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Abstract

We propose numerical schemes for solving the boundary value problem for the modified Helmholtz equation and generalized
impedance boundary condition. The approaches are based on the reduction of the problem to the boundary integral equation
with a hyper-singular kernel. In the first scheme the hyper-singular integral operator is treated by splitting off the singularity
technique whereas in the second scheme the idea of numerical differentiation is employed. The solvability of the boundary
integral equation and convergence of the first method are established. Exponential convergence for analytic data is exhibited
by numerical examples.
© 2021 International Association for Mathematics and Computers in Simulation (IMACS). Published by Elsevier B.V. All rights
reserved.
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1. Introduction

Boundary value problems for the modified Helmholtz equation occupy an important place in heating and cooling
materials, in implicit marching schemes for the heat equation, in Debye—Huckel theory, and in the linearization of the
Poisson—Boltzmann equation associated with electrostatic interactions and electric potential governed by modified
Helmholtz equation, see [5] and references therein. The generalized impedance boundary condition (GIBC) is used
primarily to model a thin coating. Additional motivation for generalized impedance boundary condition can be
found in [6].

Mathematically, the problem we study is formulated as following. Let D be a simply connected and bounded
domain in R? with boundary D of class C3. Given f € H=3(D), A > 0 and w>0,1eC@D),eC(dD)
with k > 0 we seek a solution u € H2(D) to the modified Helmholtz equation

Au—ku=0 in D (1.1)
that satisfies the boundary condition

ou d du

—+k(u——p— | = oD 1.2

v (” ds“ds) S on (12)
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in the weak sense, i.e.

du

0 d 3
/ e L kcu + k%L ds:/ tfds, V¢eHI@D). (1.3)
aD ov ds ds 9D
Here v denotes the unit normal vector directed into the exterior of D and % is a tangential derivative.
Theorem 1.1. The boundary value problem (1.1)—(1.2) has at most one solution.

Proof. Assume that u; and u, are solutions to problem (1.1)—(1.2) with their difference u = u; — u,. Multiplying
(1.1) by u and integrating over D, we have

/ uAudx — k2/ udx = 0. (1.4)
D

D
From the Green’s first theorem and the boundary condition (1.3) with { = u|yp we obtain

du\2
- / (Vu)*dx — k2/ u’dx — k/ rutds — k/ u (_u) =0.
D D aD ap \ds

Since k, A, u are positive, the last equality implies # =0 in D. O

There is a variety of numerical methods in the literature for boundary value problems for the modified Helmholtz
equation, for example in [16] the author introduced a method based on by plane wave functions, the method
of fundamental solution and a singular boundary method were used in [2,4], respectively, [15] suggested a fast
multipole-based iterative solution, in [5] a fast multipole-accelerated integral equation is presented, the Trefftz
method is considered in [8]. In all these papers the classical boundary conditions are considered. The boundary
value problems with GIBC recently gained much attention in the area of direct and inverse problem. The most
relevant publications to the current work are the paper by Cakoni and Kress [3] where a solution method was
suggested for the Laplace equation, and the paper by Kress [14] where the direct and inverse problems for 2D
Helmbholtz equation were investigated .

We propose two numerical methods for solving the boundary value problem for the modified Helmholtz equation
with GIBC. Applying the indirect integral equation approach, a single-layer potential representation, we reformulate
the boundary value problem as a Fredholm integral equation of the first kind which is solved by a projection
method. As an alternative approach, one may represent the solution via a combination of the single- and double-
layer potential as was suggested and analyzed in [9] for solving the impedance boundary value problem for the
Helmbholtz equation in three dimensions. For the numerical evaluation of the integral operators with continuous or
weakly singular kernels we employ quadratures based on trigonometric interpolation. To evaluate an integral with a
hyper-singular kernel we consider two schemes. In the first scheme we split off a hyper-singular part of the kernel
and evaluate the corresponding integral operator analytically, [11]. In the second scheme we take advantage of the
numerical differentiation, [13].

In Section 2 the boundary integral equation equivalent to the boundary value problem is derived. Existence of
the solution is proved with aid of the Riesz theory. In Section 3 the parametrized version of the integral equation is
presented, all singularities in the kernels of the integral operators are split off and the existence of the corresponding
solution is analyzed. Section 4 is devoted to the convergence of the first numerical scheme. In the last section the
feasibility of the two proposed methods is illustrated by numerical examples.

2. The boundary integral equations

In this section we introduce a boundary integral equation method for solving the problem (1.1)—(1.2) and establish
the existence of the solution. We seek the solution of (1.1)—(1.2) in the form of a single layer potential

u(x) = / B(x, Ve(ds(y). x € D, @.1)
oD
where ¢ € H%(E)D) and
1
2, ) = 5 Kofklx — ) 22)
JT
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is the fundamental solution of the modified Helmholtz equation in R? with

Iy (x)
T

K % +a) o +23) 23
o) = = (In3 +a) o) + 3 23)
Here o = 0.5772156. .. is the Euler constant and K, I, are modified Bessel functions of the second kind and the
first kind of order zero, respectively, [1]. The modified Bessel function of the first kind with order zero is given by
) ()
X X X

Ix)=1+2 . 4 e 2.4
o(x) + )2 + 212 + 312 + (2.4)
Approaching the boundary 9D from the interior of D, with the aid of jump relations for the single layer
potential, [12], we conclude that the boundary condition (1.2) is satisfied provided ¢ solves the boundary integral

equation

K’ —i—1 +k A—ii Sp=f (2.5)
prae astas )¢ =7 ’
where S : H%(BD) — H%(aD) and K’ : H%(BD) — H%(aD) are bounded integral operators defined by
(Sp)(x) = / D(x, y)p(y)ds(y), x€dD (2.6)
aD
and
, dP(x,y)
Ko = [ ZED0ds). xeob. @7
ap  Iv(x)

For more details we refer to [12,14,17].

Theorem 2.1. For each f € H_%(BD), the boundary integral equation (2.5) has a unique solution ¢ € H%(BD)
provided > > 0, u > 0, k > 0.

Proof. Since u > 0 Eq. (2.5) can be rewritten in the equivalent form

1
(A1 + A = —— ,
u

where
d2
Ao =k —S(p-}-/ Seds |,
ds? aD
kdu d kA 1, 1
Ap=———8p——So——(K'o+=-¢p)—k Sods.
wds ds 1z Iz 2 aD

The operator A; : H%(BD) — H _%(BD) is invertible with a bounded inverse, [3,14], and the operator A, :
1 1
H2(0D) — 1H ~2(dD) is compact, that follows from the boundedness defined in (2.6)—(2.7) and a compact
1 1
embedding H2(dD) < H™2(dD), [12]. Assume that ¢ € H2(dD) such that

(A1 +A)p =0

and construct a function
ulx) = / O(x, y)p(y)ds(y), x € R? \ aD.
aD

Since u satisfies the modified Helmholtz equation and the homogenous GIBC by Theorem 1.1. we have u = 0

in D. Furthermore, u solves the modified Helmholtz equation in the exterior of D, u(x) = O (ﬁ

) as |x| — oo.
Uniqueness of the exterior Dirichlet problem, e.g. [18], implies # = 0 in R? \ D. By the jump relations for the
normal derivative of the single layer potential we have ¢ = 0. Since Al_'A2 is compact, by the Riesz theory the
equation (I + A;1A2)<p = Afl f has a unique solution and hence the boundary integral equation (2.5) is uniquely

solvable. [
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3. Parametrization of the integral equations
We assume that the boundary 9 D is analytic and has a 2w —periodic parametric representation of the form
={z(t) = (z1(1), z2(1)) : 0 < 1 < 27} (3.1

where z : R — R? is analytic and 27 -periodic with |z/(¢)| > O for all . We introduce the parametrized single layer
operator by
2

~ 1
(S¥)() = —— Ko(k|z(t) — z()D¥ (v)dT (3.2)

0

where ¥ (1) = ¢(z(¢))|z'(t)|. The kernel of the operator S can be written in the form

L —T
Fi(t, 7)In | 4sin + Fy(t, )
with

1
Fit, )= ——Io(klz(l) —z(DD,

-7
F(,t)= —Ko(k|z(t) —z(m)]) — Fi(t, ) In (4 sin’ >
and both F; and F, are smooth with the diagonal terms

1 1 k
Fl(tvt):_Es FQ(I,Z):_Z (a+ln§|zl(t)|>

The parametrized operator K’ reads

(K')a) = Oh M, DY (1)dr (3.3)
with the continuous kernel
M@0 = —— [Z(I)]L ZH:) . - r=r
12/(®)] —k[z(t)] (alt) — () RO =D

lz(t) — z(7)|
and [7/()]* = (z5(t), =2} (1)). Denoting p oz as [, Aoz as 7 and using the parametrization
d d 1 dpd~
—p—S=
ds ds |Z’| dt |Z/| dt

we rewrite the boundary integral equation (2.5) as follows

1~ v adSy d*Sy
—KW+%+ )\.l |Slﬁ+57+ ar =4, (3.4
where
_((kp(n)'(t) - 2" (1) kK dﬁ(t)) _ _kﬁ(t) _ZO1f @)
a(t) = ( 2O ol di ) ()= Bk gt) = e

The integral equation (3.4) contains operators with continuous, weakly singular and hyper singular kernels. To this
end, with the aid of the expansions (2.3) and (2.4) we find

1 2w T —1t 2
— ()= — / cot ——y(t)dt + / L(t, )y (r)dr. (3.5)
7 Jo 2 0

The kernel L can be represented in the form of

t —
L(t.7) = L(t, 7)In <4 sin? T) + Ls(t, 7)
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where the continuous terms
k2@ - (1) — 20 Igk|z() — 2(D)D)
4w |z(7) — z(2)]

1 dKo(k|z(t) — t— 1 —t
Lr(t, 1) = — olklz(®) = (D)) — L(t, 7)In ( 4 sin? ) - — cot !
2w dt 2

Lit, )=

’

have the limit values

Lit.y=0, Lytn=-2020

A 120

The operator dziw defined by

d2§¢ 1 d2 2m

)= —— Ko(k|z(t) — d
72 () awar ), o(k|z(t) — z(v)DyY (v)dT

can be rewritten, with the aid of partial integration and the series expansion (2.3) for Ky, as follows

d2§¢ 1 27 T—1 27

W(I) = E/o cot Ttﬁ (v)dt + A N(t, T)y(r)dr. 3.6)

Employing the modified Bessel differential equation for K, we can deduce the following expression

t—T

N(t,7) = Ni(t, 7)In (4 sin’ ) + No(t, 1)

where
@' @) - (z(t) — z(7))»)
|2(t) — z(D))?
(1) - 2(t) — 2(1))?)
Ar|z(t) — z(0)
2'(t) - (z(v) — 2() — |2/ (O OO z(r)/)2)>
4rlz(t) — 2(7)| 4rlz(t) — z2(0))?

1
Nit, 1) = Ekh(kIZ(t) — (1))

— K2 Io(k|z(t) — z(T)])

+ kI (k|z() —z(f)l)(

and
1 dZKO(klt—rl) 1 1 , =T
No(t, = — — — Ni(t, ) In [ 4si
2, 7) 2T dr? +8n sinz% 1€ r)n( M
with the diagonal terms
(¢ 2
Nite ) = -0
8
1 ZOF  RBlZoP LIZoP, (ko
= — — f— — 1 —
No(t, 1) 2]_[( k 4 o k 2 n 2Iz(t)l
L 6@ /(O = 12O = 4O (1) - 27 (¢) = 312 @)1 (1))

1212/ ()
We note that for the static case the continuous representation of regular part of a mixed second order tangential

derivative is found in [7, p. 151].
The parametrized equation (3.4) can be written in the form, where all singularities appear explicitly

1 [ T—1\ , 1 a@) (> T—t
4—71: A cot (T) I/f (T)d'[ + Em A cot (T) I/f(f)dl' (37)

1 [ _
+%/0 (Hl(t, 7)In <4sin2f 2r> (. T) + 12 (OIM T)) S (o)

y(t)
+%—g(t), 0<t<2m.
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Here
H;(t, 7) = kA(D|Z (D Fi(t, T) + a(t)Li(t, T) + b()Ni(t, 7)

are analytic functions for i = 1, 2.

Theorem 3.1. For any g € H_%[O, 27] and % € C[0,27], LeC0,27], x>0, i >0, the integral equation
(3.4) has a unique solution v € H2[0, 2] which depends continuously on the data.

Proof. In order to investigate solvability of the parametrized integral equation (3.4) we define the operators

1 (7 -t 1 [
(TyY)(t) = —/ cot Yv(t)dt + — Y(r)dr, (3.8)
4 0 2 2 0
B r—lfznl 4sin? =) By d
( 11ﬁ)()—% A H( sin ) 17, DY (T)dr,
_ L Ol [* v 1
(B2Y)(@) = ) A Hy(t, D)y (t)dt + b Jy M(t, o)y (t)dt + W) 2 | Y(r)dr,

1 m T—t
(B3y)(t) = — cot ——y(v)dr
47 0 2
and set B = B; + B, + %B3.
The operator T : H?[0, 2] — HP~'[0, 27r] is bounded and has a bounded inverse for all p > 0. From [11],
considering the trigonometric monomials u,,(t) = ¢™ we have

Tu, = IBmum (3.9

for m € Z with 8,, = —%, m # 0 and By = 1. This indicates the boundedness of T : H?[0, 2n] — H?~'[0, 27]

and the existence of the inverse operator T~! : HP~'[0, 27] — HP”[0, 2] given by

1
T %y = —up,meZ
m
The operator B : HP[0,2n] — HP~'[0, 2] is compact, since By : H”[0,2n] — HP?[0, 27] is bounded. From
Theorem 2.1. we can conclude that 7+ B is injective. By the Riesz theory [12, Corollary 3.6], T + B has a bounded
inverse. [

4. Numerical methods

The parametrized integral equation of the first kind is solved by the collocation method with trigonometric
polynomials. We introduce the trigonometric interpolation operator P, : H?[0,2x] — T, with 2n equidistant

interpolation points ti(") = i,—f, i =0,2n — 1 and recall the following error estimate
P < ¢ 0<g< ! 4.1
l n<p—<0||q_m,—_qll<pllp, Sq=p.p>5 4.1

where the constant C depends on p and g, [12]. In the case of 2 -periodic and analytic function the interpolation
error decays exponentially. The integrals in (3.7) are approximated by the following quadrature rules based on the
trigonometric interpolation, [12],

2n—1

2
/ h(t)dr ~ > b,
0 Ly

2n—1

¢'(0)dt ~ Y Ty (0e(t™), (4.2)

i=0

1 m T—t
cot

21 0
2n—1

1 (7 —t
Efo In (4 sin? > > p(r)dt ~ ; Ri()e ™),
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1 27 ¢ 2n—1 .
cot ——q(r)dr ~ Yy Tri(p(t")
i=0

2

where the quadrature weights are given by

1 n
Tl(,’?(t) = Z mcosm(t — (")) cos n(t — (”)),

m=1
R™(t) = _l "2*1 l cosm(t — t(")) — ! cosn(t — t("))
! n m mn?
m=1
t—t™
T(")(t) = {1 —cosn(t — t("))} cot 2’

Recalling the operator T defined in (3.8) we have that P,T¢p =T P, = T¢, ¢ € T, and the fully discrete system
for (3.7) reads

(T + P,By) ¥ (t;) = (Pug)(), i=1,2n, 4.3)
where B, = By, + B2, + Bs.s

2
(Bia¥)(1) = b()/ In <4sm
27

2w 1
(B2n¥)(t) = b(t)/ (Py (Ha(1, )Y) (T)dT + — b0) (P (M1, )I/I))(f)df-i-%%ﬁ(t)

)(P (Hy(t, )¥)) (t)dz,

1 2 _
(B3 ¥)(@) = 4—/ COtT—(PnI/f)(T)d‘L'.
T Jo 2

Note, since we want to compare two methods, as the collocation points we choose #; for i = 1, 2n. This choice
guarantees that we can approximate the derivative of 2w periodic function by the derivative the unique interpolatory
trigonometric polynomial of degree n without the term sin(nt).

Theorem 4.1. Under the assumption that A, i and I' are analytic, the fully discrete collocation method (4.3)
converges in H?[0, 2x] for each p > 3/2.

Proof. From uniform convergence of weakly singular kernels of the operators B; , to the kernel of B; we have

and by the same way this estimate can be seen to be valid for analytic kernel of B,,. By construction B3,
integrates trigonometric polynomials of degree less than or equal to n exactly [10,12], we have B,y — By for all
Y € T, C H?[0, 2r]. By Banach—Steinhaus theorem it follows B,y¥ — By as n — oo for all ¢ € H?[0, 2r].

Interpolation operators P, : H?[0,2n] — HP?[0, 27] are bounded for p > %, (see [12, Theorem 11.8]). From
(4.4), it can be readily seen that

1
qufp,§<p (4.4)

3
”w“p9 p>3 (4.5)

By the same approach, this estimate can be done for the operator B, with analytic kernels. The boundedness of P,,
for p > 2 and [12, Corollary 8.8] implies

|2 (5Bsn = BaY)

where a/b is analytic. Since Bj , is obtained by integrating trigonometric polynomial exactly, we have convergence
for all trigonometric polynomials. By the Banach-Steinhaus theorem P, B, — P, By, n — oo VY €
HP[0, 2z ]. The convergence follows from [12, Corollary 13.13]. O

187
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Fig. 1. Domain D with the measurement region {2,,.

For the second numerical scheme instead of splitting off the singularities in the kernels of integral operators
arising from the tangential derivatives of the single-layer operator we employ the idea of numerical differentiation
suggested in [13]. In particular, defining the derivative D, = P, of trigonometric interpolation operator, the
integro-differential operator is approximated as follows

1 d i d~ > 1 . ) ~
— = F TS ) @) ~ ——D, diag <— Dy, (Su¥n)(1) ;
(IZ’I dt|z|dt " it @l @) ) T
where v, € T,,
2n—1
(Dug)(t) =Y d{”g(t), i =0,....2n —1, (4.6)
k=0
and
(-0 im
di(n)z Tcot%, i==%1,...,£@n—1).
0, i =0.

In the next section we present numerical examples for both methods.

5. Numerical examples
Assume that the boundary d D is parametrized by the function
z(t) = (2cos(t) — 2 cosz(t) + 1, 5sin(t) — cos(?) sin(z)), 0 <t < 2,
k= %, the impedance functions are chosen as follows
Mz(t)) = —sin(|z()]) +4.5 and  u(z(r)) = —2cos(|z(?)]) + 4.5.

To analyze numerical convergence of the proposed methods, we introduce the measurement curve (2, C D
parametrized by

= {0 = Geosinsmon.r € | T 7]}

The boundary 0D and the impedance function are shown in Figs. 1 and 2, correspondingly. Below we present
numerical examples that illustrate the effectiveness and accuracy of the proposed methods.
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Fig. 2. Impedance functions.

Example 5.1. We test the methods by solving the boundary value problem (1.1)—(1.2) with known exact solution.
In particular, we consider the exact solution u' to be given as point source with the location x; = (2, 0.4), i.e.

ut(x) = ¢(x,x1),x € D, x; e R? \ D.
The problem reads
Au — k*u = 0in D,

ou d du
a*k(“" a“a) =/ ondD,
_ 0D(x, x1) d dPd(x, x1)
fx)= Bv—(x) +k (k(x)@(x,xl) — a,u(x)T) ,x €dD.

The maximum absolute errors in the numerical solutions at the points y € (2, are presented in Table 1;
lluy — uf|l 2m.0o denotes the maximum error for the first method and |jus — ul| @m0 Tepresents the error for the
second method based on numerical differentiation. The error of the first numerical scheme decays exponentially
as it is predicted by the theoretical investigation for the case of analytic boundary and data, as can be seen in
Table 1. For the second method as illustrated in Table | the convergence is slower since the approximation of the
hyper-singular part is not accurate. Indeed, from (3.9) we have

1 d* ¥ r—
_—— In ( sin? ! cosntdt = _n cosnt, n € N,
47 dt? 0 2 2

whereas for its approximation from (4.6) we obtain

1 [ at—T
D,D,— In { sin cosntdt =0, n € N.
2 0 2

The problem for the trigonometric differentiation can be resolved by introducing extra weights in the evaluation of
D, D,S or by choosing odd number of interpolation and collocation points, [13].

As it can be observed in Table 1 doubling the number of grid points almost doubles the number of correct digits
in the approximate solution. In the next example we present numerical solution of the boundary value problem for
the case when the exact solution is unknown.

Example 5.2. We choose the boundary data f to be given by

f(x)=d(x,x1), xe€dD, x =(3,2)eR*\D.
189
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Table 1
Error analysis for Example 5.1.
n lur = utll g, 00 lluz — uTll 2, 00
8 1.24e—03 3.54e—03
16 1.37e—05 4.72e—05
32 9.90e—09 4.23e—07
64 1.00e—15 1.52e—12
Table 2
Numerical solution for Example 5.2.
n ur(y)
8 0.012063279277905
16 0.012284634729342
32 0.012285858740215
64 0.012285858683054
128 0.012285858683054

0 1 2 3 4 5 6 7

Fig. 3. Function f for Example 5.3.

The rest of input parameters remained unchanged. Table 2 presents value of the solution of the boundary value
problem at the point y = (0, 0.5) € D via the first method. Similar to the error analysis in Table |, we observe that
the number of correct digits of the exact solution doubles when the number of grid points is increased twofold.

Example 5.3. In the last example we consider the disk of radius 2 centered at the origin as a domain D, the
constant impedance functions © = 1,A = 1 and the boundary data f(z(¢)) = %arcsin(sint) + 0.04 cos(16¢) +
0.02 cos(8f) — 0.02 cos(32r) which can be represented accurately only by high degree trigonometric polynomials
(see Fig. 3).

We compare the error between the Dirichlet traces of the solutions obtained by the two method, which is presented
in Table 3 by the column ||u; — uz||sp.c0- Furthermore, since the first method converges what is guaranteed by
Theorem 4.1. and verified by the previous two examples we can consider the solution obtained by the first method
with n = 256 as the exact solution and denote it by u. Having introduced the value of the exact solution, we

present the corresponding errors in Table 3.

6. Conclusion

In this paper, existence and uniqueness of the solution to GIBC problem associated with two-dimensional
modified Helmholtz equation is proved by employing boundary integral equations. Exploiting boundary integral
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Table 3
Error analysis for Example 5.3.
n lur — uzllap.co lur — utll 2, 00 luz — utll g, 00
8 2.69e—03 1.03e—01 1.00e—01
16 3.60e—03 3.35e—02 3.71e—02
32 1.06e—03 1.60e—03 2.65e—03
64 7.00e—10 3.93e—04 3.93e—04
128 2.31le—11 7.99e—05 7.99e—05

equations, the numerical solution method is proposed. The method is based on splitting off the singularities in the
kernels of integral operators. The convergence in Sobolev spaces is proved and also verified by numerical examples.
In particular, the numerical solution converges super-algebraically if all input data are analytic. The numerical
method is compared with the approach based on trigonometric differentiation. The possible issues with the second
approach are mentioned and illustrated by the examples.
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