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ABSTRACT

MODELLING AND CONTROL OF A 3-RRS PARALLEL MANIPULATOR

The focus of this thesis study is to model and control a parallel robot manipu-
lator located in Rasim Alizade Mechatronics Laboratory (Izmir Institute of Technology
Mechanical Engineering Department). The purpose of this robot is to manipulate heavy
payloads. It is considered as the base part of a hybrid manipulator.

This thesis study deals with a 3-RRS parallel manipulator with 3 identical limbs.
Each limb comprises two parallel revolute joint axes. The manipulator has a base and
a moving platform which are in the shape of equilateral triangles. The mobile platform
of this manipulator has 3-degrees-of-freedom: it can rotate around z- and y-axes and
translate along the z-axis.

To obtain the mathematical model of the parallel manipulator, firstly the mobil-
ity analysis is performed. Then, a constraint analysis is performed to obtain the depen-
dent pose parameters of the moving platform in terms of the independent parameters.
Following that kinematic, singularity, workspace and inverse dynamic analyses are per-
formed. To validate the mathematical model of the PM, several simulations are run in
MATLAB/Simulink® environment. Once the mathematical model is validated, the con-
trol studies are carried out.

The motion of the 3-RRS PM is controlled by activating stepper motors with two
different controllers (a CNC controller and a PCI card). To obtain a desired motion of
the moving platform, firstly the desired task space coordinates of the moving platform
are transformed into joint space coordinates using inverse kinematics. With the CNC
controller a trapezoidal velocity, with the PCI card a trapezoidal jerk profile is generated.
To test the control over the PM, 3 magnetic encoders are attached to the shafts of input
links at each limb. Furthermore, a 3-axis gyroscope is attached to the center of the moving

platform to track its rotational trajectory.
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OZET
3-RRS PARALEL MANIPULATORUN MODELLENMESI VE DENETIMI

Bu tez calismasinin amaci Rasim Alizade Mekatronik Laboratuvari’nda (izmir
Yiiksek Teknoloji Enstitiisii - Makine Miihendisligi Boliimii) mekanik yapis1 hazir bulu-
nan parallel manipiilatoriin modellenmesi ve denetimidir. Uzerinde calisilan manipiilator
agir yiiklerin taginmasi i¢in tasarlanmigs olan bir hibrit manipiilatoriin taban kismidir.

Tezin konusu 3 adet ayn1 kinematik yapiya sahip bacaktan olusmus, 3-RRS kine-
matik zincir yapisina sahip bir paralel manipiilatordiir. Her bacakta bulunan déner mafsal-
larin eksenleri birbirine paraleldir. Eskenar iicgen sekindeki taban ve hareketli platform-
lar bacaklar1 birlestir. Hareketli platform 3 serbestlik derecine sahiptir: x ve y eksenleri
etrafinda donebilir ve z ekseni boyunca 6teleme hareketi yapabilir.

Manipiilatorii modellemek i¢in dncelikle mobilite analizi yapilmistir. Ardindan,
kisit denklemleri kullanilarak bagimli u¢ eleman parametreleri bagimsiz parametler cinsin-
den ifade edilmistir. Daha sonra, kinematik, tekillik ve ¢alisma uzay analizleri yapilmugtir.
Gelistirilmis formiilasyonlar1 dogrulamak i¢cin MATLAB/Simulink® ortaminda hazirlanmig
simiilasyonlar kosturulmustur. Formiilasyonlarin dogrulanmasini miiteakiben denetim
caligmalarna baglanmgtir.

Manipiilatoriin hareketi stepper motorlarin aktive edilmesiyle denetlenmistir. Bunun
icin iki farkli denetleyici (bir CNC kontrolcii ve PCI kart) kullamilmustir. Istenen hareketi
elde edebilmek icin, ters kinematik formiilasyonlar kullanilarak, gereken motor hareketi
hesaplanmstir. CNC kontrolcii ile trapezoidal hiz, PCI kart ile trapezoidal sarsim profil-
leri olugturulmugtur. Uygulanan denetimin testi i¢in 3 adet manyetik doner sensor aktif

mafsallara,1 adet jiroskop hareketli platforma baglanmstr.



TABLE OF CONTENTS

LIST OF FIGURES ... o viii
LIST OF TABLES ... X
LIST OF SYMBOLS ... xi
LIST OF ABBREVIATIONS ... o xii
CHAPTER 1. INTRODUCTION ...ttt 1
1.1. The Aim of the Thesis and Objectives ..................cooviinnnnn. 5

1.2. Organization of the Thesis ..., 6

CHAPTER 2. LITERATURE REVIEW ... 8
2.1. Kinematic AnalysiS .........ovviiiiiiiiiii 8

2.2, Singularity AnalySiS..........ooeiiiiiiiiii 9

2.3. Workspace AnalysiS..........ooouiiiiiiiiiiii i 10

2.4. Dynamic AnalysiS.......oooiiiiiiiiiiii 11

CHAPTER 3. MODELLING OF THE 3-RRS PARALLEL MANIPULATOR ..... 14
3.1. Manipulator GEOMEtry ..........ooviiiiiiiiii i 14

3.2. Mobility Analysis ........oouuiiiiiiit i 15

3.3. Constraint AnalysiS ..........ooiiieiiiiiiiii i 16

3.3.1. Manipulator Constraints ................c.covveiiiineeiineeennnn... 16

3.3.2. Rotation Matrix Constraints ...............c.ccoeviiieeeeeeennnnn... 18

3.4. Inverse Kinematics ............cooiiiiiiiiiiiiiii i 18

3.5. Forward Kinematics .. .............couuuuuuiiiiiiiiiiiiiiiiiiiia 20

3.6. Velocity and Acceleration Analysis ..............c.ccooiiiiieenniiiinn. 26

3.7. Singularity AnalysiS.........cooiuiiiiiiii 28

3.8. Workspace AnalysiS...........oooiiiiiiiiiiiiiiiii 31

3.9. Dynamic ANalySIS ... ........uuuuuuuuuuiiiiiiiiiiiiiii i 34

3.9.1. Mass Center Positions, Velocities and Accelerations............ 34

3.9.2. Inertial, Gravitational and External Forces and Moments....... 36

Vi



3.9.3. Virtual Work Method. ... ..., 38

3.9.4. Lagrange’s Approach ............ccooiiiiiiiiiiiiiieeeiiiiiinn.. 38

CHAPTER 4. DYNAMIC SIMULATIONS ... e 43
4.1. Mechanical Structure of the PM.................o 43

4.2. Inverse Dynamic Model..................ooiiiiiiiii 45

4.3. SimMechanics Model ... 50

CHAPTER 5. CONTROLOFTHEPM ... ... 55
5.1, Control Setup .....oovii 55

5.2. Cabling of the Control Setup ..............cooiiiiiiiiiiiii ... 56

5.3. Control Algorithm................. 59

5.4, Control Test. .. .ooiiue i 60

CHAPTER 6. DISCUSSIONS AND CONCLUSION ... 67
REFERENCES .. 69
APPENDIX A. TIME DERIVATIVES OF JACOBIAN MATRICES ................. 74

vii



LIST OF FIGURES

Figure Page
Figure 1.1. Schematic Representation of a)Serial, b)Parallel, c)Hybrid Manipula-

BOTS e 1
Figure 1.2. Amusement Device ............ccooiiiiiiiiiiiii i 2
Figure 1.3. Positioning Device ............ccoiiiiiiiiiiiii i 3
Figure 1.4. Tire Testing Machine ............ ..., 3
Figure 1.5. Klaus Cappel’s Simulator Design ..., 4
Figure 1.6. Stewart’s Flight Simulator ................ ... 4
Figure 1.7. Deficient PM Designs ..........coooiiiiiiiiiii i 5
Figure 1.8. Physical Model of the 3-RRSPM .................. . 6
Figure 3.1. Kinematic Diagram of the 3-RRSPM .......... ...l 15
Figure 3.2. Inverse Kinematics Results ... 20
Figure 3.3. Forward Kinematics Results for 8 Real Solutions ......................... 24
Figure 3.4. Forward Kinematics Results for 16 Real Solutions ....................... 25
Figure 3.5. The 1* Type Singularity Surface of the 1 Limb .......................... 30
Figure 3.6. 1* Type Singular Configurations of the 3-RRSPM ....................... 31
Figure 3.7. 2" Type Singular Configurations of the 3-RRSPM ...................... 31
Figure 3.8. Link Interference Condition for Spherical Joints .......................... 32
Figure 3.9. a) Reachable Workspace and b)Safe Working Zone ....................... 33
Figure 3.10.Reachable Workspace and Safe Working Zone for: a-b)O7 , = 750 mm,

C-d)O7,, = 1000 MM ..ot 33
Figure 3.11.Mass Centers ..........ccoeeoiiiiiieet e 34
Figure 4.1. Manipulator’s Base and Its Components .....................oooiiii.t. 43
Figure 4.2. a) Lower Limb, b) Upper Limb and c¢) Spherical Joint .................... 44
Figure 4.3. Moving Platform ........... ... . 45
Figure 4.4. Trajectory of the Task Space ............ccoiiiiiiiiiiiiiii ... 46
Figure 4.5. Active R Joint Displacements ................ooiiiiiiiiiiiiiiiin... 47
Figure 4.6. Active R Joint Velocity ... 47
Figure 4.7. Active R Joint Acceleration .................coiiiiiiiiiiii, 48
Figure 4.8. Passive R Joint Displacement .....................ccoiiiiiiiiiiiin... 48
Figure 4.9. Passive R Joint Velocity ... 49
Figure 4.10. Passive R Joint Acceleration ..., 49



Figure 4.11.Required Input Torques ... 50

Figure 4.12. Body Block of the Bottom Link at Limb 1 ................................ 51
Figure 4.13. SimMechanics Blocks for 3-RRSPM ..., 52
Figure 4.14. Virtual Model of the 3-RRSPM ..., 53
Figure 4.15. Input Torque Errors ......... ... 54
Figure 5.1. Control SetUp ...t 55
Figure 5.2. Control Setup COmMpPONents ..............ouuuiiieeeeiiiiiiiineeeneeennnnnnn. 55
Figure 5.3. Wiring Configurations of the Stepper Motors ......................c...... 57
Figure 5.4. Motor Driver’s Connection Diagram ..., 58
Figure 5.5. a) Driver Connection Port of Controller, b) Signal Inputs of Driver ...... 58
Figure 5.6. Point-to-point Control Algorithm ..., 61
Figure 5.7. Desired Active Joint Trajectories ............ccovveeiiiiiiiiineeeeeiennnnnn.. 62
Figure 5.8. Desired Moving Platform Trajectory ...................ccooiiiiiiiiiinn... 62
Figure 5.9. Displacement and Errors of Active Joints ...............oooviiiiiinn... 64
Figure 5.10. Orientation Errors of the Moving Platform ............................. .. 64
Figure 5.11. Simulink® Model for Humusoft® MF624 PCI Card ..................... 65
Figure 5.12. Displacement and Errors of Active Joints with Humusoft® MF624 PCI

Card 66

X



Table
Table 5.1.

LIST OF TABLES

Desired Task Space Positions and Corresponding Input Values



LIST OF SYMBOLS

(@ Active R Joint on i** Limb
0 Passive R Joint on ** Limb
O e e e S Joint on i" Limb (j = i + 3)
O — LY oot Fixed Coordinate Frame
O oo Center of Base Platform
b e Radius of the Base Circle
o SN Angle between 51 and Z;Z
O7 — UDW .o et Moving Coordinate Frame
22 Radius of the Moving Platform’s Circle
O e Center of Moving Platform
0 Angle between p, and pj
O e e Height of the Platform Center
W e Rotation of the Platform about = Axis
P e Rotation of the Platform about y Axis

X1



LIST OF ABBREVIATIONS

S L Serial Manipulator
P Parallel Manipulator
HM L Hybrid Manipulator
SO L -Degree of Freedom
R Revolute Joint
U e Universal Joint
S Spherical Joint
P o Prismatic Joint
PW M . Pulse Width Modulation

Xii



CHAPTER 1

INTRODUCTION

According to Robotics Institute of America, a robot is a reprogrammable mul-
tifunctional manipulator that can move materials, parts, tools, or specialized devices
through variable programmed motions for the performance of a variety of tasks. Mechan-
ical manipulators, numerical controlled machines, walking machines, and humanoids are
in the scope of this definition. However, a mechanical manipulator is usually recognized
as a robot which resembles the human arm in the industry (Taghirad, 2013).

Manipulators can be divided into three different types with respect to their kine-
matic structures as presented in Figure 1.1. The first type, serial manipulators (SM) are
composed of open loop kinematic chain structures. On the other hand, parallel manipula-
tors (PM) have closed loop kinematic chain structures and all links comprise at least two
joints. The third type, hybrid manipulators (HM) consist of both open loop and closed
loop chains (Tsai, 1999).

Figure 1.1. Schematic Representation of a)Serial, b)Parallel, c)Hybrid Manipulators
(Source: Harib et al. 2012)

For designers to decide on whether to use SM or PM depends on different char-
acteristics. These characteristics can be listed as workspace, singularity, payload capa-
bility, accuracy and speed. In general, PMs have much smaller workspace to footprint
ratio than their serial counterparts (Lee and Shah, 1988; Siciliano, 1999; Li et al., 2007;
Elkady et al., 2008; Zhang, 2009; Vallés et al., 2012). One other drawback of PMs is their



singularities. PMs may have singularities within the workspace while SMs have at the
boundaries (Elkady et al., 2008). On the other hand, payload capacity of PMs is greater
than SMs since there are several limbs sharing the weight of the payload. Moreover, PMs
can handle more accurate positioning than their equivalent serial counterpart. PMs have
better stiffness characteristics than SMs. Also PMs generally can achieve relatively higher
velocity and accelerations in contrast to their serial counterparts, especially in pick and
place applications (Lee and Shah, 1988; Siciliano, 1999; Dasgupta and Mruthyunjaya,
2000; Tsai et al., 2003; Briot and Bonev, 2007; Li et al., 2007; Li and Xu, 2007; Elkady
et al., 2008; Zhang, 2009; Bi and Jin, 2011; Vallés et al., 2012; Patel et al., 2012; Zhang
and Ting, 2013; Chen et al., 2014).

The known studies on parallel manipulators go back to 17" century. It is known
that Sir Christopher Wren mentioned parallel structured mechanisms in his studies. After
him, Cauchy, Lebesgue and Bricard have worked on parallel mechanisms (Merlet, 2001).

The first known and practical design came out in 1931, by Gwinnett (1931). The
patent is about a rotatable platform to be used in entertainment industry. The aim is to
simulate the physical effects for the audience. As can be seen in Figure 1.2, multiple arms

are attached to the platform and actuation systems are at the base joints.

&
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Figure 1.2. Amusement Device
(Source: Gwinnett, 1931)



In 1942, a position control device for spray guns is invented by Pollard (1942)
(see Figure 1.3). The device has some advantages in energy usage and has a relatively
large workspace. The mechanism has 5 degrees-of-freedom (dof) and each limb consists

of one active revolute (R) joint and passive universal (U) and spherical (S) joints.

INVENTOR

?gmﬁ%ﬂ%ﬂ#

Figure 1.3. Positioning Device
(Source: Pollard, 1942)

Another useful PM design is done by Gough for testing airplane tires in 1947
(Zhang, 2009). It was the first octahedral hexapod design and a revolution in the robotics
industry. The robot has 6-dof with 6 legs composed of a U joint at the base, an active
prismatic (P) joint and an S joint at the moving platform. This robot is used until 2000

(see Figure 1.4).

Figure 1.4. Tire Testing Machine
(Source: Zhang, 2009)



In 1962, an engineer from Franklin Institute Research Laboratories, proposed the
same octahedral hexapod as presented in Figure 1.5, to use as motion simulator (Zhang,

2009). Klaus Cappel, the inventor, had the patent of his 6-dof robot in 1967.

Figure 1.5. Klaus Cappel’s Simulator Design
(Source: Cappel, 1967)

In 1965, a famous paper was published by Stewart (1965). The paper proposes
a 6-dof flight simulation robot that can be used for training pilots. The proposed robot
has 6-dof and is also based on the octahedral hexapod (Zhang, 2009). In figure 1.6 the

schematic representation of Stewart’s simulator is given.

Figure 1.6. Stewart’s Flight Simulator
(Source: Stewart, 1965)



PMs with less than 6-dof are deficient manipulators and have attracted a lot of
attention in the past few decades since they are simpler in architecture, cheaper in design
and production and easier to control (Fan et al., 2009). The most successful designs of
PMs that are used in the industry are deficient (Chen et al., 2014). These manipulators
are used for pick and place (Clavel, 1988; Pierrot et al., 2001), machining (B1 and Jin,
2011; Siciliano, 1999; Wahl, 2002), pointing (Gosselin et al., 1996; Dunlop and Jones,
1999), motion simulating (Pouliot et al., 1998) and telescope applications (Carretero et al.,

1998)). Some of them are presented in Figure 1.7.

Base platform

Ball joint

Spring

= Parallelogram

Moving platform

Ball joint

Gripper

a)Delta Robot b) Z3 Machining Head c)Satellite Tracker

Figure 1.7. Deficient PM Designs
(Sources: a)Zhao, 2013, b)Chen et al., 2014, c)Patel et al., 2012)

A 3-RRS PM is investigated in this thesis study. Each limb has the same kinematic
structure (RRS) and these limbs are attached to the base and moving platform symmetri-
cally. The moving platform has 1-dof translating motion along the vertical axis (z) and
2-dof rotational motion about the horizontal axes (z and y). This type of motion char-
acteristics is called 1T2R motion in the literature (Fan et al., 2009; Li and Hervé, 2010).
1T2R PMs are generally used in machining devices and positioning of telescopes, simu-
lating motions and coordinate measuring machines etc. (Fan et al., 2009; Li and Hervé,
2010).



1.1. The Aim of the Thesis and Objectives

The aim of this thesis study is to obtain a mathematical model of the 3-RRS PM
and then perform a position control over the physical model of the PM located in Rasim
Alizade Mechatronics Laboratory in Izmir Institute of Technology. The physical model
of the 3-RRS PM presented in Figure 1.8 is produced by Dr. Fatih Cemal Can, during his
PhD studies in Izmir Institute of Technology. Structural details of the model are presented

in (Can, 2008).

Figure 1.8. Physical Model of the 3-RRS PM



1.2. Organization of the Thesis

Chapter 2 consists of the literature review performed for this thesis study. Firstly
the available methodologies for kinematic analysis of 1T2R type PMs are presented.
Then, techniques that are used to perform workspace, singularity and dynamic analyses
are given.

In Chapter 3, modelling studies, which consist of position, velocity and acceler-
ation level of kinematics, workspace, singularity and inverse dynamic analyses, are pre-
sented in the given order. The simulations for confirmation of the mathematical model
given in Chapter 3 are presented in Chapter 4. Conducted control studies are given in

Chapter 5. The discussion on the results and the conclusion are presented in Chapter 6.



CHAPTER 2

LITERATURE REVIEW

In the literature, there are several kinematic structures available to obtain a 1T2R
type of motion from a PM. These manipulators can be listed as 3-RPS, 3-PRS, 3-RRS
and some other kinematic structures. The literature review study presented in this chapter
consists of modelling and control of 1T2R type of PMs available in the literature. This
chapter includes available methods for kinematic, workspace, singularity and dynamic

analyses to obtain the mathematical model of the 3-RRS PM.

2.1. Kinematic Analysis

For the position level kinematic analysis, there are two distinct types of analyses.
The first type, inverse kinematics, is defined as to obtain actuated joint coordinates for
a given pose of the end-effector (Merlet, 2001). There are many studies on the inverse
kinematics of 1T2R PMs available in the literature.

Since this study is dealing with deficient manipulators, the first step of the inverse
kinematics is to obtain the dependent pose parameters of the moving platform in terms
of independent pose parameters by making use of constraint equations. For the 1T2R
PMs there are 2 different types of constraints: the first type is due to the planar motion of
each limb and the second type is due to the rotation matrix. Investigated studies on 1T2R
PMs use the condition that all the limbs are constrained to move on planes as presented
in (Tsai, 1999; Zhang et al., 2006; Li and Xu, 2007; Verdes et al., 2009; Vallés et al.,
2012; Rao and Rao, 2013; Chen et al., 2013). After obtaining these constraint equations,
the relationship in between the elements of the rotation matrix is obtained. It is observed
that in some applications it is preferred to use the orthogonality conditions of the rotation
matrix for transformation between the moving platform and base coordinate systems, as
in (Tsai, 1999; Verdes et al., 2009) or making use of rotation sequences as in (Zhang
et al., 2006; Li and Xu, 2007; Vallés et al., 2012; Chen et al., 2013; Rao and Rao, 2013).
After obtaining all of the pose parameters of the moving platform, active joint variables
are solved from the loop closure equations in terms of the defined pose parameters for the

moving platform.



The forward position level kinematic analysis problem of PMs is more complex
than the inverse kinematics task as it is stated in (Patel et al., 2012). The common method-
ology to obtain the pose of the moving platform is as follows: the coordinates of the S
joints are formulated in terms of active and passive joint variables and then the fixed dis-
tance in between the S joints is used as constraint to formulate the constraint equations.
The obtained equations are non-linear in terms of active and passive joint variables. Mak-
ing use of tangent of the half angle substitution, some mathematical manipulations are
applied to the non-linear constraint equations and at the end a 16" degree polynomial is
determined in terms of one of the passive joint variables. Tsai (1999); Tsai et al. (2003); Li
and Xu (2007); Gallardo et al. (2008); Rao and Rao (2013) make use of Sylvester dialytic
elimination method to obtain the final 16" degree polynomial in terms of one of the pas-
sive joint variables. Tsai et al. (2003) also propose an optimization technique. Srivatsan
and Bandyopadhyay (2013) on the other hand, make use of mathematical manipulation
techniques to obtain the resulting polynomial. Vallés et al. (2012) follow a numerical pro-
cedure: once the 3 non-linear equations are obtained in terms of passive joint variables,
Newton-Raphson numerical method is applied to obtain the values of the passive joints
variables.

For the velocity and acceleration analysis of 1T2R PMs, it is observed that some
prefers to differentiate the loop-closure equations to obtain the required velocities as given
in (Li and Xu, 2007; Chen et al., 2013) while some prefers to make use of screw algebra
as in (Gallardo et al., 2008).

Besides with several kinematic chain structures which have 1T2R motion charac-
teristics, there are also several studies on the kinematics of 3-RRS PMs. Li et al. (2001)
present the methodology to solve the position level inverse kinematics problem. Then
by taking the time derivatives of position equations, the velocities and accelerations are
obtained. Itul and Pisla (2009) also present a study on the forward and inverse position,

velocity and acceleration level kinematics.

2.2. Singularity Analysis

A study on the singularity analysis of closed loop mechanisms is performed by
Gosselin and Angeles (1990). In the study, the velocity loop equation for a general closed

loop mechanism is defined as:

Ai+BO =0 2.1)



where i is task space velocity column matrix, 6 is the active joint velocity column matrix
and A and B are square matrices, elements of which are in terms position variables. A
general closed-loop mechanism with such a velocity loop equation can have 3 types of
singularities. The first type occurs when det (B) = 0, which means that the configuration
of the mechanism is at the inner or outer boundaries of its workspace. This type of singu-
larities are related to the inverse kinematics problem of the investigated mechanism. The
second type of singularity occurs when det (A) = 0 and this singularity refers to the sit-
uations where the end-effector is movable even though all of the active joints are locked.
This type of singularities are due to the forward kinematics problem of the mechanism.
The third type of singularities are observed when det (A) = det (B) = 0. In this type of
singularities, either the mechanism can have some finite motions when the actuators are
locked or actuators can have some finite motion with no motion output.

It is very important to perform a singularity analysis for PMs in order to be able to
avoid the singularities when planning the motion for the moving platform and selecting
the link dimensions on the design stage (Li and Xu, 2007; Zhang et al., 2012). Zlatanov
et al. (2002); Li and Xu (2007); Rezaei et al. (2013); Chen et al. (2013) perform singularity
analyses on 1T2R PMs with different kinematic structures. Rezaei et al. (2013) also
investigate all types of singularities for a 3-PSP PM. Itul and Pisla (2009) categorize the
singularities of a 3-RRS as given above and states that the singularities can be obtained

during the design phase of the mechanism.

2.3. Workspace Analysis

Merlet (2001) states that there are several possible methodologies to calculate the
workspace boundaries of PMs. One of them is the geometrical approach. In this method,
firstly the constraints on the legs are defined. Then, subjected to these constraints, a ge-
ometrical volume that describes all the possible locations of the generalized coordinates
is obtained. At the end, the intersection of all these volumes for each leg is identified
as the workspace of the PM. Another method defined by Merlet (2001) is called the dis-
cretization method. In this method, the workspace of the PM is covered by grids of nodes.
Then every node is tested if it obeys the constraints derived from the geometry of the PM
or not. At the end, the workspace boundary is constituted with the nodes whose at least
one close neighbor does not satisfy the constraint equations. Merlet (2001) also mentions
several numerical approaches that are used to obtain the workspace boundaries of PMs in

the literature.

10



On the reachable workspace analysis of 1T2R PMs, Li et al. (2007) perform the
analysis as follows: Firstly the constraint equations which include the motion limits of
the joints and geometrical constraints of the PMs are determined. Then at every elevation
level of the moving platform, the possible rotations around horizontal axes are checked
whether they satisfy the constraints or not. The rotation values that satisfy the constraint
conditions form the workspace of the PM. Rezaei et al. (2013) investigate a novel 3-dof
PM which has two operation modes: the first mode is 1T2R and the second mode is fully
translational. For the workspace of the PM in the 1T2R mode, the same methodology
given above is used. For checking whether a node satisfies the constraint equations or not,
it is stated that inverse kinematics solution of the PM can be used. Other than the inverse
kinematic solution, it is also possible to use the forward kinematics solution. However it is
pointed out that if the forward kinematics is going to be used for the workspace analysis,
it is unnecessary to make a constraint check since the forward kinematics automatically
obeys the constraint conditions of the PM. Itul and Pisla (2009) also propose that it is
possible to use inverse and forward kinematics solutions as given by Rezaei et al. (2013)
in order to obtain the workspace of a 3-RRS PM. There are also several studies that
investigate the dexterous workspace of 1T2R PMs. Srivatsan and Bandyopadhyay (2014)
define another workspace, safe working zone, from which the link interference conditions,
physical limits of the joints as well as the singular configurations are excluded from the

reachable workspace.

2.4. Dynamic Analysis

The dynamic analysis of spatial PMs have been a difficult task due to their spa-
tial kinematic structure with a large number of passive variables. Three main methods
are applied to perform the dynamic analysis of PMs: Newton-Euler classical procedure,
application of Lagrange’s equations and multipliers, and finally virtual work principle
(Staicu, 2012).

The literature on the dynamic analysis problem of 1T2R PMs include each of the
approaches listed above. The dynamic analysis of a 3-PRS PM is presented by Li and
Xu (2005) by using Lagrange’s equations and multipliers. The authors propose to use
active and passive joint variables at each limb as generalized coordinates and they obtain
a solution for the inverse dynamics problem.

Tsai and Yuan (2010) present the dynamic analysis of a 3-PRS PM, where dy-

namic equations for the moving platform is formulated using the task space coordinates

11



whereas the dynamic equations for the limbs are formulated in joint space coordinates. It
is claimed that this decomposition simplifies the solution to complex velocity equations
defined in different coordinate systems. In order to avoid dealing with complex algebra in
the calculation of the reaction forces occurring at the S joints, it is suggested to use a spe-
cial decomposition method. Basically, the reaction forces are decomposed as constraint
and driving forces. Then the constraint forces are eliminated from the equation of motion
of the PM.

For a 3-RPS PM, the dynamic analysis is performed by using Lagrange’s equa-
tions by Pendar et al. (2004). The authors use all of the task and joint space variables
as generalized coordinates and obtain 9 Lagrange multipliers. Then, a methodology to
eliminate the Lagrange multipliers is presented and finally the equation of motion of the
PM is obtained.

Another study proposes to use the virtual work principle to obtain the inverse
and forward dynamics equations for a 3-RPS PM (Sokolov and Xirouchakis, 2007). The
authors also provide the methodology to obtain the reaction forces on the joints.

Staicu (2012) presents the inverse dynamic analysis of 3-RPS PM in two configu-
rations: at the first configuration the R joints are actuated and at the second configuration
P joints are actuated. The author presented the analysis by two different methods: virtual
work principle and Lagrange’s equations. In the analysis by Lagrange’s equations, author
makes use of 12 generalized coordinates: 3 active and 3 passive joint variables at joint
space and 6 pose parameters at the task space. After eliminating 9 Lagrange multipliers,
equations for the inverse dynamics problem is obtained as it is done by the principle of
virtual work method.

For the dynamic analysis of 3-RRS PMs, a study using Newton-Euler approach is
given by Li et al. (2001). The dynamic force and moment equilibrium equations are pre-
sented and the required actuation torques for the desired task are obtained. Itul and Pisla
(2009) make use of both Newton-Euler approach and principle of virtual power method.
The equation of motion is obtained by Newton-Euler approach with the assumption of no
friction at joints. After that, joint frictions are modelled and the required input torques are
computed to overcome the frictions. Finally, the obtained torques are summed up and an
equation for the required torque for each motor is obtained.

The dynamic analysis of the Tricept Robot is performed for exact and approximate
models by Caccavale et al. (2003). The structure of this robot consists of 3 outer limbs
having UPS kinematic chain structures and an inner limb allowing 3-dof (1T2R) motion

(kinematic structure of the inner limb is not explicitly given).The solution of the exact

12



model is based on virtual work principle while the solution of the approximate model is
based on Lagrangian formulation using some simplifying assumptions. A simulation for
both of the methods is run and a comparison is given. It is claimed in the study that the
impact of the simplification assumptions on the dynamic model decreases as the motion

of the moving platform gets slower.
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CHAPTER 3

MODELLING OF THE 3-RRS PARALLEL
MANIPULATOR

This chapter consists of the direct and inverse kinematic analysis (position level
kinematics are published in (Tetik et al., 2016)), workspace analysis and singularity anal-
ysis (workspace and singularity analyses studies will be published in the proceedings of
6 European Conference on Mechanism Science, 2016) and finally dynamic analysis of
the 3-RRS manipulator. In order to carry out these analyses, first the geometry of the
PM is examined. Then the mobility analysis of the manipulator is performed. Then, the
formulations for position, velocity and acceleration level inverse and forward kinematics
are presented. Following that, workspace and singularity analyses for the 3-RRS PM is

presented. Finally formulation for the inverse dynamic analysis is given.

3.1. Manipulator Geometry

3-RRS PM consists of a fixed base, a moving platform and 3 identical limbs con-
necting the base and the platform. The limbs lie on separate planes. Each limb plane is
normal to the parallel R joint axes and passes through the S joint centers associated with

the limb. Each limb is composed of three joints:
e an active R joint connected to the base represented by points Og; on the limb plane,

e a passive R joint between upper and lower limbs represented by points O;; on the

limb plane,

e a S joint between upper limb and platform represented by points for: = 1,2, 3 and

Jj=1+3.

In Figure 3.1, a fixed coordinate frame O, — xyz is attached on the base, where the origin
Oy is the chosen as the center of the circle which is tangent to the three fixed revolute
joints. The radius of the base circle is b. The circle coincides with Og; for i = 1,2, 3. The
vectors from O, to Oy, are 51 and the x-axis is chosen to be along 51. The angle between

gland 52 i1s a2 = 120°. The angle between l;l and 53 is ayz = 240°. A coordinate frame

14



Figure 3.1. Kinematic Diagram of the 3-RRS PM

O7; — uvw is attached on the moving platform, where the origin O7 is the center of the
circle which passes through the three S joint centers O, for j = 4,5,6. The radius of
the platform circle is p. The vectors from O; to O, are p;. The w-axis is chosen to be
along p; . The angle between p, and p5 is ays = 120°. The angle between pj and pg is
oy = 240°.

The position vector that defines the location of the moving platform with respect
to the fixed coordinate frame is 7p = OO—O;. T = OOz—Oz; are the lower limb vectors and
T = m are the upper limb vectors. The axes of the active R joints are along J; unit
vectors and passive R joints are along J; unit vectors. J; and .J; are along the y-axes of

the fixed coordinate frame.

3.2. Mobility Analysis

The mobility of a PM can be calculated by using Griibler’s formula:

F=Xm-n-1+> f (3.1)
=1
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where
e ) : dof of the motion space,
e m: total number of rigid bodies,
e n: total number of joints,
e f;: dof of joint 7.

The 3-RRS PM works in a A\ = 6 space. m = 8, n = 9and »_ f; = 15 Then the dof
i=1
of the manipulator is F' = 6(8 — 9 — 1) + 15 = 3. The motion type of the 3-dof of the

platform will be apparent when the kinematic analysis is performed.

3.3. Constraint Analysis

Let the position vector of the origin of moving coordinate frame represented in the

fixed frame be:
T
7p =01, Ony Or (3.2)

and rotation matrix defining the orientation of the moving coordinate frame O; — uvw

with respect to the fixed frame Oy — xyz be:

Uy Uy Wy
R = Uy Uy Wy 3.3)

Uy Vy Wy

which is composed of 3 unit vectors W, ¥ and W (components are the column vectors
of R), which are mutually perpendicular to each other.

Since the manipulator has 3-dof, 3 parameters among the 12 parameters of the
components of 7p and elements of R are independent. The remaining dependent 9 pa-
rameters should be determined by making use of the constraint equations. By manipulator
constraints, 3 dependent parameters will be solved for. The rest of the dependent param-
eters can be found by making use of the equations due to the orthogonality of the rotation
matrix or due to an Euler rotation sequence. In this thesis study, x — y — 2z Euler rotation
sequence is used to form the rotation matrix. Other Euler rotation sequences can be used
as well. Due to the motion characteristics of the moving platform, the independent pose
parameters are chosen as Oz, the z coordinate of the moving platform center, and 1),, and

1, rotation about horizontal x and y axes.
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3.3.1. Manipulator Constraints

Since Oz4 is constrained on xz plane:

Or4 4 Ora g O7 4 D O74 + puy
— N .
OO0 =7p+p1 = |Ony| = 0 = |Ory| TR |0 = |O7y +puy
Or4, Or4., Or.. 0 O7. +pu,

Since Or5 is constrained on the y = tan (120°) x plane:

O, Or5.2
00—07; =TP P = | Ony| = _\/3075@ =
_075 z Ors,.
Or,4 _p Opp— Mo 4+ @
O7,y +R-Z(ag)- [0] = O7,y_%+@
O7.. 0 O, — 2 4 @

(3.4)

(3.5)

where Z (-) represents the rotation matrix around the z-axis. Since Oz is constrained on

the y = tan (240°) = plane:

076,x 076,96
— N N
O0Or6 =7Tp +p3 = | Oy | = V3076 4
O?6,z_ O?ﬁ,z
Ora p|  |One — By — g
Or | +R-Z (au) - =0, — P _ YV
7y 46 0 7y 2 2
077Z 0 _O7z _ p;z _ \/géivz

From equations 3.4, 3.5 and 3.6:

O7y = —uyp

3 Uy, 3P,

3 @ 3PUs

Adding up Equations 3.8 and 3.9 and subtracting from 2 times of Equation 3.7:

e Lo 5 (0, e 4 L)

= —2up = v, =u
1‘%4_@_{_\/3(07@_1%_\/%)%) Y Y

(3.6)

(3.7)

(3.8)

(3.9)

(3.10)



Equating Equations. 3.8 and 3.9:
O =2 W (3.11)

Equations 3.7 and 3.11 constitute the constraint equations for the position of the moving
platform and Equation 3.10 is the constraint equation for the orientation of the moving
platform due to the geometry of the manipulator. The rotation matrix elements in Equa-

tions 3.7 and 3.11 are found using v, and v, as explained in the following subsection.

3.3.2. Rotation Matrix Constraints

R is defined by using x — y — z—Euler rotation sequence:

Uy Vyp Wy
R=|u, v, w,| =
Uy, Vy W,
cyct), —Cysth, sthy
ChSYuSYy + Chysth,  CPuCth, — SYpsYysth,  —sihicydy
SYpSth, — CuCh Sy SYLCy + CsysY,  Cacty

(3.12)

where s and ¢ stand for sin and cos respectively. Since v, and v, are selected as indepen-
dent orientation parameters, the only unknown parameter of the rotation matrix is ,. By

making use of Equations 3.10 and 3.12:

¥, = tan~! <%) (3.13)

for ¢, + ¢, # 0. All the unknown parameters in the rotation matrix can be represented in

terms of ¢, ¥, and 1),by using Equations 3.12 and 3.13.

3.4. Inverse Kinematics

Inverse kinematics problem is to find the input angles 6; for given independent
T
pose parameters of moving platform: z; = [0772 Y, | - Foreach limb (see Figure
3.1

Pp+ 7 = by + 7 + 7 (3.14)
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First, the positions of O; points in terms of given pose parameters are determined by
using the left-hand side of Equation 3.14. Then using the right-hand side of the Equation

3.14 and resolving into z, y and z components:

X lgC(bZ'COéM = O?j,x — CQYy; (b + llcﬁi) (315)
Y l2C¢iSOéli = O?j,y — SCvq; (b + Zlcei) (316)
zZ . l25¢i = —O7j7z — 1130,- (317)

Multiplying Equation 3.17 with ¢ «1; and adding up the square of Equation 3.17 with the
square of Equation 3.15:

{l20a1i0¢i = O7j7z — CQy; (b + llc(9)}2
{lgCOélZ'SQbi = COy; (_O7z — l1s9i)}2 (318)
D>

where

Ai = QZICOéli (bCOéh' — O7j’$)
Bi = 2l107j,zc2a/1i
C; = Oqj.° — 2b0+j ,cay; + ay; (52 + 4% =12+ O?j,ZQ)

forC; — A; #0,i=1,2,3 and j = 7+ 3. Applying tangent of the half angle substitution
to Equation 3.18 and solving for 6;:

A
C A (3.19)

Once the input angles 6#; are found, corresponding passive joint angles can be solved

uniquely by using Equations 3.15 and 3.17:

_ Orja—cayi(bt+iict;) __ Ozj+hse;
o= T e 0= (3.20)
¢; = atan2 (c¢;, s¢;)
As a case study, a set of independent pose parameters are chosen as x; =
T T
[0772 )y ¢y] = [900 —10° 150] for b = 500 mm, p = 250 mm, /; = 750 mm
and [, = 850 mm . The formulation presented above is implemented into Mathematica®

software and inverse kinematics solution is sought. Firstly the task space parameters are

B T
found as t = [07@ 077y O7,z ¢x ¢y %] -
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75

Config. 1

Figure 3.2. Inverse Kinematics Results

T
0.002 mm 0.005 mm 900 mm —10° 15° 1.32°| . Then active joint angles are ob-

tained as 0; = (—44.84°, — 169.87°), 05 = (—45.51°, — 164.95°) and
03 = (—49.46°, — 160.94°) . The corresponding values of the passive joint angles are
¢1 = (—158.87°, —55.84°), ¢y = (—154.86°, — 55.59°) and
3 = (—152.02°, — 58.37°). All possible configurations of the limbs for given set of
independent pose parameters are presented in Figure 3.2. For each limb, one solution is
where the limb faces outwards (Config. 1 in Figure 3.2) and the other solution is where
the limb faces inwards (Config. 2). For different configurations of the limbs, there are
total 8 inverse kinematics solutions. This number of solutions is generic for any pose of
the platform in its workspace.

As it can be seen from Figure 3.2, when 2™ configurations for the input angles are
used, there is a risk of link interference. Therefore, for the safety of the operations, 1%

configurations of the inverse kinematics are used as the solution for inverse kinematics.
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3.5. Forward Kinematics

Forward kinematics problem is to find the task space parameters v,, ¥, and Oy .
for given input angles 6;. To achieve this, the coordinates of O, O7; and O¢ will be

calculated in terms of joint variables by using the right-hand side of Equation refeqn3.14:

b+ 11091 + l2C¢1
.
OOy = by + 71+ 7 = 0 (3.21)
—l180; — lsgy

—%(b + l1092 + l2c¢2)
5 (b + l1cly + lngbg) (3.22)
—115(92 — 128¢2

S

—_— N . .
00075 = b2 +ro+1r5 =

—%(b + 11093 + lgC(bg)
—> =
O0Or6 = by + 7 + 7 = | —L2(b+ L¢3 + lycos) (3.23)

—l1s03 — ZQS¢3

Since the moving platform has an equilateral triangle shape with a side length of |07,075| =
|O75076| = |O76074| = p\/gi

{%(b + licOy + lyegn)? + (Iisth + lasdy — lisby — losgs)?

) = 3p’ (3.24)
+2(3b+ 2016 + 2lx¢¢y + lichs + lrcds)

{%L(llcgg + lgCQbQ — l1C83 — lQC¢3)2 + (l1592 + l25¢2 — l1893 — l25¢3)2

: — 3p% (3.25)
+3(2b+ 1y (b + cbs) + Ly (cos + cobs))

{g(b + licls + loces)? + (Iisb + losdy — 11503 — Lysehs)?

) = 3p? (3.26)
+%(3b + 2[1091 + 2l2C¢1 + l1C93 + lgC(ﬁg)

By making use of Equations 3.24, 3.25 and 3.26, 3 equations can be written in terms of

passive joint variables ¢;:

hio 4 hi1cgr 4 hiacha 4 hischicha + higspr + hisSda + higspisg, =0 (3.27)
hoo 4 ha1cpa 4 haachs 4 haschachs + hosspa + hosSps + hogspasgs =0 (3.28)

hso 4 hgicps 4 hgachy + hgschpscdr + haasps + hasspr + hagspssgr =0 (3.29)

21



where
hiO = 3[)2 + 2[12 + 2[22 — 3]?2 + llcéi (3b + l1C9i+1) + 3bl109i+1 — 2[1286‘i89i+1

hit = ls (3b + 2ly¢0; + l1¢6;41)
his = Io (30 + icl; + 201c6;41)
his = 1o
hig = 2lyls (s6; — s0;41)
his = =21l (s6; — s6;41)
hie = —205°

fori =1,2,3and 7+ 1 = 1 for ¢ = 3. Applying tangent of the half angle substitutions
t; = tan(¢1/2 ), t3 = tan (¢3/2 ) to Equations 3.27 and 3.28 and rearranging in terms
of ¢o:

fio + fri8¢2 + fiacpp =0 (3.30)

fao + fo15¢2 + foacy =0 (3.31)
where
f10 = hio + ha1 + 2hagts + (hao — ha1) 12 fao = hao + hag + 2hasts + (hag — hag) t5°
f11 = his + 2hiety + hasts? fo1 = haoy + 2hogts + hogts?
fi2 = haz + hyz + (hia — hag) t1? foo = ho1 + has + (ha1 — hag) t3°

Using Equations 3.30 and 3.31, c¢, and s¢, can be solved:

— f12f20_f10f22 _ f10f21_f11f20
f11f22_f12f21, f11f22_f12f21

Since c?¢y + s?¢y = 1, from Equation 3.32:

S

CPo

(3.32)

(frzfao — frofa2)® + (Frofor — firfoo)® — (firfor — frafar)” =0 (3.33)

Equation 3.33 involves ¢, and ¢3 only. Rearranging Equation 3.33, a 4" degree polynomial

in terms of ¢; can be obtained:
ag + arty + agti® + ast,® + astyt =0 (3.34)

Coefficients a; in Equation 3.34 are 4" degree polynomials in terms of 3. Also applying
tangent of half angle substitution ¢, = tan(¢;/2 ), t3 = tan(¢3/2 ) and rearranging
Equation 3.29:

bo + bty + bat;2 =0 (3.35)
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The coefficients b; in Equation 3.35 are 2" degree polynomials in terms of ¢3. Solving for

t,2 from Equation 3.35:

t12 — _M (3.36)
by

for by # 0. Substituting Equation 3.36 into Equation 3.34, and solving for ¢;:

&4601)? — bo (a4b0 + Clgbl) b2 + agbob% — aob%
t = - e (3.37)
(—a4b1 + b1 (2&4[)0 + agbl) bg — (a3b0 —f- agbl) b2 —I— a1b2)

t; given in Equation 3.37 is only a function of ¢3. When Equation 3.37 is substituted into
Equation 3.35:
b3H

; 5 =0 (3.38)
[a4b1 — bl (2a4b0 + agbl) bQ + (CL3b0 + CLle) b2 — CleQ]

Since by # 0, H =0 in Equation 3.38:

( )

Qy {G4bé + bl [—agbg + bl (agbg - albobl + aob%)]} +
b2 (a§ — 2@2&4) bg + <—CL26L3 + 3@1&4) b%bl

H= + (a1a3 — 4@0(14) bob% — aoagb:f =0 (339)

b% [(a% - 261,16L3 + 2@0@4) b(z) + (—alag + 3@0(13) bobl + aoagb%] +

L b3 [(af — 2apaz) by — apaibi] + agbs )

Equation 3.39 is a 16™ degree polynomial in terms of ¢3. Once a numerical solution for
t3 1s obtained, then ¢; can be found uniquely by Equation 3.37. Corresponding ¢; and
¢3 values can be evaluated as ¢; = 2tan~'(¢;). Finally corresponding ¢, can be found
from Equation 3.32 as ¢o = atan2(c¢s, s¢s). For by = 0, t; can be uniquely solved
from Equation 3.35. Then the value can be substituted in Equation 3.34 and a 4" order
polynomial in terms of ¢3 is obtained. Equation 3.34 can be solved for ¢3 analytically.
The corresponding passive joint variables can be found by following the same procedure
explained above. When all the passive joint variables are solved for, the position and
orientation of the moving platform for given active joint variables can be obtained from
Equation 3.14.

The procedure for the forward kinematic analysis given above is implemented in
Mathematica® and the results of examples are obtained. To be able to compare the results
of both inverse and forward kinematics, one set of the solutions of inverse kinematics
(0, = —65.21°, 6, = —68.71°, 83 = —60.72°) is used as input for the forward kinematic
analysis. As stated before, there exists maximum 16 solutions of the polynomial given
in Equation 3.39. In the numerical example, it is observed that 8 of the solutions are

imaginary, hence there are 8 real solutions obtained. The obtained numerical values of
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t,=47.70 t,=4.16

¢, =-156.39 ¢ =-154.56"
¢, =-156.33" ¢, =—-166.37
¢, =-177.60° ¢, =—-152.98
0,.=0.78 m 0,.=0.86m
. =41.68 v, =-30.94
v, =-20.00° y, ==7.40°
1, =404 t,=4.01

¢, =-lo6l.61 ¢, =—-158.87
¢, =-154.36 ¢, =—154.87
¢, =—152.24° ¢, =-152.02°
0,.=088m 0,.,=09m
v, =-8.98 v, =-10
y,=21.4% y, =15
t,=3.79 t, =385

¢ =157 ¢ =168.13"
@, =155.76 ¢, =155.04"
¢, =150.47 ¢, =150.93°
0,,=0.17m 0,,=022m
v, =4.65 v, =296

v, =430 v, =-29.97
1, =3.88 t, =14.15

@, =155.86 ¢ =156.69
¢, =168.93 ¢, =156.03"
¢, =151.11 ¢, =171.91
0,,=023m 0,,=027m
v, =3024 v, =-39.81
v, =12.98 y,=19.88

Figure 3.3. Forward Kinematics Results for 8 Real Solutions
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1 2 3 4
07,= W= Wy= 07,= W= Wy= 07,.= W= Wy= 07,= W= Wy=
0.92m -27.79° 16.93° 1.04m 6.81° -13.46° | 0.96m 12.19° -52.48° | 0.93 m 18.46° 1.372°
8
Yx=
07,= - Wy=
0.93m | 20.01° | 4.16°
9 10 11 12
o7,z= O7,z= Wx=
07,= Wx= Wy= -0.51 Wx= Wy= 07.= Wx= Wy= - - Wy=
-0.58m | 39.68° | -29.40° m -4.76° | 12.02° | -0.55m | -1.16° | 33.00° | 0.54m | 14.43° | -6.85°
13 14 15 16
WYy= Wx=
O7,.= Wx= = O7,.= Wx=- Wy= 07,.= = WYy=- O7.= WPx= WYy=
-0.65m | 6.85° | 13.64° | -0.54m | 7.67° | 26.88° [ -0.55m | 13.00° | 17.44° | -0.54m | 2.55° -1.32°

ﬁ.

T

oy

Figure 3.4. Forward Kinematics Results for 16 Real Solutions




t3, corresponding passive joint angles ¢;, independent pose parameters and kinematic
schemes of the PM are provided in Figure 3.3 Notice that 4" set of the solution matches
with the independent task space parameters used for the inverse kinematics.

After performing some trials with different input values of 6;, it is observed that
mathematically 16 real solutions for the pose of the end effector is possible in some con-
figurations. For example when another set of the results from inverse kinematics example,
0, = —135.7°,0, = —132.75°, 03 = —144.47° is used and there are 16 real solutions for
Equation 3.39. Each possible pose of the moving platform obtained is presented in Figure
3.4. Notice that the 5™ solution matches with the independent task space parameters used
in the inverse kinematics example. It should be noted that, even though it is possible to
have all these 16 real solutions mathematically, some of those solutions are physically

impossible due to link interferences and joint limitations.

3.6. Velocity and Acceleration Analysis

The velocity loop equation can be written by differentiating Equation 3.18 respect

to time:

where

Di - [—2 C Q4 (b -+ ll c91) + 207]'795 0 2c &12'2 (07]'72 + ll S 91)
E; =2l caq; (ca; 0,075, + (—bcay; + Orj4) s6;)

Equation 3.40 is a function of i™ active joint (6;, i = 1,2, 3) and corresponding spherical

- T

joint velocitiy (O7; = [07” O7jy 07]-,2} ,J =1+ 3 ). Equation 3.40 can be written
= . . . T

in general form to include all of the active revolute (f = [91 0y 93} ) and passive

= - - = T
spherical (S = [074 O~ 076] ) joint velocities:

D, 0123 O1z3 E, 0 O
Oes Dy Oz | S+ 0 Ey, 0|0=JsS+J0=0 (3.41)
01:1;3 01333 E3 0 0 E3

The spherical joint velocities can be expressed in terms of task space velocities (f =
T

O'm 0'77y 0'772 sz ¢y ¢Z ) by taking the time derivative of Equations 3.4, 3.5
and 3.6:
Orj = Jyon,t = 5 =3, 6t (3.42)
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Jt7074

where J; ¢ = [J, 0, | and
Jt:O76
[ —ps% -
1 00 0 - j z
(C (on, + %)) pctys (g +¥.)
C@/st% ¢xc(a4j +'¢}z)
J 01 0 p (C(O‘4j+¢z)) (zzs%jzy)) P < Sz sy )
t,07; — C(Qy; Z -
© — Swm S (Oé4j + wz) K S (a4j + wz)
S Uy Sy pe, et 89 ¢ (aaj + 1)
0 0 1 P C(O[4j+¢z) (C(pa :_¢§) b i C¢xs¢y
i +cth,s (agy +10.) v s(ou;+12)/) ) |

Task space velocities can be expressed in terms of independent task space velocities (Z; =

. . . 1T
Or. . 1/;y] ) by taking the time derivative of Equations 3.7, 3.11 and 3.13:

O?,$ == JO7,I':%¢
O7,y = JO7,yii — 1= T, i (3.43)
1/.},2 = szi'i
where

T
Jew = [Jon. Jo,, Lies .|

J — 0 _pcwys¢y(c¢z+c¢ys¢zswy) _pcwySwz(cwz+cwy+s¢zs1ﬁy)}
O7.2 2(1+ctr cy)2 2(1+c g c1hy)?

P (821%841% B C4¢y — i, c 29—
J — PSPz
o 0 _ pcyysy(cyatcihy) }lcwaz (5C@Dy +3C3wy)

(l+cwzcwy)2 (l+cwzc1/)y)3
— —sty —St¢a
Ty [O Tcppcty, Itcyciy

When Equations 3.42 and 3.43 are substituted into Equation 3.41:
I3y 530, 4ds + Jo = Jpit + Jo0 = 0 (3.44)

Both Jacobian matrices J,, and Jy are 3 x 3 square matrices. In order to obtain the
active joint velocities in terms of independent task space velocities, Equation 3.44 can be

rearranged as:
0= —3;"353,630 5 = T, 0 (3.45)
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Then 7™ passive joint velocity (¢;) can be found in terms of the associated active joint and

spherical joint velocity by taking the time derivative of Equation 3.17:

@‘ = JSI-,@-O;?]' + Jei,@-éi (3.46)
where:
Tao=[0 0 %]
and -
co;
Jouo = _01@'52

Equation 3.46 can be written in general form in order it to contain all of the passive joint

((E: [gbl bs Q‘53:|T) and S joint velocities:

J517¢1 031 0321 J917¢1 0 0
Qg = | 0341 JSQ,@ 0321 S + 0 J927¢2 0 6 = Jsqug + J9,¢§ (3.47)
0301 0301 Jis505 0 0 Jos.0

Substituting Equaitons 3.42, 3.43 and 3.45 in Equation 3.47, the passive joint space ve-

locities and independent task space velocities can be interrelated as:

= Jsodus +Jo.0d0,0) Ti = Ju, 0T (3.48)

= r. . .17
where J,, s = J; gJ,, ;. To formulate the joint space accelerations (6 = [91 0, 93] ,
[gbl b9 ¢3} ) in terms of independent pose parameter accelerations (z; =

b=
.. .. .17
[0772 Uy wy] ), time derivative of Equations 3.45 and 3.48 are used:

0 =3, 07 + Ju, 0% (3.49)

& =Ju, 00+ Tu, o0 (3.50)

The time derivatives of each Jacobian matrix used in Equations 3.49 and 3.50 are provided

in Appendix A.

3.7. Singularity Analysis

As stated in Section 2.2, there are 3 types of singularities for PMs. In order to
investigate the singular configurations of the 3-RRS PM, the Jacobian matrices given in

Equation 3.44 are used. The 1* type singularities singularities, also known as inverse
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kinematics singularities, occur when Det [Jy] = 0. Jj is a function of the inputs 6;, 0,
and 3. So, Det[Jy] = 0 defines an equation in 6, 05 and 5. This is a surface in the
joint space, called as the singularity surface. Formulating the singularity surface equation
from Det [J4] = 0 is computationally challenging. Instead, notice that inverse kinematic
singularities occur when either of the limbs are in extended or folded configurations,
where the two links of the limbs become collinear. So to speak, the singularity conditions
can be analysed separately for each limb. Since the limbs of the PM are identical and
the base and the platform are symmetrical, the conditions for each limb is equivalent to
each other. Without loss of generality, limb 1 can be analysed. Limb 1 is in extended or
folded configuration the A3 + B — C? term in Equation 3.18 is equal to zero. The 1*

type singularities are obtained:

A1+ B} - C} =

—4b% + 417 — 8lily + 41" — \ [ —4b* + 41,% + 8yl + 4" —
4072 — 4b%c,? — bPc,! 407.% — 4b%c,? — b2, '+
+8l12cmcy — 1611 l5c ¢yt 8l120xcy + 16/ lac eyt
81220$cy — 8077Z20mcy—|— 8l220xcy — 807’Z20$cy+
6b%c,2c,? + 4l %c, e, — 12b%¢,* — bs, s, '+
8l1lyc,2c,? + 4ly%c,%c, 2 — 6b%c,2c,? + 4li%c,%c, 2+ (3.50)
- 407 2c,%c,? — 9b%c, + 8lylyc,2c,? + 4ly%c, e, — =0
8607 .8, + 16607 ,ccys,+ 407 % c,%c,? — 9b%c,+
8b077zC$20y28y— 8b07 .8y + 16007 .cyCysy+
4b2sy2 — 8b20$cysy2— 8b077zcx2cyzsy—
4b%c,%c,%s,? — 4b%s,%s, 2 — 4b%s,? — 8b?cpeys,*—
Vs, ts,t — 20%¢,%s, %8, + 4b%c,%c,?s,? — Ab%s, s, —
\ 6bc,?s,%s, + 12b%c,? 20%c, s, %8, + 6b%c,%s, s, )

where subscripts = and y refers to v, and v,. When the condition given in Equation
3.51 is satisfied, the upper and lower links at any of the limbs are collinear. As stated in
Section 2.2, 1™ type type singularities represent the configurations where the mechanism
is at the inner or outer boundaries of its workspace. Therefore, it is more convenient to
represent the singularity surface in the task space, rather than the the joint space. Figure
3.5 represents the singularity surface of the 1% limb and Figure 3.6 represents several
inverse kinematic singular configurations of the PM. The singularity surface is obtained

in spherical coordinates. The heave of the moving platform, Oy ., is considered as the

29



radius of a sphere and rotations of the moving platform, v, and ), are considered as

azimuth and polar angles of the sphere.

Figure 3.5. The 1*' Type Singularity Surface of the 1*' Limb

The 2™ type singularities, also known as forward kinematic singularities occur

when:

Det[J,,] =0 (3.52)

The 2" type singularities refer to the configurations of the PM when any of the
upper links lie on the plane of the moving platform. Unlike the 1*' type of singularities,
the 2" type of singularities cannot be evaluated per limb. As a result, the singularity
condition given in Equation 3.52 is a very long and highly non-linear equation in terms of
the independent task space parameters. For this reason a singularity surface for this type is
not plotted. Figure 3.7 represents several configurations that has this type of singularities.

The 3™ type of the singularities are obtained when:
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Det [J,,] = Det[Jy] =0 (3.53)

This type of singularities occur when either the platform possess finite motions
although the inputs are locked, or the platform is stationary although the inputs are varied.
The 3" type of singularities are not observed for the 3-RRS PM investigated in this thesis

study because Det [Jy] and Det [J,,] are not simultaneously equal to zero.
Figure 3.6. 1** Type Singular Configurations of the 3-RRS PM

Figure 3.7. 2" Type Singular Configurations of the 3-RRS PM
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3.8. Workspace Analysis

The workspace of the 3-RRS PM investigated in this study is evaluated by using
position level kinematic constraint equations. To evaluate the reachable workspace, the
position level kinematic equations are implemented into MATLAB® and a computation
for the reachable workspace of the 3-RRS PM is created. The algorithm makes a research
in the ranges of 0.33 m < Oz, < 1475 m, —7/2 <, < 7/2 and —7/2 <), < 7/2
with the step sizes of AO7, = 10 mm and Ay, = A, = 2°. Using these independent
task space parameters, it evaluates the active and passive joint variables. If the given task
space parameters are achievable by the manipulator, the given parameters are saved as the
reachable workspace of the PM. To represent the workspace of the manipulator, spherical
coordinate system is preferred. The heave of the moving platform, Oy ., is considered as
the radius of a sphere and rotations of the moving platform, ¢, and 1), are considered as

azimuth and polar angles of the sphere and required conversion is performed.

Figure 3.8. Link Interference Condition for Spherical Joints

After obtaining the reachable workspace of the PM, singularity and link interfer-
ence conditions are introduced to the workspace computation. The resulting workspace
is defined as the Safe Working Zone of the PM by Srivatsan and Bandyopadhyay (2014)
and a study to obtain the safe working zone of the 3-RRS PM investigated in this thesis
study is presented in the 6™ European Conference on Mechanism Science (EUCOMES
2016). As joint limits, 3-RRS PM has two types of joint limitations. First one is at active
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joints whose value must be in the range of —7/2 < 6; < 0. The other joint limitation
is with the spherical joints. The angle in between an upper limb and the corresponding
WOU vector cannot exceed 30° due to the joint construction as presented in Figure 3.8.
The safe working zone of the PM is also represented using spherical coordinates.

To visualise the workspace of the PM better, sections of the workspaces at certain
heave values are presented in Figure 3.10. Figure 3.10 (a)-(b) represents the reachable

workspace and safe working zone at O; , = 0.75 m and Figure 3.10 (b)-(c) at O; . = 1 m.

5. . - 1.5

0.5
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Figure 3.9. a) Reachable Workspace and b)Safe Working Zone
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Figure 3.10. Reachable Workspace and Safe Working Zone for: a-b)O; . = 750 mm,
c-d)O7,, = 1000 mm
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3.9. Dynamic Analysis

Dynamic analysis consists of obtaining the required input torques in order to track
a desired trajectory (inverse dynamics) or obtaining the trajectory of the moving platform
with given input torques (forward dynamics). In this thesis study, only inverse dynamics
of the 3-RRS PM is formulated. In order to formulate the inverse dynamics of the 3-RRS
PM, firstly velocities and accelerations of mass centers are determined. Then the forces
on the system are defined. At the end, the analytical dynamic models of the system which

is obtained by using virtual work method and Lagranges’s approach are presented.

3.9.1. Mass Center Positions, Velocities and Accelerations

Figure 3.11. Mass Centers

Starting from the lower link at ™ limb, the distance of the mass center G; from
point Oy; is shown with d; and its mass is m;. The distance of the mass center G; of the
upper link at i limb from point O;; is denoted by dy and mass is shown with ms. Due to
symmetric construction of the limbs, G; and G; are assumed to lie on Oy;0;; and O;;07;,

respectively. Since the cross section of the moving platform is an equilateral triangle, the
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center of mass lies on the w-axis. The distance of the mass center of the platform from
point O; along w-axis is shown with d, and its mass is called m,, as presented in Figure

3.11. The position, velocity and acceleration of G; can be formulated as:

CQy; (b + d1 CQZ)
Da; = OoG;i = |s a; (b +dic 91) (3.54)
—dl s@i

Ve, = ba, = Jo,.¢.0i (3.55)

where
d1 CQq; S 91

J9i7Gi =— |disay;st;
d1 Cei

ag, = ﬁG = jei,Giéi + J&-,Giéi (3.56)
where
—d1 CQq; C 92
jgi,Gi - _dl S Olll‘ C 07, 0@
dl S 91

The position, velocity and acceleration of G; are formulated as:

CQ; (b+ llcﬁi +d26¢i)
pa; = OoGj = |say; (b+11cl; +dyc ) (3.57)
—llsQi — dgsgbi

Ve; = ba; = J0.6,0: + Jo..; 0 (3.58)
where
ll CQy; S 97,
JGi,Gj = - ll SQ1; S 91
ll Cei

and
d2 CQ1; 8 (bz

J¢i7Gj - = d2SOé1iS¢z'
dQqu)i
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C_LGj - pGJ - jei,Gj 01 + Jei,Gj 02 + j(bi,G]' ¢l + J¢¢,Gj ¢Z (359)

where
—ll CQ; C HZ
Jo,c; = | —lisag;cb;| 0;
ll s@i
and
ll CQq; S 91

J¢i,Gj: Lisoq;sO; | ¢

ll C 01
The mass center of the platform:
dpsty
pep = O0Gp =Tp+ | —d,s1h, cty (3.60)
d, c i, c,
Uop = Pap = Tp + Jp.pt) (3.61)
where
0 d,cp, 0
Jpap = |—dycppctpy  dysihystp, 0
—d,cysth, —d,cipyst, 0O
dGp = Do, = Tp + dycpth + Jpapt) (3.62)
where
0 — sty 0

jw,Gp :dp Sﬂ)xClZ)bex—f—Cl/JxSTﬂyl[)y C¢xs¢y¢x+s¢xc¢y¢y 0
S¢1’ S¢y¢y - C¢x C%l/}x S¢zs¢y¢w - C@Z)x Cquv[}y 0

3.9.2. Inertial, Gravitational and External Forces and Moments

The internal forces (composed of gravitational and inertial forces) acting on the

lower limbs, upper limbs and the moving platform can be formulated as:
F™ =my (5 + ag,) (3.63)
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F" =my (g + ag,) (3.64)
rint — =
B =mp (g + agp) (3.65)

T
where g = [0 0 —9.81] . The inertial moments occurring on the links and platform

can be expressed as:

— . . .. .. T

M = Ly |6y Gy ) (3.66)

_ W T

MY = Loy |1 62 3] (3.67)
Mp = Ipap (3.68)

where I ,,and I, ,, are the yy— component of the moments of inertia of the lower and
upper limbs about their centers of masses, 1p is the moment of inertia matrix of the mobile
platform and ap is the angular acceleration array of the moving platform with respect to

the fixed frame. ap is calculated as:

O _Wz Wy w{E
w :RRT: W, 0 —w, | = wp=|w =J th
r r vl T (3.69)
—Wy Wy 0 W,

= ap = jt,w{+ Jt,wf

where
0001 0 sy
Jiw=10 0 0 0 ctp, —si,cthy
0 0 0 0 st cygcyy
and '
0000 0 CPythy
Jiw=10 0 0 0 —stthy  stustythy — ety cty,
00 00 ctpthy —svectdyh —ciusiyd,
The equivalent external force acting on the center of the mobile platform are for-
mulated as:
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3 T
F]ejmt: [F;;pt Fyea:t erxt} (370)

The input torques applied on the active revolute joints are formulated as:

T = [7'1 T2 7’3]T (3.71)

3.9.3. Virtual Work Method

For the dynamic analysis of the 3-RRS PM, virtual work method can be applied
as follows:
;T—a =T rext =T  prpint in
0 7+ vpFgt + 0f  Fpt + wp M+
. N g ST =0 (3.72)
S TEF S0 0 Mg+ 0 NI,

When the virtual displacements are written in terms of Z;:

JT 97:a + J Fezt + Ja: GPFint + nglean_i_
zl . R o0 =0 (3.73)
Z Jxl PG Fln + Z Jz PG Fm + Jitz,eMéni + J:vq,qSMénz

For known external forces and torques acting on the moving platform, the required

input torques can be determined as:

1 Jg PFemt + ']x GpF’int + Jg WMIZDn+
7= (Jzive)i int int T in T | in (374)
ZJ%PGF +2Jx P, Fpe 3T Mg+ 37 ME,

3.9.4. Lagrange’s Approach

n'" Lagrange’s equation for the dynamics of the 3-RRS PM is written as:

or
ZAk f=L.-Q (3.75)
" Ogn
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where \;s are Lagrange’s multipliers, I';s are constraint equations, g, is n'* generalized

d aL) oL

coordinate, L is the Lagrangian function, L, = < (— ~ b and ()} is the correspond-

= dt \ 9n
ing generalized force.
In the inverse dynamic analysis, generalized coordinates (¢) include all of the joint

and task space parameters:

q= [éT o7 OF ;ET]T (3.76)

In order to formulate the Lagrangian function, the kinetic and potential energies
of the moving platform and links should be formulated. The kinetic energies of the "

lower and upper limbs and the moving platform can be formulated as:

KEl = % (]17yy + m1d12) 93
KE]- = % [mgllzé? =+ ([nyy + m2d22) ¢12 + 2m2l1d2 C (91 — ¢Z) ¢191 (377)
KEP = % [mpVéP + @g:[pa)p]
The potential energy expressions of i™ the lower and upper limbs and the moving

platform can be formulated as:

PEl = —gd1 892‘
PEP =g (07,z + de?/sz%)

Then the Lagrangian function L = > K'E — ) PE can be formulated as:

( —gmp (dp cpycthy + Oz,) + digmysby + digmy sy + dygmy s 0 )
—gma (—lys0y —dys¢1) — gmy (—l1s0y — dys dy)
—gma (=103 — dos ¢3) + 0.5mpO?, + 0.5mpO32,, + 0.5mpO3,,
+0.5 (Ig, + di’my + 1i°my) (6’% + 602 + 9§>
+dalimg ¢ (01 — ¢1) 0161 + dolims (02 — ¢2) 02002
+dalymay ¢ (05 — ¢3) O3 + 0.5 (I, + do*mo) (ﬁb% + 3+ ﬁb%)
+dpmpciy, <— c 77Z)$O7,y —S ¢z07,z> 1/%
+(0.5Ip, + 0.25dp mp + 0.25dp mp ¢ 20, ) V)2
+(0.25Ip, + 0.251p,, + 0.5dp"mp + (0.251p, — 0.251p.) ¢ 240, 12
+dpmp (C ¢y07,x + 81y (S %DxO?,y —S @/Jxozz)) @/}y
+ (IP,J: S¢y¢m + (—Ipy + Ip.)cthpsih, C@/Jy@by) .
+0.5 (Tpas®y + by (IpaCty + Ipys™ihy)) 72

> (3.79)

Ve

39



Then L,, term in Equation 3.75 is formulated forn = 1,2, ..., 12 as:

Ly = —dygmacy + IQ,yyé |+ damy (
Ls = —dygmac oy + [2,yy¢52 + dams (

Le = —dagmsy c @3 + IQ,yyéi{ + dame (

I g (—dimy — loma) cby + dalomas (61 — ¢1) ¢2
L=
+(

[1 Yy + dl my + l2 mg) Q 1+ dglgmgc 91

]1yy+d1 my +l2 m2)¢92+d2l2m20 02

Ly= { g (=dimy — lymy) ¢ b5 + dylama s (62 — ¢2) <b2
o =
+

I { g (—dimy — lama) c 05 + doloma s (65 — ¢3) ¢3
B

Ilyy+d1 mq +l2 m2)93+d2l2m2C (93

—125(91 ¢1 92
lac (01 — ¢1) @1+d2¢1

lyc (6 — o) 92+d2¢2

_ZQS(63_¢3 9+
lyc (03 — ¢3) 93+d2¢3

—lgs(92—¢2 9 + )

L7 = mMmp <—dps¢y¢§ + O’?,z + dP C¢y1‘b y)

. .o
Ls=mp <O7,y+dp< wa?;pywx+2cwfswy¢xwy+ . ))
S%C%%—C%CQ/JywaFS%S%wy
B - D
Lo =mp (9+O7,z+dp( C#)T’.C@Dyl/}x—FQS?/.}wswydjzwy . ))
C@/ch%?/ﬁ—S@/chlby?/)x—c%sd)y@/)y

—dpgmp sty chy, — dp’mps 20,0y, + 0.5 (Ipy, — Ip.) s 20,102 —

dePwaCwyO7y (IPz (IPy _IPz>62wz)Cwyz/}y¢z_
Ipy € hy50pC2thyh? + 0.51p 520,202 — dpmp sty c 0,0 7.+
Ipat) , + 0.5dp*mpt) , + 0.5dp>mp ¢ 2bh , + Ipa sy,

(3.80)

(3.81)

(3.82)

(3.83)

(3.84)

(3.85)

(3.86)

(3.87)

(3.88)

(3.89)

40



—dpgmp ¢y s, + 0.5dp*mps 2¢y¢:§

+0.5 (Ipc2y s 20y + (—Ipg + IpysPiy) s20,) 12
+77bx <_IP,J: C quvbz + (_IP,y + ]P,z) <S 27709677[)3/ +c 2¢x C ¢y¢z>>

+deP C wyO 7,x + deP S ¢x S %O 7y
—dpmpcthys1yO 7.+ 0.5 Ipy + Ip.) 0,

+dp*mpt, + 0.5c¢2¢, (Ip, — Ip.) Y,
—0.5s 21% C wy (IP,y - IP,Z) w z

(

0.5 (Ipy — Ip.) s 2, 81,002+
(—Ip:c*y + (Ipa — Ipys*ihs)) s 2001,
+Upe + (—Ipy + Ipz) c 2¢y) C@Dy’(/.)x’@by
+(Ipy = Ip2) s 20aC* b,

. ( 0.5(—Ipy + Ip.)s 20, ¢ wyipny >

+ (IP,zczwr + IP,ySQ¢r> 02¢y¢ z

Flpe sty (V450,00

\ /

;

(3.90)

(3.91)

The generalized forces are defined as input torques (77, 75 and 75') forn = 1,2, 3

and external force components acting on point O . (F5™, Fy*" and F{™) forn = 7,8, 9.

With the formulation of L,,, all terms at the right-hand side of Equation 3.75 are formu-

lated. For the left-hand side of the equation, constraint equations I'; correspond to the

scalar components of the Equations 3.4 , 3.5 and 3.6. With the formulations presented

above, first the numerical values of the Lagrange multipliers are found as:

A1
A
A3
Aq
s | =
Ao
A7
As
Ag

o /3¢1 or /3¢1 T 6F9/3¢1

Mooy P2/0gy -+ P/ 0g,

oy ols . ol'g
fov. 72/ ov. [ov-] oo Lo

(3.92)
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Once the Lagrange multipliers are obtained using Equation 3.92, the input torques

can be found as:

A1
A2
A3
Ly M fooy 2 )00, -+ 77/ oa, A4 T

Lo | + 1% /o0, 92/0p, -+ M9/, X | = | 78 (3.93)
Ly Mooy T2 /00, = 77/, A6 s

A7
As
Ag
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CHAPTER 4

DYNAMIC SIMULATIONS

In order to confirm the mathematical model developed in Chapter 3, several sim-
ulations are run using MATLAB/Simulink® software. In this chapter, firstly the mechan-

ical structure of the PM is explained, and then the performed simulations are presented.

4.1. Mechanical Structure of the PM

The mathematical models formed in the Chapter 3 are used to model the 3-RRS
manipulator in IzTech Rasim Alizade Mechatronics Laboratory. Starting with the me-
chanical components from bottom to top, the base part of the manipulator is fixed on a

concrete block as presented in Figure 4.1. The radius of the base circle is b = 544 mm.

Figure 4.1. Manipulator’s Base and Its Components

3 reducers fixed on the base are attached to the lower limbs. The axes of input

shafts of the reducers meet at the base center of the circle and have 120° between each
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other. The output shaft of the reducers are tangent to the base circle. Reducers have
1/149 reduction ratio and their brand and model is Yilmaz Rediiktor oil filled ENO8O-
00+NT101.

Figure 4.2. a) Lower Limb, b) Upper Limb and c) Spherical Joint

Lower limbs are attached to the reducer from their local coordinate frames as
presented in Figure 4.2. Each lower limb is symmetrical with respect to its local xz-
plane. The effective lengths of the lower limbs are /; = 700 mm and upper limbs are
I, = 775 mm. Center of mass of each link lies on local z-axis and their distances
from local coordinate frames are found as d; = 200 mm and dy; = 420 mm using
Solidworks® CAD models of the parts. The mass of the lower limb including all the
fasteners and flanges is measured as m; = 28.55 kg and the inertia tensor is found as
I, = [2.18,0,0;0,2.02,0;0,0,0.21] kg.m?. The mass of the upper limb is measured as
msy = 25.32 kg and inertia tensor is I, = [2.08,0, 0;0,2.09, 0; 0,0, 0.05] kg.m? including
the spherical joint parts attached (See Figure 4.2c).

Figure 4.3 presents the 3D view of the moving platform. The radius of the plat-
form circle is p = 544 mm. By using the CAD model of the part, the distance of the
center of mass from the plane passing through points Or4, O7; and Oz is found as
dp = 150 mm along the w-axis. The mass of the moving platform including all fas-
teners and bearings is measured as 35.87 kg and the inertia tensor is found as Ip =
[0.27,0,0;0,0.27,0;0,0,0.54] kg.m?.

Other than masses of the links, an external force applied on point O~ . and a pay-

load attached to the moving platform with a distance of dp = 250 mm along w-axis are
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Figure 4.3. Moving Platform

T
considered. For illustration the force vector is taken as F°** = |100 200 150] N and
the mass of the payload is taken as m; = 50 kg. The inertia tensor of the payload is taken
as I, = [1,0,0;0,0.7,0;0,0, 1.3] kg.m?. The effects of the external force and payload are

added to the inverse dynamic formulation given in Chapter 3.

4.2. Inverse Dynamic Model

A dynamic motion simulation is prepared to simulate the behavior of the joints and
moving platform in MATLAB/Simulink® environment. In this simulation, the equations
for inverse kinematics and dynamics derived in Chapter 3 are used to simulate the motion
of the PM in task and joint spaces. The step size used in the simulation is 0.0001 s and
solver type is assigned as ODE4 (Runge-Kutta order 4 integrator).

To start the simulation, a path for the moving platform is generated. In order to
avoid infinite jerks, the non-stationary motion parts of the moving platform is modelled as
trapezoidal jerk motion by using Repeating Sequence blocks. The displacement values of
the independent task space parameters are presented in Figure 4.4. The z- displacement is
from 332 mm, where all of active joints (#;) are equal to zero, to 1000 mm and the amount
of rotations (v, and 1),) are £15°.

For the given trajectory of the moving platform, the displacement, velocity and

acceleration of each active and passive R joints are obtained by implementing inverse
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kinematic analysis formulation given in the Chapter 3 into MATLAB Function blocks

and the displacement, velocity and acceleration variations for the active and passive joint

variables are obtained as in Figures 4.5-4.10.
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After obtaining all of the task and joint space parameters, the required input
torques are found by implementing the formulations given in Chapter 3 into a MATLAB
Function block. Inverse dynamic analysis is performed for both virtual work and La-
grange’s dynamics methods for verification purposes. The variations of the input torques
required to track the desired trajectory are presented in Figure 4.11.

As expected, the input torques obtained for both methods are the same. To ob-
tain the required motor displacements, velocities and accelerations, input link values are
divided by the reduction ratio of 1/149 . The torque requirements from the motors are

obtained by multiplying input torque values with the reduction ratio again.
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Figure 4.11. Required Input Torques

4.3. SimMechanics Model

Besides the analytical model, a virtual model of the 3-RRS PM is created in
MATLAB/Simulink® environment using SimMechanics® blocks. As the first step, the
structural parameters like link lengths, masses, initial conditions of bodies and joints etc.
are defined as “InitFcn” under the ”Callbacks™ tab of "Model Explorer” window. Then,

the manipulator is modelled by using SimMechanics® blocks. A sample block that rep-
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Block Parameters: Link 1 S (|

Body =

Represents a user-defined rigid body. Body defined by mass m, inertia tensor I, and coordinate origins and axes for center of
gravity (CG) and other user-specified Body coordinate systems, This dialog sets Body initial position and orientation, unless Body
andfor connected Joints are actuated separately. This dialog also provides optional settings for customized body geometry and
color,

Mass properties

| mesm ma
Inertia: 11
Position Orientation Visualization
Show Port Origin Position = Translated from Components in 3
Port Side L Vector [x y z] ANML Origin of Axes of
(e~ [ PRI - - |[cs1 ~Jlcst -]
v csi [000) [m__ ~ | Adicinina ~ || Adicining -] i
| [ [Richt ~]cs2 pioa] [m_ ~jes1 - Jest ]
I
[ OK ] [ Cancel ] [ Help Apply

Figure 4.12. Body Block of the Bottom Link at Limb 1

resents the body block of a lower limb is presented in Figure 4.12. With the "Body” and
”Joint” blocks, a virtual model of the 3-RRS PM is obtained. The parameters of the body
and joint blocks are taken from previously defined “InitFcn” and assigned to the blocks
presented in Figure 4.12.

Limbs are connected by the base and the platform blocks. The overall block di-
agram of the 3-RRS PM is presented in Figure 4.13. The virtual model of the PM is
presented in Figure 4.14.
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Moving Platform

Upper Link

;‘-L\‘ N

Lower Link

Figure 4.14. Virtual Model of the 3-RRS PM

To test the accuracy of the inverse kinematic formulations and obtained input
torque values, a simulation is run using motion inputs with the displacement, velocity and
acceleration values of active joints. In this simulation, the values of task and joint space
parameters are checked. It is seen that the difference between calculated values of each
parameter and their obtained values from the sensor blocks on the SimMechanics® model
are ignorable. Furthermore, torque sensors are attached to active input joints to measure
the computed torque values that the simulation calculates for each actuator. Then the cal-
culated analytical values of the torques are compared with the torques obtained from the
torque sensors. As presented in Figure 4.15, the errors in between the torque values are

ignorable.
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CHAPTER 5

CONTROL OF THE PM

This chapter includes the performed control studies of the 3-RRS PM. Firstly the
control hardware is presented. Then, performed studies are explained. Finally, the results

of the control studies are presented.

5.1. Control Setup

The details of the mechanical components of the 3-RRS PM are given in Chapter
4. In this chapter, firstly the electronics used for the control of the manipulator are pre-
sented. Then, the control strategy is explained. Finally, the results are presented. The

components of the control system is presented in Figures 5.1 and 5.2.

Power Supply
75VDC
User Stepper | Stepper
Interface Controller Driver Motor

Figure 5.1. Control Setup

Figure 5.2. Control Setup Components
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The controller that is used to send the required step, direction and enable signals
with a frequency of 100 KHz to the stepper drivers is a GOYA 100® CNC controller. The
controller has an operator interface including a keyboard and an LCD graphics display.
This controller can control 3 separate stepper motors for point to point positioning and
linear/circular interpolation. Controller can also communicate with a PC over RS-232
serial port using ASCII communication protocol.

User interface of the controller provided by the supplier is BACH Elite® software.
Using the software it is possible to write a program using GCodes and implement it to the
controller. Once the program is implemented into the controller, it can be run using the
controller’s interface without having PC connection. Other than that, it is also possible
to use the motors in jogging mode and online control modes. Besides creating or run-
ning programs, it is possible to make changes on the configuration of the motors such as
velocity profiles or motion limits etc.

To convert the step, direction and enable signals into currents, Pacific Scientific®
MAG6410 stepper drivers are used. Driver’s supply voltage is between 24 and 75 VDC
and it can supply current ranging from 0.625 to 5 A with a frequency of 20 kHz. Stepper
motors are from PowerPac series of Pacific Scientific® motors with step angle of 1.8°.
The model of the motors is N42 HRFM-LNK-NS-01 . The angular velocity and power of
the motor is given as 1500 rpm and 425 W, respectively. The holding torque of the motor
1s 22.2 N.m and the rated current as 4.9 A in its data sheet.

To control the stepper motors with GOYA 100® CNC controller and MA640 step-
per drivers, there are some important adjustments that must to be done. First of all, to use
the motors in microstepping mode, the DIP switch on the drivers are set suitable for
microstepping mode as given in the user manual. It should be noted here that in the mi-
crostepping mode, 50000 pulses from the driver creates a complete rotation on the motor
shaft.

To set the configuration parameters of GOYA 100® CNC controller, its user in-
terface, BACH Elite® software is used. Firstly, it should be mentioned that the CNC
controller is designed for Cartesian tables and control of the motors are done by giving
the desired position of the Cartesian table. To adjust the controller to 3-RRS PM, 1 mm
displacement of each axis of Cartesian table is set as 1° of shaft rotation at the motors.
Then, the motion limits of the motors are defined as —13410° < HZM < 0°, which is
equal to a motion range of —90° < 6; < 0° at the input links. For the velocity of the
motors, controller creates a trapezoidal velocity profile for the motors. In order to avoid

any accidents during the tests, the maximum velocity of the motors are set as 50 rpm.
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5.2. Cabling of the Control Setup

The steppers have 8 wire configuration which allows the user to have bipolar se-

ries, bipolar parallel and unipolar wiring configuration. In order to obtain better torque

characteristics at lower speeds, series wire configuration is selected. The connection dia-

gram of the motors provided in the data sheet is presented Figure 5.3

CONNECTION DRIVER LEAD COLOR TERMINAL #
CONNECTION
4-LEAD BIPOLAR A BLACK (BLK) 1
SERIES A ORANGE (ORG) 3
B RED 2
B YELLOW (YEL) 4
NONE WHT/BLK & WHT/ORG 6&5
NONE WHT/RED & WHT/YEL 8&7
4-LEAD BIPOLAR A BLK & WHT/ORG 185
PARALLEL A ORG & WHT/BLK 386
B RED & WHT/YEL 287
B YEL & WHT/RED 488
6-LEAD UNIPOLAR A BLACK (BLK) 1
B ORANGE (ORG) 3
¢ RED 2
D YELLOW (YEL) 4
+V WHT/BLK & WHT/ORG 6&5
+V WHT/RED & WHT/YEL 8&7
GND GREEN/YELLOW

The wires of the motors and power supply are mounted to the driver’s J2 and J3

Figure 5.3. Wiring Configurations of the Stepper Motors

(Source: PacificScientific, 2000)

ports respectively as presented in Figure 5.4. To obtain better angular resolution, motors

are run at micro step mode. At this mode 1 step signal results in 0.0072° rotation at the

shaft and a complete rotation of the shaft requires 50000 pulses. The step configuration is

set using DIP switches on MA6410 stepper drivers.

The connection diagram in between the controller and stepper drivers is presented

in Figure 5.5. Enable, direction and pulse signal inputs to the drivers are supplied by using

9 pole D connectors. Each pin on this connector is numbered from 1 to 9. The first 3 pins

of the drivers require constant 5 VDC signals and they are connected together. This signal

is supplied by the 4" pin of the controller. 6th pin of the driver is connected to 3™ pin of
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Figure 5.4. Motor Driver’s Connection Diagram
(Source: PacificScientific, 1998)
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Figure 5.5. a) Driver Connection Port of Controller, b) Signal Inputs of Driver
(Source: S&H, 2000)



the controller and pulse signals are received over this cable. 7™ pin of the driver, which
is the direction input signal, is connected to 8th pin of the controller. And finally 8" pin
of the driver is connected to 7* pin of the controller so that enable signal connection is
done. The connection in between controller and PC is done by using standard cross-over

type serial cable.

5.3. Control Algorithm

Although no closed-loop feedback control is utilized, in order to test the accuracy
of the control, several motion sensors are attached to the vital points (3 magnetic encoders
attached on active R joints and a 3 axis gyroscope attached on the moving platform) on
the PM and signals received from the sensors are compared with the desired values. The
result plots showing the error in between actual and desired values of the motion are
presented at the end of this Chapter.

Since the controller is a 3-axis CNC controller, a point-to-point type of motion
control is applied. For this type of control, both inverse and forward kinematic mod-
els of the 3-RRS PM is used. To apply point-to-point control algorithm, firstly mo-
tion planning is done. Desired points for the moving platform are given as input to a
MATLAB/Simulink® file. This input data is processed and converted into motor trajecto-
ries considering the motion characteristics of the stepper motors. Then, using the forward
kinematics model of the 3-RRS PM, the trajectory-time curve of the moving platform is
obtained. Following that, a check is performed for the singularity and joint limit condi-
tions using the trajectory curves of the input links and moving platform. If the desired
trajectory of the PM is achievable, then the control algorithm proceeds to the next step.

When it is confirmed that the desired motion is achievable by the manipulator,
position input commands to the controller should be given. For that, the position given in
task space are converted into joint space coordinates by using the inverse kinematic model
in MATLAB/Simulink® environment. Then the joint space coordinates are converted into
GCodes and implemented as CNC program into the CNC controller by using its interface,
BACH Elite®.

When the program is run, the controller converts the GCodes into step signals
and transmits to the motor drivers. Stepper drivers receive the step signals and convert
them into currents and transmits to the stepper motors. At that instant, desired rotary
motion from the shafts of the motors is obtained. The time belts transmit the motion to

the reducers and then active R joints. Finally the desired motion of the end effector is
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obtained. Figure 5.5 represents the control algorithm scheme of the 3-RRS PM.

5.4. Control Test

To test the control system an example set of desired independent task space pa-

rameters for the moving platform are selected and then the corresponding active link and

motor positions are found. The values of these positions are presented in Table 5.1.

Table 5.1. Desired Task Space Positions and Corresponding Input Values

Task Space Positions | Active Joint Positions Motor Positions
# 07,2 77Z)a: wy 01 02 ‘93 Hl,m 02,m 63,m
(mm) | (deg) | (deg) | (deg) | (deg) | (deg) | (deg) (deg) (deg)
110332] 0 0 0 0 0 0 0 0
2 | 1000 0 0 |-39.44|-39.44 | -39.44 | -5876.54 | -5876.54 | -5876.54
311000 | -10 0 -39.2 | -35.25 | -44.84 | -5841.33 | -5252.78 | -6681.29
411000 | 10 0 -39.2 | -44.84 | -35.25 | -5841.33 | -6681.92 | -5252.78
5 | 1000 0 0 |-39.44 | -39.44 | -39.44 | -5876.84 | -5876.84 | -5876.84
6 | 1000 0 10 | -34.81 | -42.26 | -42.26 | -5187.25 | -6297.58 | -6297.58
7 | 1000 0 -10 | -45.85 | -36.7 | -36.7 | -6832.06 | -5468.17 | -5468.17
8 | 1000 0 0 |-39.44 |-39.44 | -39.44 | -5876.54 | -5876.54 | -5876.54
910332 0 0 0 0 0 0 0 0

The motor positions are converted into GCodes using MATLAB/Simulink® eas-
ily. Each positon set of the motors given in Table 5.1 refers to a single line on the CNC
program and motors reach to the positon given in a line at the same time. The maximum
velocity for each motor at each line of the code is determined considering the motor which
travels the maximum distance.

After obtaining the required positions of the motors, the trajectories are generated
considering the motion characteristics of the motors and controllers. As stated before,
CNC controller generates a trapezoidal velocity curve for each motor. Using the motor
positions given in Table 5.1, the velocity profile of each motor is generated. Then, using
an Integral block in Simulink®, motor trajectories are generated and converted to the tra-
jectories of the active joints. The corresponding active joint trajectories for the positions
given in Table 5.1 are presented in the Figure 5.7.

The obtained active joint trajectories are given as motion input to the SimMechanics®
model of the 3-RRS PM and the corresponding path of the moving platform is generated.
The desired trajectory of the moving platform is presented in Figure 5.8.

Once the trajectory of the moving platform is obtained, a check for the singular

configurations and joint limits is performed. The check algorithm is implemented into
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the Simulink® model. If the motion is safe, the obtained GCodes are given as inputs to
the CNC controller and a CNC program is created. This is done using the user interface
(BACH Elite®) of the CNC controller.

When the CNC program is created and run, the PM starts following its trajectory.
To test the accuracy of the motion, 3 magnetic rotary encoders (AS5048B 14 Bit) are
attached to the shafts of active links . Furthermore a 3 axis gyroscope (MPU 6050) is
attached to the center of the moving platform . With the gyroscope, the angular displace-
ment of the moving platform is measured. To check the motion accuracy of the PM, same
motion is performed for 20 times and the means of the sensor data is used. The displace-
ment plots for the active joints and errors are provided in Figure 5.9. The desired and
obtained orientation of the moving platform are compared in Figure 5.10.

Since GOYA 100® is not an ideal controller for robot manipulators, another con-
trol study is done with a Humusoft® MF624 - PCI multifunction I/O card. It is used for
applying velocity control over stepper motors. In contrast to the CNC controller, it is pos-
sible to design the motion profile of the motors with trapezoidal jerk using the Humusoft®

controller. By that, the accelerations and decelerations of the motors are smoothened.
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Using a Simulink® model, firstly the trajectories of the motors are generated using
an algorithm similar to the one used with GOYA 100 CNC controller. While generating
the trajectories of the motors, it is preferred to have trapezoidal jerks instead of trapezoidal
velocities. The maximum velocity for each motor is set as 50 rpm again due to safety
issues. With respect to the velocity profiles of each motor, using a “Frequency Output”
block, ”Pulse Width Modulation” (PWM) signals are generated in Simulink® Real Time
Desktop Environment. Generated PWM signals are transmitted to the stepper drivers
through the "Timer/Counter Output” of the MF624 - PCI multifunction I/O card. Figure
5.11 represnts the Simulink model generated to obtain frequency output over Simulink®

Desktop Real Time by Humusoft MF624 PCI card.

= ,

Sequence Gain7 MOTOR 1

Frequency
:l il Output

Sequence i

usoft
/W 50000/360 »- MF824 [auto
i — —
Repeating / @
MOTOR2
]
=0

zero input

W 50000/360 Constant? Enable
| Humuseft
Repeating FE24 [auk]
i —
>

Sequence2 iy
MOTOR2
4’@

-‘HhL

Figure 5.11. Simulink® Model for Humusoft® MF624 PCI Card
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In order to compare both controllers, the same desired points for the pose of the

moving platform are selected. With these parameters, the trajectory of each motor is

generated with a trapezoidal jerk profile. Figure 5.12 represents the desired and obtained

motion for each input link and their errors.
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Figure 5.12. Displacement and Errors of Active Joints with Humusoft® MF624 PCI

Card
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CHAPTER 6

DISCUSSIONS AND CONCLUSION

In this thesis study, formulations in order to obtain a mathematical model of a 3-
RRS PM is presented. For inverse kinematic analysis, firstly the constraint equations for
moving platform are formulated. Then using the loop equations, from which passive joint
variables are eliminated, the active joint parameters are obtained in terms of independent
task space parameters. Forward kinematics equations are formulated by eliminating the
task space parameters from the loop equations. After applying some mathematical ma-
nipulations, a 16th degree univariate polynomial is obtained in terms of one of the passive
joint variables. Then, all of the passive joint variables are evaluated and task space pa-
rameters are obtained in terms of active and passive joint variables. For the velocity and
acceleration level kinematics, derivatives of the loop equations are used and all of the joint
and task space velocities and accelerations are obtained.

The singularities of the 3-RRS PM are determined using the Jacobian matrices
of the loop equations. 1** and 2™ type of singularities are observed for the PM. The 3™
type singularities are not detected for the 3-RRS PM investigated in this thesis study.
For the workspace of the PM, two types of workspaces are defined. Using the search
algorithm, the reachable workspace of the manipulator is obtained. Then, by defining the
limitations on active R and S joints and singularity conditions, safe working zone of the
PM is obtained.

Inverse dynamic analysis for the PM is performed using both virtual work method
and Lagrange’s approach. The obtained input torques for both methods for a hypothetical
trajectory of the moving platform match with each other. Furthermore, a SimMechanics®
model is prepared to test the kinematic and dynamic formulations. Results of the simula-
tions confirmed that the derived formulations are correct.

An open-loop control algorithm is used for the control of the physical model of the
manipulator. Using an industrial CNC controller and a PCI Card, point-to-point control is
applied over the manipulator. With the CNC controller, trapezoidal velocity profiles are
generated to control the stepper motors where trapezoidal jerk profiles are used with the
PCI card. The error plots for both controllers are given in Figures 5.9, 5.10 and 5.11. As
can be seen from these plots, the error on the trajectory of the active links and moving

platform can not be ignored. While performing the control tests, it is observed that there
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is backlash at the reducers and clearance at the joints, especially S joints. This situation
of the mechanical structure of the PM is the reason of the errors.

As further studies, the mechanical structure of the PM should be improved so that
the trajectory tracking errors will be reduced. After that, a more comprehensive dynamic
model, which includes joint frictions and actuator dynamics, can be created. Following
that, using the PCI card, a closed-loop control algorithm can be used to apply a control
over the PM. When the tracking errors are minimised, then the serial arm to be attached

on the moving platform can be designed, produced.
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APPENDIX A

TIME DERIVATIVES OF JACOBIAN MATRICES

The time derivatives of the Jacobian matrices used in the acceleration analysis

Chapter 3 are presented below:
T

in’t: |:j07x jo7y j07z j"/’x jwy jd&

Jo., = [0,(pcin(2ev2ety, + cded? + et + 3cd, el + e e(3i,) +
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(Bpsve(2ctlcihy + e el + el 4+ 3y ey + il ¢(3ihy )+
(=14 ety cty) sY2sP2) (= s ¥a)the —sthythy))/(2(c e + ey ) (1 + by cthy)?/
(Ccthe +c1y)?)32) — (Bps (22 cthy + chd c 2+ chd + 3cthy ey + c 2 ¢(3ihy) +
(= 1tcthy cty) sv2sY2) (—((2(1Fcthy ey (= s )t —s y1hy)) /(¢ Yptcipy)?)
+(2(14c e ety (= etby) s ¥athe —c e s Yytly)) /(e hutetry)?)) /(Alc atc by )P ((1+
Cthp cty)?/(cthe + c10y)?)*2) + (S tha(—4 ety cthy Sty — B2 C Y2 Sty
3ot s by — 201, o(30y) s hythy + 20t ey (=1 4 cby cthy) 5 1y 5 Y2, —
2ch? s yah, — 2¢3 ey sy, — Bszswyd}y — 12cwzcwgswy¢y+
2cy2(—1 + ety cthy)sP2svythy, — (=1 + ety cty) sv2syity, — 3cu?s(3u,)d, +
cys U2 sVp((— i) sUuthy — c e styhy)))/ (2(ctn + P (14 ey cthy)?/ (c by +
c1hy)?)*?), =((3p(24 c(3¢s) ] 51y + (=61 + 4¢(2h,) + c(41hy)) s(2¢,) —

209 (31sy + 155(3¢)) + 2 2(=3 + c(2¢)) 5(442)) (= s a) e — s Uytly))/
(64(cths + ) (1 + cthy c0y)?/(cthy + c1by)2)¥2)) + (p(—T2c 2 8(31),) s 1hy 10t
259, (3L, + 158(30y) )by — 4 by (=3 + c(20hs)) 81y (42, )1, —

4c 2 8(20,) 8(400 ) +5(200, ) (=8 8(200, )thy —4 (400, ), ) +24 ¢(31), ) ¢ Y34, +2(—61+
40(20z) + c(4hs)) c(20y )1y + B 2(—=3+ c(20a)) c(daby )thy, — 48 ¢(3uh,) c by s Y20h, —
2 ¢ty (31 byt +45 (3¢ )y))) / (64(c tatc by )P (1+c thy ctby)?/ (cthateth,)?)??) —
(3p(24 ¢(31,) ¢ 92 89y +(—61+4 ¢(20,) +c(deh,)) 8(2,) —2 ¢ 1 (31 54, +155(31), ) +
2 ¢ 92(—3+0(2¢x)) 8(40)) (—((2(1+c b ety )2 ((— 89hn)a—s Uytly)) / (cthatcthy)?)+
(214t cthy) (= cvy) sthpthy—c by s ythy)) /(e thptcy)?)) /(128(c by ey )3 ((1+
ctp cty)?/(cthy + c1by)?)/?)]

74



Jo,, =10, = ((pcv2iy) /(L4 ety ctby)sqri((1+ by chy)?/ (ctba+c 1))+
(ps ¥2y) /(14 c b chy)sqrt((1+ c by c4hy)? /(e + 1))+
(pctby sy ((—ciby) waﬂx—c (o S%%))/((HC% cwy)25q7’t((1+cz/1$ Cwy)2/<c Vet
Cwy)Q)) + (pc¢ys¢y(_<(2(1 + C¢mc¢y>2((_s¢m)¢x - Sipyd’y))/@@% + Cl/’y):s) +
(2(1+cthr ey ((— €1y 8 Yuthe — a5 Uythy)) /(¢ 1y)?)) /(2(1+ ety ety ) (1 +
Cthp cy)?/(cthn + c10y)?)¥?), (e tu(— ety — e ¢(2¢y)—
(1/4) ca(5cthy + 3¢(3y)) + s¥2s i)/ ((cthe + c1hy) (1 + cthucy)?/(c s +
cy)?)*?) — (Bps u(—c by — b c(2¢)—
(1/4) cu(B ety + 3c(3ey)) + 892 sUy) (= 5va)te — stythy))/ (¢t + i) (1 +
cthe chy)?/(cthe + c1py)?)¥?) = Bpsiha(—ctyy — cZc(2y) — (1/4) cipu(5cty, +
3c(3¢y)) + sU2s ) (—((2(1 + ctha cy)2((—8¢a)te — sPythy))/(ctha + c1by)?) +
(2(1+c e ety ) ((— ) s¥uthe — a5 hythy)) /(cu+cy))) /(2(cPa+ ety (1 +
e cy)2/ (e + € 1hy)?)P2) + (P52 00 (200 S Yathut
(1/4)(5 by +3¢c(3¢y)) s Yty +2 ¢ Uy s s Ykhy + 4 el sUyah, +4d ety sU2 s i, +
2092520y )1hy — (1/4) e b (=5 5 9hythy — 95(310y )y))) [ ((chuF by )P (14 C by chy)?/
(et +c1hy)?)??)]

Jo,. =1[0,0,0]
3y, =10,0,0]
Jy, = 10,0,0]

Ty =10, =((c¥ythy)/(1c g c1hy))+ (51, ((— cy) shptba—ctbasthyh,)) /(14
C@Dxcwy)Qa _((C¢w¢x)/(1 + Cl/’a:m/}y)) + (s¢$((—c¢y)s¢$¢x - C¢zs¢y¢y))/(1 +
cthy cihy)?]

jmiS = jtSint + JtSjmit

Jis = [0,0,0,0, (=p) ¢ ¥y el + =)ty + ps iy s(aus + 1)z, p(s 1y s(am +
o)y — ety cos +1:)1:); 0,0, 0, (—p) ((c(auas + 1) 8 Va8 8y + € Vg 8(0uas +152) oy —
C 1y CAYy C(a44+wz)'9[}y+ (cloua+1.) s +cihy sy, S(a44+¢z))¢z)a p(cthy ey c(aus+
wz)%: — sty (cloug +1,) Siﬁyﬁby + c )y s(oug + wz)%)),
(—p)((claas + 1) 8y + ¥y sy s(auy + 12))1y + ¥y 81 8(aug + 2y + (c(auq +
V2) 8P sy Fc e s(aunt1h:))1:); 0, 0,0, p((¢ e c(auatihs) s ¥y —s e s(uu+102) Jihe+

75



cty claus +1.) sy, + (cthy claua + 1) — sy sty (s +10.))02),
pe(ous+1:)(ctdy s Yty +cthy syt ) +p ety ety s(aus+10.)1, p((c by c(ua+1):) —
8 Uy Sy 8(aas +12)) U + ¢ty ¢ty s(aus + 121y + (¢ coua +10.) sty — s, 8(aus +
1:))1);0,0,0,0, (—p) ¢ vy c(as +10: )by +ps by (s +10 )z, p(s vy s(ovas + 102 )by, —
c1hy c(ous +10.)1.); 0, 0,0,

(=) ((claus + 1) sUa sy + c g s(aus +102) ) — c g C Uy s + 1020y + (claus +
1) 8Py thy s ¥y s(ous+10.))10), Py ¢y ez +10. )0 —s Vs (clous +102) s Yyt +
chy (s 1)), (—p) ((c(aus +102) 8 Vp A s 1y $(aus +102) )the +C 1y 8 1y (s +
)ty + (c(aus + 1) s e 51y + ey s(aus +15:))1)2); 0,0, 0, p((c ¥y c(ous + 12) s by, —
S Yy s(aus + Qﬁz))@/)x + c1py c(aus + 1) S¢x¢y + (ctg clous + 1.) — sty sty s(ous +
o)), peaus + ©:) (e ty s uthy + c by stythy) + petby ey s(ous +10.)0,

P((c s claus +10.) — 81y sy s(aus + 12)) s + € ¥y e ¥y s(aus + 121y + (e ¥y claus +
1) sty — sty s(ous +12))¥.); 0,0,0,0,

(—p) ¢y c(ous + ¢z)¢y + psihys(ous + wz)d}z,p(s Py s(oue + ¢z)¢y — cthyclaus +
¢z)¢z)%070>0; (—p)((claus + ¥2) sz 81y + chys(age + ¢z))¢x — ¢y ey clags +
@/)z)%by + (clous + 1.) sy + 1Py s 1Py s(aus + @/)z))?/)z),

ety ety c(cus+10: ) e — S tha(c(oug+12) s 1hythy +c by s(aus+1:)102)), (—p) (el +
) 8y + Sy S(aup + 12) W + €y 81y s(oug + 1)y + (c(aus + 12) sy 81y, +
c by 8(cus +1.))1,); 0, 0,0, p((c by, claus +10.) 8 ¥y — 5, 8(aus +10.) )b+, c(cup +
2) 8ty + (¥ c(aug +102) — 81 81y 8(cus +12))1)2), pelaus + ¥2) (c by sUatd, +
CYy S¢y¢y) +pcipy, ey s(oug +wz)7j}zap(<c Vg c(oue 1) —s 1y 51y s(aug +¢z))¢x +
cty by s(aus + wzﬁby + (c )y c(aus + 1) sty — sty s(aue + ¢z))¢z)]

Joo=Js50T05 4+ Tsodu,s

Jso = [(cO((—=(On: + 1 801))074,x + ((—cau)(b+1lict) + 074,x)074,z) +
(becany — Ogay)secagn((—cb1)Omp +caqi(ly +bcby + Org . s@l))él)/
(Ii(car 01074, + ((=b) cary + Ora2) $61)?),0, (c 11 (s 01 ((Ora. + I1 s 91)0.74@—1—
(car(b+1lic61) —07,)01.) = Opa((— € 01)Orap+cari (I +bc 0y +Ora . 561))61))/
(Ii(cayy 0,074, + ((=b) cary + Onz) $61)?),0,0,0,0,0,0;0,0,0,
(cOx((=(Ors,. + 11 s 92))O7s,x + ((—caw)(b+1licl) + O75,m)075,z)+
(bcany — Orse) sec apa((— ¢ 03)Or5.4 + cara(ly + by + Ors..56))6)/
(Ii(caia 02075, + ((—b) carg + Ors.) $62)?), 0, (c a12(s02((Ors.. + 11 8 92)0.757;,;—1—
(cona(b+1 ¢0y) —Or5.0)Or5..) — O . ((— € 02) O3 o+ aa(li+bc By +Or5.. 565))65)) /
(Ii(caya 0075 . + ((=b) carg + Ors..) $62)?),0,0,0;0,0,0,0,0,0,

76



(C 03((_(0767z + ll S 93))O7G,x + ((— C alg)(b + ll C 03) + 076,x)076,z)+

(b C 0513—076@) sec 0413((— C 63)076,1+C Oélg(ll+bC 93+O76,z S 93))63)/([1 (C 13 C 93076,z+

((=b) carz + Or6.4)s03)?),0, (carz(s03((Org. + l1893)076,m + (ca3(b + licbls) —
076,33)076,z> —O16,((—¢05)Oz6 ,+caiz(l1+bc O340z 5 s 93))93))/(51 (cagz 0307, +
((—b) CQ3 + 076,:1:) S 93)2)]

j$z¢ = jS¢JmiS + 39¢J1i9 + JS(f)jxiS + J0¢jxi9

j9¢ = [(ll sec ¢1 (S ‘9191 — C 01 tan Qﬁlg‘bl))/lg, O, 0,
O, (ll sSecC ¢2(S 926’2 — C 92 tan ¢2¢2))/l27 0, O, O, (ll secC ¢3(S 9393 — C 63 tan ¢3¢3))/l2]

Jss = 10,0, —((sec ¢y tan ¢11)/15),0,0,0,0,0,0;
0,0,0,0,0, —((sec ¢ tan ¢26) /1), 0,0,0;0,0,0,0,0,0,0,0, —((sec ¢3 tan ¢sds) /Is)]

77



