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Abstract—Since, alpha-stable noise signals similarity can only 

be gauged by Fractional Lower-Order Auto-Covariance 
(FLOAC), therefore, the role of impulsiveness and skewness 
parameters, in generation and detection of the skewed alpha-
stable (SkαS) noise signals, has been analyzed several times in the 
past.  However, in this paper, a thorough analysis on the role of 
fractional powers in changing the FLOAC of SkαS noise signals 
has been carried out. The two associated fractional powers of 
FLOAC has been maneuvered in three possible ways to observe 
the probable trend of SkαS noise signals in the presence and 
absence of Gaussian noise. According to the observed results, the 
fractional powers largely and solely affect the FLOAC when they 
are manipulated collaboratively or even individually where the 
analyzed results can be handy in enhancing many SkαS noise 
signal processing techniques, especially, in the detection of SkαS 
noise carrier signals in Random Communication Systems. 

Keywords—Fractional lower-order auto-covariance; Alpha-
stable noise; Random communication system 

I. INTRODUCTION 

The concept of Fractional Lower-Order Auto-
Covariance (FLOAC) has been exploited in the past to enhance 
the efficiency of alpha-stable (ߙ-stable) noise signal detection. 
In conventional communications, ߙ-stable noise has been used 
to depict the effect of Rayleigh fading and acoustic channels 
before [1, 2]. However, it has also been a key factor in 
producing a noise model for molecular communication systems 
[3]. Similarly, the effect of ߙ-stable noise on neural networks 
has also been analyzed [4]. Moreover, alpha-stable noise 
signals have also been used as carrier signal to establish covert 
communications in an unconventional way in [5] which was 
later named Random Communication Systems (RCS) [6]. 

The FLOAC has helped in establishing as well as 
optimizing synchronization method in RCSs [7, 8] which was 
established after analyzing the role of impulsive and skewness 
parameters in fluctuating the FLOAC [9]. However, no detailed 
study has been carried out yet to explore the role of fractional 
powers in maneuvering the FLOAC. Therefore, the result 
obtained in this paper would benefit different ߙ-stable noise 
signal detection schemes-based systems, especially RCSs. In 
the following Section-II and Section III, ߙ-stable noise 

distribution and FLOAC has been briefly explained, 
respectively. In Section IV, the observed results are presented 
where the paper has been concluded in Section-V.  

II. ALPHA-STABLE DISTRIBUTION 

The samples of α-stable noise can be produced via method 
given in [10] to generate the α-stable distribution. The sequence 
of α-stable noise, i.e. collection of consecutive α-stable noise 
samples, is represented by X ~ Sα (β, ߛ, μ) where ߙ has been 
defined as the impulsiveness parameter in the range (0 < ߙ  has been defined as the skewness parameter defined in the  ߚ ,(2≥
range 1−)ߚ ≤ ߚ ≤  has been defined as the dispersion ߛ ,(1
parameter in the range (ߛ	 ≥ 0) and ߤ has been defined as the 
location parameter which is ߤ ∈ ܴ in [11]. The characteristic 
function of X ~ Sα (β, ߛ, μ) is expressed in [11] as  

 
(ߠ) =ቐexp{ ߠߤ݆ ఈ(1|ߠ|	ఈߛ	− − ݊ܽݐ(ߠ)݊݃݅ݏߚ݆ ቀఈగଶ ቁ)}		݂݅	ߙ ≠ 1exp{ ߠߤ݆ 1)|ߠ|	ߛ	− + ߚ݆ ଶగ ݈݊(ߠ)݊݃݅ݏ ቀఈగଶ ቁ)}		݂݅	ߙ = 1  (1) 

                                                                                              
Note: XG ~ Sα=2 (β=0,	ீߛ  ~ XL ,(஼ߤ	,஼ߛ		,β=0) XC ~ Sα=1 ,(ீߤ	,
Sα=0.5 (β=1,	ߛ௅,	ߤ௅) generates Gaussian, Cauchy and Levy 
distributed samples, respectively, as these are special cases of ߙ-stable distributions. 

III. FRACTIONAL LOWER-ORDER AUTO-COVARIANCE 

 All conventional time delay estimation methods, i.e. 
Covariance and Correlation, cannot be applied for signal 
processing of ߙ-stable noise signals for ߙ < 2 due to the non-
presence of moments greater than second-order for α-stable 
distribution. Therefore, FLOAC method has always been 
exploited to check resemblance among α-stable noise signals [9, 
12].  

 If the FLOAC of α-stable noise signal X ~ Sα (β, ߛ, μ) is 
defined as 

 

௔([݅]ݔ)} E ≜ [࢑]ࢊࡾ                      ݅]ݔ) ∙ + ݇])௕}                    (2) 
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Fig. 3: [࢑]ࢊࡾ for S α=0.75 (β = -1, 0, 1, μ=0), 4- = ࡮ࢊࡾࡺࡿࡹ dB with various ‘b’ 

Fig. 2: [࢑]ࢊࡳࡾ for S α=0.75 (β = -1, 0, 1, μ=0), 4- = ࡮ࢊࡾࡺࡿࡹ dB with various ‘a’ 

Fig. 1: [࢑]ࢊࡾ for S α=0.75 (β = -1, 0, 1, μ=0), 4- = ࡮ࢊࡾࡺࡿࡹ dB with various ‘a’ 
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Fig. 6: [࢑]ࢊࡳࡾ for S α=0.75 (β = -1, 0, 1, μ=0), 4- = ࡮ࢊࡾࡺࡿࡹ dB with various ‘a = b’ 

Fig. 5: [࢑]ࢊࡾ for S α=0.75 (β = -1, 0, 1, μ=0), 4- = ࡮ࢊࡾࡺࡿࡹ dB with various ‘a = b’  

 

Fig. 4: [࢑]ࢊࡳࡾ for S α=0.75 (β = -1, 0, 1, μ=0), 4- = ࡮ࢊࡾࡺࡿࡹ dB with various ‘b’  
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then the FLOAC, denoted by	ܴௗ[݇], of X, i.e. X = 
,[1]ݔ} … , ;[݊]ݔ ݊ = 1,2, … , ܰ}, is estimated in [12] as 
 

[࢑]ࢊࡾ	        = ∑ |௫[௡]|ೌ	.	|௫[௡ା௞]|್.ಿమ೙స	ಿభశభ 	௦௜௚௡(	௫[௡]	.		௫[௡ା௞])ேమି	ேభ         (3) 

 

where ଵܰ = max (0, - k), ଶܰ = min (N - k, N), ݇ = (	ିேଶ ,	ேଶ  ). 

Similarly, the noisy FLOAC,  ܴܩௗ[݇], of α-stable noise signal 
X ~ Sα (β, ߛ, μ) added with XG ~ Sα=2 (β = 0,	,ீߛ	ீߤ), i.e. X + 
XG, has been computed as  
[࢑]ࢊࡳࡾ					  =						∑ |௫ା௫ಸ[௡]|ೌ	.	|௫ା௫ಸ[௡ା௞]|್.ಿమ೙స	ಿభశభ 	௦௜௚௡(	௫ା௫ಸ[௡]	.		௫ା௫ಸ[௡ା௞])ேమି	ேభ     (4) 

             
However, ܴௗ[݇] and 	ܴܩௗ[݇] has always been exploited for 
fixed value of fractional powers which is usually fixed as a = 
b= 

ఈଶ	 [5, 7-9, 13] and the complete effects of maneuvering the 

fractional powers on ܴௗ[݇] has not been analyzed yet. 

IV. ANALYSIS OF FRACTIONAL POWERS 

      Therefore, in this section of the paper, the FLOACs, i.e. ܴௗ[݇] and	ܴܩௗ[݇]  in (3) and (4), respectively, has been 
computed by maneuvering ‘a’ and ‘b’ while keeping α = 0.75 
and 0 = ߤ intact. The FLOAC, i.e. ܴௗ[݇] in (3), has been 
analyzed for three possible values of skewness parameter ߚ, i.e. 1 ,0 ,1- = ߚ, to completely analyzed the behavior of FLOAC of 
skewed α-stable signals when the ‘a’ and ‘b’ are varied 
individually and collaboratively in three possible ways. Firstly, 
in Fig 1 and Fig. 2, only the fractional power ‘a’ has been 
varied, i.e. a = 0, 0.1, 0.2, 0.3, while keeping the ‘b’ constant, 
i.e. b = 0.15. Secondly, in Fig 3 and Fig. 3, only the fractional 
power ‘b’ has been varied, i.e. b = 0, 0.1, 0.2, 0.3, while keeping 
the ‘a’ constant, i.e. a = 0.15. Finally, in Fig 5 and Fig. 6, both 
the fractional power ‘a’ and ‘b’ has been varied, i.e. a = b = 0, 
0.1, 0.2, 0.3. The simulations shown in Fig. 1 – 6 have been 
made for N=300 and MSNR = -4 dB where the MSNR is defined 

in [12] as ܴܰܵܯௗ஻ = 10 ݃݋݈ ఊఊಸ		where ீߛ is the dispersion 

parameter the gaussian noise G and ߛ is the dispersion 
parameter of the α-stable noise signal X. 

The FLOAC, i.e. ܴ ௗ[݇] in (3), shows an interesting behavior 
as ‘a’ and ‘b’ are varied in the three different ways. In the first 
case, the FLOACs ܴௗ[݇] and 	ܴܩௗ[݇] has been computed in 
Fig. 1 and Fig.2, respectively, when only ‘a’ is varied where it 
has been seen that ܴௗ[݇] and 	ܴܩௗ[݇] increases when ‘a’ 

increases up to the maximum limit of a, i.e. a	≤ ఈଶ. In the second 

case, the FLOACs ܴௗ[݇] and 	ܴܩௗ[݇] has been computed in 
Fig. 3 and Fig. 4, respectively, when only ‘b’ is varied where it 
has been seen again that ܴௗ[݇] and 	ܴܩௗ[݇] increases when ‘b’ 

increases up to the maximum limit of b, i.e. b	≤ ఈଶ. In the third 

case, the FLOACs ܴௗ[݇] and 	ܴܩௗ[݇] has been computed in 

Fig. 5 and Fig. 6, respectively, when both ‘a’ and ‘b’ are varied 
where it has been seen again that ܴௗ[݇] and 	ܴܩௗ[݇] increases 
when ‘a’ and ‘b’ increases up to the maximum limit of a and b, 

i.e. a = b	≤ ఈଶ. Moreover, among the three used values of ߚ, i.e. 1 ,0 ,1- = ߚ, in every Fig. 1-6, the maximum value of ܴௗ[0] and 	ܴܩௗ[0] has always been observed at 1- = ߚ and ߚ = 1 which 
shows that utilizing skewed α-stable signals are beneficial when 
high values of FLOAC is required and vice versa.  
  

V. CONCLUSION 

In this paper, Fractional lower-order auto-covariance has 
been analyzed while maneuvering the fractional powers in three 
different ways. It has been found that the maximum value of 
FLOAC can be obtained for skewed ߙ-stable signals if higher 
values of fractional powers are utilized and vice versa. Similarly, ߙ-stable signals skewed to extreme right or left produces 
maximum FLOAC values. The generalized results would help 
different ߙ-stable noise signal detection schemes-based systems. 
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