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RESOLUTIONS IN COTORSION THEORIES
KAREN AKINCI AND RAFAIL ALIZADE

ABSTRACT. We consider the A\- (u—) and M- (7-) dimensions of modules taken under a
cotorsion theory (F,C) satisfying the Hereditary Condition, and establish some inequal-
ities between the dimensions of the modules of a short exact sequence, not necessarily
Hom (F, —) exact. We investigate the question of whether the property of having a (spe-
cial) F- or C-resolution of length n is resolving, closed under extensions or coresolving and
establish some inequalities connecting the A- (u—) and A- (fi-) dimensions of modules in
a short exact sequence.

1. INTRODUCTION

Throughout a module will mean a unitary left R-module over an arbitrary but fixed ring
R with identity.
A cotorsion theory (see [8] ) is a pair of classes of modules (F,C) such that

F="C={F|Ext' (F,C)=0forall C €C}
and
C=F"={C|Ext' (F,C)=0forall F € F}.
A partial left F-resolution (or partial F-projective resolution) of a module M of length

n is a complex [}, ny = ... = F LY Fy %M — 0 with each F; € F, which is
Hom (F, —) exact for every F' € F. Similarly a partial right C-resolution of a module M of
length n is a complex 0 = M % Cy 3 C; — ... = C,_1 2 C,, with each C; € C, which is
Hom (—, C') exact for every C' € C. Taken under a cotorsion theory (F,C), an F-resolution
is normally left and a C-resolution is normally right, this will not be stated where there
is no danger of ambiguity. If Kerd; € C for all 4, then the partial F-resolution is called
special and similarly the partial C-resolution above is special if Cokere; € F for all i.

Definition 1.1. The A-dimension (A\-dimension) of M is defined as follows: A (M) =
n (A(M) = n) if there is a partial F-resolution (special partial F-resolution) F), ny
.y — ... — A Iy Do M 5 0 of M of length n and if there is no longer
such complex. If there is no partial F-resolution (special partial F-resolution) then we say

that A (M) = —1 (A (M) = —1), and if there exists a partial F-resolution (special partial

F-resolution) for every n > 0 we say that A (M) = oo (A (M) = c0). The partial (special

Key words and phrases.  Cotorsion Theory, Hereditary Condition, Special left F-resolution, Special
right C-resolution, A-, yu—, A\-, fi- dimensions.
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partial) C-resolution and p-dimension (7i-dimension) for a class of C modules are defined
dually.

For every F' € F we have special F-resolution ... - 0 — ... - 0 = F—F—0, so
A(F) = X(F) = co. Similarly z (C) = 77 (C) = oo for every C € C.

We study the notions of A-dimension (and fi-dimension) when (F, C) is a cotorsion theory
satisfying the Hereditary Condition (HC) (see [3]), that is, Ext® (F, C') = 0 for every F € F
and C' € C, or equivalently, F is resolving, or C is coresolving. Recall that a class A of
modules containing all projective (injective) modules is called resolving (coresolving) if for
every short exact sequence of modules 0 -+ A — B — C' — 0 the condition B,C € A
(A,B € A) implies A € A (C € A).

The following example of a cotorsion theory not satisfying HC' is given in the proof of
Proposition 3.6 in [4]. Recall that a module C'is called weakly cotorsion if it is cotorsion
in the Matlis sense, that is, Ext' (Q,C) = 0 (where Q is the field of fractions of R) (see
[7]), and a module F is strongly flat if Ext'(F,C) = 0 for all weakly cotorsion modules
C. Let R be a valuation domain which is not a Matlis domain, i.e. pr.dim ¢ > 1 and let
0— H— F — Q — 0 be a free presentation of (). Then F' and () are strongly flat but
H is not (see the proof of Prop. 3.6 in [4]). So the cotorsion theory (SF,WC'), where SI'
is the class of strongly flat modules and WC' is the class of the weakly cotorsion modules,
does not satisfy HC'

2. A\- AND [i-DIMENSIONS

The following theorem is similar to Theorem 8.6.14 of [5] where the exact sequence
0— M — M — M" — 0is Hom (F, —) exact. We can remove this condition and prove
the stronger case for any cotorsion theory (F,C) that satisfies HC.

Theorem 2.1. [f the cotorsion theory (F,C) satisfies HC' and 0 — M" — M — M" — 0
is ezact then X (M) > min (X (M') , X (M")).

Proof. Let min (X (M), XA (M")) = n, by induction on n we will prove that A (M) > n. For
n = —1 there is nothing to prove. If n = 0, then both M’ and M" have special F-precovers.
By Theorem 3.1 of [1], M also has a special F-precover, so A (M) > 0. Assume that for
all n < k the inequality holds and let n = k + 1. Given A (M’'), A (M") > k + 1, then
there are special F-resolutions: [}, ey F_,—...—F 4, F Ly M — 0 and

d 11
Fl S Fl, — ... — F 4, FY -5 M" — 0. By the proof of Theorem 3.1 in [1] we

have the following diagram with exact rows

1"

0 — F, — Fy, — F/ — 0
J( f \lre | ‘

0 — M — X — F/ — 0
| b g

0O — M — M — M — 0



From this diagram we obtain the following commutative diagram whose columns and
rows are exact by the 3 x 3 Lemma.

0 0 0
1 1 \

0 — ¢ — ¢ — ¢ — 0
\ b 1

0O — Ff — F — F/ — 0
\Lf J(hoe \Lg

0O — M — M — M — 0
1 1 1
0 0 0

where Cf) = Ker f € C and ] = Kerg € C. This means Cy = Ker (hoe) € C also. Since

Fi, Fy € F we have that Fy € F also. For Cjj and C{ there are special F-resolutions:
d ,{

F % F_,—...— F — C) — 0 and F]g’i>F,;’,1 — . — F — C) — 0,

s0o A(Ch) > k and X(CY) > k, and by the inductive assumption X (Cp) > k. That

is, Cy has a special F-resolution F, — Fj_, — ... — I} — Cy — 0. Then
Fo—Fpy—...— F 2% F) — M —0, where v : Cy — Fjy is the inclusion map,
gives a special F-resolution of M, that is A (M) > k + 1 as required. ]

The following theorem shows that if X (M) =n > k > 0 then every special F-resolution
of length & can be extended to a special F -resolution of length n. Meaning that the
A-dimension of a module M does not depend on the choice of the special F-resolution.
The analogous result for F-resolutions was proved in [5] (Prop 8.6.6).

Theorem 2.2. If the cotorsion theory (F,C) satisfies HC, X(M) > n > k > 0 and
L, N Frqa—...— R Ay Iy DM 5 0isa partial special left F-resolution of
length k of M, then A (Ly) > n—k—1 where Ly = Kerdy € C. In particular, if \ (M) = n,
then X (Ly) =n —k — 1.

Proof. This theorem is again proven by induction on k. For k = 0, applying Theorem
8.6.16 of [5], to the exact sequence 0 — Ly — ) — M — 0, we see that X\(Ly) >
min (A (Fp) ,A(M)—1) = X(M) =1 > n—0— 1. Assume that A(L;) > n—k — 1.
Applying Theorem 8.6.16. of [5] to the exact sequence 0 — Ly — Fyop — Ly — 0, we
get A (Lyr1) = min (A (Fyp1) , A (Ly) = 1) =X (Ly) —1>n—k—-1-1=n—(k+1)— 1.

Now suppose that A (M) =n, A(L;) = s and let Gy — Go_y — ... = G, — L, = 0
be a special F -resolution of Ly. Then G, — ... - G, > F, — ... > Fp - M — 0is a
special F-resolution of M, so n = X (M) > s+ k + 1. Therefore, A (L;,) = s <n —k — 1.
On the other hand s > n —k — 1, so we see that equality holds and A (L) =n—k—1. O

In the case X (M) = co we have the following corollary.



Corollary 2.3. If the cotorsion theory (F,C) satisfies HC' and X (M) = oo then there is

an infinite special F-resolution ... — F, Ay B — P £ 2y M —0
of M.

Proof. Since X\ (M) > 0, there is a special F-precover Fy Jou M — 0 of M. Since X (M) >
1, X (Ker fo) > 0 by Theorem 2.2, so_there is a special F-precover F} I Ker fo—0
of Ker fo. Now A (M) > 2, therefore X (Ker fo) > 0 and Ker f; has a special F-precover.
Continuing in this way an infinite special F-resolution can be constructed for M. O

We would like to give the following result (which follows immediately from Theorem
8.6.16 in [5]) in connection with Theorem 3.8 of [1]. Recall that a cotorsion theory (F,C)
is said to satisfy the extended hereditary condition (EHC') if it satisfies HC, gl. dim R < oo
and every module from C has a special F-precover (or equivalently, every module from F
has a special C-preenvelope) (see [1]). Here the given condition that £HC should hold can
now be replaced by the condition that X (M”) > 1.

Corollary 2.4. If the cotorsion theory (F,C) satisfies HC and in the short exact sequence
00— M — M — M"— 0, M has a special F-precover and A (M") > 1, then M’ has a
special F-precover.

Now we study the case when every module from C has a special F-precover.

Lemma 2.5. If every module from C has a special F-precover, then for every module M
either A (M) = =1 or A\(M) = co. In particular, A (C) = oo for every C' from C.

Proof. If X(M) # —1,i. e. M has a special F-precover 0 — Cy — Fy — M — 0, then Cy
has a special F-precover 0 — C7; — F; — Cy — 0 and so on, C,, has a special F-precover
0 — Chy1 — Fuy1 — €, — 0. Yoneda product of these short exact sequences gives an
infinite special F-resolution

o= = F,— ... > P> F—M —0
of M. So X (C) = co. The second statement is obvious. O
Proposition 2.6. If the cotorsion theory (F,C) satisfies HC' and every module from C has
a special F-precover, then for every module M with finite injective dimension, X (M) = co.
Proof. Let inj. dim M = n and
0O—M-—Iy—...— 1, 1 —1,—0

be an injective resolution of M. This sequence can be represented as an Yoneda product
of short exact sequences

0 — M — Iy — Ky — 0
0 — Ky — I — K — 0

0 — K,.3 — —
0 — Kn—? — [n—l —
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Since A (I, 1) = X (I,,) = oo, applying Corollary 2.4 to the last row we obtain that K,
has a special F-precover and by Lemma 2.5 MK, —g) = o0. Similarly Corollary 2.4 and
Lemma 2.5 gives A (K,,_3) = co. Continuing in this way we see that A (M) = cc. O

The dual results hold for fi-dimensions.

The following corollary of 2.6 gives an improvement of Proposition 3.7 in [1].

Corollary 2.7. If the cotorsion theory (F,C) satisfies EHC, then X\(M) = i (M) = oo
for every module M.

Lemma 2.8. If the cotorsion theory (F,C) satisfies HC, then Ext™ (F,C) = 0 for every
FeF,CeCandn>1.

Proof. Let C' € C. By induction on n we prove that Ext" (F,C) = 0 for every F' € F. For

n = 1,2 it satisfies by the definitions. Let n > 3 and suppose that the equality satisfies for

every k < n and let F € F. Take any short exact sequence 0 - A — P — F — 0 with

projective P. Then A € F since (F,C) satisfies HC. Therefore from the exact sequence
— Ext"'(4,0) — EBExt"(F,C) — Ext"(P,0) —

we conclude that Ext"(F,C) = 0. O

Theorem 2.9. Suppose that the cotorsion theory (F,C) satisfies HC and gl. dim R = n <
0o, IFAM)>n—1AM)>n—1), then \(M) =00 (A\(M) = 00).

Proof. Suppose that A (M) > n—1, i.e. we have a partial F-resolution F,_; dny F, o —

.o— K 4, Foy Dy M — 0 with each F; € F. Then we have the following short exact
sequences:

0 — K, — F,1 — K, — 0

0 — K, — F,o — K, 3 — 0

0 — K — F — K — 0
0 — Ky — Fy — M — 0
where K; = Kerd; fori =0,1,2,...,n — 1. For every C' € C we have the following exact
sequences:
Ext'(F, 1,C) — BExt'(K, ,C) — BExt})(K, o C) — Ext*(F, ;,0)
Ext’(F, 5, C) — Ext}(K, »0) — Ext’(K, 3 C) — Ext}(F, ,,0)

Ext" '(F,C) — BExt"YK;,C) — Ext"(K,C) — BExt"(F,C)
Ext"(Fy,C)  — BExt"(Ky,O) — Ext"™(M,C) — Ext""(F,0)

Since Ext!(F,_1,C) = Ext*(F,_1,C) = Ext*(F, s, C) = Ext*(F,_5,0) = ... = Ext"(F,0) =
Ext"™(Fy, C) = 0 we have the isomorphisms

Ext' (K, 1,C) = Ext?(K, »,C) = Ext*(K, 3,C) ... 2 Ext" ! (K;,C)
>~ Ext"(Ky, C) = Ext"™ (M, C).



But gl. dimR = n , so Extl(Kn,hC) = Ext"“(M7 C) = 0. Therefore K, 1 € F. So we
have an infinite F-resolution of M:

o0 —= Ky —F,  — ... — [ i>F0 oo 0
The proof of the equality X (M) = oo is similar. ]

The dual results hold for for the y— and — dimensions of modules.

3. RELATIONS BETWEEN \- AND A-DIMENSIONS, AND Ji- AND -DIMENSIONS

In this section we aim to give inequalities between the A- and A-dimensions of modules in
a short exact sequence. These inequalities are similar to the inequalities involving only the
A-dimensions, or the A-dimensions in [6]. We use Theorem 3.1 of [1] to prove the following
theorem which is similar to Theorem 8.6.9 of [5]. In our case the complex is not necessarily
Hom (F, —) exact, but the given cotorsion theory satisfies HC.

Theorem 3.1. If the cotorsion theory (F,C) satisfies HC and 0 — M' — M — M" — 0
is exact then:

(1) A(M) > min (X (M), X (M")),

(2) A(M') = min (A (M), X (M") - 1).
Proof. (1) We modify the proof of Theorem 2.1 as follows. Let
min (X (M’), A (M")) = n. By induction on n we prove that A (M) > n. Again for n = —1
there is nothing to prove. Assume that for n < k the inequality holds and let n = k + 1.
There is a special F -resolution F}, — F/_; — ... = F| — F, — M’ — 0 for M’ and
an F-resolution F}) — F)/ | — ... = F' = I/ — M" — 0 for M". For every F' € F
applying Hom(F, —) to the commutative exact diagram:

0 0
1 i
C(/)/ — C(/)/
1 +
0O — M — X — F — 0
] b I
0O — M — M — M — 0
1 e
0 0

we have the following diagram with exact rows:

0 — Hom(F,M') — Hom(F,X) — Hom(F,F") — FExt'(F,M)
|| \Lh* \I/g* H
0 — Hom(F,M') — Hom(F,M) — Hom(F,M") — Euxt'(F, M)
Since g, is epic, h, is also epic by the Five Lemma. Furthermore since Kere = Ker f =
C/ € C, applying Hom (F, —) to the exact sequence 0 — Cfj — Fy — X — 0 we obtain
the following exact sequence



... — Hom (F, Fp) = Hom (F, X) — Ext' (F,C}) =0

from which we conclude that e, is also epic. Then (hoe), = h, o e, is epic and therefore
hoe

0— Cy — Fy — M — 0 is Hom (F, —) exact.

Here Fj and F{/ in F gives us that Fy € F. Now if k = 0 then Fp o4 M s an F-
precover of M, so A(M) > 0. If k > 1, then min (A(C}),A(Cf)) > k, and so by the
inductive assumption A (Cy) > k, that is, Cy has a F-resolution Fy, — Fj_1 — ... —
F, % Cy — 0, therefore Ff, — F_y —> ... — F} =% Fy — M — 0 forms an
F-resolution of M. That is, A (M) >k + 1.

(2) Let min (A(M),A(M") —1) = n. Then there is an exact sequence, 0 — C{ —
Fy — MY — 0 with F} € F and C} € C and X (C}/) > n. We have an exact commutative
diagram:

0 0
4 4
C(/)/ — C(I)/
1 X
0O — M — X — F/ — 0
| ! !
O — M — M — M — 0
1 2
0 0

By 1) we have that A (X) > n. Then we have a Hom (F, —) exact sequence 0 — Ay —
Fo - X — 0 with Fy € F and A (Ag) > n — 1. From this we get the following exact
commutative diagram;

0 0
4 +
AOZ Ao
\ 1
0 — Ff — Fy, — F/ — 0
! ! [
0O — M — X — F/ — 0
e e
0 0

One can easily verify by means of the Five Lemma (using the techniques of the proof
of the first part), that the sequence 0 — Ay — F}, — M’ — 0 is Hom (F, —) exact. Fp,
F' € F means that because of HC, I{j € F. Now if F) | — ... — F| = Ay — 0 is a left
F-resolution of Ay, then F/ | — ... = F| — Fy — M’ — 0 is a left F-resolution of M’.

n—1

Therefore A (M') > n. O
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The dual results for - and p-dimensions derived in a similar way and we state the
theorem without proof.

Theorem 3.2. If the cotorsion theory (F,C) satisfies HC and 0 — M' — M — M" — 0
is exact then;

1) je(M) > min (s (M), T (M")),

2) p(M") > min (7 (M') = 1, pu(M)).
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