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We obtain solution representation formulae for some
linear initial boundary value problems posed on the
half space that involve mixed spatial derivative terms
via the unified transform method (UTM), also known
as the Fokas method. We first implement the method
on the second-order parabolic PDEs; in this case
one can alternatively eliminate the mixed derivatives
by a linear change of variables. Then, we employ
the method to biharmonic problems, where it is not
possible to eliminate the cross term via a linear change
of variables. A basic ingredient of the UTM is the
use of certain invariant maps. It is shown here that
these maps are well defined provided that certain
analyticity issues are appropriately addressed.

1. Introduction

The rigorous wellposedness analysis of solutions of
linear and nonlinear partial differential equations (PDEs)
in function spaces requires a suitable notion of solution.
This is especially important when a PDE is studied at
low regularity level where classical derivatives do not
exist. In other words, at low regularity level, one cannot
verify whether a given function satisfies the given PDE
in the pointwise sense. Nevertheless, there exist other
mathematically precise notions of solution which do not
require differentiability in the classical sense. These are
referred to as weak solutions. There are several well-
known ways to define such solutions. The most classical
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one is to consider a PDE in the distributional sense rather than pointwise sense, so that all the
derivatives can be transferred onto smooth test functions. In this way, the sought after solution,
which is a function or a generalized function, does not need to have derivatives itself in order to
satisfy the given PDE. Another approach that can be used for defining weak solutions to initial
boundary value problems (IBVPs) is to employ representation formulae. These formulae can either
be in an abstract functional analytic form, such as semigroup formulae, or can be explicit, such
as those obtained via transform methods. The explicit formulae are first obtained for smooth
solutions under the assumption that the sought after solution and the given data are smooth
and have sufficient decay properties. After an integral formula is obtained, it can then be used
as the definition of a generalized (weak) solution (indeed, the integral still makes sense under
much weaker assumptions regarding the smoothness and decay assumptions of the data). The
unified transform method [1-4] provides one of the most efficient and general ways to obtain such
integral formulae for defining solutions of IBVPs. Most importantly, the integral representations
obtained via unified transform method (UTM) have a very suitable space-time structure allowing
rigorous wellposedness analysis for linear and nonlinear initial boundary value problems; such
results are obtained, for example, in [5-8] for Schrodinger and biharmonic Schrédinger-type
equations, in [9] for Korteweg—de Vries equation, and in [10] for the ‘good” Boussinesq equation.

The present paper implements the UTM on PDEs with mixed spatial derivatives in two
dimensions, and also shows that the analyticity issues arising from the appearance of square roots
can be resolved. Until now, the implementation of the UTM on equations involving mixed spatial
derivatives was limited to only a few papers, see [11,12]. Furthermore, the general application
of the UTM even in one dimension often involves the appearance of square roots. The related
analyticity issues must be handled with suitably chosen branch cuts. For instance in [1,13], the
authors chose branch cuts intersecting with the standard contour of integration of the UTM
which motivated them to deform this contour. In comparison with these papers, we show that
it is possible to choose a branch cut which is strictly away from the standard contour except at
branch points. This allows us to justify a solution formula given on the standard contour with no
deformation. In particular, details are presented for three canonical problems on the half space:
a second-order parabolic equation, a fourth-order heat equation and the biharmonic Schrédinger
equation, namely,

Ut — Uyy — 2Uyy — Uy =0, (1.1)
w4+ A%u=0 (12)
and iy + A?u=0. (1.3)

If mixed derivatives are present, one may try to eliminate the cross terms via a linear change of
variables. One drawback of this approach is that for higher-order PDEs such as the fourth-order
heat equation and the biharmonic Schrédinger equation, there does not exist a linear change of
variables that allows the elimination of the cross term(s). Another drawback is that, depending
on the coefficients, the relevant change of variable may distort the simple geometry of the spatial
domain, making it more difficult to work in the new geometry. In this paper, we treat PDEs
with mixed spatial derivatives directly and present the details of the UTM for obtaining integral
representation for the three canonical problems (1.1)-(1.3).

The implementation of the UTM involves three main steps: (i) finding a global relation, which
is an identity involving the Fourier transform of the solution and of the initial data, as well as
suitable t-transforms of the unknown and known boundary values; (ii) finding maps which keep
the spectral inputs of the t-transforms of the boundary traces invariant; and (iii) performing
a subtle contour deformation. The second and the last steps require analyticity of various
integrands as well as analyticity of the associated invariance maps in some suitable regions in the
complex plane. It turns out that for some evolution equations, such as the biharmonic Schrédinger
equation, one encounters certain analyticity issues. For example, the invariance map defined
via the standard square root function is not analytic on open domains containing the standard
contour of integration constructed via the Fokas method. Furthermore, it is proven here that for
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the above equations it is not possible to find an invariance map which is analytic on the boundary
of this contour. We treat this issue by choosing a slightly rotated branch cut for the square root
function, proving that this moves the domain of non-analyticity of the invariance maps away from
the contour of integration. This issue is not present in the case of the fourth-order heat equation
because the domain of non-analyticity of the invariance maps is already away from the contour
of integration.

2. Second-order parabolic PDEs

In this section, we implement the UTM on the second-order parabolic equation on the half space,
which involves a mixed spatial derivative term:

Up — tyy — 2uyy —uyy =0, (x,y,) eR xRy x(0,7), (2.1)
u(x,0,t)=go(x, 1), (x,t)eRx(0,T) (2.2)
and u(x,y,0)=up(x,y), (x,y)eR xR,. (2.3)

We begin by defining the half space Fourier transform in the variables (x, y):

o0

(i, A, t) ::J J exp(—ixk —iyM)u(x,y, t)dydx, « e€R,ImA <O0. (2.4)
0

—00
In what follows, we will assume that u is sufficiently smooth in 21 =R x Ry x (0,T) up to the
boundary of 27, and also that u decays sufficiently fast as |(x,y)| — co. We treat the spectral
variables x and A as real and complex, respectively. Note that the condition Im A <0 is essential
for (2.4) to make sense. Applying the half space Fourier transform to (2.1)—-(2.3) and integrating
by parts, we obtain

(1, 1, 8) = — (i + A)210(, 1, £) — G175 (e, ) — i(h + 26)30% (e, 1), (2.5)

where g1(x, t) := uy(x, 0, t) (an unknown trace) and Ox denotes the classical Fourier transform in
the x variable, i.e.

o0

RS J exp(—ixk)gj(x, t) dx. (2.6)

The solution of (2.5) together with the half space Fourier transform of (2.3), namely,
it(xc, 1, 0) = ik, 1), 2.7)
yield the following equation:

i(r, A, t) exp((c + A2 =iy, 1) — ik, (k + )

— i +26)80(k, (c +1)%, ), Kk eR,ImA<0, (2.8)

where gj,j =0, 1, denote the t-fransforms of the known and unknown boundary values:

t
Gten, = | expOmgi e e, =01 29)
The identity (2.8), which relates the half space Fourier transform of the solution, the half space
Fourier transform of the initial datum, and the t-transforms of known and unknown boundary
traces, is referred to as a global relation.

Remark 2.1. An alternative way to obtain equation (2.8) directly is to use the divergence
theorem. Indeed, let v be a solution of the formal adjoint equation of equation (2.1), namely let v
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be a solution of the equation
Ut + Vxx + 20xy + vyy =0. (2.10)

Multiplying equations (2.8) and (2.10) by u and v, respectively, and then adding the resulting
equations we obtain an equation that can be written in divergence form:

(uv)t + (uvx — vity + uvy — vity)x + (Uvy — vy + Uvy — Viy)y = 0. (2.11)
Choosing the particular solution v = e~ ¥—iAy+(k +1% and employing the divergence theorem in
(x,y,7) e R x Ry x (0,t), we get contributions only from the planes 1 =0, xeR, yeR;; 1 =t,x ¢
R,yeRy;xeR, 7 €[0,t], y=0. We find

oo oo ) co oo .
(J J e WXy (x, y, 1) dxdy) elkta)t =J J e X=Why(x,y,0) dxdy
0 —00

—00 0
t poo . N t
- J J e WX Ty (v 0, 1) drdx — i(h + 2K)J
—0Q

¢} .
J e WX Ty (v 0, 1) drdx,  (2.12)
0 b

which is equation (2.8); the last two terms of the right-hand side of this equation arise from the
terms

—ikx—i 2
vy — ity T Uvy — Vily = e KX iry+(k+1) t[

—i(A 4+ 1)U — 1y — uy],
where the last term in the above bracket can be replaced with —ixu using integration by parts.

Inverting the global relation (2.8), we find that u must satisfy

o0 o0
ucy = || Bk 0, ) — 2D dnd, 2.13)
27)* )00 J -0
where
E(k, A x,y,t) :=exp(—(k + A)zt +ikx +iry)
and

3, ;1) = G100k, (i 4+ 1Y%, 1) + 100 4 26)80(ic, (e + 1)2, £).

Note that only the Dirichlet boundary value is prescribed in the canonical model (2.1)—(2.3). Thus,
the t-transform §; of g1, which appears at the right-hand side of (2.13), is unknown.

In order to eliminate this unknown function from (2.13), we will first deform the contour of
integration for the A variable from the real line to a more suitable contour denoted 9D, in the
upper half complex A-plane. More precisely, we first define the family of complex domains

Dy :={» € C| Re(k 4 1)* < 0} (figure 1),

parametrized with respect to « € R. The part of D, in the upper half complex A-plane will be
referred to as D}, i.e. D} := D, N C... The definition of Dy is motivated by the fact that in C \ Dy,
the term exp(—(k + A)?(t — 7)) is bounded. Therefore, the integrand Eg is analytic and decays as
Ar—ooforreC\ D,‘f. By the standard complex analytic arguments used in the Fokas method,
namely by appealing to Cauchy’s theorem and Jordan’s lemma, the integral [*}_Egd) can be
replaced with faD;r EgdA. Therefore, we can rewrite (2.13) in the form

1 o0 o0
u(x,y,t):wJ' J E(x, x; x,y, Diig(x, &) drdk

—00 J—

1

- w J L)D+ E(k, 2;x,y,1)3(x, A, ) drdk. (2.14)

—00
The orientation of the contour 9D} is taken in such a way that D} is to the left of 9D .

The second step is to eliminate the unknown t-transform g; by using the Dirichlet-to-
Neumann-like map given below: replacing in the global relation (2.8) A with —A — 2k, we
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Figure 1. The shaded region shows D, while the shaded region in the upper complex half plane shows D;'". (Online version in
colour.)

find
Gi(k, (c + 2%, 8) = —ii(k, —( + 2«), £ exp((k + 1)*t)
+ iIy(ic, —(0 4 2)) + irgo(k, (k + 1)%, 1), «k €R,ImA > 0. (2.15)

Note that (2.15) is valid in the upper half complex plane because the condition Im2 <0 in
the global relation (2.8) gives rise to the condition Im A >0 under the mapping A — —i — 2«.
This mapping is obtained by analysing the invariance properties of the secondary spectral
input («k + 1)? of the t-transforms of the Fourier transform of boundary values. Remarkably,
Cauchy’s theorem and Jordan’s lemma imply that the contribution of the term that involves
i(, —( + 2«), t) to the integral over 9D} vanishes. Therefore, one obtains the following solution
representation formula, whose right-hand side involves only the given initial and boundary
values:

1 o0 o0
u(x,y,t)= W J J N E(k, 2; x,y, Dito (i, A) drdk

—00

1

o0
- @n)? J LD; E(e, %.2,y, Dok, —(4 + 2«)) dAd

—00
i

272 | _o

Joo J (h 4 €)E(k, 2%, y, D0 (k, (i + 1Y%, £) drd. (2.16)
aD;

As usual go(«, (k + A)2, 1) in (2.16) can be replaced with go(x, (k + 1)2, T) because the contribution

of
T

(h 4 )E(k, ; %, v, t)J exp((k + »)*1)g0* (k, 7) dt
t

to the integral over dD; vanishes.

3. Fourth-order heat equation

In this section, we obtain the representation formula for the solution of the initial boundary value
problem for the fourth-order heat equation posed on the half space. In particular, we consider the
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following canonical model with Dirichlet-Neumann boundary conditions:

ur+ A%u=0, (xy,t)eR xRy x(0,T), (3.1)

u(x,0,t)=go(x,1), (xt)eRx(0,T), (3.2)

uy(x,0,t) =g1(x,t), (x,t)eR x(0,T), (3.3)

and u(x,y,0)=up(x,y), (x,y)eRxR4. (3.4)
In (3.1), the differential operator A? is given by

AP = 0fu + 203 05u + Oy u. (3.5)

Sometimes, we will write Ay, to emphasize the fact that derivatives are taken with respect to
variables x and y.

We first note that there is no linear change of variables which eliminates the cross term 21y
from the definition of AZ2.

Lemma 3.1. There is no linear change of variables in the form X = ax + by, i = cx + dy with ad — bc #
0 for which A% ,u = (35 + 3;)u.

Proof. Assume the contrary, namely that a linear change of variables as in the statement of the
lemma does exist. Then, after some calculations it follows that

AZ yu = (a® + b*03u + 4(ac + bd)(a® + b*)03 yu
+ 2(3a%c% + 3V%d* + a?d® + bPc* + 4abcd)a§a§u
+ 4(ac + bd)(c? + dz)B,;B;u +(*+ dz)zasu.
Since ad — bc # 0, we must have ac = —bd, but then
3a%c? + 30%d? + a?d? + bPc* + dabed = 207d2 + a*d* + bPc* =0.

Hence ad = bc =0, which is a contradiction. Therefore, there is no linear change of variables with
non-zero determinant as in the statement of the lemma. |

Taking the half space Fourier transform of (3.1), after some calculations we obtain
(i, A, 1) = —(k + A2 00k, A, 1) + §3¥ (&, £) + 1A (i, 1)
— 2%+ 225, 1) — ir(@26% + 220 (6, 1), k€ R, ImA <0, (3.6)
where gi(x, t) := aé'u(x, 0,t) and g;* is the classical Fourier transform of g; with respect to the x

variable (see (2.6)). Integrating (3.6) and using the condition ii(k, 1, 0) = iip(k, »), we find the global
relation

ik, 1, £y exp((c® + 2228 = ip(ic, 1) + $3(kc, (K% + 1), 1) + irga (i, (2 + 22, 1)
— (262 + 231k, (1 + 222, 1) — i@k + 220k, (K2 +22)%, 1), Kk eR,ImA <0. 3.7)

Remark 3.2. In analogy with equation (2.12), the global relation (3.7) can also be obtained by
considering the adjoint to (3.1), namely the equation

v — A%y =0. (3.8)

Multiplying equation (3.1) and (3.8) by u and v, respectively, and then adding the resulting
equations we find an equation that can be written in the divergence form:

(uv) + (Vihyxy — UVxxy + Vilyyy — UVxyy + UxVUxx — Uxlyy + UyUxy — Uy”xy)x

+ (Vityyy — UVyyy + Vikyxx — UDyxx + UyVyy — Vyllyy + UxVxy — Uxllyy)y = 0. (3.9)

91000207 92 y 205§ 204 edsyjeuol/biobuysiigndiaaposiefos



Downloaded from https:.//royal societypublishing.org/ on 16 February 2023

\ ol
-~ \ / -
. A | 4 -
S N - i
[ =

Figure 2. The shaded region shows D and the red line segment shows the branch cut of v, (Online version in colour.)

Choosing the particular solution v = exp(—ixx — iAy 4 (k 4 1)?t) and using integration by parts,
the second parenthesis of the above equation gives rise to the term

e—in—i)»y“‘(K-F)»)zt[uyyy _ (_1}")31/[ + (—iK)ZMy _ (—IA)(—IK)ZM + (—IA.)ZMy
— (=Wt — (—iA)(—ik)2u + (—ik)?uy]
= e AT [y iy, — (20 + 22y — (2 + 22l
Hence, following the same steps as those used for the derivation of (2.12) we find (3.6).

Inverting the global relation (3.7), we find that u must satisfy

1 o0 o0 . 5
u(x,y, t) = —ZJ J E(k, 2;x,y, t)(to(k, 1) + g(k, A; 1)) dAdk, (3.10)
2m)* ) oo )0
where
E(k,2;x,y,1) = exp(—(/c2 + Az)zt +ikx +1iry)
and

e, 25t) =3k, (2 + 2202, 1) + iagalic, (kK + 2%, 1)
— (262 + 231, (12 + 222, 1) — in@2k? + 23S0 (K, (K + 22)%, 1), (3.11)
where gf] is defined in (2.9). Note that for the canonical problem defined by (3.1)—(3.4) the second-
and third-order boundary traces, that is g» and g3, are unknown functions. In order to eliminate

the t-transforms of g, and g3 from the right-hand side of (3.10), we again consider a family of
complex regions D, in the complex A-plane parametrized by x € R. We define

Dy :={» € C| Re(x* + 22)? <0},Df =D, N C,.

The shaded region in figure 2 is an illustration of D,.. The graph of D, cuts the imaginary axis at
the points Fix.

Using the same complex analytic arguments as in the previous section, we can rewrite (3.10)
in the form

1 o0 o0
u(x,y,t):wj J Elc, 2%, y, o (c, ) drdic

—00 J—00

1 ro J -
+ — E(kc, 2;x,y, 53k, A, t) dAdk. 3.12
) |y, 503062, (¢12)

In order to implement the next step of the UTM we must find, for given « € R, non-trivial maps
A+ v (1) which keep the spectral input (2 + 12)? invariant. Thus

(% +32)? = (k2 +v2())% 1 () ve(h) = —2 or (ii) v2(h) = =A% — 22, (3.13)
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The transformation A — —A yields the following global relation, which is valid in the upper half
complex A-plane for any « € R:

(e, =2, ) exp((? + 12)2t) = iy (k, =) + G3(x, (K% + 22, 1) — irga (k, (K2 + 222, 1)
— 22 + A3k, (12 0020 + i@k + 220k, (K2 +22)%,1), keR,ImAi>0.  (3.14)
If v, is an invariance map satisfying (3.13)-(ii), then using (3.14) we also find the global relation
ii(c, —vie (1), ) exp((® + 22)*1) = g (ic, —vie (1)) + G3(kc, (€ + 27)%, )
— e (W)Ga(k, (K + 22)%, 1) + 2281k, (1K + 22)%, 1) — v (WG0 e, (K% + 222, 1),
k € R, Imv, (1) >0. (3.15)

For ImA >0 and Im v, (1) >0, both (3.14) and (3.15) are valid, and therefore we can use (3.14)
and (3.15) to eliminate the unknown ¢-transforms in the second integral of the right-hand side of
(3.12). Solving (3.14) and (3.15) for the unknowns ¢3 and §», we obtain the following equations,
which are valid for k e R, Im A >0, Im v (%) > 0 and v, (X) # A:

1

Sk, (1K + 222 1) = TTm [0 (i, —2) — (i, —vie (A))]
+ m exp((k2 + 2228 [ii(, =, ) — fi(ic, —vc (1), B)]
+i(ve (W) + MGk, (0 + 22, 1) + A WGo(k, (k% + 222, 1) (3.16)
and
e (62 28 = = [ (T, —3) = (e, i 1)

- ﬁ exp((k? + 2270 [Mdi(ic, —ve(3), 1) = ve ()it =1, 1)]

— (W% + ae(d) + v2))G (K, (2 + 22)2, 1)
+ (W) + Aol (k2 + 22)%, 1). (3.17)

Using (3.16) and (3.17) in (3.11), we find that in the upper half complex A-plane, g takes the form

D LR P P
(K, A t):=— [7])’(()\) — A:| g, =) + % = AuO(K’ Ve (1))
(A) + A n 2\ .
[%] exp((k? + A2)2t)ii(ic, =, t) — WAV exp((kK? + 22)21)i(kc, —ve (1), )
— 2010+ v (W] (e, (€2 + W22, 1) + 2ihme (W) [we (W) + G0k, (1 + 22)%, b). (3.18)

Given « € R, the condition v, (1) = A holds in the upper half complex A-plane if A =i|x|. However,
it is clear from the above form of g that A =i|«| is a removable singularity.

In order that v, has the desired properties needed in the above derivations, it is necessary to
choose an appropriate branch of the square root. This branch is given by vc(A) =/ —12 — 2«2,

1 .
where for z € C, we define +/z = |z|2¢!(@8%/2) with argz € [0,2m). This function is analytic in the
complement of the set S, ={1 € C| ReA =0, |ImA| > 2|k}, hence v, is indeed analytic since the

set S, is outside and strictly away from D (figure 2). Therefore, the contribution of the terms
involving ii(x, —4, t) and 7i(k, —v (1), t) to the integral (3.12) vanish on 9D} . Thus, the solution of
(3.1)—(3.4) can be represented in the form

1 o0 o0 .
u(x,y,t)= w Loo Jioo E(k, 2;x,y, t)ig(k, &) dAdk

o0
+ @ J LD+ E(k, 2;x,y,1)G(x, A, t) dr k, (3.19)
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Figure 3. The shaded region shows D,j . (Online version in colour.)

where

2 —~
ﬁuo(’ﬁ —ve (V)

— 20[A + v W]G1(k, (€2 + 22)2, 1) + 2idv W[ (W) + Ao (k, (2 + 22)%, 1)

and v (L) = v/ =212 — 2«2,

ve(A) + A

G(K,)\,}t) = [m

j| I’/IB(K/ _)") +

4. Fourth-order Schrodinger equation

We consider the fourth-order Schrédinger equation:
iup+ A%u=0, (x,y,t)eR xRy x(0,T),
u(x,0,t)=go(x,1), (x,t)eRx(0,T),
uy(x,0,t)=g1(x,t), (x,t)eRx(0,T),
u(x,y,0) =up(x,y), (xy)eR xRy,

where u is a complex valued function and AZis as in (3.5).

(a) Global relations

We take the half space Fourier transform of (4.1) and obtain the global relation
(i, 1, £) exp(—i(i? + A2)%t) = ip(k, ) + §(k, ;1) k € R, Im A <0,

where

30, 25 t) i= —iga i, =ik + 222, 1) + AZo (e, —i(k? + 22)%, 1)

+i(A2 4 22310k, —i(? + 22)%, 1) — (W2 + 262)Z0(k, —i(k? 4+ 12), b).

Remark 4.1. An alternative derivation is based on the function
v =exp(—ikx —iiy — i(k? + 22)%1),
which is particular solution of the adjoint equation

ivy — A%y =0.

(3.20)

(4.5)
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We define
Dy :={» € C| Re[i(k? + 22)*] > 0}, Df =D, N C,.

The shaded region in figure 3 is an illustration of D;f. The graph of D cuts the imaginary axis at
the point i|«|. Taking the inverse Fourier transform in (4.5) and deforming the contour of A from
the real line to the boundary of D, we obtain

1 oo o0
u(xry/t): WJ J E(K/)‘-;xryl t)ﬁb(Kr)‘) didk
o0

el
1

SO

@m)?

—00

o0
J J E(k, 2;x,y,1)3(x, A; ) dAdxk, (4.6)
aD
where
E(k, 2;x,y,t) := exp(i(K2 + AZ)Zt +ikx +1iy).
Replacing 1 with —A in (4.5), we find a global relation which is valid for Im A > 0:
(e, =, £) exp(—i(k? 4+ 22)*t) = i (ic, — 1)
—iga(k, —ik? + 2%, 1) = 2o (e, ~ie® +32)7, 1)
+i(A2 + 262)31 (e, —i(k? 4+ 22)%, 1) + A(A2 + 262)Z0(c, —i(k? + 22)%, 1). 4.7)
Furthermore, if we change 1 in (4.7) with v, satisfying
v2 =22 — 2«2, (4.8)
we obtain a new global relation which is valid for Im A > 0 and Im v, > 0:
~ 2 22\ A~
ik, —vie, t) exp(—i(c” + A7) =g (i, —v)
— i3k, —i(e® + 2%, 1) — e, —ik? +22)2, 1)
— 2231 (k, —i(? + 22)%, ) — v 2230 (i, —i(k? + 222, b). (4.9)
Solving (4.7) and (4.9) for g, and g3, we find

ok, —i(k® + 212, 1) = aveolic, —i(k® + 222, 1) +i(h + )31 (c, —i(k? + 2%)% 1)

ok, —ve) — g, —A) Uk, =X, t) — Uk, —v,, t
n of i) — to( )+ ( ) — u( o b)

L2 13232
—" o exp(—i(k” + 17)"t)

(4.10)
and
30, —i(k? + 2H2, 1) = idve (0 + ve)Zo(k, —i(k? + 12, 1)

i)"ﬁb(K/ _UK) - ivKl’/[E)(K/ _)"/ t)
Ve — A

— (V2 +ved + 231k, =i + 222, 0 +

iveii(ic, —A, t) — idit(k, —vy, t)

— exp(—i(k? + 12)%1). (4.11)

Using the above identities in (4.6), we obtain

1 o0 o0
wey = || Bl 0t 3 dide

—00

1 o0
+ — J J E(k, x;x,y,1)G(k, A, t) dAdk
aD#

—00

o0
J exp(in)J H(; k,y,t)dAdk, (4.12)
aDF

—00
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where

2%
G(K/}“/t):=|:v A”O(K/_UK)_

K K

A ~
b v; MO(K/ _A')]

+ 202 + 1230 + 2i(A2 + 2ve)31]

and

A+ Ve o
i, —n,t) —

Ve — A Ve — A

H\k,y, 1) = |: (K, —vy, t)} exp(iry).

(b) Analyticity issues

The point A =i|«| is a removable singularity, thus if v, was an analytic function then H(%; «,y, t)
would be analytic in D{f, and its contribution to the integral on dD; would be zero. However, it is
not clear whether there exists a map A > v, (1) which both satisfies the invariance property (4.8)
and the property (P) given below.

(P) v, is analytic on a finite family of open sets, each of which contains one connected
component of D

We prove below in lemma 4.2 that such a map does not exist for our problem.

Lemma 4.2. A function which satisfies the invariance property (4.8) cannot be analytic in the
neighbourhood of ). = +iv/2|«| for k # 0.

Proof. Assume that « #0. We give the proof only for 1 = iv2lk]; » = —iv2|k| can be treated
analogously. Let S} be the intersection of S,, whose definition is given in §3, with the upper half
complex A-plane. Suppose that there is a function A — v, (1) which is analytic in a neighbourhood
of i+/2|k| denoted by Bz(i~/2|k|) which also satisfies the invariance property (4.8). Let Ag be such
that 57 n Bz(in/2|k]) 3 Ao #1iv/2|k|. Let B¢ (ko) be an open ball of radius € centred at Ag, and further
€ is sufficiently small so that iv/2|k| ¢ Be(hg). Consider the restriction map v |g, (5,,)- This function
must be either of the form

vi(A)  Rer>0
Vie o) = 1
—ve(A) Rer <0

or its negative, where v} (1) = v/ —A2 — 2«2. We take a path in Bz(iv/2|«|) starting from a point A
at the left side of Bc(o) and arriving at a point B at the right side of B¢(ko) while avoiding S
(figure 4). Then we apply analytic continuation to vy, , starting from A through the path. This

would imply that v, is equal to both v,}(k) and —v,}(k) at the point B, which is a contradiction. W

Lemma 4.2 shows that +iv/2|«| are two branch points of any function v, which satisfies (4.8).
Therefore, there is no map v, which satisfies both (4.8) and the property (P). However, property (P)
is not a necessary condition to say that the contribution of H to the integral representation (4.12) is
zero. Indeed, it would be enough that v, were analytic on D; \ {iv2|«|} (see (4.16)). Fortunately,
we can construct a single-valued function v, which is analytic on Dy \ {£iv2]x]} by taking an
arbitrary branch cut consisting of disjoint curves starting from branch points i+v/2|«| and —iv/2[i|,
and extending to infinity avoiding Dy (except at the branch points). In order to be able to compute
v (1) for given A and make sure that it also satisfies Im v, > 0 on D, we will fix a suitable branch
cut for it in the following way:.

Let s denote a (branch of the) square root function, g(1) = —22 - 22, and v, =so g- Denoting
the set of elements of the branch cut of a function f by Wy, it is clear that

Wy, =g (W) = V= Ws — 262 U —/—Ws — 22,

where Na is the standard square root function. Then

Wi =W, NC"=v-W;s —2«2. (4.13)
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Figure 4. The (black) path is used for the analytic continuation argument in the proof of lemma 4.2. (Online version in colour.)

! 7
a % 1\/§|n|/
7
S | o
|k

Figure 5. The shaded region shows D;" and the dashed red curve shows the branch cut. (Online version in colour.)

Note that if s is the standard square root function /-, then
Ws={zeC| Rez>0, Imz=0},

and v, (L) = v —A2 — 2«2 satisfies the condition Im v, (1) > 0. However from (4.13) we see that with
this choice of s, upper part Wj; of the corresponding branch cut, where v, is not analytic, equals
S;F, which is a subset of dD;". Therefore, the standard square root is not the right branch to use for
eliminating the integral of H in (4.12).

In order to deal with this issue, we rotate the branch cut of the standard square root function a

1.
little bit. Namely, we fix a square root function s as the map z + /z*, where Vz© = |z|21@87/2)
with arg z € [¢, 2 + €) for some fixed and sufficiently small € > 0. Note that, now we have

Ws={zeC| Rez>0, Imz=tan(¢) Rez},

and from (4.13) it is easy to see that Wl‘,t stays in the second quadrant. Moreover, as we show in the

following lemma, for € > 0 small enough, it is certain that W, stays away from all A D\ {iv/2¢)
and Im v, (1) > 0 for A € D (figure 5).

Lemma 4.3. For € >0 small enough, the function v.(A):=+/—A2 “ 2 s analytic on Dy \
{£iv/2|k|}. Moreover, Im v, () > 0 for A € Dy.
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Proof. Let W, be the set of points in the A-plane where v, is discontinuous. These are the points
which satisfy —22 — 2«2 =1, €' for some r;, > 0. For such points, we have

Rei? —Im A% = —r; cose — 2«2 (4.14)

and
2ReAlIm A = —r; sine. (4.15)

Suppose W, > A # +iv2|k|, ie. 7y #0.Set ) :=Rer/Im 2 and B¢, :=2cot(e) + 442 /r; sin €. Note
that ;, <0 by (4.15) and ay — 1/a; = Be,n > 0. This implies ay > —1/B¢ 5 > —tan(e)/2. Therefore,
we can make |a;| very small by taking € > 0 small enough so that elements of W,, are strictly
away from A € Di \ {£iv2]«]}.

Moreover Im /z* <0 only if 27 < argz < 27 + €. This translates into the region between W,
and S, for v, in complex A-plane . Therefore, the last statement of the lemma follows. [ |

The next step in view of lemma 4.3 is to take care of the branch point A = iv/2|k|. This can be
achieved by deforming the contour to a small half circle around this point. More precisely, given
r >0, let B, be the half disc defined by

B,={reC||»—iv2k| <7, ReA >0}

Then, the integral ja p+ HdA can be written as

J de:J HdA+J Hdh. (4.16)
aD+ 3B, a(D+\B,)

Since H is analytic and bounded in D\B, , using Cauchy’s theorem and Jordan’s lemma we
find that the integral on 3(D*\B,) is zero. The function v, (1) is bounded even if it is not analytic
about the point iv2|k|. H is continuous with respect to A and v, (1), thus H is also bounded on
B;. Therefore, the integral of H on 8B, goes to zero as r goes to zero. Hence, f op+ HdA =0. Thus,
using (4.12), we obtain

u(x,y,t)= ! J J E(xc, 2 x,y, Dilg(rc, &) drdie
oo

@) ) oo )-
1 o0
+ — E(rc, 2 x,1y,H)G(k, A, t) dAdk. 4.17
o j_oojw (25,1, DGl 1, 1 (4.17)

Remark 4.4 (Asymptotic form). The wellposedness analysis is generally easier if the solution
formula is given on the boundary of the asymptotic form of D}, namely on 3D}, where D =
D¢ rNC4 and

T ow mm
Dgi={#] argie <Z’ E) + 7,m=0,1,2,3},
for the biharmonic Schrédinger equation (figure 6). The deformation from D} to DE is possible
as the two regions Dg and D approach each other as |A| — oo. Hence, the following asymptotic
form of the integral representation is valid:

1 o0 o0
u(x,y,t) = (2n)2J J OOE(K,k;x,y, t)itg(k, 1) dad

—00

1

(o¢]
+ — E(k, 2 x,v,1)G(k, A, t) dAdk. 4.18
(Wj LD; (35,4, HGlk, 1, 1) (4.18)

—00

Remark 4.5. The rigorous analysis of solutions of corresponding nonlinear IBVPs can be done
in two standard stages: (i) prove space and time estimates for the linear IBVP in function spaces
(Sobolev, Bourgain, etc.) (ii) use a fixed point argument on the solution operator defined by the
representation formula in which the non-homogeneous terms are replaced by given nonlinear
sources. The first stage can be carried out via a decompose-and-reunify approach, see for instance
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oD},

Figure 6. Asymptotic form of 90, (Online version in colour.)

[5,8]. In this approach, one first decomposes the given linear IBVP into a homogeneous Cauchy
problem, a non-homogeneous Cauchy problem, and an inhomogeneous boundary value problem
with zero initial datum and zero interior source. The integral representing the solution obtained
via the UTM is very suitable for using tools from the oscillatory integral theory, Fourier and
harmonic analysis to handle the inhomogeneous boundary value problem. In fact, the explicit
exponential terms in the UTM formula allows one to perform the associated wellposedness
analysis in fractional function spaces and prove Strichartz type estimates. See for instance
[8, Section 3.2] for a proof of a Strichartz estimate for the biharmonic Schrodinger equation that is
based on an application of the Van der Corput lemma to the UTM formula.
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