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Abstract The 3-RRS parallel manipulator presented in this study
comprises of parallel revolute joint axes in each leg. The manipula-
tor is composed of a base and a moving platform which are in the
shape of equilateral triangles. Moving platform has two rotational
and one translational degrees-of-freedom. This study formulates the
forward and inverse kinematics of the parallel manipulator. A 16
order polynomial in terms of one of the passive joint variables is
obtained for the forward kinematic analysis. Numerical results and
the corresponding pose of the manipulator for inverse and forward
kinematics are presented.

1 Introduction

Parallel manipulators (PM) having less than 6 degrees-of-freedom (DoF)
attracted a lot of attention in the past few decades due to their architec-
tural simplicity, low cost and easier control (Fan et al. (2009)). Some of
the most successful designs of PMs used in the industry are with less than
6-DoF (Chen et al. (2014)).

This study deals with a 3-DoF 3-RRS PM which posseses one translational
DoF and two rotary ones (Liu and Bonev (2008)). Inverse kinematic analysis
of a 3-RRS PM has been performed by (Li et al. (2001)), where the analysis
is performed by using a geometrical approach. (Itul and Pisla (2009)) pre-
sented the inverse and forward kinematic model for a 3-RRS PM. For the
forward position analysis, the set of position equations are suggested to be
solved numerically; no analysis as to the number of solutions is presented.

In this study, first, the geometry of the 3-RRS PM is described. Then the
kinematic constraints are formulated in terms of the loop-closure equations
which are solved consequently. Inverse position analysis is done analyti-
cally. To solve the forward kinematic problem, the mathematical manipu-
lation proposed by (Srivatsan and Bandyopadhyay (2013)), is applied to a
set of three non-linear equations in terms of passive joint variables. Finally,



a 16" order polynomial in terms of the tangent of the half of one of the
passive joint angles is obtained. The formulation is illustrated via numerical
examples.

2 Position Analysis

The architecture of the PM investigated in this study is presented in Fig-
ure 1. The 3-RRS PM consists of a fixed base, a moving platform and

Figure 1. Kinematic model of the 3-RRS PM

three identical limbs. The ith limb is composed of three joints: active rev-
olute (R) joint fixed on the base at the point Oyp;; passive R joint located
at the point O;;; and a passive spherical (S) joint between the links hav-
ing a length ly and the platform, located at the points Ov;, for i = 1,2,3
and j = 4,5,6.

In Figure 1, a fixed coordinate frame Oy-XY Z is attached to the base. Its
origin, Oy, is chosen as the center of the circle with a radius of b, which is
the circle tangent to all the three revolute joint axes at the base. The X-
axis is along the vector OyO; and the Z-axis is perpendicular to the base
plane. A moving coordinate frame, O;-UVW | is attached to the platform.
The origin, Oz, is attached at the center of a circle with a radius p, which
is the circle Passing through the three spherical joint centers. The U-axis is
along 07074 vector and W-axis is perpendicular to the plane of the plat-



form. In any leg, the axes of the active and passive R joints are parallel to
each other. As a specific case, to achieve a symmetric form, the points Oy;
and Or; are placed at the vertices of the base and moving platform triangles.
Therefore, a1 = 400100002 = 12()0, x13 = 400100003 = 2400, Qg5 =
407407075 = 1200, and Qg = 407407076 = 240°. The input variables
are 61, 65, and f3; passive revolute joint variables are ¢1, ¢o, and ¢3.

Constraint Equations. FEach limb is constrained to move in plane and
the relation in between the X and Y coordinates of the spherical joint
centres can be given as Oz;, = O7; , tan(ay;). Constraint equations due to
this planar motion are derived by (Tsai (1999)) for a 3-RPS PM and these
equation are also valid for the 3-RRS PM:

O?y = —Uyp (1)
O7z :P(Uz _'Uy)/2 (2)
Uy = Vg (3)

where Oz, and O, are the X and Y coordinates of the platform center,
Ug, Uy, Uz, Uy are the corresponding elements of the rotation matrix and p
is the radius of the circle attached to the moving platform.

Oz, remains independent, indicating the translational DoF along the Z-axis.
To determine the elements of the rotation matrix [R] between coordinate
frames of the base and moving platform, the following rotation sequence is
applied: first rotate about the fixed Z-axis by an angle of v, then about
the fixed Y-axis by an angle of ¢, and finally about the fixed X-axis by an
angle of 1,.. This results in:

Uy Vp Wy CyCs —CyS Sy
[R] = |uy vy wWy| = |Sz5yCs + CaSz  CaCs — 835yS;  —SgzCy (4)
Uy UV, W, SeSz — CySyCs  SgpCs + CSyS, CxCy

where s and c¢ stand for sin and cos, respectively, and subscripts z, y and z
stand for rotation angles ¢, 1, and 1., respectively. [R] is bound to the 6
orthogonality conditions for rotation matrices. Besides, Eq. (3) further
constrains [R]. Therefore, only two elements of [R] are independent. Con-
sidering the workspace of the 3-RRS PM, the suitable choices of indepen-
dent parameters are w, and wy, while O7,, w, and w, are the independent
workspace parameters. For given w, and wy, first 1,, ¥, and v, can be
determined:

thy = sin~! (wg) , where, s, # %1 (5)
Yp =sin~" (~wy/cy ) (6)



Imposing Eq. (3) in Eq. (4), and the dividing by ¢,, we can determine 1,
as

. = tan~! (=sa8y/(cz +¢y) ) (7)

Substituting ¢, ¥, and ¢, given by Egs. (5)-(7), [R] can be determined
from Eq. (4). Egs. (1)-(2) give the dependent position parameters.

Inverse Position Analysis. Inverse kinematics problem is to find the
input angles #;, 65 and 3 for a given pose of the moving platform. The
loop-closure equation can be written as:

b l l
0007, = Rz (on)){ [0] + Ry (6] [ 0| + Ry (001 [0
0 0 0
. . p
00075 = 0007 + [R] - [Rz (aq;)] | O (8)
0

fori=1,2,3 and j = i+3. [Ry] and [Rz] are the elementary CCW rotation
matrices about Y-, and Z-axes, respectively. We express the points O7; in
terms of the given pose parameters using Eq. (8). The X and Z components

of Eq. (8) are:

lacgicari = Orjg — ca1i(b+ licos) 9)
losgs = —Orj, — L1563 (10)
Solving cy; and sg; from the Egs. (9)-(10), and using the identity cii +
sﬁ) = 1
13(cari + 1)% = [O7juCari(b + l1¢pi)]* — [cari(Orj2l150:)]° = 0
= Ajcgi + Bisgi + C; =0 (11)
where A; = 2li¢q1i(—O7jz + bca1s), Bi = 2l107jzc(211i and C; = O%—m —

2607j2Cari + ¢4y (b° + 17 — 13 + OF,,). Applying tangent of half angle sub-
stitution to Eq. (11) and solving for 6;:

0, = 2 atan2 <B¢ + \/m Ci— Ai) (12)



A; = C; results in singularity, which is not considered in this paper and it
is assumed that A; # C; . Due to the + sign in Eq. (12), each 6; has two
possible values, which yields at most 8 solutions. Therefore the PM has 8
assembly modes for the inverse kinematics.

Forward Position Analysis. The coordinates of the points O7; can be
calculated in terms of input variables 6; and passive R joint variables ¢;
by making use of the Eq. (8). Since the moving platform is in the form of
an equilateral triangle, the distances between O7; are constant and can be
calculated by the cosine theorem. Using Eq. (8):

3p° = d® = |0740r5]* = f1(61,¢2) = 0 (13)
3p° = d* = |075076|" = fa(2,¢3) = 0 (14)
3p” = d* = [O760ml* = fa(¢1,¢3) =0 (15)

Egs. (13)-(14) can be rewritten as:
Jio + f118¢2 + fi2cd2 =0 (16)
J20 + f218¢2 + fazcd2 =0 (17)

Solving for c¢q, s¢o from there,

S¢2_ f12f207f10f22 ¢ _ f10f217f11f20 (18)

= , C =
finfas = frafn’ 0 fufar — frafan
Since, c2¢o + s2¢o = 1, from Eq. (16)-(17), assuming fi1 fos — fi2.f21 # O:

(fizfoo — frofo2) + (frofor — firfa0)” = (firfozr — frafer)® =0 (19)

At this point we apply the tangent of half angle substitution for the angles ¢,
and ¢3 for Eqgs. (13)-(15): t; = tan(¢1/2) and t3 = tan(¢s/2). Eq. (17)
involves ¢; and t3, only. Rearranging Eq. (17), it is seen that it is a 4!
degree polynomial in t1:

ap —+ Cthl —+ CLQt% + agti) + (14#1L = 0 (20)

Coefficients a; in Eq. (20) are also 4" degree polynomials in t3. Also rear-
ranging Eq. (15) in terms of ¢; results in a quadratic equation:

bo + b1ty + bat? =0 (21)

The coefficients b; are also 2°¢ degree polynomials in terms of ¢3. Eliminat-
ing t; from Egs. (20)-(21) using polynomial division, we obtain:

WH
[a4b:1” —b (2a4b0 + a3b1) by + (a3b0 + agbl) b% - a1b§]2

—0=>H=0 (22)



where

H =a4 {a4bé + b1 [—agbg + by (agbg — arboby + aobf)” + b (ag — 2a2a4) bg—i—
b2 [(ag —2a1a3 + 2a0a4) bg + (—ayas + 3apas) bobr + aoagb%] +
(—asas + 3aiay) biby + (a1as — dapay) bob? — apazbi+
b3 [(a% — 2a0a2) by — aoalbﬂ + adby

Eq. (22) is valid provided that by # 0 and also denominator in Eq. (22)
is nonzero. Eq. (22) is a 16'® order polynomial in terms of t3. The value
of t3 can be numerically computed from Eq. (22). For any t3 value, ¢; is
determined from Eqs. (20)-(21) and ¢5 is given by Eq. (16). There are at
most 16 assembly modes of the moving platform for the forward kinematics.
Once the platform points O7; are determined from Eq. (8), the location of
the platform is determined.

3 Numerical Example

Several numerical examples are worked out in order to check forward and
inverse kinematic solutions using Mathematica. As an example, consider
the case where b = 0.55 m, p = 0.275m, [y = 0.7m and I = 0.775 m.
For the inverse kinematic analysis, as a generic example for given pose
parameters Oz, = 1.2 m, w, = —0.2 and w, = 0.2, the possible corre-
sponding joint angles are found as (61, 62, 05)=(—71.60°, —66.09°, —68.57°),
(—133.61°, —144.85°,—136.47°). Any of two solutions for an angle is valid
and there are totally eight solutions.

To verify the forward kinematic formulation, let #; = —133.61°, 6y =
—144.85° and 63 = —136.47°, which is one of the eight solutions above.
The solution of the 16'" order univariate polynomial in terms of ¢3 results in
sixteen distinct real solutions. The numerical values obtained for ¢3, corre-
sponding passive joint variables ¢; and task space variables Oz, w, and w,
are presented in Figure 2. Notice that the 6" set of solutions matches with
the task space parameters used in the inverse kinematic analysis. Figure 2
depicts the poses of the PM for the corresponding solutions.

4 Conclusion

A detailed analysis for the forward and inverse kinematics analysis of the 3-
RRS PM is presented in this study. For the forward kinematics, all but one
dependent joint variables are eliminated to obtain a 16" order polynomial.
This suggests that an upper bound for the forward kinematics solutions of
the 3-RRS PM is 16, which proves that polynomial obtained is the smallest



1 2 3
t3=-2.07 t=-1.73 t=-1.55
$1=-56.04° $1=-52.21° d1=-116.11°
$2=-92.32° h2=-103.26° h2=-108.70°
$h3=-128.40° h3=-119.88° G3=-114.26°
wx=-0.034 wx=-0.09 wx=0.10
wy=-0.18 wy=0.01 wy=-0.11
07,=1.14 O7,=1.14 07,=1.18

4 5 6
t3=-1.50 t3=-0.85 t3=-0.73
d1=-117.81° $h1=-66.85° h1=-74.88°
$r=-48.51° $r=-126.22° $=-68.66"
G3=-112.58° $3=-80.99° G3=-72.22°
wx=0.25 wix=-0.20 wx=-0.2
wy=-0.45 wy=0.46 wy=0.2
07,=1.12 07,=1.16 07.=1.2

7 8 9
t3=-0.56 t3=-0.47 =0.53
$1=-135.65° d1=-123.46° $1=97.19°
$2=-83.84° $2=-101.73° H=124.38°
$3=-58.95° $3=-50.74° $3=55.72°
wx=0.27 wx=0.08 wx=-0.16
wy=-0.06 wy=0.17 wy=-0.16
07,=1.12 07,=1.13 07,=-0.22

10 11 12
=0.70 5=0.73 3=0.89
$1=77.16° $1=74.56° 1=133.47°
$2=132.07° $=67.86° $=57.43°
$3=69.88° $3=72.45° $3=83.36°
wx=0.10 wx=-0.11 wx=-0.51
wy=-0.15 wy=0.12 wy=-0.08
07,=-0.22 07,=-0.27 07,=-0.20

13 14 15 16

t=1.17 t=1.56 t3=1.65 =227
$1=57.04° di=115.73° Mm=112.62° $1=87.89°
$=121.93° $2=107.43° $r=43.42° $2=55.20°
$3=98.87° $3=114.55° G3=117.63° $3=132.54°
wx=0.30 wy=0.21 wx=-0.10 wx=0.26
wy=0.06 wy=-0.24 wy=0.16 wy=0.30
07,=-0.23 07,=-0.25 07,=-0.18 07,=-0.20

Figure 2. Forward kinematic solutions

one. The formulations are implemented in Mathematica and several nu-
merical examples are presented. Indeed 16 real solutions are obtained for
some configurations.

The formulations developed here will be implemented for the control of a
3-RRS PM in Izmir Institute of Technology. Further studies would include
the identification of singularities and safe working zone, (see, Srivatsan and
Bandyopadhyay (2014)) and dynamic analyses of the PM.
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