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Here we show that tapered ducts emerge in volumetrically bathed porous materials to decrease the resistance to the flow
in laminar and turbulent flow reqimes. The fluid enters the volume from one point and it is distributed to the entire
volume. After bathing the volume, it is collected and leaves the volume from another point, i.e., two trees matched
canopy to canopy. This paper shows that the flow architecture (i.e., design of the void spaces in a porous material)
should be changed to obtain the minimum resistance to the flow as its size increases. Tapering the ducts decreases the
order of the transition size, i.e., the size for changing from one construct to another to obtain the minimum pressure
drop. The decrease in the pressure drop is 16% and 38% with the tapered ducts when the flow is laminar and turbulent,
respectively. In addition, the volume ratios and the shape of the tapered ducts are documented. There is no design existing
in nature with diameters of constant size in order to distribute and/or collect heat, fluid, and/or stress such as bones,
rivers, veins, and tree branches. The emergence of the tapered ducts in designed porous materials is natural.
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1. INTRODUCTION Lorente, 2008; Bejan and Zane, 2012; da Silva and Bejan,
2005).
Advanced technologies require designing porous materi-This tapered design is the result of minimizing the flow
als by embedding vascular flow channels in them to ga#sistances along the channel in which heat, fluid, and/or
smart capabilities such as self-healing and self-cooliatyess flow. This phenomenon of design evolution is de-
(Aragon et al., 2013; Bejan et al., 2006; Cetkin et abgribed as the constructal law in the literature (Bejan and
2011; Hamilton et al., 2010; Lorente and Bejan, 200Rprente, 2008, 2010; Bejan and Zane, 2012; da Silva
Therriault et al., 2003; Soghrati et al., 2012). These smartd Bejan, 2005). Every flow system changes its shape
capabilities are the result of the ability of the porous time to decrease the flow resistances. The current liter-
materials to bathe their entire body volumetrically. Iature also shows that constructal law is valid for the ani-
the current literature, vascular structures with designetate (Miguel, 2006; Reis and Miguel, 2006; Reis et al.,
porosity consist of ducts of constant diameters embet04) and inanimate (Bejan and Lorente, 2013; Beyene
ded in them to bathe its volume with a fluid (Cetkin eand Peffley, 2009; Lorenzini and Rocha, 2009; Raja et
al., 2010; Chen and Cheng, 2005; Cho et al., 2011; &f-, 2008; Reis, 2006a,b; Rocha et al., 2005; Tondeur and
rera and Bejan, 1999; Kim et al., 2008; Liu and Li_uo, 2004; Wang et al., 2006; Wechsatol et al., 2006; Wu
2013; Miguel, 2010a,b). However, no constant diametetral., 2007a,b; Xu et al., 2008; Zhou et al., 2007).
collecting or distributing system exists in nature. In na- This paper introduces the merit of the tapered ducts
ture, all the channels are tapered (i.e., finger-shaped) sinchesigned porous materials by comparing the pressure
as tree roots and branches, blood veins, bones, rivel®ps of the vascular designs with ducts of constant diam-
and even snowflakes independent of what flows aloater and tapered ducts. The pressure drops in the vascular
the channel, i.e., fluid, heat, and/or stress (Bejan astductures are calculated for laminar and turbulent flows.
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NOMENCLATURE

C, factor for laminar flow, m/s, Eq. (1) y element width, m, Fig. 1
C, factor for turbulent flow, kg, Eq. (2)
d element thickness, m, Fig. 1 Greek Symbols
D channel diameter, m AP pressure difference, Pa
f constant friction factor for fully rough v kinematic viscosity, rf/'s

and fully developed turbulent flow o density, kg/m
H element height, m, Fig. 2 0] porosity
L  stack length, m, Figs. 1 and 2
m  mass flow rate, kg/s Subscripts
n number of elements cons constant
p number of pieces, Fig. 3 e element
r number of pieces, Fig. 5 i rank of construct
V  flow volume, n¥ I laminar
V. solid volume, m min  minimum
X the distance from the closed end of t turbulent

the duct, m, Fig. 1 var  variable

£ 2 L 2
2. DISTRIBUTION DUCT AP, — Ct%/ %dx @)
0

Consider a duct which discharge fluid along its length,

Fig. 1. This duct is connected to a number of elementghereC; = 128/vr andC, = 32f/m°p. v, p, and f are
volumes receiving the fluid along its length. The flow rat#e kinematic viscosity and the density of the fluid and the
in the duct varies linearlyh(x) = mx/L. The pressure constant friction factor for turbulent flow in the fully de-

drops for laminar and turbulent flows are

. L
m X
AP =C— — 1
1 CIL/O D4dX ()

RN NN

FIG. 1: Duct with longitudinally distributed discharge:
tube with constant diametétop) and tapered tubgbot-

tom)

veloped and fully rough regime, respectively (Bejan and
Lorente, 2008)m, L, X, and D are the mass flow rate that
enters the duct, the length, the distance from the closed
end of the duct, and the diameter, respectively. The sub-
script of | and t represents laminar and turbulent flows,
respectively.

The volume constraint is

L
V:/ Tp24x @3)
O 4

The pressure drops for laminar and turbulent flow
regimes along the duct with constant diameter are

mL

APg) = Ci—5— (4)
m?L

APO,t = CtBDT (5)

cons
Now consider the duct shape is free to vary. By using
variational calculus, Egs. (1) and (2) can be minimized
subject to the volume constraint of Eq. (3). The diameters
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of the tapered ducts and the pressure drop corresponc
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to the tapered ducts for laminar and turbulent flows are . ! AP !
¢ T >
16 V\ /2 /x\1/6 - T
Dvar =\ 5_-7 T 6 ! P
! <3nL> (L) © i V4
| |
33n% L3 AR
APmin,l = 45 v2 (7 : : oh.
1/2 +D - d | m
O (44 V> / (X)2/7 - '
var,t — | 5 _ T T
L L FIG. 2: Stack of n elemental volumes bathed by a single
7 7/2 5/2 L7/2 stream
APmin.t - Cth 11 (Z[) X75/9 (9)
’ 11 4 V5/2

Dividing Egs. (7) and (9) by Egs. (4) and (5), resped-he pressure drop along the supply duct of Fig. 2 is the
tively, shows the reduction in the flow resistance by tapexpression of Egs. (7) and (9) in tapered ducts for laminar
ing the ducts in laminar and turbulent flows and turbulent flows, respectively.

APmin,l 332
AP, & ¥ (10) 4. SECOND CONSTRUCT
7/2 Consider next the question of whether it is beneficial to
AP min ¢ _3 <7> —0.62 (11) configure the stack in a way which is different than in
APq 11 Fig. 2. A two-dimensional alternative is shown in Fig. 3,

The results of Egs. (10) and (11) show that the flow r@hich is the result of cutting the stack of Fig. 2 into p
sistance of the tapered ducts is smaller when the duct dis-
charges fluid along its length. In the laminar flow regime, i
modeling the channel as a constant diameter duct woul L
not affect the results as much as it does in turbulent flow.

3. FIRST CONSTRUCT

Consider now the stack of n number of elemental vol-
umes, Fig. 2. The stream is distributed to the elemen-
tal volumes along the discharge duct. Then it is collectec
from the elemental volumes with the collecting duct. The —
porous material gains smart capabilities with the dis-
tributed and collected stream of coolant and/or healinc
agent throughout the solid volume. The solid material
is removed in order to create distributing and collecting
ducts shown in Fig. 2. The porosity of the vascular struc-
ture is the ratio of the solid volume divided by the created D
void volume for fluid to flow, i.e.p = V/V. The solid .
volume throughout the paper is fixed, and iLis H x y. e
The stream is distributed and collected by two hori- U
zontal channels (diameter; [ one along the top and the
other along the bottom. The stack of n elements of size
dxHxy fills a volume of length L = nd, height H, and = e
thickness y, which is perpendicular to the plane of Fig. 2. - Lip . lm
The pressure drop from one end of the elemental volume
to the other is fixed. The flow raté is steady and known.

FIG. 3: Stack of p elemental volumes of size L/p
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equal pieces, and stacking these pieces in the vertical di-The total space occupied by the first and second con-
rection. This new design has a two-dimensional pattestiucts (Figs. 1 and 3) is the same, (pH)L/p) = LH. The
with the vertical dimension pH and the horizontal dimemnly degree of freedom in the minimization of the pres-
sion L/p. The flow is distributed by p horizontal channelsure drop is the ratio df 2/ V1. By minimizing AP, with

of length L/p and diameter Dand a vertical channel ofrespect to th&,/V; subject to constraint of Eq. (12), we

height (p — 1)H and diameter,D find
To compare Figs. 1 and 3 analytically and on the same <V2) =p?/3 (P-DH (17)
basis, we assume that the configuration and flow needs of Vi/, L/p
a single dx H x y element are fixed. This means that H, Vs . (p—1H
d, i, = rin/n, and the diameter of the thin channel that runs <Vl)r = T (18)

along the centerline of the element is fixed. Therefore, the
pressure drop\P, from one end of the & Hx y element The minimized pressure drops are
to the other end is fixed. R 3

The pressure drop for a channel with Ifimmar and WrAp, | = <) (,) 1% {(p _ 1)p2/3+1} (19)
bulent flows are as in Egs. (4) and (5) with constant di- 4)\4/ pV?|L
ameter and as in Egs. (7) and (9) with tapered ducts. The
pressure drop along the distributing ducts in Fig. 3 has
two parts: the pressure drop along one duct of diameter APy = (
D, and length (p — 1)H and p ducts of diameter &nd
length L/p. The total volume of the distributing ducts are

11 4 ‘p3VE/2

7 >7/2 (7:)5/2 m2L7/2
H 7/2
X |:L(p —1)p%7 + 1} (20)
V=V, +pVy (12)
The minimized pressure drops for the constant diame-
The pressure drops along the distributing tapered dusducts are (Kim et al., 2008; Cetkin et al., 2010)
are

AP, = (3>3 (ZY @ = DH (3>3 (Z) AP Dmconst = (é) (DQCIEL\;

1)\ (Va)? 1) 4 H , 8
i (L/p)° X {L(P —1)p*/% + 1} (21)
x O Py (13)
p (V1)
1\ /m\5/2 | m?L7/?
APZ,t,D:const = () (7) Ctm
7/2 7/2 3 4 p3Vs/
7 ™2, o [(p— DH]
AP27t = ﬁ (Z) Ctm 5/2 H 7/2
(V2) x [(p —1)p®7 + 1} (22)
7/2 .9 7/2 L
7 mt\5/2 _ m? (L/p) 14
+{ (1) W (14) " Dividing Eq. (19) by Eq. (21) and Eq. (20) by Eq. (22),
we discover the merit of the tapered ducts,
where the diameters of the ducts vary as in Egs. (6) and AP
2.1
(8), — = =084 (23)
1/2 1/6 AP2,I,D:comst
D ( 16 Vi> ( X > (15)
e T
3 Li L AP g (24)
44 V. 1/2 < 2/7 APQ,t,D:const
Dit = (m Ll> (L) (16) These ratios are the same as in Egs. (10) and (11). The

gain in the pressure drop by introducing the tapered ducts
whereL; = L/p andL, = (p—1)H. The flow rate is a constant for the second construct as in the first con-
through the B duct isth/p, and it appears a&?/p* in  struct. Tapering the ducts decreases the pressure drop by
Eq. (14) because in turbulent flow the pressure dropli§% and 38% for laminar and turbulent flows, respec-
proportional tori?. tively.
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Figure 4 shows the pressure drop of the second cé&n-THIRD CONSTRUCT
struct relative to the size of the construct (nd/y) in lam §
nar (top) and turbulent (bottom) flows. The pressure dr%&a
can be decreased by increasing p as nd/y increases
pressure drop of the second construct decreases whe
ducts are tapered. The nd/y ratio for increasing p to
tain the minimum pressure drop also decreases with
tapered ducts, Fig. 4.

cking the second construct in three-dimensional ori-
tion [Fig. 5 (top)] and cutting it into r equal pieces,
then stacking the equal pieces in the direction per-
O%endlcular to the B-D; plane, we obtain a new archi-
gture, Fig. 5 (bottom). The size of this new design is
gﬁH)x (py/r)x (L/p) = LHy. The volume occupied by this
construct is same as in the first and second constructs.
The stream enters this body through one duct of diam-
eter D; and length (r — 1)H. Then it is distributed from
the D; duct to the B ducts, after which it follows the
same path as in the second construct, Fig. 3. The pressure
drop across the third construct consists of three terms for
10 tapered ducts in laminar and turbulent flows, respectively.

4
10 -
Laminar

AP, — Constant diameter
- Tapered

10°
3
avsi= (2) (Z)Q[Cm[(r—vlgﬂﬂ e [pyv/g]
10° g
L
+ ClE [ \//I%)] (25)
10

1 10 10 10° 10°
nd/y D,

10*
1y
AP, — Constant diameter T /4
- Tapered 510 I 1 F
10° T <y &7
P L
107 3 y
10 Ps .
[ ]
1 U /
1 10 10° 10° 10* At
nd/fy lm

FIG. 4: The flow performance of the second construct 61G. 5: Third construct: the r segments are stacked in the
Fig. 3 direction perpendicular to the,ED; plane
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T\? 52 ol —1)H]? Dividing Eq. (30) by Eq. (32) and Eg. (31) by Eg. (33),
AP3 = 1 <Z> ¢ V72 we discover the merit of the tapered ducts,
3

. . P

w? [py/r]”* | w? [L/p]”? AP gy (34)
+ Ctﬁ Vg/2 C ? V?/2 (26) APS,I,D:cons‘u
The total volume of the distribution ducts is APs — 0.62 (35)

AP37t,D:COHSt
V=V +rVa4pVa (@7) " Similar to the second construct, these ratios of

. . gs. (34) and (35) are the same as in Egs. (10) and (11).
Wh‘g?eeLmaLn it?r o{thiduc;s V:?éis In_E(qS'_(i)S %{ar:gd (2 gure 6 shows the merit in the pressure drop relative to
minimiziln_ APg 'Witzh:egyerc,t o thgf 7VTan 4V ./Vy nd/y ratio, namely 16% and 38% decrease with tapered

. 9 . P 2/ 11 3/ 1 ducts for laminar and turbulent flows, respectively.
subject to constraint of Eq. (27), we find

v e W)

AP,
V P\%/7 py/r [V r—1)H
@)~ EE (@) @
Vi, \r L/p \Vi/, L/p
The minimized pressure drops of the structures with ta- == a
pered ducts are o 7 Tapering
3 Y
3 7T\ 2 my3 H
AP3, = () (*) Ci~5 [ r—1)+pr-/3 p=1
4 4 V2 |y ( ) . L
3 .
nd — Constant diameter
+ p—2/3y} (30) ~ Fapdred
1
1 10 10° 10
7/2 9 79
! /2 1 Yy 2[H nd/y
APs = (n) (1) Ctvm[y““—l) 4
10° B
a1’
+ pT—6/7 + p—6/7 7;} 31) > _

The minimized pressure drops for the constant diameter
ducts are (Kim et al., 2008; Cetkin et al., 2010)

Tapering

B 1 7T 2 myS H 102
APS,LD:const = <2> (Z) CIW |:y(’l" - 1) ................... .
d 3 p=il
+pr 23 +p2/31;] (32) 10 L=

— Constant diameter
- Tapered

1 - 5/2 Ih2y7/2 ;
APS,‘L,D:const - <3> (Z) th 1 10 10% 10°
nd/y

(33)
FIG. 6: The performance curves of the designs of Fig. 5
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Figure 7 shows the pressure drops of the first (Fig. ), CONCLUSIONS

second (Fig. 3), and third (Fig. 5) constructs dvided q}/] this paper, we showed that the pressure drop of the de-

the pressure drop of the first construct (Fig. 2) with lami- d terial d ht d ducts. Th

nar and turbulent flows. Figure 7 illustrates that the sh jgned porous material decreases with tapered ducts. 1he

of the construct should be changed to keep the pressmge—sze porous material with embedded vascular struc-
re is bathed volumetrically by one single stream, which

drop in minimum as the size of the construct increas% on | the struct ¢ th h lect

The ndly ratio corresponding to the shape change, i. er:j eatlvelzzs € SI fuc urte las ?ne stream r:c)lu% a coflect-

transition point from one construct to the other, decrea gg duct. bvery elemental volume receives fluld as every
s receives blood in the veins of animals.

as the ducts of the construct are tapered, Fig. 7. Taperﬁ‘? .
his paper shows how the ducts of a vascular structure

shifted the pressure drop by 16% and 38% less for laminar . :
and turbulent flows, respectively. can be tapered in order to decrease the pressure drop in

laminar and turbulent flows. The volume ratio of the dis-
tributing ducts and their shapes are documented. Tapering
the ducts decreases the pressure drop in laminar and tur-
e — N bulent flows, 16% and 38%, respectively. The decrease in

the pressure drop by tapering the ducts is the same in the
first, second, and third constructs. Therefore, the pressure
drop of the vascular design can be calculated for the ducts
of constant diameter and then the merit can be calculated
by using Egs. (10) and (11).

This paper shows that the assumption of the ducts of
constant diameter is a good approximation of the tapered
ducts. However, the merit of 16% to 38% on the pressure
drop relative to the flow regime means the decrease in the
needed pumping power and the cost of pumping for the
distribution.

0.1

— Constant diameter
-~ Tapered
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