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ABSTRACT
AFFINE DYNAMICS WITH TORSION

In this study, we give a thorough analysis of a general affine gravity with torsion.
After a brief exposition of the affine gravities considered by Eddington and Schrédinger,
we construct and analyze different affine gravities based on determinants of the Ricci
tensor, the torsion tensor, the Riemann tensor and their combinations. In each case we
reduce equations of motion to their simplest forms and give a detailed analysis of their
solutions. Our analyses lead to the construction of the affine connection in terms of the
curvature and torsion tensors. Our solutions of the dynamical equations show that the

curvature tensors at different points are correlated via non-local, exponential rescaling

factors determined by the torsion tensor.
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OZET
TORSIYON ICEREN AFIN DINAMIGI

Bu caligsmada, torsiyon iceren genel bir afin kiitle cekim kuraminin kapsamli bir
incelemesini yaptik. Schrodinger ve Eddington tarafindan incelenen afin kiitle cekim ku-
ramlarinin kisa bir analizi yapildiktan sonra, Ricci tensorii, Riemann tensorii, torsiyon
tensorii ve bu tensorlerin birlesiminden olusan determinantlar iizerine kurulu farkli afin
cekim kuramlarini kurduk ve inceledik. Her bir durum icin hareket denklemlerini en basit
formlarina indirgedik ve bu denklemlerin ¢oziimlerinin detayli bir incelemesini ele aldik.
Analizlerimiz afin baglantisinin torsiyon ve egrilik tensorlerini iceren bir yapida olmasini
gerektirdi. Dinamik denklemlerimizin ¢oziimleri, farkli noktalardaki egrilik tensorlerinin,
torsiyon tensorii tarafindan belirlenen, lokal olmayan, eksponansiyel dl¢geklendirme faktorleri

ile iligkilendirildigini gosterdi.
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CHAPTER 1

INTRODUCTION

The formulation of the general theory of relativity was given by Einstein in 1915
thanks to the equivalence principle with his subtle realization of how energy-momentum
curves the geometry of spacetime and how light and massive objects move through that
spacetime. This formulation is, in fact, one of the three mathematical concepts to con-
struct the relativistic theory of gravity such that the general theory of relativity as the first
of them is based on the relativistic gravitational action known as the Einstein-Hilbert ac-
tion. The metric tensor is the fundamental dynamical variable postulated a priori on the
manifold and the affine connection is taken to be Levi-Civita connection of the metric
tensor. With the addition of appropriate extrinsic curvature of the metric Einstein field
equations can be derived. The theory is purely metrical [1, 2].

As the second formulation of the relativistic theory of gravity, both the metric
tensor and the affine connection are considered as independent dynamical variables on the
manifold [6, 7, 14, 18]. In this respect, the field equations are formed by the stationarity
of the action with respect to these quantities. The formulation can be reduced to the
general theory of relativity by taking into account the curvature of the symmetric affine
connection in the Einstin-Hilbert action such that via the field equations the symmetric
affine connection used in this formulation turns out to be the Levi-Civita connection of
the metric tensor used in general theory of relativity [18].

The last formulation of the relativistic theory of gravity first realized by Weyl is
that the affine connection itself is considered as the dynamical object with no a priori
postulation of the metric on the manifold [3—-5]. The field equations are drived by keeping
the action stationary with respect to that connection. The importance of the formulation
was shown after Eddington constructed a Lagrangian density where the square root of the
determinant of the symmetric Ricci tensor of the symmetric affine connection is given
[3]. By Eddington’s approach to the affine gravity with his action, it is obtained that the
field equations are nothing but the Einstein field equations itself in only vacuum without
its matter part. The equations of motions also, as expected, lead to the correspondence of
the symmetric affine connection to the Levi-Civita connection of the metric tensor used
in general theory of relativity. Although the Eddington gravity is not a complete theory

due to its missing energy-momentum tensor, it gives the dynamical origin to the general



theory of relativity, that is to say, there is no need to postulate the metric a priori on the
manifold in the affine gravity. It is induced dynamically.

All three formulations of the relativistic theory of gravity are dynamically equiv-
alent as long as we keep the affine connection and the metric tensor symmetric in the
metric-affine gravity, and the Ricci tensor and the affine connection symmetric in the
purely affine gravity. However, via these formulations we can approach to the gravity
in different ways by keeping the antisymmetric part of the affine connection, called the
torsion, and of the Ricci tensor, called the second Ricci tensor [9, 15-17], to overcome
some fundamental problems emerging from the general relativity such as dark matter, the
avoidance of singularities, and the affine gravity is particularly important to discuss about
the dynamical origin of the general relativity with its matter part as an extension to the
Eddington gravity [8, 10, 11].

In the present thesis based on the paper by the author [12], we give a detailed
study of the torsion effects on the purely affine gravity, where we propose torsional ac-
tion models based on the Ricci and Riemann curvatures as well as the torsion tensor. In
our study, metric structure is not obtained dynamically, then we exclude the metric tensor
from our affine formulation. In this respect, we keep the affine connection fundamental
gravitational field itself.

In the two torsional actions involving Ricci curvature, we obtain the gravitational field
equations for the general, symmetric, and antisymmetric Ricci tensors so that we are able
to construct a nonsymmetric connection field in the case of the symmetric Ricci tensor
and the nonsymmetric contracted connection in the case of an antisymmetric one. The
torsionful connection structures together with the torsionful gravitational field equations
lead to the non-local, exponential rescaling of the Ricci curvatures considered as general,
symmetric, and antisymmetric, and some of the rescalings are determined by the torsion
tensor explicitly. Moreover, achieving the affine connection for symmetric Ricci tensor
brings about the examination of geodesic equation. In the action involving the Ricci ten-
sor in which the torsion determinant appears explicitly, we introduce a scalar function
including a torsion determinant such that it modifies the results of our action model based
on the purely Ricci determinant, except that in both action models for the rescaling of
symmetric Ricci tensor we obtain the same form.

In the other two torsional actions involving the Riemann curvature, we also show the grav-
itational field equations and for the Riemann curvature in both actions we also define the
non-local, exponential rescaling determined by the torsion tensor. In the action including

the Riemann tensor in which torsion determinant is again seen explicitly, we introduce



another scalar function involving the torsion determinant such that it also appears as the
modification to the results obtained from the action constructed by the purely Riemann
determinant.

The thesis is organized as follows: In Chapter 2, we review the three formulations
of the relativistic theory of gravitation known as the purely metric gravity, the metric-
affine gravity, and the purely affine gravity. In Chapter 3, we examine the affine dynamics
with torsion. In section 3.1 without the notion of metric, we review the Schrodinger’s
generalization of Eddington gravity. In section 3.2, we propose the action model, where
the torsion determinant appears as an extention to the Ricci curvature. In Section 3.3,
inspired by the model given in section 3.1, we analyze the torsional action based on the
Riemann determinant, and in section 3.4 we examine the last action in which Riemann

curvature is modified by the torsion determinant. In Chapter 4, we summarize our results.



CHAPTER 2

THEORIES OF GRAVITATION

2.1. The Purely Metric Gravity

The general theory of relativity is the purely metrical theory of gravity based on

the Einstein-Hilbert relativistic gravitational action [1, 2]

Ion = / d*z+/q| [i (R(g) - 2A) + ,CM], @.1)

where g = Det[g,,] is the determinant of the metric tensor, R(g) = (¢~ )" R, (g) is
the curvature scalar of that metric, A is the cosmological constant, £, is the Lagrangian
density describing any matter fields, and x = 87 Gy /c* is a constant with the gravitational
Newtonian constant GGy and the speed of light c in vacuum. Here, the Ricci tensor R, (9)
is defined as to be contraction of the Riemann tensor R” ,,,(¢g) with its indices p and o as

follows:
Ryw (9) = R o (9) (2.2)

with the definition of the Riemann curvature expressed as

%pMUV(g) = aﬂ{,ﬁu}g o aV{Za}g + {ig}g 211}9 - {g\)y}g 20}97 (2.3)

where the Levi-Civita connection {¥,, }, of metric g,,, is given by

(g_l)pa [aﬂgm’ + anU;L - aagp,l/] . (24)

N | —

sz}g =

The relevancy of the connection structure (2.4) to the functions of g,, and their linearly
first derivatives is due to the two essential requirements of this theory of gravity. One
of them is that the affine connection I'f,, = FZW) + F[plw] paralelly transports the metric
field into itself, that is, the metric has covariantly invariant derivative with respect to that



connection [4]:
vag,uu =0 (25)

such that after the cyclic permutation of the indices p, i and v, Eq.(2.5) leads to the

relation

1 1
— o B o B
U =} = 597908 a) = 59”908 (e + Ty (2.6)

The other requirenment is that the affine connection is taken symmetric (torsion-free) in

p
[nv]

general affine connection is reduced to the solely metric dependent connection [4]:

its lower indices, i.e, I = 0, and hence, we obtain from the relation (2.6) that the

e, ={0}e 2.7)

As clearly clarified from Egs.(2.3) and (2.4), and the explained above with the
result (2.7) that the curvature tensor is defined in terms of only metrical gravitational field,
the metric tensor is considered as the fundamental dynamical variable in the Einstein-
Hilbert action (2.1). Then against the dynamic of the metric tensor, the action behaves

stationary only if

1 0L
Ruu - _Rguu + Ag;w = KR| — 2_M + g,uwCM ) (28)
2 OGuw

where the right-hand side is defined as to be proportional to the energy-momentum tensor

denoted as
0L

_ptEM
00

The solution (2.8) is known as the Einstein field equations so that it relates the geometric

T

+ gLl (2.9)

structure of the spacetime via the geometrical object Riemann curvature tensor given on
the manifold in terms of the metric field (the left-hand side of Eq.(2.8)) to the energy-
momentum tensor via the lagrangian density of the matter fields given in the theory (the

right-hand side of Eq.(2.8)).

2.2. The Metric-Affine Gravity

As we mentioned in the previous section, there is such a unige connection (2.4)

that makes the metric only dynamical object due to its metric-compatible and torsion-



free properties. However, in the metric-affine theory of gravity, these two conditions

are not necessarily given; that is to say, the affine connection may be metric-compatible,

p

] # 0, or the affine connection may not be metric-

'V ,9,, = 0, but not torsion-free, T
compatible, 'V ,g,,, = Q.- With these two cases, it is not possible to reduce any metric-
dependent connection. In this respect, both metric and affine connection are considered
as independently dynamical variables in this theory of gravity. The general Lagrangian
density of such a gravity, which lead to one of the two possible cases explained above,

can be expressed as

Emet—aff - f (gu %puau(g% F7 %puau<r)) + Em [9; F, CI)’ \IJ’ ] 3 (210)

where the metric g and the affine connection I are taken into account independently, and
the stationarity of the action in question is examined against the dynamics of these two
different quantities.

As we indicated above, the metric-affine theory of gravity can always be reduced
to the purely metrical theory of gravity if the equations of motions allow the connection
to be metric-compatible by considering vanishing antisymmetric part of that connection.
There is such a particular case that is formulated by Palatini [18] such that he replaced the
metric-dependent Ricci tensor with the torsionless affine-dependent one in the Einstein-
Hilbert action, i.e. R(g,I') = (¢7')* R, (T'), and took into account the metric and the
affine connection as to be independent variables for the stationarity of the action. The
field equations then led that the symmetric affine connection I'#, used in the formalism
turns out to be the Levi-Civita connection {£,,}, itself used in the general relativity, which

implies the equivalency of the metric-affine theory of gravity and the general relativity.

2.3. The Purely Affine Gravity

Proceeding from Einstein’s metric formulation, Eddington considered in 1919 [3,
4] a reformulation of the theory in terms of only a connection, not a metric. His suggestion
was altering the metrical gravitational field through the affine connection, which was first
realized by Weyl [5]. Within this context, he proposed a kind of gravitational action

constructed by the square root of the determinant of the symmetric Ricci tensor:

]Edd:/d4x IR (2.11)



with R being the determinant of R, corresponding to the symmetric part of the Ricci
tensor.

Without the notion of metric, introducing the affine connection I as the gravitational field
and choosing its symmetric one, the variation of the Ricci tensor with respect to that

connection is given as follows:
Ry =V, (074, ) = ¥, (9T, ). (2.12)

where V is defined as the covariant derivative operator with respect to the affine connec-
tion I'. Then, by keeping the proposed action (2.11) stationary, the variation (2.12) leads

to the equation of motion:
v, [VIRI(R™)"] =o. (2.13)

A solution to the last equation is provided by defining an invertible tensor field g,,, such

that
VIR (RYH™ = A]gl (7)™, (2.14)

where g is the determinant of g, and A is a constant. Then Eq.(2.14) ends up in the same

form as the Einstein field equations with a purely cosmological constant A:
Ry = Aguw, (2.15)

which shows the significance of the Eddington approach to the gravity by giving a dynam-
ical origin to the general relativity. Moreover, having the equation of motion (2.13) and
its solution (2.14) directly result in the compatibility condition V ,g,,, = 0 for our metric
solution in Eq.(2.15), which is the crucial result that the symmetric affine connection I},
used in Eddington Gravity turns out to be the Levi-Civita Connection {7, }, itself used in

general relativity:

(97 (090w + OvGop — O] - (2.16)

DN | —

Zy}g =

Having obtained the Einstein field equations only in vacuum (2.15) without its matter
part, which is described by the energy-mometum tensor T,,, is the essential problem of

this theory, thus Eddington gravity is not a complete theory.



To include matter into Eddington’s affine gravity, “Eddington-inspired Born-Infeld
gravity” was proposed with its metric-affine formulation in which both metric and con-
nection fields are taken into account independently [6]. An alternative formulation of
purely affine gravity in the presence of matter fields was also formulated in [7]. Recently,
another attempt for incorporating the matter into the field equations in Eddington’s affine
picture was provided by “Riemann-improved Eddington theory” [8]. In this study, the
Eddington action (2.11) was extended by Riemann curvature so that it led to a dynamical
derivation for the complete Einstein field equations. Another recent work was proposed
by constructing torsional metric which after using on a given Lagrangian density with
curvature led to the matter coupling to the affine gravity [9]. It was also shown that
matter can be incorporated when Eddington Gravity is formulated in a spacetime that is
immersed in a larger eight dimentional space [10, 11]. As well as making use of an affine
framework to include matter into the gravity as clarified above, it should also be noticed
that the affine framework is particularly useful for addressing the cosmological constant
problem properly [8, 10].

Eddington Gravity is based on the symmetric (torsionless) affine connection field
and on the symmetric Ricci tensor of that connection. In addition to Eddington’s ap-
proach, a more generalized formulation was given by Schrodinger such that he used a
nonsymmetric (torsionful) connection field and introduced a nonsymmetric metric ten-
sor [3]. Unlike Eddington Gravity, this metric structure was not obtained dynamically;
it was considered as just a prescription. However, using the nonsymmetric metric struc-
ture, which was suggested earlier by Einstein and Straus [13], resulted in the unification
of the electromagnetism and gravitation, in which electromagnetic field is represented by
the antisymmetric part of the metric tensor itself [14]. Some detailed examinations of the

nonsymmetric purely affine gravity can also be found in [9, 15-17].



CHAPTER 3

AFFINE DYNAMICS WITH TORSION

3.1. Schrodinger’s generalization of Eddington gravity

We start to examination by considering an elegant action in which our Lagrangian

density is constructed by only the Ricci tensor including affine connection such that
Ir = /d% IR, (3.1

where R = Det [R,,]and R =R (I').
To see the dynamics of this type gravitational action (3.1), let us apply the variational
principle with respect to the nonsymmetric connection in question as the fundamental

gravitational field itself. To this end, the variation of the action is given by

1 v
5lp = /d4x6\/|7€| = §/d4x IRl (R7H)™ R (3.2)

As we are interested in the variation according to the connection, we take into account the

Palatini formula [4, 18],
R =V, (075, ) = ¥, (9T%,) = 28017, (3.3)

In this study, as we consider the antisymmetric part of the connection, i.e., S? = IV

v 1]
as well as the symmetric part of it the last torsional term in the variation (3.3) comes out
as the starting point of the torsional contribution to the Eddington gravity, and here we
should also notice the tensorial form of the variation of the connection 5Fﬁu [4].

Then our action becomes

Sl = % / d'o/IRI (R |9, (015, ) = ¥, (915, ) = 287,070, . (3.4)



We improve Eq.(3.4) by the integration by parts for the terms involving covariant deriva-

tives so that we can take advantage of the identity [4, 19]
/ 'V, (TV) =2 / d'28,TV", (3.5)

where 7 is any scalar density and it corresponds to /| R| in our formalism.
The identity given above is verifed by applying the Gaussian theorem to the relation given

by combining the covariant derivative of a scalar density ./ [4],
ij = 8p\7 - ngj7 (36)

with the same derivative of a contravariant vector V* in which process we consider a van-
ishing hypersurface integral.
Thus, by taking advantage of Eq.(3.5), the variation under an arbitrary connection be-

comes

st = [ ata(=39, [VIRI(R )] + 59, [VIRI (R)]
IR[ (R)™S, — VIR| (RT)7S,0"

IR (RS o }oT%,, (3.7)

for which the principle of least action, d [x = 0, results in the most general field equations:

v, |[VIRI (R >”“}—v [mm*)} —2/[R[(R)™S,
+2¢/|R[ (R7H7 S,6% + 2¢/|R[ (R™H)7 Sy = 0. (3.8)

One may go further than Eq.(3.8) by carrying out the contraction with respect to the

indices p and v such that it results in

V. [VIRI(R)™] = SVIRI(R)™ s, (3.9)

10



which, after plugging it into the most general field equations, leads to

v 1\ V 2 —_1\0O v
Y, [VIRI(R™)™] = 2VIRI (RS, + SV/IRT (R™)™ 8,4

+2V|R[ (RTS8, = 0. (3.10)

Here, one more thing to obtain the desired tensorial field equations is to get rid of the
scalar density/|R|. With this aim, multiplying the last equation by R, and implement-

ing to the first term partial differentiation with the fact that

1 v
VoVIRl = =5 VIRIRWY, [(R™1)™] (3.11)

we obtain

8
VoVIR| = 3 VIRIS,. (3.12)

After checking, one may realize that Eq.(3.11) is naturally compatible with Eq.(3.6) in
which we regard the Jacobi formula that differential of a determinant [20], say Det [A],
(such as Det [R,z] in our notation) is equivalent to the trace of the adjoint of matrix A

multiplied by its differential d.A4, that is,
d (Det [A]) = Det [A] Tr[A—ldA] (3.13)

Then after using Eq.(3.12) in Eq.(3.10), we obtain the field equations with the inverse

Ricci tensor such that
v, [(RH™] + gsp (RH)™ + gsgag (RH™+28,, (R°H)" =0, (3.14)

After multiplying with R . and R¢,, the last equation can also be expressed as

2 2
S8R — =8 Rpp — 287 5/ Rys = 0. (3.15)

Vp [Rlﬂ’] - 3 3

We are now 1n a position to show significant effects of the tensorial field equations

11



(3.15) on our Ricci tensor, where the situation is now clearly different from the Eddington
gravity due to the torsion, i.e. antisymmetric part of the connection, contributions. Let us

first see the case by multiplying Eq.(3.15) by the inverse Ricci tensor (R~1)"* as follows:
—S,, (3.16)
which can also be seen from Eqs.(3.11) and (3.12). Then we have
—1\Vk 16 B
(R7Y)™0,[Ruw] = 3 S+ 205, (3.17)

Via Eq.(3.13), the last equation leads to

Det [R, (27)] = exp {/x (%6Sp + Zng) dxp} Det [R,u (z])]. (3.18)

0

Let us now consider the general coordinate transformations x] — z7(x{) under which

the Ricci tensor transforms as

0§ Oz
Ry (27) = 5020 R (a5). (3.19)

Then taking the determinant of Eq.(3.19) leads to

I

Det [Ry (7)] = (Det {%})zDet Ry (a7)]. (3.20)

One may here see that the equality of the right-hand sides of Eqgs.(3.20) and (3.18) results

in the determinant being given by

Det [J#] = exp { / (gsp + rgp) d;cp} , (3.21)

0

N
where we have introduced the Jacobian matrix J! = ngS responsible for the transforma-

12



tion of the coordinates from z” to zf.

In affine spacetime, a simple relation for the determinant in (3.21) of the Jacobian can be

27 /9 1
JE = 6 exp { / <§sp + Zr@,) dx”} , (3.22)
2

which has a significant implication on our Ricci tensor; pluging it into Eq.(3.19) leads to

given by

the non-local, exponential rescaling of the Ricci curvature:

Ry (27) = exp { / (gsp - %r@) d:c”} R (7). (3.23)

o
0

The exponential factor

o

e 1
K (27, x7) = exp { / (53,, + §rgp) das"} (3.24)

is here totally responsible for this non-local rescaling such that the torsion vector shifted
by the contracted connection provides the Ricci tensor with a conformal mapping from
a point x§ to another one x“ over spacetime structure including the nonsymmetric affine
field [21].

Having studied the Ricci tensor with nonsymmetric connection, the field equations

(3.15) can now be written in both cases, with symmetric and antisymmetric parts, as [4]

1 1
SR, — SR — S puRue =S Ry =0 (3.25)

2
_SPR(#V) - 3 3

V.DR(/“’) - 3
2 1 1 3 i
Vo Ry — §SPR[#V] + gSMRVp — gS,,’RM, +S87,Rue — S Ryue = 0. (3.26)

Here, we have used the indices ;1 and v as expected from our nonvanishing Ricci deter-
minant in the action (3.1), and it should be noticed that R, = R () + Ry
One may now examine the Eq.(3.25) in the special case where the Ricci tensor is

taken to be symmetric, i.e. R, = R(.). In this case, we get

2 1 1
V,Ruw = §SPRW + gSuRvp + gSuRup + 87 Rue + S Ry (3.27)

13



Owing to the appearance of the symmetric Ricci tensor, the last equation is the best ex-
pression so that only it can provide us with a solution for the nonsymmetric connection.

Therefore, after the cyclic permutation, Eq.(3.27) gives
2 2 - o
V,R,,+V.,R,, — V, R = gSMRVp + gSl,RW + 257, Rus +287,, R0 (3.28)
In addition, using covariant derivatives in Eq.(3.28), we also have

ViR + ViR — VR = 0,Rop + R — 0, R
— 207, Ry + 2871 R o
+25%,,Row + 2870, Rouer (3.29)

where we have used the definition of the affine connection, i.e. I'},, = Ffw) + Fﬁw] with
I'7,; = S”u. Equating the last two equations and multiplying the sides by (R~")"’, we

end up with the nonsymmetric connection in the case of the symmetric Ricci tensor:
1
I = {tran) — 3 (808, 4 0£8,) + S s (3.30)

where the smybol

AR == (R [0, Rov + 0, Rop — 0sR ] (3.31)

DO | —

is for the notion of a connection known as Christoffel-brackets [22] in terms of the sym-
metric Ricci tensor. Thus, the parallel displacement of our vectors from one tangent space
to another one over torsionful geodesics is due to the functions of R, and their linear first
derivatives in addition to the torsion tensor.

It is now also possible to search a conformal factor for the symmetric Ricci tensor by
multiplying Eq.(3.27) by (R™1)""

(R VY, [Ruw] = =S, (3.32)

14



which, by considering the general coordinate transformations, leads to

w4 1
R, (27) = exp { / ] (55,, + §r§p> da:p} R (7). (3.33)

As clearly seen from Eqs.(3.32) and (3.33), and as expected, they have the same form
as Egs.(3.16) and (3.18), except that our Ricci tensor is here symmetric, i.e. R, = 0;
hence we can take advantage of the connection (3.30) by using it in Eq.(3.33). Then the

contraction of the connection with respect to p and p leads to

8

IS, = Godra = 550 (3.34)

which after plugging into Eq.(3.33) results in the final expression for the rescaling of the

symmetric Ricci tensor:

o

1
ij (.CL’U) = exp {/ E{gp}']zs(p)dl’p} R/“’ (ﬂ?g) y (335)

0

where R, is therefore rescaled by the non-local, exponential factor given by

z? 1
ICS (.I'o, l’g) = exXp {/ §{gp}7gg(r)dl'p} . (336)
g

It can also be seen that Eq.(3.35) can be directly obtained from the contracted Christoffel-
brackets.
Thus, it is essential to emphasize that although we keep the nonsymmetricity of the con-
nection, the torsion effects do not appear explicitly in the conformal mapping of the sym-
metric Ricci tensor. In other words, the contracted connection (3.34) eliminates the ex-
plicit contribution of torsion to the rescaling, and it leaves only the Christoffel-brackets,
which have been written in terms of R,,, (I"), as responsible for the conformal transforma-
tion.

Additional to the examinations given above, one can decompose the symmetric

Ricci tensor under the change of the connection from the Christoffel one such that the
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separation of the connection can be written as

e, = {0 r.m) + & (3.37)

B

where £ [ is a tensor due to the difference between the two connections. Then Eq.(3.37)

leads to the decomposition of the Ricci tensor,
R/u/ (F) = Ruu ({ﬁV}RS(F)) + Vpgp(/,u/) - V(ygpu)p + Epgpga(m,) — 5/)0(1,50#)[), (3.38)

where we should be aware of two different Ricci tensors together with two different
connection structures such that the first term on the right-hand side is the Ricci tensor
R ({ZV}R(F)) constructed from the connection known as Christoffel-brackets {£, }= (),
which is with respect to the other Ricci tensor R, (I') constructed from the affine connec-
tion I', . The covariant derivatives are here taken with respect to the Christoffel-brackets.
Actually, since R, () is repeated in R, ({4, }=(r)) Eq.(3.38) is not a finite expres-
sion, however; it may be good to write the decomposition to see the difference from the
torsional action as will be examined after this section. Then by considering the affine

connection (3.30), plugging

&y = =5 (015, +815,) + ' (339)

into Eq.(3.38) we end up with the decomposition determined by the torsional terms:
1
Ruw () =R ({ZV}R(F)> — gSMSV - 8%,68%,,. (3.40)

As a final study for the symmetric Ricci tensor , let us consider the geodesic
equation in curved spacetime such that it is produced by the condition defined by the

parallel displacement of the tangent vector % over a path x#(\) [23] :

dx® _ dz*

ﬁ o‘ﬁ =0. (341)
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With the condition given above the geodesic equation is then formed into

Az p dz* dx¥

ds? i ds ds

=0, (3.42)

by which it is also obvious that in flat spacetime owing to a vanishing affine connection
the geodesics become straight lines.

Since dz# and dx” are symmetric, the contribution to the equation of motion (3.42) comes
from just the symmetric part of the affine connection, which is known from the Eq.(3.30)

to be
1
Tl = {trmy = 5 (905, +0(S5,) - (3.43)

Putting Eq.(3.43) into (3.42), we get

P+ {0, Ryt —gSM’”ﬂs’JZO, (3.44)

. m
where i = £5 = dz%

"L
and © e

. After writing the explicit form of the Christoffel-brackets

and using the smmetry of " and z", Eq.(3.44) becomes

o dRop .., 1 ) 1\po P
Pt — — (R7Y)” (0 Rpw) &8 = 282" = 0. (3.45)

L (R_l) ds 2

Multiplying the last equation by R 51" gives

B 1Rps iBp 2 P B 3P
Rl o2 + 5 =227 0P — SR ppS,aM 2"

= 4 (R,piPir) — 4R 58, it ir = 0. (3.46)
Finally, dividing by R ,53°i*, Eq.(3.46) leads to

4
dln (Rpi’if) = 3Suda”, (3.47)
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which after integrating results in the relation

o

4 xT
Ry (x7) datdx” = exp {§ / Spdxp} Ry (x]) dagydxy. (3.48)

o
0

The importance of the last expression comes from the metrical interpretation of the Ricci
tensor proposed by Eddington [3]; with his interpretation, we can identify the line element
ds* = R, () dz*dz” which is conformally transported in spacetime because of the

torsion effect:

ds* (27) = exp {g / Spd:cp} ds* (x7) . (3.49)

g
After writing the field equations as symmetric and antisymmetric parts, we first
considered the case of the symmetric Ricci tensor such that it was the only condition to
get and make use of the affine connection (3.30) which led to some results of the affine
space of the symetric Ricci tensor. Next, we will see the case where the Ricci tensor is

taken antisymmetric, i.e. R, = Ry,,). In this case, from Eq.(3.26) we have

2 1 1
gSpRW — gSMR,,p + gSVRW -8 Rue + S Ry (3.50)

VR =
Here, by implementing the cyclic permutation, we are allowed to acquire only a contracted

connection:

1 8
I, = 5 ram) — 350 (3.51)

We have here denoted another kind of contracted bracket symbol with respect to the anti-

symmetric Ricci tensor given by

(R [0Ro)p + 0,Ros — Rl (3.52)

NO| —

{gp}Ra(F) =

which has the same form as the contracted Christoffel-brackets with respect to the sym-

metric Ricci tensor written as

Uz =5 (R [0Ra), + 0,Rus — 0o Rp),] - (3.53)

N | —

If we look at the rescaling of the antisymmetric Ricci tensor R,,, we can see from

18



Eq.(3.50), after applying (R )" product (or directly from Eq.(3.23)), that

w4 1
R (27) = exp { / (gsp + 5rgp) dx”} R (25) (3.54)

a
0

and plugging (3.51) into the last equation, we again see that the contracted connection
eliminates the explicit torsion effects in Eq.(3.54), and then we end up with the non-
local, exponential rescaling of antisymmetric Ricci tensor, where only the contracted

Christoffel-brackets are found, as follows:

[ 1
R, (27) = exp { / Z{gp}Ra(p)dxp} R (7)), (3.55)
2

where the non-local conformal factor is then written as

o

1
Ko (27, 2]) = exp {/ Z{gp}n(p)dazp} : (3.56)

o

In addition to all considerations given above, if we apply the same cyclic per-
mutation procedure directly ( without any restrictions on the general Ricci tensor ) to
Eqgs.(3.25) and (3.26), we can see the relations between the symmetric and antisymmetric
parts of the connection [4]; Eq.(3.25) leads to the symmetric part of the connection as a

linear fuction of the antisymmetric or torsional part of the connection:

1
§ Sy Rpu

1
+ 9 [auR(Vp) + O Rup) — apR(uV)] ) (3.57)

ag lod o 1
F(uV)R(po') =8 #pR[UV} + S8 VPR[UM] — gSHRPV _

and Eq.(3.26) gives the torsion tensor as a linear function of its vector and of the symmet-

ric part of the connection:

(pp

o o o 1 1 2
S 1w Rpo) = )R[wﬂ + F(up)R[Uu} + gSMRVp - §SVRW - §SPR[W]

1
- 9 [auR[pV] + 0, Ry — aPR[Vu]] : (3.58)
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Eqs.(3.57) and (3.58) result in the linear combination of the affine connection as a linear

function of the torsion vector and of the derivatives of the Ricci tensor:

" " o 2 2 2
Ful/R(pv) + FpuR[W] + Fl/pR[W} = gSuR[VP} - gSVR(up) - gSPR[W]

1
+ 5 [0uR + 0 Ry = O,Ru]. (3.59)

As expected, the last equation is also provided directly by the general field equations

(3.15) after applying the cyclic permutation.

3.2. Torsional extension to Ricci determinant

In order to see the torsion effects on the affine dynamics more explicitly, we extend

our argument with a torsional action,

Ins = /d4x{a\/|7€] + bS]}, (3.60)

where S = Det [S”,,] and the constants a and b are dimensionless. In the action (3.60),

the determinant of the torsion tensor is defined as

Det[Spuy] _ (%eaomaza:seﬂoﬂlﬁzﬁ:s

1

2
PO 10 p1 H1 P2 M2 P3 M3
xS ao#os POBOS 041#18 plﬁls a2#2$ p262$ a3#38 psﬁg) )

(3.61)

which is due to the fact that the construction of an even rank tensor as the direct product of
an original odd-rank tensor is the recipe to define the determinant of the odd-rank tensor
[24-26].

Variating the action leads to

a

Slrs = §/d4x IRl (R™H)™ 0R,. +b/d4x|sy (S8 687 . (3.62)
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Since we are concerned with the variation with respect to the nonsymmetric gravitational

field, we obtain from the second term in Eq.(3.62)

/ 1a18] (S 168 = ¢ / d'|S| (S71)™ , [6T%, — 6T, ]
b v 1\
=5 [ SIS = (57" oty
/ d'z|S| (87" 0T, (3.63)

Then adding Eq.(3.63) to the variation (3.7), and keeping our action stationary the most

general field equations become

[W( ] - v, [mmﬂ)“ﬂav RIR)™S,

+2¢/|R[ (R 8,04 4+ 2/IR[ (R 8 o — 2|S| (S71)™ , = 0. (3.64)

Applying the contraction with respect to indices p and v gives the inverse torsion vector

(S~1)" as the contribution to Eq.(3.9):

Vo [VIRI(R)] = SVIRI (RS, = SIS 369

Then after multiplying Eq.(3.64) by R, and plugging Eq.(3.65) into (3.64) by taking
advantage of Eq.(3.11), we obtain

8 b 1, Y _1\v
VIR = VRIS, - 211 (5 (57 8 = (7)) R (360
which, by using in Eq.(3.64) together with Eq.(3.65), gives

Vo [(B)] + 58, (R 4 58,8 (R7)™ 28, (R)™
1 2

- PR3 (57707 - (7)) ()™ - 3

. S (57 ey +2(s7)™, ) =0,

(3.67)
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where F = f(R,S) = GL\/% is a scalar function since the torsion and Ricci parts in the
action (3.60) are the scalar density of the identical weights +1, which means that the ratio
of both parts results in a scalar of weight 0 .

Lowering the indices of the inverse Ricci tensor in Eq.(3.67) is equivalent to the sufficient

final equations for the gravitational field:

2 3F 1, e _1\oa
VP [Ruu] - § |:SP o 7Ra0 <§ (S 1) (50 o (S 1) p)} R/W

o«

— § [Sy+ FRaw (ST Ry —2[8p — FRaw (871 )] Ruo = 0. (3.68)

If we compare Eq.(3.68) with (3.15) we can see the contributions of the torsion determi-
nant to the case of the purely Ricci determinant such that the contributions come from
inverse torsion tensor and vector, which are coupled to the Ricci tensor and scalar func-
tion.

Let us now see the effects of the torsional gravitational equations (3.68) on our
Ricci tensor such that after (R‘l)w product of Eq.(3.68) (or directly from Eqgs.(3.66) and
(3.11)), we get

y 16 1o i
(R_l) g Vv, [Rmx] = gsp —2F (g (S 1)M 6p B (S 1) . P) Ryw, (3.69)
which leads to
y 16 1, . N
(R0, Ryl = 3 8,4 205, = 27 (LS 0 = (S R B0

Thus, using the Jacobi formula (3.13), we have

Det [R,, (z7)] = exp { /x;a

1 o _ (07
~or( (s B (57", )

16 s
55, +25,

dx”}Det (R (z3)],

(3.71)

which, via the general transformation of the coordinates, results in the rescaling of Ricci
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tensor as

1\« _1\Bo o
-3 (§ (3 1) 55 — (S 1) p> RQB] dx"}RW (7). (3.72)
It is finally obvious that the non-local rescaling factor is directly given by the exponential

o

term:
o 4 1 Fll, i\« 1\ Ba
K(x ,!fzt(]):(e}cp{/m8 §8p+§ng—5<§ (S 55—(8 D) p)Raﬁld;pP}.
(3.73)

As clearly understood from the conformal factor (3.73), because of the appearing of Ricci

tensor in it, Eq.(3.72) is not an exact solution, that is to say, due to the torsional deter-
minant, the Ricci tensor is also responsible for the conformal transformation of itself.
However, after applying some procedures to our field equations (3.68), we will have a
simplified solution form, which will be the same as the first action model (3.1).

As we did in the previous section, we can now write the field equations (3.68) as

symmetric and antisymmetric parts with respect to indices x and v:

2 3F 1 e o _1yoa
VoRw) = 3 {Sp — 5 Reo (g (S = (S7) pﬂ Ru)
1
3
—[8% = FRaw (877" )] Ryo — [87pps — FRap (87)

and

p 3F 1, o o i\oa
VRi 5 8= R (357707 = (7)) | Riws

1 e 1 e
= S 18+ FRa (S7)] Ry + 5 [+ FRay (577 Ruy
— [8% = FRaw (877" )] Ryuo + [S7pp = FRapu (877" )] Ruo =0. (3.75)

Eliminating the antisymmetric part of the Ricci tensor, i.e. R, = R, Eq.(3.74)
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becomes
2 F @
g Sp - _Rap (8 1) R;w

V,Ruw = 5
1 _ « 1 _ «
#3180 PR (87) ) Rup 5 (8 + FRay (S7) T Roy

+ 87 Rue + Sy Ruo- (3.76)

From now on, we are ready to obtain a nonsymmetric connection structure by taking

advantage of Eq.(3.76) such that

YRy + VR — V,Ryy = FRap (S7)
P
3

+287,,Rue + 28, R o (3.77)
Thus, Eq.(3.77) with Eq.(3.29) results in the affine connection given by

F o
T = {drae) = 5 (871) Rw
1 . o
2o T ) (o T )

+ 8%, (3.78)

by which it is clear that due to the additional torsion determinat, the shift from the con-

nection Eq.(3.30) is given by

TS Ry <557zw (57" + §Ras (s—l)a)] (379

Furthermore, multiplying Eq.(3.76) by (R~!)"* or taking the symmetric Ricci tensor from
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Eq.(3.72) directly, we obtain

T4 1 F o
R (27) = exp { / ) [gsp + §rgp -5 (87 Rapl dxp} R (28),  (3.80)

for which we are able to use the connection found in Eq.(3.78) such that

8 F,  \a
ng - {gp}Rs(F) - gsp + 3 (87')" Rap. (3.81)

By substituting into Eq.(3.80), the contracted connection (3.81) eliminates all explicit

torsion contributions in the exponential conformal factor. Thus, we end up with the same

mapping form of the symmetric Ricci tensor with our first action model:

71
R (%) = exp { / ] 5{gl,}m(p)dw} Ry (25) (3.82)

which then has the same non-local rescaling factor form:

!
Ks (27, 2]) = exp {/ §{gp}7gs(p)dxp} . (3.83)

0

However, with decomposition we can see that the structure of the symmetric Ricci tensor

R, (I') is now different from the first action model and it is given by

1
Ry () = Ry ({fu}ror)) = 38080 = 80870,
|

— §Vp [.7: (Sil)pr]
L8 R4 8, (S) R
2
+ % [3 (3—1)0 (S—I)P RuRps — 5 (3—1)0 (8_1)P RPLLRJV} ’ (3.84)

which then implies that although for the action models (3.1) and (3.60) the forms of

the rescalings are the same in the case of the symmetric Ricci tensor, they indeed have
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different values, that is, the Christoffel-brackets {g p}RS (r) are different in each form due
to the differences of the symmetric Ricci tensors.

Next, we examine the geodesic equation such that substituting the symmetric part
of affine connection (3.78) into the geodesic equation (3.42) with the same procedure

given in the previous section, we get

o} d o . 1 — [ . .
i+ (R7Y)” %x“ =5 (R (0,R ) "
2 a
— g (S Ryita” — 3 (Su — J;RW (S ) itir = 0. (3.85)
Multiplying by Rpgiﬁ , Eq.(3.85) becomes
d . Bp 4 s Bap F —1\® - Bap
Ts (Rypi”i?) — nggSMl' P — ngﬁRaﬂ (8" irifir =0, (3.86)
which dividing by R 33”1 leads to
o JT 7 i 4 F -1\« p o w g,V
Ry (27) dx''dzx” = exp §SP+§RW (871" |da” Ry, (2f) dabdzfy. (3.87)
g

If we consider the metrical interpretation of the Ricci tensor, the non-local rescaling of

the line element is then written as

o

4 « .
d3® = exp { / [gsp + gnw (87 ] dmp} d32. (3.88)

Therefore, the torsion vector found in the rescaling factor of the line element in the previ-
ous section is here modified by the torsional determinant.

As the final step, let us search the case of the antisymmetric Ricci tensor, i.e.
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R, = Ry, for which Eq.(3.75) takes the form

2 3F | R —1\oa
VR = 3 {SP - TRM (g (8 1) 5p o (8 1) P):| Ryw

43 180 FRa (S7)) R = 5 (8,4 FRay (57)°) Roy
—2FRaw (8717 ) Ryuo + 87 Ro — S pu R (3.89)

Applying the cyclic permutation, Eq.(3.89) gives the contracted connection:

1 8 5, o N
F?ﬁg{gp}m(r)—gsﬁf(g (§71)% 6, — (s7) P)Raﬁ> (3.90)

After taking the (R~!)"" product of Eq.(3.89), we get

) (g CRS G p) Rw] dxp}% (), (39D

which is, as expected, compatible with Eq.(3.72).
Thus, substituting Eq.(3.90) into (3.91) results in the final expression for the non-local

conformal transformation of the antisymmetric Ricci tensor:

Ry (27) = exp { /
xg

where non-local, exponential conformal factor is then written as

Ko (27, 2]) = exp { /

In contrast to the case of the symmetric Ricci tensor, the form of the rescaling of the

) z
1

1
lz{gp}mm +5 (6 Rﬁp] dxp}% (x3),  (3.92)

o

1 F
lz{gp}nam A CI Rﬂp] dxp}. (3.93)

antisymmetric Ricci tensor is now not the same as Eq.(3.55) given for the first action
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model (3.1), and we can see from Eq.(3.92) that owing to the torsional determinant, the

antisymmetric Ricci tensor is also responsible for the conformal mapping of itself from

one point to another one.

3.3. Riemannian action based on the affine connection

Up to now we fully examined the Ricci tensor by imposing to it a torsional mean-

ing, and as the Ricci tensor is a subset of Riemann curvatures itself, it is essential to

analyse the torsionful Riemannian action as given below:

Igyg_/d4$ Wﬂ,

where & = Det [’ ] and & = R (I"), with the definition that

1
P — HOMIH2M3 00010203 VoV1V2V3
Det[% MJV] - (4')261)001021336 € €

00 o1 02 03
x J NOUOVO% LL1CT1V1§):E M202V2% ©303V3)

Under variation, we write the action as follows:

Ol = % / d'a /IR (R ,0R o

(3.94)

(3.95)

(3.96)

In order to examine the dynamics of the action (3.94), we should consider the affine

connection field such that using the Palatini formula [4, 18], our variation becomes

1

oln = 5 / dhoy /TR (R, [V, (677, ) = ¥, (975, ) — 282,077, .

(3.97)
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After applying integration by parts, by using the identity (3.5) we obtain

Mm—/d%(—%vam 1 3 [V
[RI (R 87 — VIR (RT)™,8,

R] (R psvak> ore,. (3.98)

With the principle /i = 0, and the fact that Riemann tensor i”,,, is antisymmetric in

its last two indices o and v, Eq.(3.98) leads to the most general field equations:

Vo [VIRH )| = 20/ ()78, + VIR (R 185 =0 (3.99)

We can improve Eq.(3.99) by applying the differentiation by parts for the first term and
multiplying it by R” ,,,, in which processes the Riemann matrix multiplications with its in-
verse obey the relations (R™)"* R, = 6% and (R~)*™ R* ,, = 1 (8860 — 6862,
which is expected owing to the antisymmetric property of the Riemann tensor in its last

two indices. Then by the calculations mentioned above we conclude with the relation

va[m}zgm VIRV [(R)7 ] (3.100)

and using this last expression in the first term of Eq.(3.99), we obtain the field equations

without scalar density:

() R sV [ (1) = 0 (7))

+2 (RS, — (RN ,8 0 = 0. (3.101)

Wl o

Due to the Riemann product by its inverse with the common ¢ index in the first term,

Eq.(3.101) is not the end for us, that is to say, we can express Kronecker delta definitions
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for that term. To do this, it is enough to consider the inverse Riemann expression [24-26]

1 1
(32 Det [%pwy] €pp1p2ps

X §RplﬂlfflVl %pzmﬁzl@é}%pg#a%va (3102)

VVIV2V3 (0010203 (pfi1 243

€

(%,1)uau , =

with the definition of the determinant of the Riemann tensor (3.95). Then multiplying
each side of Eq.(3.102) by ¢, 5, and considering all possible contractions by taking into

account the determinant (3.95), we obtain the relation
(R R s = abS01 40001 65+b 555 +8% 650 +do 5765 +ed5010%, (3.103)

360 360 360 360 ’

and e = (W) with ¥ = (R 0y, @ = () Rga), and © =

where a = (LM>, b= (w» = <7\If+<1>—2®—12)’ d— (\IJ+7<1>_2@_12

(?R‘l)a[a’g } 3001 such that Q,,, is the rank-two antisymmetric tensor corresponding to
the contraction of the Riemann tensor with respect to its first and second indices, R,
and one may realize that, as we are not interested in a purely symmetric connection, we
cannot relate the antisymmetric part of Ricci tensor to Q,,,, i.e. Q,, # 2Ry, for our
torsionful gravity.

One may check Eq.(3.103) by noticing that the first three possible contractions on the
right-hand side should, respectively, give (%_1)5 7R o (R‘l)aﬂ R 50, and (Q_l)aﬁ Qsas
and these multiplications are naturally equal to 4 which can also be seen directly from
(3.102) and (3.95); however, for the last three possibilities the situation is now different,
so that the last three possible contractions should, respectively, lead to ¥, ®, and ©, which
means that our results for now are not scalars like 4 but locally scalar functions. Expecting
all these results of the contractions, one can also obtain the expressions for a, b, ¢, d, and e.

After the explanations given above, we are now ready to substitute Eq.(3.103) into Eq.(3.101),
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and hence, our field equations get the more useful form:

(a =DV | (R ,] + eV, | ()]
4 A Dt aa G
-srfa. [y 4w 1))

(R8s — (7)1 8% = 0. (3.104)

Wil N

+

After applying the contractions with respect to indices p, v first and p, i second to the last

equation, we, respectively, obtain

av,| (R)™] +0v, ] (@)™ ] - ; (R)™S, — (R 8750 =0 (3.105)

5VU[(R*1)““} +CZVU[(Q*1)”“} — Q)8 - (2@7) 8 =0 (3.106)

Wl

witha = ($54).0 = (SH ). = (552 ) and d = (254
5 ) 60 -
Eqgs.(3.105) and (3.106) can be solved to obtain two field equations as follows:

O [R)7] - SRS, A5
+ ;l:) (Q7) ™Sy +b(Q1) Sy =0 (3.107)
and
—1\ou 2z —1\ou x —_1\ o
Vo[ (@) -5a (@), —d(Q7) 8
+ gé (RS, +E (R ,87%, =0 (3.108)
in which we have the equations @ = &JE_L&, b= adisa’ ¢ = ajii;@ and d = d - Thus,

by putting the last two equations into Eq.(3.104) we get the final expression for the field
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equations as given below:

(0= DV [ ()] + o9, [ ()]~ o (Ga (R )"“s Fa("s,

SH(Q) S T (R ) — 00 (5 (RS, + 5T (@),
—i—E(Q ) SVUA+E(§R 1)>\0u S M) g(%1)uaup80_ (%, )/\JMPSZ,U)\ ~0,
(3.109)
where @ = 1468 b = 94 o = 40 and d = Y.

Here, we can continue considering our most general field equations such that from Eq.(3.99)

we are able to state that

v [V
VP

v, ()] = (R 2 ()7, = ()™ 870

(3.110)

and by changing the order of the indices v and y we also have

A

T )] = S B2 (R () e

(3.111)
Thus, by plugging Eqs.(3.110) and (3.111) into Eq.(3.109) and then by multiplying the re-
KT R o = 207 and (R R o, =

ﬁ (5,’)53 — 535/‘1) with the same notion given in Eq.(3.103), we obtain the equation

sult by R* ., where we use the fact that (R~!)

+ 2800 (RN, +dQ, (7)Y )SﬂgA (3.112)

s = bd—cé T — cai—bb =_ dd—bé ba—db
witha = 2 6 l?: G (tda—e0)’ ¢ = @i te)(d—ta—e0)’ ¢ = 2 Gie) (4-sa—c0)"
and A =

( 2(bd—cé+ba—db)+ % (ca—b5+dd”—ba))
Furthermore, by using Eq.(3.6) and applying the Jacobi formula (3.13), Eq.(3.112) leads

(ad—bé)(4—4a—e®)
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to the determinant relation for the Riemann curvatures at different points:

o

Det[R’ 0 (27)] = exp { /‘gC [41480& . 4(573“& (%71))\0#0 + 2[:77?'/)04 (Qil)

Ao

o
0

260y (R)' ) 4 Q0 (Q7) ) 8% + 20, dxa}Det[mwmg)]. (3.113)

We are now in a position to consider that under the general coordinate transformations

x§ — z7(xf) the Riemann curvature transforms as

g, Oy Dzl Oxy ., ()
Oz, Ozt 0z Ox¥ praito)s

R o (27) (3.114)

which, after taking the determinant of each side and comparing with Eq.(3.113), gives the

simple relation for the transformation of coordinates as given below:

o

It = 6" exp { / Esa = i(inw (R, + 26R,0 (Q7)

200 (), 4 0y (Q7)7)S7r + (T ] dxa}. (3.115)

As the final step, using Eq.(3.115) in Eq.(3.114) results in the final expression for the

Riemannian curvature as the non-local, exponential rescaling of it:

R o (27) = exp { / [ASa — (ﬁRW (%_1)/\0“[, + QERW (9—1)>\0

o
0

— o = o 1
+ 920, (R, 4+ dQu (271) )SPM + §Fﬂa] dmo‘}R"WV (2).  (3.116)

Thus, we can conclude that all fundamental tensors given in the gravity R, Q... Sy,
R’ o0, and S?,,,, where the first two of them are the subsets of the Riemann curvature
and the third one is of the torsion tensor, are now responsible for the non-local conformal
transformations of the Riemann curvature such that in the expononetial rescaling factor

they are coupled to each other with the inverses of some of them, and they are also found
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as a coupling to construct locally scalar functions included in A, @, 3 ¢, and d. One may
also take care that the mapping of Riemann tensor differs from the Ricci one (3.23) with

the appearance of the torsion tensor in the conformal factor of (3.116).

3.4. Riemannian action with torsion determinant

In this last section, since the Riemann and torsion are the most fundamental two
tensors in gravity we will give some results of an action involving a torsion determinant

as a contribution to the curvature as follows:
Ips = /d4x{a’\/@+ b|S|}, (3.117)
where o’ and b are dimensionless constants. Applying the variation gives
§lps = — /d% R (R 0R o, + b/d4x|8| (S 087,  (3.118)

by which we are then able to write the most general field equations as the modification of

the torsional determinant to Eq.(3.99):

v [V @ ),] - 2R (1),

_1\ Ao v _1\V
IR (R) )S¥on — &|S| (S H™,=0. (3.119)
Here, following the same processes given in the previous section we obtain

Vo [V = VIS, + LIS (1) = VIR [(R1)7]

(3.120)
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Then by substituting Eq.(3.120) into Eq.(3.119), the field equations take the form

vo — KR — vou 2 — vo
(R) 7 R0 [(R7) ] -, [(07)™) 2 ()™ s,

B (%71))«7# SV on — F' ( (%71)1/0# péﬁgmﬁ (8—1)13%£ B (871>WL p) =0, (3.121)

with 7/ =f (R,S) = /% being a scalar function. Equation (3.103) is now necessary

to improve our last equation such that after using (3.103) in Eq.(3.121), we end up with

the modified equation of (3.104) due to the torsional determinant:

(a =DV, | (R ] +ev, | ()]
— g {ov, [ (R ]+ v, | (@)™}

; "
- apdav, [ (R ] 69, ] (@)™}
g RS = () S

~FB(S7)",+ Coy (s + D (87| =0, (3.122)

_ U+Pd—-30-116 _ —3V—0+0+412 _ U4+3d—0-12
where B = (T>, C = (T) and D = (T) Then after

applying two contractions with respect to the indices p, v first and p, p second for the
last equation, we obtain two expressions in which Eqgs.(3.105) and (3.106) is modified by,
respectively, —CF' (S~1)" and —DF' (S~)" with C' = <_‘I’_8> and D = (%) such

12

that from these modified equations we are able to find

V(R < 2 RS - (R
b +

+ E(Q‘l)” S s+ DF (=0 (3.123)

Wl DN —

and

ou 2: — g = — g
Vo[ (@) -3a(@)" S, —d(Q7) 8
+ gc (RS, + (R, 800+ CF (S =0, (3.124)
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where C’ = CCJ_Z;E“ and D = D*fi Bcfi. Thus, by plugging Eqs.(3.123) and (3.124) into

Eq.(3.122) we obtain the final form of the gravitational field equations:

a0y ] v [y ] o (Ca (R s+ 2 (@),
FB(Q) S b a (R ,500) — (S (RS, + 20 (27)7S,
FA(Q) 8 e ()7 870 ) 42 ()78, — () 8%

~FB(s)",+ oy (s + Do (57| =0, (3.125)

where we introduced C' = C — c(@) — b(M) and D = D — d<Di’f~éd> —

d—bc ad—bé ad—bé

ad—
product we obtain

b(CC D a) Finally, using Eqs.(3.110) and (3.111) in Eq.(3.125) and then applying }* .,

[y
%l
F 200 (1) 400y Q7)) 8

= 2F (B (ST p = ORya (S7)" = DQua (57" (3.126)

Ao

— 248, — 2(572“& (R, + 26R e (Q7Y)

WlthB:m,C:T andD:4 4

non-local conformal mapping of Riemann curvature as given below:

R o (27) = exp { /

0

. Thus, the last equation leads to the

o

AS, + F (57% + fgpa> (57"
- (mm (R, 4+ 26R e () + 260,00 (R, +dQp (1) > S,

—F (E?RPW (§H™ p> + %rﬁa] dx® }RPW (z5) (3.127)

The torsion determinant included in the scalar function F’ now affects the mapping of the
Riemann curvature by giving the inverse torsion tensor and the inverse torsion vector to

the conformal factor.
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CHAPTER 4

CONCLUSIONS

The main purpose of this study was to examine torsion effects on the non-metrical
affine gravity by considering curvature— and torsion—based actions. For each action model,
we obtained the torsionful gravitational field equations, and from these equations we
found that the Ricci and Riemann curvatures must obey a non-local, exponential rescal-
ing affected by the torsion tensor. In the actions including the Ricci curvature, we also
examined the symmetric and antisymmetric Ricci tensors, where the dynamical equations
allowed us to construct connection structures such that we are able to obtain the affine
connection in the case of a symmetric Ricci tensor and the contracted affine connection
in the case of an antisymmetric Ricci tensor. For the action (3.1), we found that the con-
tracted connections obtained in the case of symmetric and antisymmetric Ricci tensors
killed the explicit torsion contribution to the rescaling of each kind of Ricci curvature.
Moreover, the actions (3.1) and (3.60) resulted in the same form of the rescaling of the
symmetric Ricci tensor. In the actions including a torsion determinant in addition to the
curvature contribution, we introduced the scalar functions which modified the results of
the actions including a purely curvature determinant.

We want to emphasize that our action models are novel and general enough to reveal
salient features of affine gravity. We expect that our work will be important in construct-
ing more realistic models if not for including matter. The models we constructed can be
taken further by considering ways of incorporating matter into the affine framework. One
of the essential ways for matter coupling to the affine gravity was proposed by making
use of the analogy between the affine formalism and canonical mechanics [7]. In this
theory, incorporating matter to the affine gravity can be then provided by applying the
covariant Legendre transformations to the affine Lagrangian densities including matter
fields. Although these Lagrangian densities do not depends on any metric, the fields can
be equipped with a metric tensor due to the canonical structure of this affine formulation,
where the metric and the connection of that metric play the roles of the momentum and the
generalized coordinate. Another way was based on the construction of the metric tensor
only from the affine connection through the symmetric, contracted square of the torsion
tensor [9]. Proposing a Lagrangian density composed from this torsional metric tensor

together with the curvature it can be shown that if the matter fields couple to the torsion
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square through the metric tensor one may then obtain the Einstein field equations with its
matter part as well as the cosmological constant. However, how to incorporate matter into
the affine theory of gravity in our models is not trivial and has not been developed yet.
But, following the same techniques used in [7, 9], that is, by extending our models with
the Lagrangian densities involving matter fields or proposing a torsion dependent metric,
we leave this construction to near future detailed work, and in this case, one may clearly
see shifts of these models from the general relativity when applied to the Solar System
so that possible explanations of some phenomena such as dark matter or avoidance of
singularities will be explored.

In addition, there has been a recent claim in Ref. [27] that the naturalness problem in
the standard model may be dealt with by the Eddington formulation of gravity. This idea
also adresses the relevancy of the affine formulation of gravity to the standard model to
clarify some fundamental problems in it. In this respect, our purely affine actions with
their results may also be useful for and applied to the standard model in the future within
the claim in [27].

In summary, it is crucial and necessary to properly study and develope the affine theory
of gravity due to its more fundamental nature and generality than general relativity. Al-
though it is not trivial and has not been studied yet, via the improvement of the purely
affine theory we expect the important applications and contributions of our results to the
standard model of particle physics, cosmology, astroparticle physics, black holes, neutron
stars, supernovas and other physical areas, where the gravitational field is very strong, to

clarify some fundamental problems emerging from them.
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