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ABSTRACT

EMISSION CHARACTERISTICS OF TWO AND THREE LEVEL
SYSTEMS

In this thesis, we mainly focus on the two subjects. Firstly, we investigate the
spontaneous emission from a V-type three-level atom. We mainly study the influence of
quantum interference between the decay processes from the two upper levels to a lower
level to which the upper levels are coupled by the same vacuum modes. The effects of
quantum interference on the spontaneous emission spectrum are studied. These effects
are shown to induce spectral narrowing and a dark line in the spectrum. The influence of
the interference on the upper level populations is also examined. It is seen that the upper
level populations are not simple exponential decays. In the second part of this study, the
fluorescence spectrum of a driven two-level atom is evaluated. Both the resonance and

the off-resonance cases, and the weak and the strong coupling regimes are investigated.
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OZET

iKi VE UC SEVIYELI SISTEMLERIN ISIMA OZELLIKLERI

Bu tezde baglica iki konu incelenmektedir. Ilk olarak ii¢ seviyeli sistemlerde ken-
diliginden emisyon fenomeni iizerine calisiimistir. Ozel olarak V tipi sistemlerde iki
bozunma siireci arasindaki kuantum girisim etkilerine odaklanilmistir. Bu baglamda, giri-
simin kendiliginden emisyon spektrumu lizerindeki etkileri gosterilmistir. Ayni zamanda
girisim fenomeninin atomik enerji seviyelerindeki popiilasyonlar iizerindeki etkileri de
incelenmistir. Ikinci boliimde ise uyarilmus iki seviyeli atomlarin 1s1ma ozellikleri ince-
lenmektedir. Bu boliimde zayif ve giiclii eslesme rejimleri, hem rezonans hem de rezonans

dis1 durumlar icin ¢alisilmustir.

v



TABLE OF CONTENTS

LIST OF FIGURES ... vi
CHAPTER 1. INTRODUCTION ...ttt 1
1.1. Atom-Field Interaction Hamiltonian ................................. 1

1.2. Interaction Pictures...............coo 5

1.3. Wigner-Weisskopf Theory ...t 8

1.3.1. Wigner-Weisskopf (Born-Markov) Approximation ............. 12

1.4. The Damped Two-Level Atom ..., 14

1.5. Power Spectrum of Emitted Light .................................... 22

CHAPTER 2. SPONTANEOUS EMISSION FROM A THREE-LEVEL ATOM ... 26

2.1, TREOTY .t 26
2.2. Evolution of the Upper-Level Populations ........................... 31
2.3. Power Spectrum of Emitted Light............................o L. 34
CHAPTER 3. FLUORESCENCE SPECTRUM OF A TWO-LEVEL ATOM ....... 40
3.1. Equations of MOtION ..ottt 40
3.2. Resonance Fluorescence ...............ccoviiiiiiiiiiiiiiiinn. .. 45
3.3. Discussion and Results. ... 49
CHAPTER 4. CONCLUSIONS ... 53
REFERENCES . 54

APPENDIX A. PRINCIPAL PART INTEGRALS ... 57



Figure

Figure 1.1

Figure 2.1

Figure 2.2

Figure 2.3

Figure 2.4

Figure 2.5

Figure 2.6

Figure 2.7

Figure 2.8

LIST OF FIGURES

Spectrum of the emitted light by an atom interacting with broad-band

thermal field with n(0) = 0 (blue curve), n(0) = 1 (red curve), and

7(0) = 5 (OTaNZE CUIVE). . ..ouuit ittt ittt et

Representative scheme of the atomic model considered in this chapter.
It represents a three-level atom in V-type configuration in which the
two upper levels are coupled by the same vacuum modes to the lower

level, respectively. The energy of the level |3) is higher than the energy

of the level [2) By A0, «..ooei i

Upper level populations in time. Initially populated state is |3), and its
population ps3 (red curve) tediously tends to zero. The population of
the level |2), poo (black curve), which is initially empty first increases

due to the transferred population from level |3), and then tends to zero.

(5 = Fg and FQ = 05F3) ...............................................

Maximum value of temporary population in level |2) for three different

values of 9, 6 = 0.1I's (blue curve), 6 = 0.2I'3 (red curve), and § =

0.30'3 (orange curve) (I's = 1'9). .ooooii

Illustration of the oscillation of the population in level |2) (0 = 513

and FQ = Fg) .............................................................

Total upper level population in time for a few different values of 9.

0 = 0.1T'3 (blue curve), o6 = 0.5I'5 (red curve), and o = 21'3 (orange

curve) (I3 = 1o i

Schematic representation of the three-level atom considered in this

section. The dashed black line is located at the middle of the energy

difference of the upper levels. (8, = wy, — 3 (W3 —wa)) « «evvvrvvnnnnnn

Spectrum of the light emitted spontaneously by a three-level atom

(blue curve) for § = 0.6I'3, and I's = 0.1I'3, and by a two-level atom

(red curve) with decay rate I's. ............. i

Dependence of the width of the dark line in the spontaneous emission

spectrum of a three-level atom to the decay rate I';. 0 = I'3, and

Page

.. 25

.. 26

.. 33

.. 33

.. 34

.. 35

Y

Vi



Figure

Figure 2.9

Figure 2.10

Figure 3.1

Figure 3.2

Figure 3.3

Figure 3.4

Figure 3.5

I'y = 0.5I's (blue curve ), I's, = 0.05I's (red curve). ...................

Narrowing of the spectrum by increasing the ratio I'y/I"3. Blue curve

(I'y/T'3 = 0.01), red curve (I'y/I's = 0.5), orange curve (I'y/T'3 = 2),

and 0 = D' . oo

Spectrum of the emitted light for three different initial conditions:

a(0) = 1,5(0) = 0 (blue curve), a(0) = 0.55(0) (red curve), and

a(0) = p(0) (orange curve). (6 =203,y =T3). ..ooooiiiiiiiiil,

Schematic representation of the driven two-level atom. |2) corresponds
to the state with higher energy, and wj is the frequency difference be-
tween the states |2) and [1). €2 is the Rabi frequency (represents the

frequency of the induced transitions) of the external driving field. w is

the frequency of the incident field. .............. ...l

Resonance fluorescence spectrum of a two-level atom (A = 0). Weak

coupling case: {2 = I' (blue curve). Intermediate coupling case: {2 =

3I" (red curve). Strong coupling case: () = 9I" (orange curve). ........

Fluorescence spectrum of a two-level system in the case of weak cou-

pling and non-resonant excitation (2 = 0.1I"). .........................

Fluorescence spectrum of a two-level atom for non-resonant and reso-

nantcases (£ = 1), ...

Fluorescence spectrum for a two-level atom in the strong coupling

regime (€2 = 5I"), for the resonant A = 0, and off-resonant A # 0

Page

.. 38

.. 39

.. 39

.. 41

... 50

.. 51

.. 52

vii



CHAPTER 1

INTRODUCTION

In the study of the atom-field interactions, the semi-classical theory assumes that
the field is classical (Jaynes and Cummings (1963), Pauli (1980)). In many cases this
assumption fails to explain experimentally observed results. For example, spontaneous
emission can not be adequately explained by the semi-classical theory and the fully quan-
tum mechanical theory is needed (Shore and Knight (1993)). So, if we want a firm treat-
ment of the decay of an atomic excited state in free-space, it is needed to consider the
interaction of the atom with the vacuum modes of the universe. In this chapter, we are
going to study the interaction of a two-level atom with the quantized radiation field in
free-space (Igbal et al. (1988)).

In the first section of this chapter, the atom-field interaction Hamiltonian in the
dipole and the rotating wave-approximations is introduced. In the second section, we
introduce the interaction picture which is an intermediate representation between the
Schrodinger picture and the Heisenberg picture. Then, the Wigner-Weisskopf theory
(Weisskopf and Wigner (1930)), for a comprehensive study of the spontaneous emis-
sion, is introduced. The Heisenberg-Langevin method (Boyanovsky and Jasnow (2017))
is more suitable for the calculation of the two-time correlation function (6. (¢ + 7)5_(t))
which is required to calculate the spectrum of the emitted light. So, in the last section, we

calculate the spectrum of the light emitted by a damped two-level atom.

1.1. Atom-Field Interaction Hamiltonian

In the dipole approximation (Rzazewski and Boyd (2004)), the interaction of the
single electron atom and the quantized radiation field E can be expressed by the following
Hamiltonian:

H=H,+ Hr —d.E. (1.1)

In the absence of interaction, H 4 and H r are the energies of the atom and the



field, respectively, and d is the dipole moment operator. The dipole approximation allows
us to assume that the field is uniform over the whole atom (Kobe (1982)).
If the set {|7) } constitutes a complete set of atomic energy eigenstates, i.e., Y . |i)(i| =

1, then the atomic transition operators can be written as
61y = i)l (1:2)

The atom energy H, and the dipole moment operator d can be expressed in
terms of the atomic transition operators, and it follows from the eigenvalue equation

H|i) = E;|i) that

Hy = Z E;64;. (1.3)

Also the dipole moment operator is
d =" [i)ild)(i| =) diju, (14)
1] i,

where the factor d;; = (i|d|j) being the dipole moment operator matrix element between
states |i) and |j).
The Hamiltonian operator for the free-field can be written in terms of the creation

and annihilation operators as
X US|
Hp =Y hwy(aay + ) (1.5)
and after dropping the zero-point energy term, it becomes

Hp = hwydlay (1.6)
k



In the dipole approximation, the electric field operator can be evaluated at the po-
sition of the atom (Barnett and Radmore (1997)). For the atom placed at the origin, the

electric field operator is
E=)e&ilar+af) (1.7)
k

where e, is the unit polarization vector, and &, = (fwy,/2¢,V) /2.

Now, by substituting Egs. (1.3), (1.4), (1.6), and (1.7) into Eq. (1.1) we obtain the

following Hamiltonian:

H=> hwlar+ Y Ei+hY > gloylax+al), (1.8)
k % ] k
where
G dijeE
g = -, (19)

for convenience, we assume d;; to be real.
Now, we consider a two-level atom with the excited state |e¢) and the ground state

|g). Then, for d;; = d;; = d, we have
9k =9 =9 - (1.10)
The Hamiltonian in Eq. (2.8) becomes
H =" hwgali + (Bebee + Eybgg) + 1Y gi(eq + 64e) (@, + ). (1.11)
k k
By using (E. — E,) = hw, and 6. + 6,4, = 1, the second term can be written as

1 1
Bebee + Bybgg = 5hwo(6cc — bg) + 5(Ee+ E,). (1.12)



The projectors |e)(el, |e)(g|, |g)(e|, and |g)(g|, and their combinations are the only
possible operators for our two-level atom. As usual, these operators are used in the form

of the Pauli operators

a3 = le) (e — |g) (9] (1.13)
oy = |e)(g| (1.14)
o- =lg)el, (1.15)

The first operator is a Hermitian operator while the second and the third constitutes
a Hermitian conjugate pair such that 6, = 61, and these operators satisfy the following

commutation relations:

(6_.64] = —6s (1.16)

(6,63 =26_. (1.17)

by = Gy = = : (1.18)

The 3 operator is the atomic inversion. The 6, and 6_ operators are the atomic
transition operators. The o operator takes the atom from the ground state to the excited
state whereas the ¢ takes the atom from the excited state to the ground state.

By using these operators and ignoring the constant energy term in Eq. (1.12), the

Hamiltonian in Eq. (1.11) can be rewritten as
. 1
_ S T LT Ty N s
H = gk Twoy.ay, + 2hw003 +h Ek gr(0+ +6-)(ar + ay,). (1.19)

The interaction part in the above equation contains four terms. The term o ay

corresponds to the case in which the atom makes a transition from the ground state to the



excited state whereas a photon of mode k is destroyed. The term o _ &J,L corresponds to the

opposite case. For these two cases, the energy is conserved. The term &+d,t corresponds
to the case in which the atom makes a transition from the ground state to the excited state
and a photon is created. In this situation, the system gains energy nearly equal to 2Aw. For
the term o _ay, the process is reversed, and the system loses energy, approximately equal
to 2hw. These two terms are the energy non-conserving terms. Then, dropping these
terms corresponds to the rotating-wave approximation (Irish (2007), Gerry and Knight

(2004)). So, the Hamiltonian in Eq. (1.19) becomes

.1
H = Sl + > hwpilin + 1Y g6 yan +alo-). (1.20)
k k

The interaction of a single two-level atom with a multi-mode field is described by

the Hamiltonian in eq. (1.20).
1.2. Interaction Pictures

In quantum mechanics, the dynamics of a system is examined by several equiv-
alent pictures, or descriptions. They are connected to each other by unitary transforma-
tions. Interaction pictures represent the descriptions between the Schrodinger and the
Heisenberg pictures. In the Heisenberg picture, the state is time independent and all the
dynamics are contained within the operators. On the other hand, the state evolves while
the operators are time independent in the Schrodinger picture. In some of the interaction
pictures which are called as the Schrodinger interaction pictures, the dynamics associated
with the free evolution is contained within the operators, while evolution arising from the
coupling is contained in the state, and vice versa for the pictures known as the Heisenberg
interaction pictures. (Barnett and Radmore (1997)).

The unitary transformations connect the Schrodinger interaction pictures to each
other. The expectation values of the observables must be independent of the picture in
which it is evaluated. For an operator A, for example, the expectation value in a state

1) is given by (¢|A[¢)). By the use of an unitary operator U, the transformation to a



Schrodinger interaction picture is attained. In this picture, while the state is

1) = UJw), (1.21)

the operator A becomes U AUT. Then, the invariance of the expectation value results from

Ut = U1, that is,

(W |UAU ) = (|UTTAUTU ) (1.22)
= (Y|UTTUAUU ) (1.23)
= (Y| Aj). (1.24)

In order to obtain the interaction picture Hamiltanian, we use the Schrodinger

equation

501¥)

&= A, (1.25)

and the condition that [¢;) obeys the transformed Schrodinger equation

a|¢1> = V). (1.26)

By substituting eq. (1.21) into eq. (1.26), we have
o O e
h UW>+UW = ihU ) + UH|p) = VU |¢). (1.27)

To obtain the above expression we have used eq. (1.25), and from this expression

the interaction picture Hamiltonian is

V= UHU' +ihUU". (1.28)



Now, as an example we transform the Hamiltonian
. 1 . L o .
H = Shunds + > hwpdlar + By gr(6yan +aloo). (1.29)
k k

This is the Hamiltonian that we obtain in the previous section, and we want to
transform it into a Schrédinger interaction picture in which the interaction picture Hamil-
tonian does not contain the free evolution term both for the atom and the field. In order to

achieve this we use the corresponding unitary transformation:
. 1 (1 ) At
U =exp {ﬁ <§ﬁw003 + zk: hwkazak> t} . (1.30)

By using the Baker-Hausdorf lemma: for any two operators A and B,

2

A Be=od = B 4 a[A, B] + %[A, 1A, B]] + ..., (1.31)

we can easily see that
UaUt = e+ (1.32)
U, Ut = 6, e, (1.33)

Now we write the corresponding interaction picture Hamiltonian as follows
V=0 g (amke—mkt + a25_emkt> , (1.34)
k

where A, = w;, — wy is the detuning between the atomic transition frequency and the k"
mode of the field.
If we consider, now, a Heisenberg interaction picture in which time dependence

arising from the coupling is carried by the operators, and for an operator A with no explicit



time dependence the equation of motion given by
V.4 (1.35)

In the above equation, V is obtained from eq. (1.28). As mentioned previously, the
time dependence is partly contained within the state, too. We will work in the Heisenberg

interaction picture later in the subsequent sections.
1.3. Wigner-Weisskopf Theory

For the case of an excited atom in free-space, there are infinitely many modes
that it couples. Due to the coupling to the modes, the atom spontaneously and irreversibly
decays to a lower energy level. In this case, the dynamics is well described by the Wigner-
Weisskopf theory (Stenholm and Suominen (1930)).

Here, we are aiming to solve for the evolution of the atom-field system which is

described by the Hamiltonian
A 1 R e L i
H = Ehwoag + Ek hwkalak +h Ek gr(Gray + aza_). (1.36)

It is convenient to work in the interaction picture. So, the corresponding Schrodinger

interaction picture Hamiltanian is given in eq. (1.34):
V=0 g (&mke*mkt n dz&,em’“t) . (1.37)
k

The initial state vector is

[¥(0)) = [e) ©10). (1.38)



Time evolution of the state vector is governed by the Schrédinger equation:

SOlY(t) -
ih=s =% = VI (1)). (1.39)

At time t > 0, the state vector can be written as
(1)) = Ca(t)]e) ®10) + > Ca(t)lg) @ |1i). (1.40)
k

By substituting the eqgs. (1.37) and (1.40) into eq. (1.39), we obtain the equations

of the motion for the probability amplitudes

Calt) =~ (el © (O) VIo(e)) = —i 3 gre 0 Ch()  (1.41)

Grlt) =~ ({g] ® (14l) V(1)) = —igee 0" Co(r). (142

By formally integrating the eq. (1.42), we have
t )
Ci(t) = —igy / e~ Hwkmwo)t gyl (1.43)
0

and putting this into eq. (1.41) will yield the following integro-differential equation
. t . /
@@:_Zﬁ/GMMWH@w_ (1.44)
k O

In the case of an excited atom interacting with a single free-space mode, the set
of coupled first-order differential equations for the amplitudes, under the assumption that
the coupling is weak, so that the initial state population changes very little, will be solved
by adopting a perturbative approach. This leads us to end up with the famous Fermi’s
Golden rule. However, an atom in free-space is an open quantum system in which the

atom couples to the continuum of modes. In this case, perturbation approach must be



abandoned. The dynamics is well described by Wigner-Weisskopf theory.

Here, we want to describe the evolution in free-space. The free-space can be imag-

ined to be a cubic cavity of side length L. Then, by taking the boundaries of the cavity

to infinity, the sum over a discrete set of modes becomes an integral over a continuum of

modes. By using the density of states concept, the number of modes can be counted. For

example, the number of modes in a volume d*k of k-space is given by D(l;)d:‘k: where

-

D(k) is the density of modes.

The quantization in a cubical box of side length L will impose periodic boundary

conditions. In the x-direction, for example, the plane waves must satisfy the condition

ezk’wa: _ ezk:l-(ac—‘,-L)7

and it follows that

2

k, = %ny, ny = 0,£1, £2,
P

b, = %n n, = 0,41, 42,

(1.45)

(1.46)

(1.47)

(1.48)

(1.49)

and a set of integers (n,,n,,n,) specifies a normal mode of the field apart from the

10



polarization. Then, the density of modes is

B 1mode B V

D(k) = T = @ (1.50)

Thus, the summation over the discrete modes can be replaced by an integral as

following
= /D(k)dSk:. (1.51)
k

In spherical coordinates, the volume element d*k becomes
&k = k*sinfdfdodk = k*dQdk, (1.52)

where d(? is the element of solid angle. By using the expression k = wy,/c the Eq.(1.44)

can be transformed into
— (JJQ
y = / D(k)c—gdfzkdwk = / D(wy ) dQedwy,, (1.53)
k

where D(wy) is the mode density in frequency in a shell of k-space of radius wy, /c. Thus,

in the continuum limit

00 t
Cg(t) = —/ dka(wk) (/ ko Zgz(k)) / dt,e_i(""k—w())(t_t,)Cg(t/>. (154)
0 P 0

The summation over u takes into account the different polarizations of the modes.

Thus, the polarization average is defined to be

- 1 [ M
g% (wy) = /koZgﬁ(k) =7 <2:"“/) /koZ (d.e,)?, (1.55)
H H

where

11



> (deep)? = sin®(6;) (). (1.56)

I

Now, we rewrite the eq. (2.44) as
. w t y /
Cy(t) = —/ dkaQ(wk)D(wk)/ dt' e~ @r=w0) =) O (1) (1.57)
0 0

In obtaining Eq. (1.57) we have assumed that the atomic dipole moment is point-
ing along the z-direction, and the angle between the wave-vector k and the dipole moment

is Qk
1.3.1. Wigner-Weisskopf (Born-Markov) Approximation

Other than the dipole and the rotating-wave approximations, we have made no
approximations, so far. Therefore, the eq. (1.57) is exact up to the dipole and the rotating-
wave approximations. A much more essential approximation will be introduced here. Be-
fore this, we give two fundamental assumptions that the approximation based on. Firstly,
we assume that the coupling is weak so that Cy(¢) varies much more slower than wy. The
other assumption is that the continuum is very broad, and changes very little in time scales
that contribute to the integral.

In eq. (1.57), the exponential factor oscillates very fast for all times ¢’ < ¢ due
to the broad continuum. Compared to these fast oscillations, Cy(t') varies very slowly.
Thus, the end-point value of the integral will dominate, where at ¢ = t. Therefore, we
replace C(t') by its value at t, that is Cy(¢). Since C5(t) is independent of the integral
variable, we take it out of the integral. Then, the only value of C at t contributes to the
evolution of C(t), it is independent of the whole history. Now, the eq. (1.57) can be

written as

00 t
Cz(t) ~ — |:/ dwng(wk)D(wk)/ dt’e—i(wk—wo)(t—t’) 02(75) (158)
0 0

12



Again by the same assumption that the continuum is broad so that the exponential
factor oscillates very fast compared to the variation of the probability amplitude, then the
value of the integral vanishes for ¢ >> t’. Therefore, we let the upper limit of the time

integral to go to infinity,

Colt) ~ — [ / " g (o) D) / N dTei(“’k‘”O)T} Co(t) (1.59)
0 0
~ — {/OO dwrg*(wi) D (wi ) (wy, — w)} Cy(t), (1.60)
0
where
= h T, 1.61
C(w) /0 e T ( )

However, this is not a convergent function. In order to ensure that the integral
over 7 converges, we multiply it by the convergence factor exp(—er), and take the limit

as € — 0T after evaluating the integral. Thus, the integral in eq. (1.61) becomes

= li e dr = i . 1.62
) = g [ ey = (.2
Seperating the real and imaginary parts of the function inside the limit yields
: € LW
Clw) = tim, Lu? T2 e (1.63)
By using the eq. (A.6) from the Appendix A, we have
1 P
lim - =7mé(w) —i—. (1.64)
e— 0 W + € w

13



Hence we have

P

Wr — Wo

Cy(t) = — UOOO dwi,g?(wi,) D (wp) (7r5(wk —w) — i )} Cy(t). (1.65)

‘We can write these as

r

Cy(t) = (—@'5 — 5) Cy(t), (1.66)

where 0 is the frequency shift in the atomic transition frequency arising from the coupling

to the continuum. The eq. (1.66) has the solution
Co(t) = e~ 2'e 0y (0). (1.67)
The absolute square of the probability amplitude is
|Co(t)]? = e M| Ca (1), (1.68)

where I' = 27g?(wy)D(wy) is the decay rate. From this equation it is seen that the
upper level population decays exponentially with the rate I'. In other words, the atom

spontaneously and irreversible emits radiation in to the continuum.
1.4. The Damped Two-Level Atom

In this section, we discuss the behaviour of a two-level atom with coupling to a
bath of harmonic oscillators (Foerster (1972)). In the case that the oscillators represent the
electromagnetic field modes, we notice that the damping mechanism represents the spon-
taneous emission. Due to the coupling to the bath of harmonic oscillators, initially pure
atomic state rapidly becomes mixed. There exist so many works that treat this problem
in the density operator approach due to the coupling to the bath. We treat this problem

in the Heisenberg picture since it provides to obtain equations of motion for the atomic

14



operators which are describing the dynamics of the atom (Barnett and Radmore (1997)).
The corresponding Hamiltonian describing a two-level atom coupled to the quantized

electromagnetic modes is
1 R YA
H= Z hwal ) + 5 hwnds(t) + nY gl (an(t) + af(t)o_(1)].  (1.69)
k

and the equal-time commutation relation for the field operators is [a(t), a'(t)] = 1. The
Hamiltanian written above is expressed in symmetric order so that the effects of the vac-
uum field as well as the radiated field on the dynamics are included. From this Hamilto-

nian we derive the interaction picture Hamiltanian. By imposing the unitary operator

A ) 1
U=exp {% <§hwo&3 + E MO&E&;@> t} , (1.70)
k

we end up with the following interaction picture Hamiltonian

where A; = wr — wp. Then, by using the Heisenberg equation of motion, we obtain the

equations of motion for the atom and the field operators:

= %{V, 6] = z’ngg(tm(t), (1.72)
o, = v 64] = —ngkak byt (1.73)
O3 = =20 > gelo(t)ar(t) — al(t)o_ (1)), (1.74)

k
(g = —i Ak (t) — igeo_(t), (1.75)
al = iAgal (t) + iguo (t). (1.76)

The excitations in the bath arising from its interaction with the atom are assumed

15



to be so small so that the state of the bath may be approximated by its initial state (Mol-
low and Miller (1969)). In order to describe the atomic dynamics, we need to obtain the

expectation values of the atomic operators. Thus, we start by formally integrating the eqs.

(1.75) and (1.76). We have:

t
ar(t) = e " ag(0) — igy / e Mg (th)dt (1.77)
0

t
al (t) = e tal (0) + ig / A= g (1)t (1.78)
0

Now we wiil put the eqs. (1.77) and (1.78) into eqgs. (1.72), (1.73), and (1.74) that

will yield the following expressions for the atomic operators:

G_(t) =1 gre P a5(t)a(0)

t

+ Zgz / e ARG (e () dt (1.79)
0

= —1 Zg eBrtg, T as(t)

+ng/ A= g (1G5 (t)dt (1.80)

t) = —2i Y {[gre "6 (t)ar(0)

t
—ig} / e~ MG ()6 ()] + h.c.}. (1.81)
0

The first terms in each above equation can be expressed in terms of the Langevin

operator
F(t)=—iY  gre “*a,(0), (1.82)
k
and its Hermitian conjugate
() =1 gee ™ al(0). (1.83)
k
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Then the Egs. (1.79) to (1.81) becomes

00 t
+/ QQ(Wk:)D<Wk)de/ e G ()61t
0 0

as(t) = 26, () F(t) + 2F (t)6_(t)

00 t
—2 / 92 (wr) D (wy,) dwy { / e =G (e () dt + hc.| .
0 0

(1.84)

(1.85)

(1.86)

(1.87)

(1.88)

(1.89)

Up to now our calculation has been exact, other than the dipole and the rotating

wave approximations. From now on we make the Born-Markov approximation, and we

derive the equations of motion in a more compact form.
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We start by rewriting the equations (1.87) to (1.89) as following

o_(t) = —a3()F(t) + /0 t dt' K (t —t")as(t)o_(t), (1.90)

o, (1) = —F1(t)65(t) + /t dUK*(t — )64 (t)65(), (1.91)
a3(t) = 26, () F(t) + 2F (t)o_(t)

t
—2 U dt'K(t —t)o, (t)o_(t') + h.c.|, (1.92)
0
where the kernel K (¢t — t') is given by
K(t—t)= / dwig? (wy)D(wy,)e "I w0) =) (1.93)
0

and it is the Fourier transform of the wy-dependent coupling constant, weighted by the
density of states. For example, the value of o depends on the values of ¢_ at all earlier
times. However, if the kernel is sharply peaked at ¢ = t then only values of ' close to ¢
contributes to the integral in (1.90). Because the density of states is very broad, and the
coupling varies slowly, the kernel will be sharply peaked at ¢ = ¢’. In other words, the
atom-field correlation time is very small. That is to say atom-vacuum correlations lose
memory. This is the Markov approximation. In the Markov approximation, we replace

the value of 6_ (') by its value at ¢’ = ¢. Thus, the integral in (1.90) becomes

/O LUKt — Y6516 (1) = 85()6_ (1) /0 WK — ) = (1) /0 LK (r). (1.94)

In the Markov approximation, the kernel K (7) is a sharply peaked function at
7 = 0. Thus, the integral in (1.94) must be independent of its upper limit 7 = ¢. For the
evaluation of the integral, the upper limit should be allowed to tend to infinity. In order to
satisfy the convergence of the integral, the convergence factor is inserted exp(—eT). After

the integration has been performed, we let the ¢ — 0. The integral in (1.94) becomes

o0

lim (/ gz(wk>D(wk)ei(wkwo)(tt/)dwk) dr

e— 0t 0

18



T A CALIC

e— OF Wk — wp) — 1€

dw, = I' + idw. (1.95)
(wr — wo)

= 7gi(wo) D(wo) — iP/

The coupling to the quantum electromagnetic vacuum gives rise to a term —I'6_ ()
and a shift in the frequency of atomic transition by dw. For convenience we set this fre-
quency shift to zero, and practically, this can be realized by moving to an interaction
picture in which the zero of energy is chosen to be the shifted energy.

Now consider the eq. (1.90). After making the Born-Markov approximation, it

becomes

o_(t) = =To_(t) — 63(t)F(1). (1.96)

The same goes for the eqs. (1.91) and (1.92), after the Markov approximation they

become

G4 (1) = =16, (t) — F1(1)33(t) (1.97)

os(t) = —2T [65(t) + 1] + 2FT(£)6_(t) 4 26, (1) F(t) (1.98)

Each of the equations in (1.96) to (1.98) consists of a damping term and a Langevin
term which is a multiplication of the Langevin operator (or the Hermitian conjugate of the
Langevin operator) by the atomic operators. The expectation values of the atomic opera-
tors give the properties of the atom at any given time. Therefore, its sufficient to obtain
the equations of motion for the expectation values of the atomic operators. However, due
to the multiplication of the Langevin operator by the atomic operators, the solution of the
equations of the motion is not possible because the atomic operators themselves depends
on the Langevin operator. That is, we do not know how to deal with the expectation
value of this product. The decorrelation of the product, for example, can be made, that

~

is (05(t)F(t)) ~ (63(t))(F(t). However, if the field is at finite temperature, the decorre-
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lation of the product will result to neglect the part of the influence of the field. In order
to solve this problem, we proceed by first formally integrating eqs. (1.96), (1.97), and
(1.98). This gives
t / .
G_(t)=eT6_(0) - / e P64 (¢ E(t)dt! (1.99)
0

t
6.(t) =e 6, (0) - / e T BT (G5t dt! (1.100)
0

(1.101)

and we continue by substituting these into (1.96) to (1.98) and then taking the expectation

value of each equation gives

t

(G- (8) = —T(6_ (1)) — 2 /0 o2 (—0)

< [ (VEW) @) + (FI ) E(tye (1) ar (1.102)
(G4(1)) = —T(64.(£)) — 2 /0 L)

< [FH O P )o-(0) + o (VT O P d 103,
(G5(8)) = 2T [(65(8)) + 1] — 2 Ot ()

< [CEI ()03 F (1) + (B o5V E@))] dr (1.104)

We can continue to repeat the above two steps which are formal integration and
back-substitution, and this leads to equations containing higher-order correlation func-
tions. The correlations functions represent the influence of the field, as modified by the
atom, in turn modifying the atomic dynamics. Since the influence of the atom on the
field is small, the higher-order corrections can be neglected by making the decorrela-
tion of the correlation functions at this stage. That is, we can approximate, for example,

~ A A ~

(o.(t")F(t')F(t)) by (6.(t'))(F(t)F(t)), and similar expressions for the other correla-
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tions functions. With this approximation, the equations of motion become

(1.105)

(1.106)

(1.107)

As it can be seen from the above equations, the influence of the field is given by

the correlation functions for the Langevin operators which are determined by the initial

state of the field.

For a thermal field, the correlation functions can be determined by using the fol-

lowing expectation values for the initial field operators at thermodynamic equilibrium:

(ax(0)) = (a}(0)) = 0
(ar(0)ar (0)) = (a}(0)aj, (0)) = 0
(@} (0)a (0)) = g0y
(@ (0)af, (0)) = (ng + 1)dp

Then the lowest order non-zero correlation functions are

<FT(t/)F(t)> = /g2(Wk)D(Wk-)n((JJk)€_i(wk_w0)(t_tl)dwk

(FOFN() = / 9% (@) D(wr) [A(wr) + 1] e 0Dy,

(1.108)
(1.109)
(1.110)

(1.111)

(1.112)

(1.113)

By substituting the eq. (1.112) into (1.105) to (1.107) and once more making the
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Markov approximation, we have

(G_(t)) = =T'[2a(0) 4 1] (6_(t)) (1.114)
(04()) = =T [20(0) + 1] (64 (¢)) (1.115)
(3(t)) = =20 {[27(0) + 1] (63(t))] + 1} (1.116)

From the above equations, it is clear that the rate of decay of the atomic dipole
is enhanced by a factor 272(0) + 1, where 7(0) is the mean occupation number of a field
mode with frequency equal to the shifted atomic transition frequency. At the state state it
can be seen from the solution of the equations that the atomic dipole moment is zero, that

is (6_(00)) = (6, (00)) = 0 and inversion (&5(c0)) = — [27(0) 4 1] .
1.5. Power Spectrum of Emitted Light

In this section, we relate the power spectrum of the emitted light by the atom with
the atomic two-time correlation function.
We start by writing the field annihilation operator a; which is obtained by formally

integrating the corresponding Heisenberg equation of motion, that is,
. t . ’
ap(t) = e a,(0) — igy / e~ t=g_(¢)dt', (1.117)
0

We interpret the first term as the contribution from the vacuum fluctuations. Even
in the absence of the atom, this term is present. On the other hand, the second term
represents the contribution coming from the atom, in other words the self-field of the
radiating atom. However, the Heisenberg field operator may be found by substituting the
above annihilation operator into the electric field operator (Mollow (1969)). The positive

frequency component of the electric field operator is

1/2
E'(r,t) = > ( o ) epay(t)e™, (1.118)
k
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and by substituting a(t) given in eq. (1.117), we obtain

+ hwk 1/2
E t) = e’ kr=wh 1.119
vac(r’ ) zk: (2€0V> €pare ( )
2
~ + wO N T
E t) = — d _(t——-). 1.120
s (I', ) 2y ((ek X ) X ek) g ( C) ( )

The summation of these two terms gives the total field. By the assumption that the
field is unexcited initially, for both of the vacuum and the thermal fields, the contribution
coming from the eq. (1.119) goes to zero. Thus, we only consider the source field which is

given by (1.120). The spectral intensity of the emitted light per unit solid angle is given by

dl(w) er? [~ . o+ -
= — “T(E E . 1.121
dO {72 /_ dre"™(E (r,0)E (r,t+7)), ( )

[e.o]

By substituting eq. (1.120) into the eq. (1.121), one can find

dl 4
d(;;) = groal (& X d) x e S(w), (1.122)
where
S(w) = / dre= 7 (6, (v + 1) (1))s. (1123)

In obtaning the eq. (1.123), it is assumed that the correlation function depends
only on 7 in steady state.

The correlation function in eq. (1.123) can be obtained by using the quantum
regression theorem which the two time expectation values to expectations evaluated at a

single time (Breuer and Petruccione (1985)). We can write the equation of motion for the
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two-time correlation function by using the eq. (1.96) which gives

%(&r(t +7)o-(t) = —T(64(t + 7)5-(1))

— (FT(t +7)63(t +7)6_(1)). (1.124)

From the eq. (1.101), we insert the expression for o3(t + 7) into the last term of

the eq. (1.124) and then we obtain

<FT(2§ +7)o3(t+71)0_(1) = 2<FT<t +7) (/Ot+7 2D (Tt

X [a—+<t')ﬁ(t')+Ff(t/)&_(t')} dt’> G_(1).  (1.125)

In obtaining the eq. (1.125), the fact that 5_(¢) depends on the Langevin operator

for times prior to t has been employed. That is,
(Ft(t 4 7)63(0)6_(1)) = (FT(t +1)6_(t)) = 0. (1.126)

By making the Born-Markov approximation in (1.125), for a thermal field it be-
comes

(FT(t 4 7)63(t +7)6_(t)) = 207(0) (64 (t + T)5_(t)) (1.127)

Now, we substitute eq. (1.127) into eq. (1.124) which yields

diT<&+(t +7)o_(t)) = —I'[2n(0) + 1] (6 (t + 7)o _(?)), (1.128)

and by solving this equation, we have
(6, (t+7)5_(t)) = e TEPOHIT (5 ()6 _(1)). (1.129)

The steady state value of (G, (t)6_(t)) is n(0)/(2n(0) + 1). We put the steady
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state value of it into eq. (1.129), which gives
<5’+(t + 7_)6__ (t)> _ 6—1“[27‘1(0)4-1]7

(1.130)

By putting eq. (1.130) into eq. (1.123), we obtain the following expression

~ 20(0) 1
W) = Fo) + 1w TR0 £ 1 (1.I31)
The normalized spectrum is
S(w) = 2n(0) + 1] T'/= (1.132)

Q2412 20(0) + 1%

In Fig. 1.1, we plot the normalized spectrum of the light emitted by the atom interacting
with the surrounding broad-band field. The spectrum corresponds to the spontaneous
emission from a two-level atom. It is a Lorentzian centered at the atomic transition and

has a width which depends on the temperature of the surronding field.

35

Figure 1.1. Spectrum of the emitted light by an atom interacting with broad-band ther-
mal field with 2(0) = 0 (blue curve), 7(0) = 1 (red curve), and (0) = 5

(orange curve).
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CHAPTER 2

SPONTANEOUS EMISSION FROM A THREE-LEVEL
ATOM

2.1. Theory

Consider a three-level atom with two upper levels. In the Dirac notation, the upper
levels are labelled by |3) and |2), and the lower level is by |1). The level |3) has higher
energy than |2).

Figure 2.1. Representative scheme of the atomic model considered in this chapter. It
represents a three-level atom in V-type configuration in which the two up-
per levels are coupled by the same vacuum modes to the lower level, re-
spectively. The energy of the level |3) is higher than the energy of the level
|2) by hd.

The same vacuum modes couples the two upper levels to the lower level. In the
dipole and the rotating-wave approximations, the Schrodinger picture Hamiltonian de-
scribing the atom-field system consists of the two terms. The first one corresponds to the

free-evolution of the atom and the field in the absence of interaction. The second term is
26



called as the interaction Hamiltonian, and comes into play in the presence of interaction.
That is,
H=Hy,+ Hy, (2.1)

and each term is given by the following expressions

Hy = huwn [2)(2] + hws[3)(3] + Y  hwydfi (2.2)
k
Hy = 1Y gea a2 (1] +af 1) 2]
k

O ORIERHINE] (2.3)
k

where H( contains the free-atom and the free-field Hamiltonians.From the free-field Hamil-
tonian zero-point energy term has been omitted since it does not contribute to the dynam-
ics of the system. The term H; is the energy of the interaction between the atom and the
modes of the universe in the vacuum state. For convenience we work in the interaction
picture. The Schrodinger interaction picture Hamiltonian describing the system consists

of the atom and the vacuum modes is

V=nh Z 91(3) [612ae" > k) 4 &21&;];6*i(“21*”k)t}
k

+ hz 91(63) [mgdkei(wm—wk)t + (}Sldze—i(w:n—wk)t]’ (2.4)
k

where the frequency difference between the states |2), |3) and |1) are wy; and ws;, re-
spectively. The creation (annihilation) operators for the k" vacuum mode of frequency
wy, 18 dlz (ax), and k stands both for the polarization and the momentum of the modes of
the vacuum. Here, g,(f’g) are the coupling constants between the k' mode of the vacuum
and the atomic transitions from the states |3) and |2) to |1), and they are assumed to be

real. The interaction Hamiltonian is responsible for the spontaneous emission of the atom

initially in the upper levels. The initial state of the atom-field system can be written as

¥(0)) = a(0)[2)[0) + 5(0)[3)]0)- (2.5)
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The time evolution of the state vector is given by the Schrédinger equation

. d
i (1) = Vv (o).

The state vector at time t is

[(1)) = a(t)2)[0) + B(H)I3)]0) + D e (t)aL|0)|1).
k
By substituting the Egs. (2.7) and (2.4) into Eq. (2.6), we can obtain

d - 2 1(wo1 —w
aa(t) = —1 zk:gl(e )'7k(t)€ (wo1—wp )t
d , 3) (w31 )t
—B(t) = —z;gk i (t)el e
d )

(t) = —igla(t)em et — gl p(pemin ),

By formally integrating Eq.(2.10), we obtain

t
’Yk(t) = _Zg](,v.?)/ a(t,)e_i(w21_wk)t/dt,
0

t
—’Lg](f)/ 6(t/)6_i(w31_wk)t/dt/.
0

Substituting Eq. (2.11) into Egs. (2.8) and (2.9), we have

d t 4 /
_Oz<t) = — Z 9132 / Oé(t/)ez(wmiwk)(t*t )dt/
dt - .
¢ ‘ |
- Z 9k29k3 / /B(t/)e_z(‘%l—wk)tez(wgl—wk)tdt/
k 0
d , [t o
L0 = =St [ ety
k 0

- Z Jrk2dk3 / Oé(t/)e_i(“’Zl—Wk)tlei(wﬂ—wk)tdt/'
k

t
0

(2.6)

2.7)

(2.8)

(2.9)

(2.10)

(2.11)

(2.12)

(2.13)
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By making the Born-Markov approximation in the continuum limit, we obtain

Calt) = —alt) ~ P2 B(0) 2.14)
d T vy |
B = = B(t) - p—a(t)e™ (2.15)
dy, .d
p= m = cos(f) (2.16)
(2) ?
Ty =27 [gk (wm)} D(ws1) (2.17)
_ (3) ?
Ty = 27 [gk (w31)} D(ws) (2.18)
1
O = Wi — 3 (w3 + ws) (2.19)

where 0 is the difference between the frequencies of the upper levels. In obtaining the
eqs. (2.14) and (2.15), it has been assumed that the ¢ is much more smaller than the
frequencies of the upper levels wo; and w3y, thatis § << wsy, ws1. Also, we have assumed
that the dipole moments of the two transitions are parallel to each other.

By making the transformations

at) = a(t)e* (2.20)
B(t) = Bt)e ™, (221)

a0 == (3 +i3) ato - Y250 )
G0 == (3 -i3) 50 - Y a0, .23

We write this system of coupled linear differential equations in the equivalent

vector-matrix form as

= , (2.24)
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where

r, 6

A==2442 2.25
5 +22 ( )

p_is_.0 (2.26)
2 9

=2 I;QF?’. (2.27)

We propose an exponential solution in the vector-matrix form to the system of

differential equations in (2.20). Therefore, our ansatz is

v(t) = vet = Nt (2.28)

By putting this equation into (2.20), we obtain the following eigenvalue equation

(D — XTIy =0. (2.29)

The eigenvalues are

—(A+B)+/(A+B)?—4(AB —1?)

)\172 — 2 5 (230)
and we found the corresponding eigenvectors as
! ! 2.31
U1 = AN , U2 = A . ( . )
r T
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Then, we obtain the solution for a(t) and 5(t) as

a(t) _ [Cleslt + 02652t:| 6_%t (232)
9 o Tg
£ = — C1 St + 0y Spe] e (94! 2.33
0 == Irr s s -
where

¢, — 0)S2+0.5VT5T46(0) (2.34)

52 - Sl
o a(0)S; 4 0.5y/TI'38(0) (2.35)

S1 - 52
Sy — % (A £ VTl (2.36)

1

A= 3 (Fy —T's) 4 id. (2.37)

2.2. Evolution of the Upper-Level Populations

In the previous section, we have derived probability amplitudes for the upper two
states in a general form. From eqs. (2.28) and (2.29), the populations of the upper levels
can be obtained which are given by |a(#)|? and |3(¢)|?, respectively.

For the case of § # 0, the upper-level populations go towards to zero in the long
time limit. For example, if we consider the case in which § >> I'y, 'y, the exponential
factors of the last terms of eqs. (2.14) and (2.15) can be ignored. Then, the equations
leads to the exponentially decaying populations. On the other side, for the case of § <<
0.5 (I'y +I'g), it is shown in the Appendix-B that the real parts of S; — 0.5v; (i,j=1,2) are
negative. When we evaluate the upper level population for the latter case, we also end-up
with the exponentially decaying population.

In Fig. 2.2, we plot the upper level populations. The level |2) is initially empty.

However, as time evolves, its population firstly increases and then tends to zero. On the

other hand, the population of the level |3) tediously decreases to zero. Because the two
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decay channels interfere so that the initially empty level increases before tending to zero

(Zhu et al. (1995)).

0.9 P33 .
P22
0.8 i

0.7+ b

0.6 4

05 7

0.4+ b

0.3 b

0.2 i

0.1 b

Figure 2.2. Upper level populations in time. Initially populated state is |3), and its
population ps3 (red curve) tediously tends to zero. The population of the
level |2), pao (black curve), which is initially empty first increases due to
the transferred population from level |3), and then tends to zero. (6 = I'3

and FQ = O5F3)

We also plot the population of the initially empty level |2) for some small values
of 0. For all values of d, population reaches a maximum value a little less than 0.25. These
results are shown in Fig. 2.3 For example, for 6 = 0.11'3, the maximum value is 0.244. It
is also seen that as delta increases the maximum value of the population of the level |2)
decreases.

The population in the initially empty level |2) oscillates in time for some situa-
tions. These oscillations tends to zero after several cycles. On the other hand, the popu-
lation in the other upper level, level |3), is also oscillates. In Fig. 2.4 the population of
the upper level |2) is plotted for § = 5I'3 and I'3 = T'y, it shows the oscillations of the

population.
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0.1

Figure 2.3. Maximum value of temporary population in level |2) for three different
values of 9, 6 = 0.1I'5 (blue curve), d = 0.21'5 (red curve), and § = 0.31'3

(orange curve) (I's = I'y).

0.025

0.015 b

Poo

0.005 - b

Figure 2.4. Illustration of the oscillation of the population in level |2) (6 = 5I'5 and
Iy =1'%).

33



In order to see the dependence of the total population of the two upper levels to
their frequency shift §, we plot the total upper level populations as a function of time for
different delta ¢ values with the same I'3 and I's values. Results are presented in the fol-

lowing figure. As seen in Fig. 2.5 the total population decay is not an exponential decay.

0.9 —0=0.1T,
—15=0.51“3

0=2T'y

T
0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5

Figure 2.5. Total upper level population in time for a few different values of 0. 6 =
0.1'5 (blue curve), 6 = 0.5I'3 (red curve), and 6 = 2I'3 (orange curve)
(I's = T'y).

So far we have dealt with the non-zero frequency shift case (i.e. § # 0). Now, we

examine the case for 6 = 0. In this case, the eqs. for the probability amplitudes become

a(t) = Oy + Chete 25 (2.38)
o\ L2 T\ 12 .
B(t) = — (F—Q) Ch + <F—3) CpeSote— 252 (2.39)
3 2

If C; is not zero, upper level populations may not completely decay. In other

words, some of the upper level populations may be trapped.
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2.3. Power Spectrum of Emitted Light

The spectrum of the spontaneously emitted light by the atom is the Fourier trans-

form of the following field correlation function (Narducci et al. (1990)):

(B (t+1E () imoe = 1) Y 0hO)b(O)“ e 0 (1)) e (2.40)

kK’

By substituting the eq. (2.7) into (2.40), one can show that the spectrum is pro-

portional to |y (co)|?, where |y (c0)] is given by:

1 (00) = g0y (1 —28,/Ty) g Cy (1 28,/Ty)

- 2.41
Sy —0.505 — i(0.50 — 0) S — 0.50'5 — i(0.56 — &) 24D

where 0y, is the detuning between the vacuum mode and the central frequency (from the

middle point of the two upper levels to the lower level, as depicted in Fig. 2.6).

|3)  cm—

5/2
I 5/2
1 ——— ]2>
Iy %
B Y
PR

Figure 2.6. Schematic representation of the three-level atom considered in this section.
The dashed black line is located at the middle of the energy difference of

the upper levels. (6, = wy, — 3 (w3 — w2)) .
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One can obtain the spectrum by taking the absolute square of the eq. (2.41):
S(wi) oc [k (00) . (2.42)

The spectrum of the spontaneously emitted light in the case of a two-level atom
is a Lorentzian (Auffeves et al. (2008)) with a peak located at the atomic transition fre-
quency. For the three-level atom, the population of the initially occupied level (level
|3)) partially passes to the other level (level |2)). Due to the transferred population, the
spectrum of the light for the three-level atom case is expected to be different from the
two-level atom case. As the time evolves, the population in level |2) eventually decay to
the lower level. Therefore, a major difference between the two types of spectrum, is the
frequency components at the transition frequency from level |2) to |1). In Fig. 2.7, we
plot the spontaneous emission spectrum for both the two-level atom and the three-level
atom. It is easily seen that the weight of the transitions between level |2) and |1) is larger
for the three-level atom case.

If the spectrum of the emitted light by the three-level atom is just the addition
of the two spontaneous decay processes, it can be said that the spectrum consists of two
peaks located at the two transition frequencies. However, the spectrum does not consist of
the two-peaks located at the transition frequencies from the levels |2) and |3) to the level
|1). Therefore, due to the strong interference between the two decay channels, the spec-
trum of the spontaneous emission from a three-level atom is not a two-peak distribution
(Lietal. (2010)). In Fig. 2.7, it can be seen that the spectrum of the three-level atom (blue
curve in Fig. 2.7) contains a dark line (Fano (1961), Zhu et al. (1995)). Indeed, one can
show that v (00) = 0 when the frequency of the emitted light wy, is equal to the transition
frequency from level |2) to |1), while the initially populated state is level |3).

Let us assume that the atom is initially in level |3), and we want to evaluate By, (00)

at wy = wy in this case o = —0.59. By substituting 6 = —0.50 into Eq. (2.41), we obtain

T(00) = gV (1 =28, /Ts) gV Cy (1 —25,/T5)
S —0.50'3 — i Sy — 0.5I'3 — i

: (2.43)

and by using the following relations 515y = —['3I'y/4 and S + Sy = 0.5 (I's — I'y) + id
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the Eq. (2.43) can be written as following:

_ 49121)0151 (-SQ — 05F2) /Fgrg
S; —0.503 — 6

+ 49,(:)(]252 (—Sl — 05F2) /Fgrg
Sy —0.5I's —id

_ 49, ($1C1 + $:C5)
IR

Vi (0)

. (2.44)

By inserting the initial conditions, «(0) = 1 and 5(0) = 0, into the Eqgs. (2.34)
and (2.35), one can see that S;C} + S3Cy = 0 which yields 7, (oc0) = 0. This tells us that

at wy = wo a dark line appears in the spectrum.

6=0.6I;and ', =0.1I,
4.5 T T T T T

—Three-Level
—Two-Level [

Figure 2.7. Spectrum of the light emitted spontaneously by a three-level atom (blue
curve) for 6 = 0.6I's, and I'y = 0.1I'3, and by a two-level atom (red curve)

with decay rate I's.

The decay rate of the initially empty level, in our case the level |2), determines the
width of the dark line. Thus, for an atom initially in the state |3) with the same I'3 and §

but different I', the spontaneous emission spectrum is plotted in Fig. 2.8. It is obvious
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that as the decay rate of the initially empty level increases the width of the dark line also
increases. If one of the decay rates '3 or I's tends to zero the dark line will be narrower

and narrower, and the spectrum becomes a Lorentzian.

Figure 2.8. Dependence of the width of the dark line in the spontaneous emission spec-
trum of a three-level atom to the decay rate I';. 6 = '3, and ['ys = 0.5I'3 (

blue curve ), I'y, = 0.05I'5 ( red curve).

As we mentioned previously that the decay rate of the corresponding upper level
transition determines the width of the dark line. As the decay rate of the level increases,
the width of the dark line increases too. In the previous example, we consider a decay rate
for level |2), the state that determines the dark line width, so that the ratio I's/I's much
more smaller than 1. This is because to see a clear dark line. Instead, if we choose I'y of
the same order or even larger than I's, the dark line width will be big enough to narrow
the spectrum. In Fig. 2.9, the spectrum is plotted for three different values of the ratio
I'y/T'3, and it is seen that as the ratio increases the width of the dark line increases at the
same time the width of the spectrum becomes narrower as the ratio increases.

So far, we have assumed that the initially only one of the upper level is populated.
In order to make a more comprehensive analysis, we present in Fig. 2.10, the results for

some initial conditions corresponding an atom in a superposition of the upper-levels.
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03 05 07 09 141 13 15

Figure 2.9. Narrowing of the spectrum by increasing the ratio I'y/T';. Blue curve
(I'y/T'3 = 0.01), red curve (I'y/I'3 = 0.5), orange curve (I'y/T's = 2), and
0="T%5.

Figure 2.10. Spectrum of the emitted light for three different initial conditions: a/(0) =
1,8(0) = 0 (blue curve), «(0) = 0.55(0) (red curve), and «(0) = 5(0)
(orange curve). (§ = 2I'3, 'y = T'3).
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CHAPTER 3

FLUORESCENCE SPECTRUM OF A TWO-LEVEL ATOM

In this chapter, we aim to evaluate the spectrum of the light that is scattered by
a two-level atom driven by a monochramatic classical field. Here we have assumed an
isolated atom that is constant in position. Thus, the relaxation of the atom to equilib-
rium with the driving field results from the coupling between the atom and the quantized
electromagnetic modes into which the atom radiates (Mollow and Miller (1969)).

In this model, the contribution of the inelastically scattered light to the spectrum
is shown. The source of the inelastic contribution is the alteration of the atomic energy
levels by the driving field. However, in the weak driving limit case, the elastic component
substantially dominates. The inelastic contribution appears as the driving field intensity
increases. When the Rabi frequency (2 becomes comparable to the atomic decay rate,
the inelastic components contribute significantly. In the limit that 2 >> T, the inelastic
components dominates over the elastic component. The spectrum has three peaks centred
at the frequency w of the driving field, and at the frequencies w + €2 of the displaced
frequency of the field. The widths of these peaks are proportional to the atomic decay rate
I'. This spectrum famously known as the Mollow triplet which is theoretically described
first by the B. R. Mollow in 1969 (Mollow (1969)). The Mollow triplet first observed in

atomic beams.

3.1. Equations of Motion

In this case, we consider the model in which a two-level atom driven by a monochro-

matic classical field of the form

E(t) = Egcos(wt), (3.1)
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which oscillates near resonance with one of the atomic transition frequencies. In the
dipole and the rotating-wave approximations, the coupling between the atom and the driv-

ing field is

H; = —d.E(t) (3.2)
= —d.E) (6, + 6_) cos(wt) (3.3)
_ _d2 0 (5_+e—zwt + é__ezwt) ’ (3.4)

and the Heisenberg picture Hamiltonian describing the system is given by

A 1 R R ~
H = ihwoag(t) + g hural (t)ag(t)

+h Z g0+ (B an(t) +ap(t)o_ ()] + — [6:(H)e ™" + 6_(1)e™"] . (3.5)

Frequency of the
Driving Field

Rabi
Frequency |2)
Q, w I
VW “o

; )

Figure 3.1. Schematic representation of the driven two-level atom. |2) corresponds to
the state with higher energy, and wy is the frequency difference between
the states |2) and |1). € is the Rabi frequency (represents the frequency of
the induced transitions) of the external driving field. w is the frequency of

the incident field.

Since, in the Heisenberg picture, the operators are time dependent (Sakurai and
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Tuan (1994)), we write all the operators in the Hamiltonian in Eq. (3.5) in time dependent
form. The g, is the coupling strength, and (2 is the Rabi frequency, and they are given by

the following expressions

B \ /2
gr = —d.e; (260"}) (3.6)
dE
0= _TO' (3.7)

In order to get ride of the time dependent exponential factors in the last term of
the above Hamiltonian, the transformation with U = exrp (i%tO’g) into an interaction
picture introduces the time dependence exp(iwt) in the third expression. To cancel this
time dependence, a further transformation with U = exp (z’wt >k dzdk> is made. The

resulting Hamiltonian for this system is

V= %hA&g(t) + ) hARaL()a(t)
k
+ 0 gelos (B)a(t) + al (e (8)] + = [64.(1) + 6 ()], (3.8)
k
where A = wy —w and A, = w, — w.

We proceed by writing the Heisenberg equations of motion for the atomic and the

field operators. These are

G_ = —iN6_(t) +1i Yy hgpin(t)ds(t) + i%&g(t) (3.9)
k
Gy =106 (t) — i Y hgpal(t)os(t) — i%&g(i) (3.10)
k
265 = iy g |ax(V)F+ (1) — af (5 (1)] — 2 [F4(2) + 6 (1) (3.11)
k
ap = —iDNpag(t) — iged_(t) (3.12)
al = iAgal(t) + igpoy (). (3.13)
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Now, formally integrating the eqs. (3.12) and (3.13), we have

t
ap(t) = e (0) — igy / dt'em A5 (1) (3.14)
0

t
al(t) = e™al (0) + igy / dt' e+ g (1) (3.15)
0

and putting into (3.9) to (3.11) and making the Markov approximation will give the fol-

lowing Langevin equations

o= — (g + iA) G_(t) — o5()F(t) + i%ag(t) (3.16)
by = — (g _ m) 6o () — B (t)6s(t) — i%ag(t) (3.17)
Gy = 2 [[7+(t)f7(t) + Fh(t)e_ (t)] (3.18)

—TDos(t) + 1] +iQ[o_(t) — o4 (t)] (3.19)

At this stage, we take the expectation values of the above operators. As mentioned
previously in section 1.4, the decorrelation of the expectation values of the terms that
include the multiplication of the atomic operator with the Langevin operator will throw
away the influence of the temperature. However, we assume here that the temperature is
zero so that we can decorrelate these terms which are exactly equal to zero. Thus, we

obtain the equations of motion for the expectation values of the atomic operators as

(60 = (= —i8) (o) + 15 (oult) (3:20)
(6.) = (—g n z’A) (64(0) — i (o3(0) (321)
(63) = T [(35(6)) + 1] + 2 [0 (1)) — (o1 (D). (3:22)
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By using the relations

0, = % (64 +i6y) (3.23)
b= 5 (6e ity (3.24)
we can write
d . . r,. . R R
E(Ux(t +7)o_(t)) = —§<ox(t +71)o_(t)) — A(G,(t+T1)6-(t)) (3.25)
d . . r . R
(6t + )6 (1) = —5 {6, (t + )6 (1)
+ A6, (t+ T)o_(t)) — Qas(t +71)o_(1)) (3.26)

%(63@ +7)0- (1) = T [(a3(t + 7)o (1)) + (6-(2))]

+ 06, (t+7)F_(t)). (3.27)

The above system of equations are called as the optical Bloch equations, and can

be represented in the vector-matrix form as

L -A 0
iCﬁ*(f)z A L _ql () +a, (3.28)
dr 2
0 Q -T
where
(G2(t+T7)5_(1)) 0
)= [(a,(t+ o) |, d=-T| o |. (3.29)

According to the assumption that the two-time correlation functions only depend

on the 7 at long times (Barnett and Radmore (1997)), we take 7 = 0. Therefore, this gives
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the steady state values of the correlation functions as the initial conditions to the above

system of differential equations. That is, at long times we have

(G2(t+7)6_ (1)) (64(00)6_(00))
(Gy(t+7)6_ (1) | =2 | (6,(00)6_(00)) | - (3.30)
(Gt +7)6_(t) (65(00) G (1)

(02(00)6-(00)) 5({03(00)) +1)
(6y(00)5-(00)) | = |5 ({F3(00)) + 1) | - (3.3D)
(03(00)6-(00)) —(6-(00))

As t — oo, the rate of change of the expectation values of the atomic operators is

zero, then the egs. (3.18) to (3.20) becomes

0— <—g - m) (& (00)) +i%<03(oo)> (332)
0= (—g + Z'A) (64(00)) — i%<0’3(0®)> (3.33)
0= —I"[{g3(00)) + 1] +iQ [(0-(0)) — (04 (c0))]. (3.34)

We solve these equations for (d3(00)) and (_(00)), these are found to be

—iQ (5 —iA)
5 =2 =J 3.35
6= = G B (335)
“I?2 A2
5 =2 = 3.36
63l = e (336)

Up to now, we write all the equations for non-zero detuning case (i.e. A # 0). The
analitical solution for this case is not included in this study. Instead, we present numerical
solution for the case of non-zero detuning at the end of the next section. However, we

solved the problem analitically for A = 0.
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3.2. Resonance Fluorescence

The emission of a resonantly excited two-level atom is known as the resonance
fluorescence (Flagg et al. (2009), Field et al. (1975)). For the dressed atom description
of the resonance fluorescence, the following reference might be useful (Cohen-Tannoudji
and Reynaud (1977)).

We start by rewriting the optical Bloch equations which are written in the vector-

matrix form, previously. In this case, for A = 0, we have

-5 0 0
d 4 Gy -
0o Q -r

The solution to this system of non-homogeneous first order differential equations

have a form given by the following expression

)+ a, (3.38)

3
C(r) = Z cieNT
i=1

where \; and \);) are the eigenvalues and the eigenvectors of the coefficient matrix, re-
spectively. ¢;’s are the constants need to be determined from the initial conditions which

are given by

(6,(00)5_(00)) | = | 5((63(00)) + 1) | - (3.39)

Here we have to write the expressions in eqs. (3.35) and (3.36) for the case of zero
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detuning (i.e. A = 0). They are

—i0L
(- (00)) = QQZT’% (3.40)
12
(03(0)) = i = (3.41)

Lastly, the vector @ is the particular solution given by

a=—A"ta,, (3.42)

where A~! is the inverse of the coefficient matrix. Then, the above expression becomes

0

G=T(6_(1) | =2 | - (3.43)

_-r
24202

The eigenvalues of the coefficient matrix are found to be

M=—3 (3.44)
1
Aog = —Zr = VI 1607, (3.45)

and the corresponding eigenvectors are

1 0 0
771 = |0 ) 172 - % 7173 - % . (346)
0 1 1

Now, we have to determine the constants ¢;’s by imposing the initial conditions.

Let us start by writing the solution in an explicit form by also invoking the initial condi-
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tions as

3({03(00)) +1) 1 0 0 0
S((F3(00)) +1)| =1 [0f +ea | 2| 4oy |2 4 | 22EAL | (3.47)
~ i3
_<U—<OO)> 0 1 1 (F2£232)2

The above relation leads to the following system of equations

[(G3(00)) +1] =1 (3.48)

Do+D)  (g+D) 200202
- 3.4
S T T
i

(T2 4+ 202)*

N | = DN —

[(03(00)) +1] = ¢z

—<5'_(OO)> =Cy+Cc3+ (350)

By solving the egs. (3.49) and (3.50), we obtain the following expressions for ¢y

and c3:

i [DVT2 — 1692 + 17 — 40°]

C2 (T2 + 202)° VT2 = 1602 (3.51)
i [[VI2 — 1602 — I'? + 402
c3 = R 292)2 Nt (3.52)
Now,one can write the solution as following:
(02(t + 7)o (1))
C(r) = (&t +7)o-(1))
(os(t + 7)o (1))
1 0 0 0
= 1M 0| + e /\2T+F + 37 /\3T+F + F%‘Q;% . (3.53)
: ! W EEer

By considering the relation in eq. (3.23), the two-time correlation function in the
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steady-state can be written as
(ot 4+ )0 (1))s = ot + (s + 2 (ot + o0 (3.54)

the subscript s is used to indicate the steady-state values, where (o, (t + 7)o _(t)) is given
by the first row of the C(7) and (oy(t 4+ 7)o_(t)) is by the second row. By inserting the
corresponding expressions into the (3.54), we can obtain the two-time correlation function

in the limit as ¢ — oo, which is

(o4 (t+ 7)o (£))s = %cle’\”
N % {Czem (Ao 5 D) | onor s ; D, (rffzzs?;f } . (3.55)
and then taking the Fourier transform of the two-time correlation function:
S(w) =2Re /Ooo<a+(t + 7)o (t))se “dr, (3.56)
one can find the resonance fluorescence spectrum as
Sw) = ?gg?;i(;;g i 2(Q2 + ZII‘;())EW + 4w?) fe i Z% (3.57)

The first term corresponds to the elastically scattered light which is centred on
the atomic transition frequency in the case of resonance fluorescence. In Fig. 3.2, the
contribution due to the other two terms is plotted. These correspond to the inelastic con-
tributions. We plot the spectrum as a function of w/I" and the results shown are for the
three distinct values of the Rabi frequency, for 2 = I', 3I', and 9I'. For small values of
coupling strength, a single peak dominates as seen in the figure. As the Rabi frequency
() increases, further two peaks slowly appear. For the large values of (), three nearly
Lorentzian peaks show up. One of them is located at w = 0, and the symmetrically

separated further two peaks are located at w = £).
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Figure 3.2. Resonance fluorescence spectrum of a two-level atom (A = 0). Weak cou-
pling case: 2 = I' (blue curve). Intermediate coupling case: {2 = 31" (red

curve). Strong coupling case: {2 = 9I' (orange curve).

3.3. Discussion and Results

In the last part of the previous section, the spectrum for the resonance case have
been discussed. Now, we treat the problem by also including the weak coupling and the
non-resonant cases. As we mentioned previously, for small values of the coupling strength
(i.e. for values that are comparable to the decay rate 1), we observe a single peak located
at the atomic transition frequency, and as the coupling strength is increased side-bands
begin to appear. In the following, the spectrum is plotted for different detuning A values
for the case of weak coupling, i.e. {2 = 0.1[', and for 2 = I", 5T".

In Fig. 3.3, we plot the spectrum for {2 = 0.1I" which corresponds to the weak
coupling case. While keeping the coupling strength () constant, we change the detuning
A in order to see the behaviour in the non-resonant excitation case. As it is expected, for
A = 0, the central peak dominates over the side-bands. The side-bands do not emerge
in this case. As we increase the detuning, the central peak begins to shrink and at some

value splits into two peaks. In our plot, this splitting is more noticeable for A = 0.61".
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— A=0

Figure 3.3. Fluorescence spectrum of a two-level system in the case of weak coupling

and non-resonant excitation (2 = 0.1I").

In the previous figure, Fig. 3.3, we considered the weak coupling case. Now,
we plot, in Fig. 3.4, the spectrum for {2 = I'. As the coupling strength is increased,
the contribution from the side-bands becomes apparent. After all, we do not see the
contributions of the side-bands in the resonant excitation case. However, as the detuning
is increased, the side-bands emerge. For A = (0.5, it can be seen that the curve tends to
show the side-bands. At the same time, the central peak is suppressed as in Fig. 3.3. For
example, for A = 2I" the central peak is mostly suppressed, and the contributions of the
side-peaks dominate.

In Fig. 3.5, we show a Mollow triplet series plotted for a constant excitation
power (i.e. {2 = 5I") with the variation of laser detuning A. As seen in Fig. 3.5, the side-
bands always remain spectrally symmetric with respect to the center. The Rabi splitting

increases with increasing detuning A (Ulhagq et al. (2012)).
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Figure 3.4. Fluorescence spectrum of a two-level atom for non-resonant and resonant

cases (2 =1T).

Figure 3.5. Fluorescence spectrum for a two-level atom in the strong coupling regime
(Q = 5I'), for the resonant A = 0, and off-resonant A # 0 cases.

52



CHAPTER 4

CONCLUSIONS

In the first part of this thesis, the spontaneous emission from a three-level atom
with two-upper levels have investigated. The comparison to its counterpart of two-level
atom is also included. In the three-level atom case, the additional upper level results in
a dark line in the spontaneous emission spectrum due to the interference between the
two decay processes. The decay rate of the additional upper level in the three level atom
determines the width of the dark line. Larger decay rate results in wider dark lines, and
the width of the central peak in the spectrum decreases as the dark line width increases.

In the second part, the fluorescence spectrum of a two-level atom driven on-
resonance by a classical monochromatic field, and damped through the coupling to the
quantized electromagnetic field modes has been evaluated in the strong coupling regime.
The spectrum corresponds to the three peaks of inelastically scattered light which are
located at the frequencies w = 0, and w = £ (€2 is the Rabi frequency). The elasti-
cally scattered light is attributed to the term which includes the delta-Dirac function and
is discarded while plotting the spectrum since the elastic scattering is negligible for the
strong coupling case. In order to see the effect of coupling for the resonance case, we plot
the spectrum for three different values of coupling strength €2. As the coupling strength
increases, the side-peaks become more apparent and gets further away from the central
peak. In the case of {2 = 9I" which corresponds to the strong coupling regime, the widths
of the side peaks are 3/2 times the width of the central peak, and the heights of the side-
peaks are one third of the central peak. On the other hand, in order to see the effect of
detuning (i.e. the off-resonance condition), further three plots are included. In the weak
coupling regime side-peaks are not apparent, and as the detuning increases the central
peak shrinks and at some point begins to split into two peaks. For A = 2I', these peaks
almost completely disappear again. The splitting becomes more apparent for A = 0.6
in our plot, for the weak coupling case. However, side-peaks occur for 2 = A as the

detuning increases, and the central peak is suppressed.
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APPENDIX A

PRINCIPAL PART INTEGRALS

For a function f(x) that does not have a finite limit at a point, say x, the integral
fab f(z)dz is not defined if x, is a point within the integration range. However, let us

define the principal part integral as

b 20—0 b
P/a f(z)dx = (lsi_l% (/a f(z)dx + o f(a:)c&) (A.1)

In most of the situations the limit gives a finite value. But, only the functions f(z) behav-
ing as (x — xy) ! at z = o will be considered here. Therefore, other way of expressing

the principal part integral is

/ flz)dx = hm /ab M(ix (A.2)

T — o) + €2

where f(x) is taken to be g(z)/(x — x¢) and g(z) is a finite function in the range of
integration. In eq. (4.2), the limit must be taken after the integral is evaluated.
Now we take into account the integral [ which is defined by the limit as e tends to

0 from above. That is,
b
I = lim 9(z)

=0t J, Z(.flﬁ—ilfo) + €

dz. (A.3)

Separation of the real and imaginary parts of the integrand will yield

re (o [ e [ T )

where the real part is the principal part integral given by eq. (4.2). The imaginary part go

towards to the delta function 0(z — ) as the limit ¢ — 0T. Thus, the integral becomes

b
I= —z'P/ ﬂdz + 7g(xo). (A.5)
a (3: - x0> 57



Therefore, it can be written that

equality holds if the terms appear within an integral.

(A.6)
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