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Abstract

In this paper, a discrete extension of the (G'/G)-expansion method is applied
to a relativistic Toda lattice system and a discrete nonlinear Schrodinger
equation in order to obtain discrete traveling wave solutions. Closed form
solutions with more arbitrary parameters, which reduce to solitary and periodic
waves, are exhibited. New rational solutions are also obtained. The method
is straightforward and concise, and its applications in physical sciences are
promising.

PACS numbers: 02.30.Jr, 05.45.Yv, 02.30.1k

1. Introduction

Since the original work of Fermi ez al [1] in the 1950s, there has been an explosion of interest to
the study of wave phenomena arising in nonlinear differential-difference equations (NDDEs)
which are at the very heart of almost any many-particle system. Generally, the dynamics of
a many-particle system can be considered as a discrete analog of certain continuous systems.
Condensed matter physics is a particular research area of physical sciences where discreteness
plays an important role, and the same could also be said of topics in biophysics, chemistry
or mechanical engineering. In the last four decades or so, paying more attention to such
equations, researchers proposed many physically important NDDEs [2-5].

Recently, Wang et al [6] proposed the so-called (G’/G)-expansion method to seek for
exact solutions of nonlinear evolution equations in the form of solitary and periodic waves.
The essential observation about the (G’ /G)-expansion method is that it reveals further results
with more arbitrary parameters and is powerful in the sense that it takes full advantage of linear
theory by assuming a second-order linear equation as the ansatz. The solution procedure is
easy, reliable and efficient, as well as does not require a large amount of run-time with the
help of a computer algebra system such as MATHEMATICA. Naturally, the (G’ /G)-expansion
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method has been applied to various kinds of nonlinear problems in science and engineering,
and lately more attention is paid to its adaptation and generalization [7-23].

Our objective in this paper is to perform an analytic study on a relativistic Toda lattice
system and a discrete nonlinear Schrodinger equation by using the extended (G’ /G)-expansion
method. The rest of this paper is organized as follows. The method of solution is described
in section 2. We analyze two physically important equations in section 3. Finally, some
concluding remarks are given in section 4.

2. The extended (G’/G)-expansion method for NDDEs

Let us consider a system of M polynomial NDDE:s in the form

AUnip, (X), s U, (X), s Uy (), U (X), 0l (), ul)) (%) =

(1
in which the dependent variable u, have M components u; , and so do its shifts, the continuous

variable x has N components x;, the discrete variable n has Q components n;, and the k shift
vectors piZQ and u® (x) denote the collection of mixed derivative terms of order r.

Step 1. For traveling wave solutions to equation (1), we first make the wave transformation

0 N
Unip, () = Unp Gn) &= ) _dimi+ Y cjxj+¢  (s=1,2,...,k), )
i=1 j=1
where the coefficients ¢y, ¢z, ..., cy,di, da, ..., dp and the phase ¢ are all constants. Then,
equation (1) reduces to
A(Unip,En): -+ Unip ), -+ Upyy Gn), o Upyy Ga), o URY, (Ga)s e
U:::,,k (&) = 0. 3)
Step 2. We assume that the solution of equation (3) is in the finite series expansion form
(GG
Un(én) = a ( ; a’,, +ay #0, “)
,;m G (En)

where m (a positive integer) and a;’s are constants to be determined, and G (&,) is the general
solution of the equation

G"(&n) + G (&) =0, (&)
where p is an arbitrary constant and the prime denotes the derivative with respect to &,. The
general solution of equation (5) is well known for us. Thus, we have the following cases:

G'(6n) F(Q cosh(y/—uéy) + Cy sinh(y/—uéy >
G (6n) C, sinh(y/—uén) + C3 cosh(y/—uén)

G _ (G sm(ﬁ&ﬂ@ccs(ﬁ&) ) o
Gen ~VH ( Cy cos(TiEn) + Cosin(yiem ). M7 (65)

G _ G
G~ Cita+Cy

where C| and C, are arbitrary constants.

u <0, (6a)

n = O’ (6C)

Step 3. By a straightforward calculation, we can get the identity
Snsp, = &n + 0, @5 = ps1di + psado + -+ - + psodo, @)
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where pg; is the jth component of the shift vector p,.  Hence, considering the
trigonometric/hyperbolic function identities and using the functions (6a)—(6¢) together with
(7), we derive the uniform formulas:

Un+px (n) =

Z “ (FuG’(sn) — wtanh(y/=@s) G (&n)

!
2 2
V=G (&y) + tanh (/= 1gs) G’ (&) ) . a,+a, #0, pn<0,

l=—m

(8a)

u VG (En) — ptan(/1es) G (&n) )1 .,
Ul'l+ n = ) — 07 07
=D« ( JIG (En) + tan( /12g,) G (En) o+l # m=

l=—m
(8b)
B m Gl(gn) 1 s s B
Unip, (6n) = 1;,, a (m) ) a,, +a, #0, n=0. (8¢)

Step 4. By means of the ansatz (4), we define the degree of U, (&,) as D[U,(&,)] = m which
gives rise to the degree of other expressions as

DUV )] =m+r,  D[(UV )] = Bm+r),
D[(Un(&n)* (UL (&n)"] = am + B(m + 7).

Balancing the highest order nonlinear term(s) and the highest order derivative term
in Up(&,), we can easily determine the degree m of equations (4) and (8a)—(8¢) from
equation (3). Since Uyp, can be interpreted as being of degree zero in (G'(£,)/G (&n)),
the leading terms of Uy, (ps 7 0) will not have any affect on the balancing procedure.

Step 5. Substituting the ansidtze (4) and (8a)—(8c) together with (5) into equation (3),
equating the coefficients of (G'(£,)/G(€a))!(1 =0, 1,2,...) to zero, we obtain a system
of nonlinear algebraic equations from which the undetermined constants a;, d;, ¢; and u can
be explicitly found. Substituting these results into (4), we can derive various kinds of discrete
exact solutions to equation (1).

Note 1. 1t is worth to mention that there are three improved computational steps in our
algorithm to obtain more wider results in a concise manner. First, the extended method leads
to the solution of the form (4) in which the sum goes from [ = —m to [ = m instead of
from [ = 0 to ! = m. Second, the standard method [6, 20] uses the auxiliary equation
G" + LG’ + uG = 0 as the ansatz. Without loss of generality, we consider the auxiliary
equation (5) by taking A = 0. This approach provides equivalent results with the original
method. However, it is more advantageous since it minimizes the number of parameters, see
[24]. Third, contrary to the procedure [20], we consider another case (namely, the case (8¢))
for the inclusion of rational solutions.

3. Applications

In this section, we apply the algorithm described in the preceding section to some NDDEs.
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3.1. Relativistic Toda lattice system

One of the most famous models for discrete solitons is the integrable Toda lattice system [25]:

duy,
:_l = (”n+1 - Un)vn - (M,,,l - vnfl)vnfla
ar vn(un+l - un)-

For solving equation (9), we first let

U, = Un(‘i:n), Uy = Vn(‘i:n)» i:n =dn+ct+ g, (10)

where ¢ and d are constants to be determined and ¢ denotes the phase shift. Then, equation (9)
can be reduced to

{cU,; — Unst = Vi)V + Uy = Vi) Vg =0,

(11)
CV”, - Vn(Un+l - Un) = 07

where U, = U,(§,), V, = V,(§,) and the prime denotes the derivative with respect to &,.
We expand the solution of (11) in the frame (4). Balancing the linear term of the highest
order with the highest nonlinear term in (11) yields to m = 1. Thus, we look for solutions of
equation (11) in the form

-1
G G 2 2
U, =ag+a; (5)+a,1 (E) , a-,+aj #0,

V, = by + b (%’)+b,1 (%) . B 4B 0,

where G = G (§,) satisfies equation (5), and ag, a;, a_1, by, by, b_; are arbitrary constants to
be specified.

(12)

Case 1. When p < 0, from (8a), we have

1 !
_ V=G F Mtanh(«/—ws)G)
Ut = 2o (s ) (150
1 !
_ V-G F utanh(\/—uws)G>
bt = 2 ( VG & tanh(J=ig)G ) 4

Substituting the ansatz (12) and the expressions (13a) and (13b) along with equation (5) into
equation (11), clearing the denominator and equating the coefficients of (G'/G)' (0 < [ < 10)
to zero, we obtain a system of nonlinear algebraic equations for ay, a;, a_, by, by, by, ¢, d
and p. Solving the system (we will omit to display them for simplicity) simultaneously, we
get the following solution sets:

{a() = C _MCOth(d\/ _M)v bO = Cv _MCOth(d\/ _/“l/)v a_| = 07 a =¢, b*l = 01 bl = C},
(14a)

{ap = 2¢/—pcoth(2d/—), by = 2c+/—pucoth(2d/— ),
a,=—ci,ay =c,b_; = —cu,b; = c}, (14b)

and the corresponding discrete hyperbolic function solutions to equation (9) as

{un,l(t) = c/—u(w, (1) + coth(d /— ), (15)
U1 (1) = e/=(w, (1) + coth(d /= 10)),
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Una(t) = /=T (ﬁm +w, (1) + 200th(2d4/_—u)) ,
Vaa(t) = /= (% +w, (1) + 200th(2d,/_—;,b)) ,

(15b)

where

Cicosh(y/—pu(dn + ct +¢)) + Casinh(/—p(dn + ct + ¢))
Cisinh(y/—p(dn + ct + ¢)) + Cocosh(y/—p(dn + ct +¢))°
in which u < 0, d, c, ¢, Cy, C, are arbitrary constants.

As a special example, if we let ‘C; = 0 and C, # 0’ or ‘C; # 0 and C, = 0’ in (154a)
respectively, then we get formal discrete solitary wave solutions to equation (9) as follows:

w, (1) = (16)

uy3(t) = ci/—p(tanh(y/—p(dn + ct + ¢)) + coth(d/—w)), 17
v, 3(t) = ci/—p(tanh(y/—p(dn + ct + ¢)) + coth(d/—p)), an
un a(t) = ca/—p(coth(y/—p(dn + ct + ¢)) + coth(d/—p)), 18
Up4(t) = co/—p(coth(y/—p(dn + ct + ¢)) + coth(d/—p)), (18)
where 1 < 0, d, ¢ and ¢ are arbitrary constants.
Case 2. When u > 0, from (8b), we have
1 I
VG F utan(\/ﬁws)G>
Uyr1 = , 19
£l l; “ < JiG £ tan(/ig,) G’ (192)
1 I
JEG' F utan(ﬁ%)G)
Vsl = b . 19b
! 1:2_:1 : ( VG + tan( /g, G’ (190)

Substituting the ansatz (12) and the expressions (19a), (19b) along with equation (5) into
equation (11), clearing the denominator and equating the coefficients of (G'/G)' (0 < [ < 10)
to zero, we obtain a system of nonlinear algebraic equations for ay, a;, a_, by, by, b_y, ¢, d
and p. Solving the system simultaneously, we get the following solution sets:

{ap = c/pcot(d /1), by = c/peot(d/iw),a_1 =0,a; = ¢, b_y =0,b; =}, (20a)

{ap = 2c/icot(2d /i), by = 2¢c/pcot(2d /i), a_y = —cu, ay = ¢, b_y = —cp, by = c},
(20b)

and the corresponding discrete trigonometric function solutions to equation (9) as

{Mn.s(f) = c/m(w,(t) + cot(d /i), 2la)
U 5() = ¢/ i(w, (1) + cot(d /1)),
() = cJIL (—ﬁ +w, (1) + 2c0t(2dﬂ)) , o)
vno(t) = /I (—ﬁ +w, (1) + 2cot(2dﬁ)) ,
where
(1) = Cacos(/mu(dn +ct +¢)) — Cisin(/u(dn +ct +¢)) 22)

Cicos(/u(dn +ct +¢)) + Cosin(/u(dn + ct +¢)) ’
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in which u > 0, d, c, ¢, C and C; are arbitrary constants.

As a special example, if we take ‘C; = 0 and C, # 0’ or ‘C; # 0O and C, = 0’ in
the expression (21a) respectively, then we get formal discrete periodic wave solutions to
equation (9) as follows:

{unj(t) = c/m(cot(/m(dn + ct + 7)) + cot(d /i), (23)
U, 7(t) = c/m(cot(y/i(dn + ct + £)) + cot(d /1)),
{un,g(t) = c/p(—tan(/m(dn + ct +£)) + cot(d /1)), 24)
Vp,8(t) = ¢/ (= tan(/(dn + ct + ¢)) + cot(d /i),
where 1 > 0, d, c and ¢ are arbitrary constants.
Case 3. When p = 0, from (8¢), we have
1 G I
Ups1 = ]; a <m> : (25a)
1 G !
Vax1 = 1:2_1 b (Gi—w> . (25b)

Substituting the ansatz (12) and the expressions (25a) and (25b) along with equation (5)
into equation (11), clearing the denominator and equating the coefficients of
(G’ /G)’(O < I < 10) to zero, we obtain a system of nonlinear algebraic equations for ay,
ai,a_y, by, by, b_, c and d. Solving the system simultaneously, we get the following solution
set:

C C
{610:3,@1 = ¢, by =c,bo=5,a,1=o,b,1=0} (26)

and the corresponding discrete rational function solution to equation (9) as

_ 1 Cy
Uno(1) = ¢ (d + Cl(dn+ct+§)+C2) ’

_ 1 Cy
Un9(t) = ¢ <d ta (dn+cl+{‘)+C2) ’

where ¢, d, ¢, Cy and C; are arbitrary constants.

27)

Note 2. We observe that our solution (17) coincides with the solution of Baldwin et al [25]
while our other solutions do not appear there. To the best of our knowledge, our rational
solution (27) is presented here for the first time.

3.2. The discrete nonlinear Schrodinger equation

We now consider the integrable discrete nonlinear Schrédinger equation [26]
du, (1)
dr

where u,(t) = u(n,t) denotes the displacement of the nth particle from the equilibrium
position, i = +/—1, and «, and B are nonzero real constants.
For solving equation (28), we first make the traveling wave transformation

+ 0t (1) = 2, () + 11 (1)) + Bluty (1) s (1) + 11 (1) = O, (28)

i

U, =€%¢,(&),  Op=din+eit+8, & =dm+ort+ 0, 29)
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and
Ups) = €7 €M1 (8),  u,_ =P e P, (&), (30)

where ¢, = ¢,(&,) is a real-valued function, d; and c; are the wave number of the carrier
wave and the frequency, c, and d, are related to the group velocity and the pulse width, ¢,
and ¢, denote the initial phases. Now, using the Euler formula e*% = cosd, + isind,
equation (28) can be reduced to the system

{—cm +cos(d) (@ + Bdy) (Pust + Pu-1) — 20, =0,
cagpy, +sin(di) (e + Bey) (bat — du1) =0,

where the prime denotes the derivative with respect to &,. We expand the solution of (31) in
the form of (4). Balancing the linear term of the highest order with the highest nonlinear term
in (31) leads to m = 1. Thus, for the traveling wave solutions of (31), we assume the ansatz

G’ G\
¢, = ap + a; (E) +a_ <E> , ail +al2 # 0, (32)

where G = G(§,) satisfies equation (5), and ag, a;, and a_; are arbitrary constants to be
determined. Because the procedure is similar to the scheme used in section 3.1, we will omit
most of the details here.

€19

Case 1. 1 < 0.

In this case, we first derive the expressions ¢,+; in accordance with (8a) and substitute
them along with (32) into equation (31). Then, clearing the denominator and setting the
coefficients of (G'/ G)H(0 < 1 < 8)tozero, we derive a system of nonlinear algebraic equations
for ay, a1, a1, di, da, c1, co and . Solving the system, we get the following solution set:

c1 = 20(—1 +cos(dy)sech®(\/—d»)), ¢ = —2a sin(d;)tanh(y/—ud>)//— 12,
ap = 0, a1 = 0 (33)
ar = F+/—a/Btanh(/—pdr) //—1

and the corresponding discrete hyperbolic function solution to equation (28) as

uF (1) = :F\/—atanh(x/—_ﬂdz) (C]COSh(J—_M 1) + Casinh(/— n))
n,l \/B C]Sinh(\/—_'u,%'n) + CZCOSh(H n)
X X+ 20(—1 + cos(d ek (/i) ), 5 <0 (34)

where &, = dyn — 22SWNGZIE) y 1 ) and < 0,dy, da, C1, &2, C1 andCy remain arbitrary.

m
As a particular example, if we let ‘C; = 0and C, # 0’ or ‘C; # 0 and C, = 0’ in (34)
respectively, then we get formal discrete solitary wave solutions to equation (28) as follows:

(1) = :F«/—atanj(é/—udz) tanh («/—_M (a’zn _ 2a Sin(dl)taiﬁ;(«/—ll«dz)t .\ Q))

x exp(i(din + 20 (—1 + cos(d))sech® (/= pd))t + £1)), % <0, (33)
WES () = :F«/—atan\h/(lg«/—udz) coth < — (dzl’l 2o Sin(d1)taf1;(«/—udz)t . 4_2))

x exp(i(din + 20 (—1 + cos(d))sech® (/—jadx))t + £1)), % <0, (36)

where u < 0, di, d», ¢ and &, are arbitrary constants.

Case 2. u > 0.
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In this case, we first derive the expressions ¢,+; in accordance with (8b) and substitute
them along with (32) into equation (31). Then, clearing the denominator and setting the
coefficients of (G'/G)! (0 < I < 8) to zero, we derive a system of nonlinear algebraic equations
for ag, ay, a1, d,, d», c1, o and . Solving the system, we get the following solution set:

cp =20(—1+ cos(dl)secz(ﬁdz)), ¢y = —2a sin(dy)tan(/id>) / /1L,
ay=0, a_; =0, (37)
a; = F/—a/Btan(/udy) / /1t

and the corresponding discrete trigonometric function solution to equation (28) as
v/ —atan(,/d>) ( —Csin(/u&,) + Crcos(/1n&,) )
VB Cicos(/ué,) + Cosin(/1t&,)

x exp(i(din + 20 (—1 + cos(dl)secz(\/ﬁdz))t + 1)), % < 0, (38)

where &, = dyn — %\//Wt +&,and u > 0,dy, ds, &1, &, C1 and C, remain arbitrary.

As a particular example, if we take ‘C; = 0 and C; # 0’ or ‘C; # 0 and C; =

in the expression (38) respectively, then we get formal discrete periodic wave solutions to
equation (28) as follows:

M,TA(I) =+

uls(t) = :F%M cot (ﬁ <d2n _ Sin(dlj/t;n(‘/ﬁ ) r+ §2>>

x exp(i(din + 20 (—1 + cos(dl)SGCZ(ﬁdz))t + 1)), % <0, (39)
Ul (1) = j:—v_atij_;\/ﬁ(b) an ( Ji ( 22 sin(df/t;n(ﬂd»t . 42>>

x exp(i(din + 2a(—1 + cos(dy)sec? (J/udo))t + ¢1)), % <0, (40)

where n > 0, dy, d», ¢; and ¢, are arbitrary constants.

Case 3. © = 0.

In this case, we first derive the expressions ¢,+; in accordance with (8c) and substitute
them along with (32) into equation (31). Then, clearing the denominator and setting the
coefficients of (G'/ G)' (0 < I < 7) to zero, we derive a system of nonlinear algebraic equations
for ap, aj, a_y, dy, d», c; and c,. Solving the system, we get the following solution set:

V—ad
NG

and the corresponding discrete rational function solution to equation (28) as

{Q = 2ad,sin(dy), c; =2(—a +acos(dy)),a; = F ,a0=0,a_1 = O} 41

«/—Oldz Cl
M,T7([) =+ "
’ \/B Ci(dan — 2ad, sin(dy)t + &)+ Cy
x exp(i(din + 2(—a + a cos(d)))t + ¢1)), % < 0, 42)

where dy, d>, &1, {, C and C; remain arbitrary.

Note 3. We observe that our solution (35) matches the solution (45) of Huang and Liu [27].
However, our rational solution (42) is not presented in there and derived here for the first time.

Note 4. 1Tt is an important fact that one should be aware of the limitations of each of the
existing methods. There is no guarantee that they will succeed for a specialized nonlinear

8
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problem. Any of them can have some advantages and disadvantages. If treated rigorously, the
(G’ /G)-expansion method provides exact traveling wave solutions in a neat form from which
one can construct solitary and periodic waves, as well as rational ones. One of the pitfalls of the
(G'/G)-expansion method, by assuming the solution of the equation in the polynomial form
with many parameters, is that it sometimes leads to inconsistent nonlinear algebraic systems.
Another one is that it is entirely algorithmic and involves a large amount of tedious calculations
which can become virtually unmanageable if attempted manually. We have encountered no
difficulty while working on the relativistic Toda lattice system (9). However, we could not
get results for the constraint /8 > 0 while working on the discrete nonlinear Schrodinger
equation (28).

4. Conclusion

We systematically illustrated the solution procedure of the extended (G’ /G)-expansion method
for NDDEs. We obtained a rich variety of discrete traveling wave solutions to a relativistic
Toda lattice system and a discrete nonlinear Schrodinger equation. Using a single method,
three types of exact solutions are observed: hyperbolic function solutions, trigonometric
function solutions and rational function solutions. These obtained solutions with arbitrary
parameters may be important to explain some physical phenomena. We would like to point
out here that the rational solutions (27) and (42) cannot be obtained by other methods.
To the best of our knowledge, these solutions with arbitrary parameters are new; this fact
illustrates that our algorithm is effective and more powerful for NDDEs. All solutions are
derived here with less algebraic expansion computations with the help of MATHEMATICA.
We assured the correctness of our solutions by putting them back into the original equation.
More applications of the extended (G’ /G)-expansion method to other types of NDDEs deserve
further investigation.
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