result is a greater
apparent oil thickness measured within the well than actually
exists within the aquifer [4bdul et al., 1989; Kemblowski and
Chiang, 1990]. The siting of monitoring wells would benefit
from a simple model that can be used as a screening tool.
Furthermore, such a tool would be useful in assessing how
rapidly an oil spill poses a threat to water supply wells in the
vicinity.

Migration of nonaqueous phase liquids such as gasoline and
fuel oil can be modelled in four general groups: sharp interface
models, immiscible phase flow models with capillarity, inter-
phase mass transfer models, and compositional models [Corap-
cioglu et al., 1993]. As noted by Abriola and Reeves [1990],
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although sharp interface models have some limitations, such as
omission of capillary gradients in favor of pressure and gravity
gradients, they may be employed for practical purposes be-
cause of their relative simplicity. The assumptions of the sharp
interface approach are (1) constant soil and fluid properties
such as negligible compressibility, constant fluid densities and
constant porosity, (2) negligible capillary pressure gradients,
(3) sharp saturation changes across the oil-unsaturated soil
and oil-groundwater interfaces which allows idealization of
saturation—capillary pressure relations as step functions, (4)
similar idealization of saturation profiles, (5) single-phase (air
in unsaturated soil, water in saturated soil) displacement, ()
assumption of piston-flow displacement, i.e., oil phase only,
other phases immobile at residual saturations (as noted by
El-Kadi [1994] this assumption is valid for coarse-textured soils
where gravity or fluid pressure predominates over capillary
forces), and (7) negligible effect of the water table on oil
migration and spreading. A review of the literature shows that
available studies present sharp interface solutions for oil
spreading over a stagnant water table [Corapcioglu et al., 1994].
Although sharp interface models have been investigated by a
number of researchers, analytical solutions have been at-
tempted in very few of them. Lateral spreading of oil mounds
on water tables has been studied by van Dam [1967), Mull
[1971, 1978, Greulich and Kaergaard [1984), Greulich [1985],
Holzer [1976]), Levy et al. [1990], Schiegg [1977, 1979] and Hoch-
much and Sunada [1985]. Van Dam [1967] obtained an expres-
sion to estimate the areal extent of an oil mound at equilibrium
by assuming a constant oil saturation within the mound and a
stationary water table. Mull [1971, 1978] presented an analysis
by assuming the oil lens to cease spreading when the thickness
at the spill site matches the capillary rise. Greulich [1985] (also
presented by Greulich and Kaergaard [1984]) represented the
oil mound as a combination of a cylinder at the center and a
thin circular disc outside. Holzer [1976] applied Hantush’s
[1968] theory by making an analogy between the decay of an oil
mound on a horizontal water table and the movement of a
freshwater mound in an unconfined saline aquifer. Levy et al.
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[1990], too, used Hantush’s [1967] methodology to estimate the
rate and volume of oil leakage from a tank. Hochmuch and
Sunada [1985] developed a two-dimensional numerical finite-
element model to simulate the movement of a hydrocarbon
and groundwater by solving the Boussinesq equation stated for
each phase. Schiegg [1977] (also presented by Schiegg and
Schwille [1991]) presented a numerical lateral spreading solu-
tion by using a semianalytical vertical infiltration expression as
an initial condition. Schiegg assumes that spreading starts after
the infiltration of oil ceases. El-Kadi [1994] employed the sharp
interface approach to model initial accumulation and spread-
ing of an oil phase on water table. He developed a time-
distance profile from Darcy’s law by assuming a piston flow of
oil. Huyakorn et al. [1994] presented a numerical model ta
analyze the behavior of nonaqueous phase liquids in ground-
water systems by incorporating the gravity-segregated vertical
equilibrium concept. The model has been used to simulate
crude-oil mound movement at a spill site near Bemidji, Min-
nesota. Reasonable agreement has been obtained between the
sharp interface model predictions and the observed data. A
comparative review of these studies has shown that there is a
wide range of variation between the expressions obtained by
various researchers [Ahmed, 1994; Corapcioglu et al., 1996]. No
study takes into consideration the oil mound migration with
ambient groundwater flow, i.e., on a sloped water table. In
other words, all two-dimensional studies available consider
formation and spreading of oil phase on a stagnant water table.
Obviously, this is not a realistic assumption. One reason for the
lack of an analytical solution for oil mound migration with
ambient groundwater flow is the lack of a governing equation
simulating spreading and migration processes simultaneously.
Furthermore, none of the analytical expressions were validated
by comparison to experimental results.

In the last 2 decades, various experimental studies of oil
infiltration and spreading have been reported in the literature.
Among them, Schiegg [1979], Schwille [1981, 1984], and Schiegg
and Schwille [1991] conducted one- and two-dimensional oil
infiltration experiments to develop an understanding of non-
aqueous phase behavior in porous media. Hochmuth and Su-
nada [1985] performed two-dimensional experiments in a
Plexiglas flume with 2.5-mm glass beads to test a numerical
model that assumed zero capillarity. Host-Madsen and Jensen
[1992] conducted two-dimensional infiltration experiments and
compared the results to their numerical model. Kessler and
Rubin [1987], Reible et al. [1990], and Weaver et al. [1994]
performed one-dimensional experiments to validate their mod-
eling studies of oil filtration.

In this study we present a model to estimate spreading and
migration of an oil mound with ambient groundwater flow. The
analysis is designed for application to LNAPL spills and leaks.
The analytical solutions are obtained by applying the Fourier
transformation to vertically averaged linear partial differential
equations governing the oil flow in porous media. Experimen-
tal data obtained under controlled laboratory conditions are
used to compare and test the validity of the model. Experi-
mental oil migration studies are conducted in a large-scale
laboratory flume filled with a silica sand. Soltrol-130, a com-
mercial immiscible fluid, is used as the oil phase. Studies are
conducted to provide a methodology for two important oil spill
problems: formation, spreading, and migration of an oil
mound on the water table and migration of an established oil
mound with ambient groundwater flow. The latter is generally
known as the “pancake” problem in practice.
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Derivation of Governing Equation

To develop a governing equation in terms of oil thickness to
simulate oil mound spreading and migration with ambient
groundwater flow, our starting point is the mass balance equa-
tion of the oil phase in a porous medium
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V- pua, + (paton) _o

(1)
where p, is the density of the oil phase; q, is the specific
discharge of the oil phase; S, and §,, are the degrees of phase
saturations of oil and water phases, respectively; ¢ is the time,
and n is the porosity. Note that in a two-phase system, S, +
S = 1. In this study we will assume that the medium is
homogeneous, isotropic, and incompressible. We will also as-
sume that the oil is mobile within the oil mound and that water
is immobile at residual saturations.

The objective of our study is to obtain a field equation in
terms of oil mound thickness as a function of time and of the
plane coordinates only. Then we start by integrating (1), de-
scribing oil flow in a three-dimensional space, along the verti-
cal thickness of an oil mound, taking into account the boundary
conditions on the top and bottom surfaces, i.e., oil surface and
water table. This will yield an equation in terms of oil mound
thickness and other parameters which are averaged values.
Then specific discharge of oil, q,, can be expressed by Darcy’s
law in terms of oil potential, ¢,

=KV, = —KOV(h - P“) ~-KVh  (2)
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where K, is the hydraulic conductivity of oil, ¢, is the potential
head of oil, p,, is the capillary pressure between air and oil
phases, g is the gravitational acceleration, and 4 is the eleva-
tion of the mound surface. In (2) we neglect the capillary
pressure gradient in accordance with the sharp interface as-
sumptions.

Averaging (1) along the vertical in the oil from n(r, ¢) to
h(r, t) and expressing the mound thickness as L(x, y, ) =
h(x, y, t) — mn(x, y) under steady state groundwater flow
conditions (i.e., dn/dt = 0), substituting (2), and rearranging
yields [Corapcioglu et al., 1994; Lingam and Corapcioglu, 1995]
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where S, and §,,, are degrees of oil saturation in the oil
mound and in the unsaturated soil, respectively, and 7 is the
elevation of the water table. Q,, is the rate of oil leak/pumpage
at the point (¢, ¢). A minus sign on the right-hand side denotes
an oil leak; & denotes the Dirac delta function. The details of
vertical averaging of (1) are given by Corapcioglu et al. [1994].
As seen in (3), the residual saturations of oil is incorporated in
the formulation in the storage term.

When an oil layer of finite extent rests on the water table
which is the oil-water interface, under hydrostatic conditions,
we can state the following expressions for the oil and water
pressures, P, and P,,, respectively, in terms of oil and water
potential heads, ¢, and ¢,,, respectively

+ npo(soo -

4

where 7 is the elevation of the water table as measured from a
datum and p, and p,, are the densities of oil and water, respec-
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tively. Neglecting the capillary pressure between the oil and
water phases, i.e., P, = P,, the potential head of water is
obtained from (4) as

Po Po
b= (1-2)y 4L, )
Noting that the elevation of the air-oil interface, & (i.e., oil
surface), as measured from the datum is the sum of the oil
mound thickness L and 7 (i.e., » = n + L) and that by
neglecting the capillary pressure between the oil and air phases
(i.e., ¢, = h) the specific discharge of water q,, can be ex-
pressed by Darcy’s law as

Q= -K,V, = -K,V1 - K, ? VL (6)
where K, is the hydraulic conductivity of water. The last term
in the right-hand side of (6) accounts for water flow caused by
a change in oil thickness. At the maximum oil mound thickness
it will not contribute additional water flow. Assuming that the
density p, and hydraulic conductivity K, of oil are constants in
accordance with sharp interface assumptions, (3) can be re-
written as

1
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where S, and S, are degrees of oil saturation in the oil
mound and in the unsaturated soil, respectively. Combination
and rearrangement of (6) and (7) and the assumption of con-
stant groundwater flow velocity yield
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In (8) the second-order terms such as VL - VL can be ne-
glected for small values of VL. The omission of second-order
terms in groundwater flow equations is a common practice
[e.g., Verruijt, 1969; Bear, 1972]. However, this might be a
limitation in some cases due to the large gradients at very early
times. Then (8) can be rewritten by linearizing the resulting
equation as
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where L is a reference thickness of the oil mound. There are
several techniques to linearize nonlinear partial differential
equations. Bear [1972] outlined three of these techniques. We
used the simplest and most widely used technique, in which an
averaged thickness of the oil, L, is introduced. Kemblowski
and Chiang [1990] suggested L, as the volume of oil per unit
area of the aquifer divided by the porosity. Equation (9) is an
advective-dispersive transport equation. The advective term,
which is proportional to specific discharge of water, represents
the migration of oil mound with ambient groundwater flow.
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Figure 1. Schematic of the oil mound geometry on the water
table.

The dispersion term represents the gravitational spreading of
oil mound on the water table due to its density difference
(pw — Po)- The center of the oil mass would move at a velocity
established by the slope of the water table (q,/K,,) times the
oil hydraulic conductivity K, divided by the oil-filled pore

Space [n(soo - Soun)]'

Solution Techniques

Solutions of (9) will be presented for two practical problems:
formation and spreading of an oil mound on the water table
and spreading and migration of an established oil mound with
ambient groundwater flow. We will take the direction of am-
bient flow as the x direction and the originx = 0,y = 0, as
the location of the oil leak. Then rearrangement of (9) yields
the following form in Cartesian coordinates

9L oL VaL_R oL C500)5 0
W+a_y2_ 3y = R 57— €300y (10)
where
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Application of the Fourier transform to (10) in x and y direc-

tions yields

_ - - dL
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i (12)

where L(A,, A, t), the transform of L, is defined as
+o0 +o
LAy A, 8) = ‘[ J L(x,y, t)e™e™ dx dy (13)

where A, and A, are the transform parameters in the x and y
directions, respectively. Equation (12) is a first-order ordinary
differential equation whose independent variable is time z. The
solution of (12) is

_ A+ AZ+iNY
LA, Ay, )=Aexp| — Tl
c

+Af+ AN +HiNY

(14)
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Figure 2. Oil mound spreading and migration at # = 2 hours: Comparison of analytical (equation (18)) and
numerical solutions of L = 1 cm contours and oil mound profiles alongy = 0.

where i is the imaginary number and A4 is an integration con-

c

stant obtained from the initial condition of the problem. When A=L(; A, 0) - N+ A+iny (16)
the oil extends initially fromx = —b tox = b and fromy = . ’
—a toy = a with a uniform thickness L, (see Figure 1), the  ppe jnverse of the Fourier transform is defined as
Fourier transform of the initial condition is given by
_ 4 L, 1 400 +o _
LA, A, 0) = T sin (A,b) sin (A,4) (15) Lx,y, t) = e L(A, A, e ™ d), dA,
xity — —x

The integration constant 4 of (14) is obtained as

(17)
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Figure 3. Oil spreading and migration resulting from a leak located atx = 0,y = 0: L = 1 cm contours
and oil mound profiles along y = 0.
The integrand in (17) has imaginary and real parts. Since the = where
oil thickness L must have a real value, the solution is obtained . " R ) R
for the real values of L as the following after some algebraic Bi= (Af + A)*+ A2 By=C(AJ+ 1))  Bs=CAV
manipulations
B,=(A+A)/R  Bs=\(x—Vit/R) 19)

1 +» +o Bz _Bd
L(xvy, t)=m B5_B_1 Ccos (Bs+B7)e

B, | B,
— == sin (Bs + B;)e % + —=cos (B; + Bg)

B,

+B1

sin (B, + Bs)] dA;dA, (18)

BG=I’(A.\:7 /\x: 0) B7=)‘)(y BS=AJIx

An inspection of the integrand in (18) shows that the integrand
vanishes as |A,| and |A | increase. Because of the harmonic
behavior of the integrand, the numerical integration of (18)
should be performed with close attention to the limits of |A|

and [A | and the behavior of the integrand as A, — 0 and
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Figure 4. Spreading and migration of an initially rectangular (14 m X 6 m) oil mound: L = 1 cm contours

and oil mound profiles alongy = 0.

A, — 0. We also should note that the averaged oil thickness
L is a function of time. As the oil mound migrates, the aver-
aged mound thickness changes. This might be very crucial in oil
leak problems in which the averaged oil mound thickness is not
defined at ¢ = 0. The procedure to calculate L , at a particular
time can be briefly explained as follows. First we calculate the
actual volume of oil leaked. In case of an established oil
mound, the volume of oil is constant in time. For oil leak
problems with a source, the actual volume of oil is the product
of time and the leakage rate Q.. Then, we assume a value for
L, (for example, 0.02 m) and calculate the oil mound profile by
using (18). The volume of oil is computed by integrating the
mound profile. Since the calculated volume of oil should be
equal to the actual volume, we adjust L, and continue the

routine until the calculated and actual volumes are in a rea-
sonable agreement. This procedure is laborious but appears to
be the only rigorous way to find L.

Because of the difficulties to evaluate the integral in (18), (9)
is also solved by using a finite-difference technique. We use the
classical implicit scheme with central-difference approximation
for spatial derivatives. The resulting set of algebraic equations
is solved by iteration. However, any software solving the ad-
vective-dispersive transport equation can be used to solve (9)
numerically. Furthermore, numerical solution enables us to
update L , without much difficulty as time progresses. We cal-
culate L, at every time step using the definition “volume of oil
per unit area of the aquifer divided by the porosity” and em-
ploy it at the next time step.
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Figure §. Spreading and migration of an initially circular oil mound with a radius of 5 m: L = 1 ¢m contours

and oil mound profiles along y = 0.

Example Simulations

Comparisons of analytical and numerical solutions are illus-
trated in Figure 2 for an oil leak problem with a source located
atx = 0, y = 0. The oil leak rate 0, and ambient Darcy
velocity gq,, are 50 mL min~"' and 4 m d™?, respectively. In this
simulation the material parameters are taken as S, = 0.9,
Soun =01, =0.39, p, = 1.0gem™3, p, = 0.753 g cm 3,
K, = 0.0008 m s*, and K, = 0.00044 m s~*, In the calcula-
tions the limits of the integral in (18) are taken as 100. A grid
of 100 X 100 is used to approximate the integral in (18). In the
numerical solution the time step is taken as 100 s. The com-
parison of analytical and numerical solutions for the oil mound

thickness contours of 1 cm and profiles alongy = 0 att = 2
hours show a favorable match. Since L, is not defined at ¢ = 0
for an oil leak problem with no initially established oil forma-
tion, we start with L, = 0.1 m in our numerical solution.
Eventually, L, converges to 0.02 m. Figure 3 illustrates the
formation and spreading of the oil mound with time for the
same problem. After 4 hours of leakage, the oil mound thick-
ness of 1 cm extends to 0.7 m from the source in the direction
of ambient groundwater flow. At this time, the maximum oil
mound thickness is 14 cm under the source,

Next we analyze the spreading of an initially rectangular oil
established on the water table. The extent of the spill is 14 m X



1306 CORAPCIOGLU ET AL.: OIL MOUND SPREADING WITH GROUNDWATER FLOW
100
5
~ 80 A~ Experimental data
4 — Analytical solution
g
< 60 —
i o
’-—
S 40
D
o
—
(o}
‘L 20 65 min
o
L A 20 min
2.5 min
0 =T T j T T T T T T 1
-100 -80 -60 -40 -20 0 20 40 60 80 100
x—axis (cm)
100
5
~ 80 g Experimental data
@ Analytical solution
g
o] 60
£
'—
S 40-
o
o
N
o 20
L
e 20 min
NS
0 T T ! T T T Y T T 1
-100 -80 -60 -40 -20 [ 20 40 60 80 100

x—axis (cm)

Figure 6. Comparison of simulated oil mound profiles (equation (20)) with experimental flume data for the
oil leakage rates of (a) 10.61 mL min~! cm™* and (b) 21.22 mL min~'! cm™%.

6 m, and the center coincides with the origin of the x-y coor-
dinate system. The material properties are the same as de-
scribed in the previous case. The initial thickness of the oil L;
is 0.30 m. The time step in the numerical solution is taken as 1
hour. Figure 4 illustrates L = 1 cm contours and oil mound
profiles alongy = 0 at different times. After 3 daysthe L = 1
cm contour moves significantly in the direction of ambient flow
(4 m d~*) up to 37 m as measured from the initial center of the
spill. For a similar problem, L = 1 cm contours and oil mound
profiles of an initially circular oil mound are shown in Figure 5.
The radius and initial thickness of the oil mound are 5 m and
0.3 m, respectively. The behavior is similar to that of an initially
rectangular oil because the volumes of oil in initially rectan-
gular and circular mounds are quite close, i.e., 8.84 m* for the
rectangular mound and 8.27 m? for the circular mound. There-
fore the approximated initial geometry of the established
mound is not very critical for estimating the extent of the spill
with time.

Experimental Studies

We conducted laboratory experiments to test the validity of
the model. All experiments were performed in a laboratory
flume consisting of two glass walls and a steel frame. The flume

was 244 cm long, 122 cm high, and 14.6 cm wide. At both ends
of the flume, two perforated tubes connected to Cole Palmer
Masterflex L/S pumps provide the hydraulic gradient for the
flow field. Six-millimeter-ID glass tubes were used as piezo-
metric tubes to measure the water table levels. The flume is
filled with Vulcan #1 filter sand. The porosity of sand is 0.39,
and the hydraulic conductivity of water is determined as 0.0008
m s~L. Particle diameters fall within the range of 0.45-0.55
mm. The sand was placed into the flume under constant water
mixing conditions to prevent any bubble entrapment and par-
ticle segregation. Soltrol-130, a Phillips 66 product, is used as
the oil phase. Soltrol-130 is a combustible fluid with a mild
odor, negligible solubility in water, and negligible volatility.
Since Soltrol-130 is a colorless fluid, 0.9 grams of Oil Red O, an
Aldrich Company product, are mixed with 1 L of Soltrol for
visual observation. The density and dynamic viscosity of Soltrol
130 are given as 0.753 g cm™ > and 1.45 cp, respectively. De-
grees of oil saturation within the oil, S, and in the unsatur-
ated soil above the air-oil interface, S, are determined as 0.9
and 0.1, respectively.

The source was placed at a point just above the capillary
fringe which was 8-9 cm. A perforated T tubing was used as a
distributed line source to inject Soltrol along the width of the
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Figure 7. Sensitivity of the model to ambient groundwater flow rate at ¢+ = 1 day.

flume. The horizontal ends of the T tubing were sealed by
silicone, and the tubing was connected to an oil pump to supply
a constant rate oil leak. As oil was injected, the profile of the
oil formation was visually observed, and air-oil and oil-water
interfaces were recorded at selected intervals of time. The
experiment was repeated at oil leakage rates of 10.61 mL
min~! em ™! and 21.22 mL min—' ¢cm ™. In both experiments
the groundwater flow rate was 4 m d~*. A one-dimensional
analytical solution of (9) is obtained by the Fourier transform
to compare with experimental data,

_ 1 e ((2L, | CA?
L(x,t) =2 {(/\—x sin (Ab) —W)

Ve A2
cos | Al x R exp R t
CAYV Vi A2
—Wsm )\,x—f €xXp _Kt

A2 c\nY o
+ W cos (Ax) + W sin (Ax) ¢ dA,

(20)

Since there is no oil mound in the flume initially, L; = 0. The
linearization parameter L is calculated from L, = Qt/(An)
where A is the experimentally determined area of the oil
mound and # is the porosity. As can be seen in Figure 6, the
experimental and theoretical results are in good agreement for
practical purposes. Some disagreement between the experi-
mental and model results is observed at downstream profiles,
especially at later times. This is due to the difficulty in deter-
mining the air-oil interface visually in the laboratory experi-
ments. As the oil mound spreads on the water table, some oil
mass moves upward by capillary forces, thus blurring the air-oil
interface. Within the transitional region the oil saturation de-

creases gradually with elevation. Therefore the experimentally
obtained air-oil interface is an approximation subject to errors
as high as a few centimeters, especially at the downstream
profile. Hochmuth and Sunada [1985] reported the same diffi-
culties in their flume experiments.

The one-dimensional analytical solution is used to study the
effect of ambient groundwater velocity on the extent of spill
migration. Migration of an oil mound initially 2 m long is
analyzed for four different values of ambient groundwater ve-
locity in Figure 7. Other parameters are kept constant. As
expected, the groundwater velocity has a direct effect on oil
mound migration. An interesting observation is made when the
velocity is taken as q,, = 0 corresponding to a stagnant water
table condition. In this case the initial oil mass collapses and
spreads out under its own weight. With nonzero values of q,,
this profile has simply moved in the direction of ambient
groundwater flow at the expected rate of (q./K,,)[Ko/n(S o6 —

Soun)]-

Summary

A model is presented to estimate the growth and spreading
of an oil mound with ambient groundwater flow. The govern-
ing advective-dispersive transport equation obtained by depth
averaging the oil mass balance equation is solved both analyt-
ically and numerically for two practical problems: formation
and spreading of an oil mound on the water table and migra-
tion of an established oil mound with ambient groundwater
flow. The numerical and analytical solutions show a reasonably
close match. Although the model has some limitations, such as
the absence of capillary pressure gradients, sharp saturation
changes across the phase interfaces, and single mobile phase
phase (i.e., oil flow only), the maodel results compare favorably
with test data obtained by a laboratory flume experiment con-
ducted to test the validity of the model.
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