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[1] Transient bed profiles in alluvial channels are generally modeled using diffusion
(or dynamic) waves and assuming equilibrium between detachment and deposition rates.
Equilibrium sediment transport can be considerably affected by an excess (or deficiency)
of sediment supply due to mostly flows during flash floods or floods resulting from dam
break or dike failure. In such situations the sediment transport process occurs under
nonequilibrium conditions, and extensive changes in alluvial river morphology can take
place over a relatively short period of time. Therefore the study and prediction of these
changes are important for sustainable development and use of river water. This study
hence developed a mathematical model based on the kinematic wave theory to model
transient bed profiles in alluvial channels under nonequilibrium conditions. The kinematic
wave theory employs a functional relation between sediment transport rate and
concentration, the shear-stress approach for flow transport capacity, and a relation between
flow velocity and depth. The model satisfactorily simulated transient bed forms observed
in laboratory experiments.
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1. Introduction

[2] Generally alluvial river processes evolve over a long
period of time. However, some extreme events like a flash
flood or flood resulting from dam break or a dike failure
may cause extensive changes in alluvial river morphology
over a relatively short period of time, in the order of few
hours [Singh et al., 2004]. In such a situation, the transport
involves the processes of both the aggradation (deposition)
due to excess sediment supply and degradation (entrain-
ment) due to deficiency in sediment supply. In general,
these processes of aggradation and degradation take place
under nonequilibrium conditions. The study and prediction
of changes in river morphology is important for sustainable
development and use of river water [Singh et al., 2004].
[3] Aggradation and degradation processes in alluvial

rivers have been extensively experimentally and mathemat-
ically investigated. Experimental studies involved mostly
laboratory flume experiments since they provide controlled
replication of particular combinations of initial and bound-
ary conditions [Curran and Wilcock, 2005]. Among many
experimental studies, Soni [1981a] studied aggradation
process under equilibrium conditions. Yen et al. [1992]
investigated aggradation and degradation processes in a
steady flow conditions. Wilcock et al. [2001] studied mix-
ture of sand and gravel transport by carrying out 48 sets of
experiments of flow, transport, and bed grain size using five

different sediments in a laboratory flume. Tang and Knight
[2006] carried out laboratory sediment transport experi-
ments in which they investigated the effect of floodplain
roughness on bed form geometry, bed load transport, and
dune migration rate. Experimental studies enhanced our
understanding of basic mechanisms of the sediment trans-
port processes and enabled us to develop mathematical
models that can emulate and thus study the behavior of
the dynamics.
[4] There have been many mathematical models for

studying aggradation and degradation processes in alluvial
channels. Lyn and Altinakar [2002] developed solution to
the St.Venant-Exner equations as a model for bed evolution
under conditions when the Froude number approaches unity
and quasi-steady model becomes singular. Wilcock and
Crowe [2003] and Curran and Wilcock [2005] developed
models for investigating effect of sand supply on the
transport rate of gravel bed rivers. They used constant flow
rate, flow depth and gravel feed rate but varied the sand
supply. Singh et al. [2004] investigated modeling of bed
profiles under a dike failure. Li and Millar [2007] modified
two-dimensional hydrodynamic bed model to simulate bed
load transport in a complex gravel bed river. They tested
their model against field data.
[5] Mathematical models developed for sediment trans-

port and evolution of transient bed profiles in alluvial rivers
are generally based on either diffusion wave [de Vries,
1973; Soni, 1981b, 1981c; Ribberink and Van Der Sande,
1985; Lisle et al., 2001] or dynamic wave [Ching and
Cheng, 1964; Vreugdenhil and de Vries, 1973; de Vries,
1975; Ribberink and Van Der Sande, 1985; Pianese, 1994;
Lyn and Altinakar, 2002; Cao and Carling, 2003; Singh et
al., 2004; Mohammadian et al., 2004; Li and Millar, 2007].
In both representations, the sediment transport function is
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mostly represented as a functional relation between sedi-
ment flux and water flow variables. The experimental
studies by Langbein and Leopold [1968] on bead movement
in a flume; sand movement in pipes; sand movement in
flumes, and gravel and cobble movement in Santa Fe River,
however, revealed that there is a strong relation between
sediment transport rate and sediment concentration. They
provided evidence that the evolution and movement of bed
profiles could be treated as a kinematic wave, with a
functional relation between sediment transport rate and
concentration. This was further shown by Tayfur and Singh
[2006], who modeled transient bed profiles under equilib-
rium transport conditions using kinematic wave theory.
They tested their model against laboratory data obtained
under equilibrium transport conditions in a steady uniform
flow.
[6] Like Tayfur and Singh [2006], most of the studies in

the literature have assumed equilibrium conditions between
detachment rate and deposition rate. In other words, they
have assumed that there is no interchange of sediment
particles between suspended load and bed load such that
these two loads are in equilibrium. This may be true for the
cases where flow and sediment discharges, channel geom-
etry, and water and sediment properties remain constant for
a long period of time. However, it is highly likely that these
variables would change owing to flash floods or floods due
to dam break or dike failure or human activities within the
river reach. Flash floods may cause heavy erosion and
landslides in a river basin causing sediment overloading
within a river reach. Flood wave due to dam break may
cause underloading owing to its excessive flow transport
capacity. Human activities within a river section may cause
overloading or underloading. Overloading causes aggrada-
tion, while underloading results in degradation in a river

bed. During aggradation the river flow capacity is exceeded
and consequently suspended sediment deposits on the river
bed, whereas during degradation the river flow capacity
detaches particles from the bed layer and infuses them into
suspension. As such, there may be an exchange of sediment
particles between bed layer and suspended layer, depending
upon the flow transport capacity of a river and sediment
supply, resulting in nonequilibrium conditions for transient
bed forms.
[7] The objective of this study is to develop a mathemat-

ical model, using the kinematic wave theory, for describing
the bed profile evolution and movement in alluvial channels
under nonequilibrium conditions, and test the model using
measured data. Tayfur and Singh [2006], on the basis of
kinematic wave theory, developed sediment transport model
for simulating transient bed profiles in alluvial channels
under equilibrium conditions and tested their model against
laboratory experimental data of aggradation. The main
contribution of the current study, however, would be the
development of transport equations for transient sediment
waves in alluvial channels, using the same kinematic wave
theory, under nonequilibrium conditions and testing the
model against the aggradation and degradation experimental
data.

2. Mathematical Model

[8] The bed profile evolution and movement in alluvial
channels can be represented, as shown in Figure 1, as a
system involving two layers: water flow layer and movable
bed layer. The water flow layer may contain suspended
sediment. The movable bed layer consists of water and
sediment particles and therefore has porosity. There may be
an exchange of sediment between the two layers, depending

Figure 1. Schematic representation of two-layer system.
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upon the flow transport capacity and sediment rate in
suspension. For a wide rectangular alluvial channel with
constant width, the conservation of mass equations for water
and sediment, considering both the layers, on a unit width
can be written as [Tayfur and Singh, 2006]

@h 1� cð Þ
@t

þ @hu 1� cð Þ
@x

þ p
@z

@t
¼ qlw; ð1Þ

@hc

@t
þ @huc

@x
þ 1� pð Þ @z

@t
þ @qbs

@x
¼ qls; ð2Þ

where h is the flow depth (L), u is the flow velocity (L/T), c
is the volumetric sediment concentration in the water flow
phase (in suspension) (L3/L3), p is the bed sediment porosity
(L3/L3), z is the mobile bed layer elevation (L), qlw is the
lateral water flux (L/T), qbs is the sediment flux in the
movable bed layer (L2/T), qls is the lateral sediment flux
(L/T), x is the independent variable representing the
coordinate in the longitudinal direction (flow direction)
(L), and t is the independent variable of time (T).
[9] Equations (1) and (2) are for the conservation of water

and sediment in both the layers, respectively. Simpler
versions of equations (1) and (2) have been employed in
the literature [Ching and Cheng, 1964; Vreugdenhil and de
Vries, 1973; Mahmood, 1975; Pianese, 1994; Cao and
Carling, 2003]. Note that equations (1) and (2) are for
equilibrium conditions, where the entrainment rate (Ez) is
equal to the deposition rate (Dc) (i.e., Ez = Dc). In other
words, the suspended sediment load and bed load are in
equilibrium such that there is no detachment of particles
from the movable bed layer and there is no deposition of
suspended sediment on the bed layer.
[10] Under nonequilibrium conditions (Ez 6¼ Dc), there is,

however, much confusion in the literature in writing the
right system of equations. Pianese [1994], who employed
the dynamic wave approximation for sediment wave, used
one equation for the conservation of water (equation (1))
and one for the conservation of sediment (equation (2)) in
both the layers (Figure 1). In addition, he employed one
more equation called adaptation equation (or lag equation)
relating the change in bed level in time to flow variables
(u, h), equilibrium suspended sediment concentration (ceq)
which is, in turn, expressed as a function of flow variables,
and suspended sediment concentration (c) [Pianese, 1994]
as

1� pð Þ @z
@t

¼ uh

l
ceq � c
� �

; ð3Þ

where l is called the adaptation length. The right-hand
side of equation (3) represents the deposition rate
(positive) or detachment rate (negative) [Pianese, 1994].
According to equation (3), when there is detachment z is
supposed to decrease while c increases. Similarly, when
there is deposition z should increase but c has to decrease.
If one were to substitute equation (3) into equation (2),

(1 � p)
@z

@t
would disappear from the equation. Most

recently, using the dynamic wave approximation for bed
profiles, Mohammadian et al. [2004] employed one
equation for the conservation of water, equation (1)
(although they assumed c = 0 in equation (1)), and one

equation for the conservation of suspended sediment in the
water flow layer as

@hc

@t
þ @huc

@x
¼ @

@x
Vxh

@c

@x

� �
þ vf

h
ceq � c
� �

; ð4Þ

where Vx is the sediment mixing coefficient, vf is the
sediment particle fall velocity, and h is a coefficient. The last
term on the right-hand side of equation (4) represents the
deposition rate (negative) or detachment rate (positive). In
addition, they employed the following equation for relating
the change in bed level in time to the particle fall velocity,
equilibrium suspended sediment concentration (ceq), and
suspended sediment concentration (c) as

1� pð Þ @z
@t

¼ vf

h
ceq � c
� �

: ð5Þ

Although equations (4) and (5), respectively, seem to be for
the conservation of suspended sediment in the water flow
layer and sediment in the movable bed layer under
nonequilibrium conditions, there seem some deficiencies.
The last term on the right-hand side of equation (4) acts as a
source, when it is positive (ceq > c), for suspended sediment
concentration but it, in turn, acts as a sink for concentration
in the bed layer. In this case, there should be a negative sign
in front of the term on the right-hand side of equation (5).
Second, equation (5) does not fully represent the conserva-
tion of mass equation for the sediment in the movable bed
layer, since it ignores the major term of the sediment flux

gradient
@qbs
@x

� �
. In other words, Mohammadian et al.

[2004] employed only equations (1), (4), and (5) for
modeling the process. In other words, they did not employ
equation (2) and therefore consequently ignored the bed
sediment flux term.
[11] In order to avoid any confusion, this study proposes

to write the conservation of mass for suspended sediment in
the water flow layer and conservation of mass for bed
sediment in the movable bed layer separately, considering
the exchange of sediment due to the detachment and
deposition between the two layers. From the point of view
of basic physical processes of sediment transport, these
equations can simply be written as

@hc

@t
þ @huc

@x
¼ qlsus þ

1

rs
Ez � Dc½ �; ð6Þ

1� pð Þ @z
@t

þ @qbs
@x

¼ qlbed þ
1

rs
Dc � Ez½ �; ð7Þ

where qlsus is the lateral suspended sediment (L/T), qlbed is
the lateral bed load sediment (L/T), rs is the sediment mass
density (M/L3), Ez is the entrainment rate (detachment rate)
(M/L2/T), and Dc is the deposition rate (M/L2/T).
[12] Equations (6) and (7) are for the conservation of

mass for the suspended sediment and conservation of
sediment in the movable bed layer, respectively. Note that
when Ez 6¼ Dc, the process is in the nonequilibrium
condition. When Ez > Dc, there is entrainment from the
bed layer, thus reducing the bed elevation but increasing the
suspended sediment concentration. When Ez < Dc, there is
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deposition, thus increasing the bed level but reducing the
suspended sediment concentration. When Ez = Dc, there is
no exchange of sediment between the two layers and the
process is in equilibrium.
[13] Under equilibrium conditions (Ez = Dc), equations

(6) and (7) are generally combined into a single equation
(expressed by equation (2)) for the conservation of sediment
in both the layers. Also, under equilibrium conditions,
suspended sediment concentration is expressed as a function
of flow variables, and equations (1) and (2), together with
the momentum equation, are solved to simulate the transient
bed profiles [Ching and Cheng, 1964; de Vries, 1975;
Pianese, 1994].
[14] Equations (1), (6), and (7) are for the conservation of

mass for water in both the layers, suspended sediment in the
water flow layer, and sediment in the movable bed layer,
respectively, and constitute the basic equations for modeling
transient bed profiles under equilibrium (Ez = Dc) and
nonequilibrium conditions (Ez 6¼ Dc). According to equa-
tions (1), (6), and (7), there are five unknowns, namely, h, u,
c, z, and qbs. In order to close the system, two more
equations are needed. One equation can be obtained using
the momentum equation for water flow. This study
employed the kinematic wave approximation for the mo-
mentum equation:

u ¼ a hb�1; ð8Þ

where a is the depth-velocity coefficient (L0.5/T) [Singh,
1996] and b is an exponent. Employing Chezy’s equation
for the friction slope, b = 1.5 and a = CzSf

0.5, where Cz is the
Chezy roughness coefficient (L0.5/T) and Sf is the friction
slope that is taken as equal to the bed slope, So.
[15] The fifth equation can be obtained by relating

sediment transport rate (sediment flux) to sediment concen-
tration in the movable bed layer. Previous researchers [de
Vries, 1965; de Vries, 1973; Mahmood, 1975; Phillips and
Sutherland, 1983; Ribberink and Van Der Sande, 1985;
Hotchkiss and Parker, 1991; Cao and Carling, 2003] have
related sediment flux in the movable bed layer to the flow
variables in the water flow layer and have used a complete
dynamic wave or diffusion waveform of the momentum
equation. In this study, the kinematic wave theory was,
however, employed. Following Tayfur and Singh [2006],

qbs ¼ 1� pð Þvsz 1� z

zmax

� �
; ð9Þ

where vs = the velocity of sediment particles as concentra-
tion approaches zero (L/T) and zmax is the maximum bed
elevation (L).
[16] Equations (8) and (9), together with equations (1),

(6), and (7), form the system of five equations for modeling
the evolution and movement of bed forms in alluvial
channels under nonequilibrium conditions. Combining
equations (8) and (9) with equations (1), (6), and (7), the
system of equations, after a little algebraic manipulation,
can be written in a compact form as

@h

@t
þ abhb�1 @h

@x
þ p

1� cð Þ
@z

@t
� h

1� cð Þ
@c

@t
� ahb

1� cð Þ
@c

@x

¼ qlw

1� cð Þ ; ð10Þ

@c

@t
þ ahb�1 @c

@x
þ c

h

@h

@t
þ cabhb�2 @h

@x
¼ qlsus

h
þ 1

rsh
Ez � Dc½ �;

ð11Þ

@z

@t
þ vs 1� 2z

zmax

� �
@z

@x
¼ qls

1� pð Þ þ
1

1� pð Þrs
Dc � Ez½ �: ð12Þ

Equations (10)–(12) represent the kinematic wave equa-
tions for modeling non–steady state, nonuniform transient
channel bed profiles under nonequilibrium conditions. Note
that the same system of equations can model transient bed
profiles under equilibrium conditions when Dc = Ez. The
last term on the right-hand side of equation (11) represents the
net detachment rate. It is positive when Ez > Dc and
consequently some of sediment are infused upward from the
bed layer into the flow layer (degradation process). The last
term on the right-hand side of equation (12) represents the net
deposition rate. It is positive when Dc > Ez, and some
sediment particles in the suspension phase move downward
settling on the bed layer (aggradation process).
[17] The detachment rate (Ez), using the shear-stress

approach, can be expressed as [Yang, 1996]

Ez ¼ s Tc ¼ s F t � tcrð Þk
h i

; ð13Þ

where

t ¼ gwhSo; ð14Þ

tcr ¼ k gs � gwð Þds; ð15Þ

where s is the transfer rate coefficient (1/L), Tc is the flow
transport capacity (M/L/T), F is the soil erodibility
coefficient, t, is the shear stress (M/L2), tc is the critical
shear stress (M/L2), k is an exponent, gw is the specific
weight of water (M/L3), gs is the specific weight of
sediment (M/L3), k is a constant, and ds is the sediment
particle diameter (L). The deposition rate can be expressed
as [Yang, 1996]

Dc ¼ srsqss ¼ s rshuc½ �; ð16Þ

where qss is the unit suspended sediment discharge (M/L/T).
[18] According to equations (10)–(16), the processes of

water flow, suspended sediment, and bed sediment trans-
port are interlinked not only throughflow variables (h, u),
channel characteristics (Cz, So), and sediment character-
istics (rs, gs, ds) but also the sediment particle velocity vs
which is a function of particle characteristics and flow
variables.
[19] On the basis of theoretical considerations of the

dynamics of bed load motion, Bridge and Dominic [1984]
developed the following expression for grain velocity:

vs ¼ d u*� u
*c

	 

; ð17Þ

4 of 11

W12412 TAYFUR AND SINGH: KWA MODEL FOR TRANSIENT BED PROFILES W12412



where d is defined as

d ¼ 1

K
ln yn

�
y1

� �
; ð18Þ

where K is the von Karman constant, yn is the distance from
the boundary of effective fluid thrust on bed load grain, and
y1 is the roughness height. The average value of d is
between 8 and 12 [Bridge and Dominic, 1984]. This study
employed a value of d = 10. Value u*c is the critical shear
velocity (shear velocity at the incipient motion) and is
defined as [Bridge and Dominic, 1984]

u*c ¼
vf tanfð Þ2

d
; ð19Þ

where tanf is the dynamic friction coefficient and has an
average value between 0.48 and 0.58 [Bridge and Dominic,
1984]. This study employed a value of tanf = 0.53. As seen
in equation (19), the critical shear velocity is a function of
particle fall velocity. Analyzing a wide range of empirical
data, Dietrich [1982] developed the following equation for
particle fall velocity [Dietrich, 1982; Bridge and Bennett,
1992]:

W* ¼ R310
R
1
þR2ð Þ; ð20Þ

where

R1 ¼� 3:767þ 1:929 logD*
� �

� 0:0982 logD*
� �2

� 0:00575 logD*
� �3 þ 0:00056 logD*

� �4
; ð21Þ

R2 ¼ log 1� 1� CSFð Þ
0:85

� �
� 1� CSFð Þ2:3 tanh logD* � 4:6

� 
þ 0:3 0:5� CSFð Þ 1� CSFð Þ2 logD* � 4:6

� �
; ð22Þ

R3 ¼ 0:65� CSF

2:83
tanh logD* � 4:6

� � �� � 1þ 3:5�Pð Þ
2:5½ �

; ð23Þ

where the dimensionless settling (fall) velocity of the
particle (W*) is expressed as [Dietrich, 1982]

W* ¼
rv3f

rs � rð Þgn ; ð24Þ

where r is the fluid (water) density. The dimensionless
particle size (D*) is expressed as [Dietrich, 1982]

D* ¼ rs � rð Þgd3s
rn2

: ð25Þ

[20] The Corey shape factor (CSF) is defined as
[Dietrich, 1982]

CSF ¼ c

abð Þ0:5
; ð26Þ

where a, b, and c are the longest, intermediate, and shortest
axes of the sediment, respectively, and are mutually

perpendicular. The mean value of CSF for most naturally
occurring sediment is between 0.5 and 0.8 [Dietrich, 1982].
This study employed an average value of CSF = 0.65. P is
the Powers value of roundness that has an average value
between 3.5 and 6 [Dietrich, 1982]. This study employed
the value of P = 4.75. Note that equation (20) considers the
influence of grain shape as well as density and size on the
fall velocity of a particle.
[21] The model parameters basically are as follows: Cz, p,

So, zmax, rs, gs, s, F, f, k, k, CSF, P, and ds. Parameters rs,
gs, and ds can be obtained from experimental sediment data,
while So, Cz, and p can be obtained from field measure-
ments. Langbein and Leopold [1968] suggest Cmax =
245 kg/m2 (note that zmax = Cmax

1�pð Þrs
). Gessler [1965] sug-

gested a value of 0.047 for k for most flow conditions. The
value of s has a wide range of 1.0–30.0 m�1, parameter F
has a range of 0.0–1.0, and exponent ki has a range of 1.0–
2.5 in the literature [Foster, 1982; Tayfur, 2002; Yang,
1996]. Equations (10)–(12) are solved numerically, subject
to the specified initial and boundary conditions. The initial
conditions can be specified as

h x; 0ð Þ ¼ ho; ð27Þ

c x; 0ð Þ ¼ co; ð28Þ

z x; 0ð Þ ¼ zo; ð29Þ

where ho, co, and zo are the initial flow depth (L), the initial
suspended sediment concentration (L3/L3), and the initial
bed-level elevation (L), respectively. Since the kinematic
wave approximation is used for both flow and sediment
transport, the model requires only the specification of the
upstream boundary conditions. The upstream boundary
conditions can be specified as inflow hydrograph (or flow
depth), inflow suspended sediment flux (or suspended
sediment concentration), and inflow bed sediment flux (or
bed sediment concentration) as

h 0; tð Þ ¼ h tð Þ; t > 0:0; ð30Þ

c 0; tð Þ ¼ c tð Þ t > 0:0; ð31Þ

z 0; tð Þ ¼ z tð Þ t > 0:0: ð32Þ

[22] Equations (10)–(12) were solved using an explicit
finite difference method. In order to overcome the problem
of kinematic shocks, the method employed the Lax method
[Singh, 1996]. Note that the finite difference equations were
written for both the layers not only at the central nodes of
the domain but also at the downstream node. All the
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equations were solved simultaneously for each time step.
The related finite difference equations are given as follows:

h
jþ1
i ¼ 0:5 h

j
iþ1 þ h

j
i�1

� �
�Dtab

2Dx
h
b�1
ij h

j
iþ1 � h

j
i�1

� �
� p

1� c
j
i

� � z
jþ1
i � 0:5 z

j
iþ1 þ z

j
i�1

� �h i

þ h
j
i

1� c
j
i

� � c
jþ1
i � 0:5 c

j
iþ1 þ c

j
i�1

� �h i

þDta
2Dx

h
b
ij

1� c
j
i

� � c
j
iþ1 � c

j
i1

� �
þ qlwDt

1� c
j
i

� � ; ð33Þ

c
jþ1
i ¼ 0:5 c

j
iþ1 þ c

j
i�1

� �
�Dta
2Dx

h
b�1
ij c

j
iþ1 � c

j
i�1

� �
� c

j
i

h
j
i

h
jþ1
i � 0:5 h

j
iþ1 þ h

j
i�1

� �h i

�Dtab
2Dx

c
j
i h

b�2
ij h

j
iþ1 � h

j
i�1

� �
þ qlsusDt

h
j
i

þ Dt

rsh
j
i

E ij
z � D ij

c

� 
; ð34Þ

z
jþ1
i ¼ 0:5 z

j
iþ1 þ z

j
i�1

� �
�Dtvs

2Dx
1� 2z

j
i

zmax

 !
z
j
iþ1 � z

j
i�1

� �

þ qlsDt

1� pð Þ þ
Dt

1� pð Þrs
Dij

c � Eij
z

� 
; ð35Þ

where i stands for space node and j stands for time node.
Values Dt and Dx are time and space increments,
respectively. Note that in equations (33)–(35), the un-
knowns are the variables at time node (j + 1) (future time).
Variables at time node j (the present time) are already
known. For the numerical scheme, the stability conditions
are found to be as

vsDt

2Dx
	 6
 10�6; ð36Þ

abDt

2Dx
	 1:2
 10�5; ð37Þ

3. Model Application

[23] Tayfur and Singh [2006] simulated transient bed
profiles in alluvial channels under equilibrium conditions
using the kinematic wave theory. They tested their model
using bead (glass sphere) experimental data of Langbein
and Leopold [1968] and flume experimental data of Soni
[1981a]. They also tested the performance of their model
against that of the diffusion wave model. They have shown
that the kinematic wave theory-based model can satisfacto-
rily simulate transient bed profiles under equilibrium con-
ditions. They also tested their model for hypothetical cases.
Hypothetical cases involved investigating transient bed
profiles under temporally varying flow and sediment
inflows. They have shown the effects of different inflows
on transient bed profiles along a channel length. In addition,

they have shown the effects of sediment particle velocity
(vs) and maximum bed elevation (zmax) on the movement of
transient bed profiles. They have concluded that the model-
simulated bed profiles seem theoretically reasonable for
hypothetical cases and zmax and versus have a strong effect
on transient bed profiles. Since Tayfur and Singh [2006]
have already carried out hypothetical scenarios to test
the components of the kinematic wave model, this
study would be confined to testing the developed model
against only experimental data obtained under nonequilib-
rium conditions.

4. Experimental Data

[24] The kinematic wave model was tested against the
experimental data of aggradation and degradation depths
measured by Yen et al. [1992] in laboratory flume experi-
ments. Yen et al. [1992] used 72.0 m long and 1.0 m wide
flume that had a bed slope of 0.0035. The water discharge
was constant at a rate of 0.12 m3/s. Sediment used in the
experiment had a median diameter of 1.8 mm. At the
beginning of the experiment, a sediment supply rate of
3.3 kg/min (dry mass) was continuously released from the
upstream end until the channel bed reached a steady state of
equilibrium. The sediment supply rate was then increased to
9.9 kg/min until a new equilibrium was reached. The rate
of sediment supply was then reduced back to and kept at
3.3 kg/min until another new equilibrium was reached.
Finally, the sediment supply was cut off, and only clear
water was released from the upstream end until the channel
bed was fully armored. Each period lasted for about
30 hours. Bed elevations were measured by bed-level
gauges at six different locations during the experiments.
The locations were 5 m apart from each other. A sluice gate
at the downstream end of the flume was employed to
maintain a constant tailwater level. The details of the
experiment can be obtained from Yen et al. [1992].
[25] In model simulations, zmax = 0.10 m was employed,

since the water level was around 0.15 m. This value is also
in agreement with Langbein and Leopold [1968]. The bed
sediment porosity was assumed to be p = 0.40. This is in
agreement with Ching and Cheng [1964]. Note that sedi-
ment was fed from the upstream end as a bed load and
therefore at the upstream end suspended sediment concen-
tration was zero.Figures 2a–2d show, respectively, simula-
tions of bed profiles measured at 30, 60, 90, and 120 hours
during the experimental run. The model satisfactorily sim-
ulated the measured data at 30, 60, 90, and 120 hours. The
model closely predicted the measured data at each location
along the bed, thus satisfactorily capturing the transient bed
profiles at each simulation time. At the 60 hour simulation
time, the model slightly underestimated the measured data
at the end of the bed profile (Figure 2b). Figure 3 shows a
scatter diagram comparing model predictions with measured
data of Figure 2. As seen, predictions are satisfactory with a
correlation coefficient of R2 = 0.98. Figure 3 also shows a
bandwidth with �2SE (where SE is the standard error)
about the regression line, where the computed SE is 0.53 cm.
As seen in Figure 3, there is only one point out of 24 points
outside the bandwidth. In other words, bandwidth accounts
for almost 96% of the scatter points. This implies that the
developed numerical model can predict almost 96% of the
measured data with �1.05 cm. The computed values of

6 of 11

W12412 TAYFUR AND SINGH: KWA MODEL FOR TRANSIENT BED PROFILES W12412



Figure 2. Simulation of bed profiles along a channel bed at (a) 30 h, (b) 60 h, (c) 90 h, and (d) 120 h of
the laboratory experiment.
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RMSE (root mean square error) and MRE (mean relative
error) for Figure 3 are 0.70 cm, and 0.020, respectively. The
mean relative error of MRE = 0.020 implies that the
developed model makes about 2% error in predictions.
These results imply a satisfactory performance of the newly
developed model for predicting transient bed profiles along
a channel bed.
[26] Figures 4a–4f present, respectively, simulations of

bed levels measured at six different locations along the bed
during the experimental period of 120 hours. Note that for
the first 30 hours the sediment rate was supplied at a rate of
3.3 kg/min from the upstream end. Between 30 and
60 hours, the rate was 9.9 kg/min. Between 60 and 90 hours
the rate was again kept at 3.3 kg/min, and after 90 hours the
sediment rate was zero (clear water). Location 1 is 9.5 m
away from the upstream end where the sediment supply was
located. Locations 2, 3, 4, 5, and 6 are 5, 10, 15, 20, and
25 m away from location 1, respectively [Yen et al., 1992].
The model simulations of transient bed levels at the spec-
ified locations are satisfactory. The model closely predicted

Figure 3. Measured bed elevations versus predicted bed
elevations.

Figure 4. (a–f) Simulation of bed profiles in time during the laboratory experiment at six different
locations of the experimental channel. Location 1 is 9.5 m away from the upstream end, where the
sediment supplier was located. Locations 2, 3, 4, 5, and 6 are 5, 10, 15, 20, and 25 m away from location 1,
respectively [Yen et al., 1992].
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Figure 4. (continued)
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bed levels during rising, equilibrium, and recession periods
satisfactorily, especially at locations 1, 2, 3, 4, and 5
(Figures 4a–4e). Although the model closely predicted
measured data after 65 hours of the simulation time, it
had a poor performance in predicting the measured data
during the first 60 hours of the simulation time at location 6
(Figure 4f). It underestimated the measured data in the first
60 hours of the simulation time. Figure 5 shows the scatter
diagram comparing model predictions with measured data
of Figure 4. As seen, the predictions are satisfactory with a
correlation coefficient of R2 = 0.97. Figure 5 also shows a
bandwidth with �2SE about the regression line, where the
computed SE is 0.58 cm. As seen in Figure 5, there are 11
out of 150 points outside the bandwidth. In other words,
bandwidth accounts for almost 93% of the scatter points.
This implies that the developed numerical model can predict
almost 93% of the measured data with �1.16 cm. The
computed values of RMSE and MRE for Figure 5 are
0.79 cm, and 0.022, respectively. The mean relative error
of MRE = 0.022 implies that the developed model makes
about 2.2% error in the predictions. These results imply that
the model, in general, performed well in predicting bed
levels in time at each location satisfactorily.

5. Concluding Remarks

[27] This study developed the kinematic wave equations
for simulating transient bed profiles in alluvial channels
under nonequilibrium conditions. The model used a shear-
stress approach to formulate flow transport capacity. The
kinematic wave theory model employs a functional relation
between sediment flux and sediment concentration and a
relation between flow velocity and flow depth. The satis-
factory simulation of transient bed profiles under nonequi-
librium conditions in flume experiments implies that the
developed model is plausible.
[28] It should be noted that the experiments against which

the model was tested had nonequilibrium sediment transport
due to the nonconstant sediment inflow at the upstream end
of the flume. The flow discharge was, on the other hand,
kept constant during the experiments, resulting in a steady

and uniform flow. Therefore it would be beneficial to test
the developed model against nonequilibrium sediment
transport in nonuniform and unsteady flow, especially for
such transport processes in the field.

Notation
c = volumetric sediment concentration in the water

flow phase (in suspension) (L3/L3).
co = initial suspended sediment concentration (L3/L3).
ceq = equilibrium suspended sediment concentration

(L3/L3).
Cb = areal sediment concentration (M/L2).

Cbmax = maximum areal sediment concentration when
transport ceases (M/L2).

Cz = Chezy roughness coefficient (L0.5/T).
Dc = the deposition rate (M/L2/T).
ds = particle diameter (L).
Ez = entrainment rate (detachment rate) (M/L2/T).
g = gravitational acceleration (L/T2).
h = flow depth (L).
ho = initial (base) flow depth (L).
k = an exponent.

qlbed = the lateral bed load sediment (L/T).
qls = lateral sediment flux (L/T).
qlw = lateral water flux (L/T).
qlsus = the lateral suspended sediment (L/T).
qsb = sediment flux in the movable bed layer (L2/T).
qss = unit suspended sediment discharge (M/L/T).
qst = sediment transport rate (M/L/T).
Qb = base flow rate.

Qeq = equilibrium flow rate.
p = porosity of sediment in the movable bed layer

(L3/L3).
R* = shear velocity Reynolds number.
Rpn = particle Reynolds number.
Sf = friction slope.
So = bed slope.
t = independent variable of time (T).

Tc = the flow transport capacity (M/L/T).
u = flow velocity (L/T).
uc = critical flow velocity at the incipient sediment

motion (L/T).
u* = shear velocity (L/T).
vf = the sediment particle fall velocity (L/T).
vs = velocity of sediment particles as

concentration approaches zero (L/T).
Vx = sediment mixing coefficient.
x = independent variable representing

the coordinate in flow direction (L).
z = mobile bed layer elevation (L).
zo = initial mobile bed layer elevation (L).

zmax = maximum bed elevation (L).
a = depth-velocity coefficient (L0.5/T).
b = exponent.
d = a constant.
l = adaptation length.Q

= soil erodibility coefficient.
gs = specific weight of sediment (M/L3).
gw = specific weight of water (M/L3).
h = a coefficient.
rs = sediment mass density (M/L3).
s = transfer rate coefficient (1/L).

Figure 5. Measured bed elevations versus predicted bed
elevations.
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t = shear stress (M/L2).
tc = critical shear stress (M/L2).
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