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Abstract. The hydrodynamic flow in several bounded domains can be formulated by the
image theorems, like the two circle, the wedge and the strip theorems, describing flow by g¢-
periodic functions. Depending on geometry of the domain, parameter g has different geometrical
meanings and values. In the special case of the wedge domain, with ¢ as a primitive root of unity,
the set of images appears as a regular polygon kaleidoscope. By interpreting the wave function
in the Fock-Barman representation as complex potential of a flow, we find modn projection
operators in the space of quantum coherent states, related with operator g-numbers. They
determine the units of quantum information as kaleidoscope of quantum states with quantum
group symmetry of the g-oscillator. Expansion of Glauber coherent states to these units and
corresponding entropy are discussed.

1. Introduction

The relation between hydrodynamics and quantum theory has long history starting probably
from Madelung representation of the Schrodinger equation in 1926. Here we propose another
type of relation based on Fock-Bargman representation of a quantum state by analytic function.
This function f(z) = ¢(z,y)+ix(z,y) can be interpreted as complex potential of incompressible
and irrotational hydrodynamic flow with complex velocity V(z) = df(z)/dz. The problem is,
for given boundary curve C to find analytic function (complex potential) F'(z) with boundary
condition SF|c = x|c = 0, where y is the stream function. This condition show that the
boundary curve is the stream curve and normal velocity across the boundary vanishes: v,|c = 0.
For simple geometry of boundary curves, several theorems solving this problem exist. The Miln-
Thomson circle theorem for one circle added to the planar flow, two circles theorem for the flow
in annular domain [1] and the strip theorem for the flow in a strip [2]. For two circle theorem
the flow is determined by g-periodic function, where parameter ¢ is given by ratio of two circle
radiuses ¢ = r3/r?. The strip theorem corresponds to the limit ¢ — 1, and the circle theorem
to ¢ — oo. In the case, when ¢ is the root of unity, we have the wedge theorem [3].

2. Wedge theorem in hydrodynamics
For a given in plane flow f(z), introduction of boundary wedge with angle o = QW” = 7, where
N = 2n - positive even number, produces the flow

n—1 n—1
Fy(z) =Y f@®2)+ > f(d™2), (1)
k=0 k=0
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where ¢ = ¢'¥ = e'n is primitive Toot of unity ¢¥ = ¢?" = 1, [2]. This flow is ¢*periodic
(rotation invariant), F,(q?2) = F,(z), and corresponding complex velocity is rotation self-similar
V(¢%2) = ¢®V,(2), where ¢?z = e 2 is rotation to angle 22

2.1. Vortex kaleidoscope _
By this theorem for point vortex f(z) = i In(z — z9) we have kaleidoscope of 2n vortices:

T 20q%F ZF nd Al 2 — 2
Fyz)=—> In =5-In —In—— 0
a(2) 2 kZ 2 — Zoq?k H 2z — Zoq?k Tor o an_ zZ’

with positive and negative strength I, located at 2, 20>, ..., 2042V and %o, Zoq?, ..., Zog> "D,

correspondingly.

2.1.1. Trinity vortex flow For point vortex in wedge domain o = § complex potential

i o
Fy(z) = %ln(z — 2 - o In(z3 — 23),

describes the trinity flow shown in Figure 1a.

ougz= O our= O

41 41

a) Classical trinity vortex flow b) Quantum qutrit flow

Figure 1. Classical and quantum flow with ¢® = 1 symmetry

2.2. g-periodicity
The wedge theorem (1) determines kaleidoscope of images, which can be rewritten as

Fu(2) = (U 8 4 P E) (£(2) + F(2) =[] 5. (F(2) + FL2)). (2)

This form implies that operator Py = %[n] 2o i is the projection operator: P? = P,. Applied to
_ q 9
the half plane flow f(z) + f(z) this operator gives flow in the wedge domain.
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3. Dilatation and rotation operators in Fock-Bargman representation

The projection operator I is related with rotation and dilatation of coherent states in quantum
mechanics. The number operator N = a™a, acting on m - particle states N|m) = m|m),
m = 0,1, ... implies following transformation of coherent state |z):

2z) = lgz)

Nm) = ¢"m) — ¢
(up to normalization factor) as multiplication of z with complex number ¢*: 2z — ¢?z. For
real ¢? this is the dilatation transformation, and for ¢ = € it is rotation on angle #. For an
arbitrary complex number ¢? = |¢?|e! *® @ it is a combination of these two transformations.
In Fock-Bargman representation the number operator and corresponding eigenvalue problem
are N = zd%, Nz" =nz", so that for any analytic function we have

2z

i = P % f(2) = f(gP%).

This allows us to rewrite projection operator (2) in Fock space as operator valued ¢?>-number.

4. mod 3 states
4.1.  Projection mod 3 operators in Fock space
The orthogonal and Hermitian operators

1 1 >
k=0
1 oN—2 | aN-—4y 1 S
1 1 =
Py = I+ 4"V ) = Bl =Y |3k +2)(3k + 2|, (5)
3 3 k=0

satisfy algebra of projection operators: F;P; = 0;;F;, pl = P, 1,7 = 0,1,2. Due to

7
completeness relation Py + P; + P> = I, the Fock space can be decomposed to orthogonal

subspaces Hp = Ho + H1 + Ha, where for any |¢;) € H;, i = 0,1, 2,

oo oo
i) = Pilv) = espril3k +i) = > caln),
k=0 n=1imod 3
and [¢) = |o) + [¢1) + [t2).
4.2. g-number operators and quantum Fourier transform
Combining these state vectors as column matrix we get
|v0) PRy 11 Nty )
) | = P | )= 3 I N2 N )
|12) Py Nt g2 )
or
o)\ (1 1 1 %)

) | =3 1 & q Ny |- (6)
|12) 1 ¢ ¢ V)



Group32 IOP Publishing
IOP Conf. Series: Journal of Physics: Conf. Series 1194 (2019) 012087  doi:10.1088/1742-6596/1194/1/012087

4.3. Glauber trinity States
Let |a) is the Glauber coherent state, then ¢*V|a) = |¢?a), ¢*V|a) = |¢*a) and due to (6)

lavg) 11 12 14 o)
|ov) =3[! 64 c72 g% a)
|ova) 1 ¢ g lg*a)

This gives three orthonormal states, s = 0,1, 2, as a basis in H:
|ovs) _ Psla)

Vieslas) — /{alPa)’

|$)a =

where
3k+s

las) = Psla) = e 2|“‘2Z
RVACLE))

The states |s), we called as kaleidoscope of mod 3 coherent states [6].

4.4. Fock-Bargman decomposition
For arbitrary state |¢) in Fock-Bargman representation we have decomposition (ali) =
(awo|vo) + (a1|1) + (as|ys), implying ¥ (&) = Yo(a) + ¢Y1(a) + 2(a) for the wave function
(@) = el*®/2(a|tp). This is just expansion of analytic function ¥ (z) = o (2) + ¥1(2) + 12(2) to
the sum of three analytic functions

Yo (2) A ¥(2)
viz) | =5 1 4 7 Y(g®z) |,
P2(2) 1 ¢ ¢ Y(q*z)

with mod3 symmetry: 1o(q%2) = vo(2), ¥1(¢®2) = ®¥1(2), ¥2(¢®2) = ¢*42(2). These
functions result from application of projection operators (3)-(5) in space of analytic functions

_ 1 2z-4 4z 1
Py = g(I+q dz +¢q dz)_§[3]q2z%’
1 2,4 _9o 474 4 1
b = g(l+q Fa: Tt 4T = 5[3]q2<z%—1>’
1 9,d _y 424 2 1
P = g(I+q Fa: Tt 4 e T) = 5[3]@(2%—2)’

with properties ¢* %Ps = ¢**P,,s =0, 1,2 and explicitly we have

3k+s

Z Ck+s—F——— \/m

5. Wedge theorem and ¢ periodic states

5.1. ¢% periodic quantum state

By analogy with the wedge theorem (1) we can construct ¢’-periodic quantum state as
superposition of coherent states

0o = o) +lg%a) +[g'a) + .. + %" Va) = (I + ¥ + ¢'V + .+ 2 DV)ja) = [n] o le),

where due to q2nﬁ = I we have q21\7|0>a =10)q.
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5.2. Self-similar quantum states
In addition to ¢?-periodic quantum state |0),, exists the set of ¢?- self-similar quantum states
as superpositions of coherent states, determined by g?-operator numbers

1o = [n]q21\7+2’a>v 12)a = [n]q2ﬁ+4|a), vy In=1)a = [n]q21\7+2(n—1)|a>~
These states are orthogonal quantum states, satisfying the following self-similarity conditions:
Mo = Moy V2a =" 12ar s Vn— 1o =" Vin - 1)a.

5.3. Wedge theorem for quantum states
Now we can formulate quantum analog of the wedge theorem (1). For arbitrary state

)= culn), )= euln), (7)
n=0 n=0
where (Y1) = Yo% |cn|> = 1, by replacing @ — =z in the wave functions (afy) =

a|2 — al? _
e_‘Tw(o_z), (ar]p) e_%w(@), the kaleidoscope expansion is definite by modn analytic

function, ¥y(z) = 01(z), where

Yol) = 2(0(2) +6(g%2) + Dlg'2) + .+ (g D2),
ho(2) = %(@(Z) +0(q%2) + 9(q*2) + ... + D2 D2).
Then for the state N
O) = [9) + &) =2 R(ca) [n)
n=0
expansion coefficients are real. Corresponding wave function («|¥) = e*@(y)(@) + ¥(a))

determines the kaleidoscope of ¢? - periodic function
Wo(2) = o(2) + vo(z) =

B %(w(z) +9(a%2) + 9(g*2) + o+ W@ V2) () + D(6P2) +(ah2) + o+ (P 2),

which is just the wedge theorem (1). This way we have identification of Fock-Bargman state 1 (z)
with complex potential f(2) in plane. In the wedge domain with ¢" = 1, complex potential F(z)
corresponds to Fock-Bargman state Wy(z). Both, the wave function and the complex potential
are real on the wedge boundaries. For the wave function it means that the state is from real
vector space, like for the rebit state[4], and for the complex potential, that the stream function
vanishes on real line and the flow is along this line.

6. Coherent state decompositions
6.1. Fven and odd mod 2 decomposition
For arbitrary vector in Fock space (7) the wave function is

(alw) = e~ (v/cosh ]l (01¢) £ v/SmE[al? a(L]4).

e

2 1p(+a), where Fock-Bargman cat states are:
o) = 0@ _ @ +va) g i@ 9@ —(-a)

and (taly) =e

Veosh|a2  24/cosh |af?

Then ¥(a) = ¥o(a) + 11 (), which means that every analytic function is superposition of even
and odd functions.
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6.2. Kaleidoscope mod n decomposition

The Glauber coherent state .
lof?
o) =€ 2~ Z Vselal |s),
s=0
and rotated states can be decomposed to modn states as Quantum Fourier Transform,
‘gg> 1 12 2(1 5 10)q
1 1 n-
[y _1 q q N e | (8)
’q2(n71)a> 1 q2(n—1) q2(n—1)2 In—1)q
with normalization matrix N = diag[\/oe|0‘\2, \/16\042, - \/n_le\O‘P]. This determines the set of
entire complex functions
1 _
als[Y) = ——==vs(a),
\/ celel?
s€

| . R .
s =0,1,...,n—1, and (a|tp) = e” 2 ¢(@). By changing argument notation & — z it can be
seen as Discrete Fourier Transform coming from Quantum Fourier Transform (8),

o(2) 1 .1 b(2)
P1(2) _1f1 7> e @) P(q?2)
b))\ 1 g e |\ gy

Then, an arbitrary analytic function is superposition of kaleidoscope functions

¥(2) = vo(2) + ¥2(2) + - + hna1(2)

with self-similar (rotation) symmetry

Yo(a?2) = vo(2), Y1(d*2) = PY1(2), -, Yno1(d®2) = @ Dpn_1(2).

7. Quantum group structure
7.1. Clock and shift matrices
The dilatation (rotation) operator

1 0
\ 0 ¢ .. 0
q2N — @Y =1® q
0 0 q2(n71)
is related with Sylvester clock and shift matrices >3 = H EJ{H t, where
00 .. 01 1 1 1
1 =2 . g2n-1)
5, = 1 0 ... 00 C H= — 1 q q

00 .. 10 1 g @212

The matrices are g?-commutative ¥1X3 = ¢*¥3Y and satisfy X7 = I, % = I. From dilatation

operator g%V we have ¢?-number operator

. q21\7 — g
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for the symmetric calculus, as matrix with diagonal elements given by g-numbers: [n|; =

q

%. The operator can be factorized as [N]z = B*B, [N + 1]z = BB, where B" =0,
(BH)» =0, and
i N
B=1®a
®a N
Explicitly in matrix form it is
0 0 0
0 V[1] 0 .. 0 JA 0 0
. 0 0 V02 ... 0 R
Bore| O VB O e ol 0 VR 0
0 0 0 0 00

7.2. Quantum ¢* oscillator
The operators satisfy quantum algebra

BBt — q23+f3 = q_ZN, BBt — q_23+f3 = qz]\7
and determine quantum g¢>-oscillator with Hamiltonian

i = % (I + [N + 1))

The kaleidoscope states for arbitrary state (7) are the eigenstates of operators:

Ns) = ¢ s), [N]gelihs) = [nlg|s),

and eigenstates of Hamiltonian

H\%) = Es|ws> =

P (il + In - 112) )

with finite spectrum, s =0,1,....n — 1,

i 2T 1
:@sm?(s+§).

E,
: s
2 sin =

(9)

The same spectrum was obtained in [5] for description of physical system of two anyons.
In Fock-Bargman representation, the operators B =— D, BT — z and [N]qz =BT™B — 2D,
are acting on analytic functions v (z), so that for modn functions ¥s(z) we have eigenvalue

problem

2.4 2,4 (q22) — (g2 25 _ . —2s
%%(Z) _ Us(g72) —hs(a™72) g i _3_2 (=) = [nlgpiis (2).

2D s(z) = @ —q2? q

For every kaleidoscope function in this representation the spectrum of Hamiltonian is (9):

Hys(z) = %(ZDZ + D.z2)1)s(2) = Eshs(2).

In particular case of the Glauber coherent states, the wave function ¥(z) = e** can be
decomposed on the set of kaleidoscope wave functions, given by modn exponential functions
s(z) =5 €*%, as eigenfunctions of this Hamiltonian.
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7.2.1. Qutrit flow As an example, in mod 3 case with ¢% = 1, the wave function

1
o(z) =g e = g(eo‘z + 26”3V cos(\é§ az)),

implies the flow in the wedge domain o = § according to the complex potential

Wo(z) = vo(2) + Yo(2),

satisfying the wedge theorem in this domain. The stream function of this flow for « = 1+ is
shown in Figure 1b.

8. Entropy of kaleidoscope expansion

8.1. Cat states and entropy in Fock space

The even and odd states (the cat states) can be introduced for any vector in Fock space (7), by
projection operators to even and odd states, Py = > oo |2k)(2k|, P1 = > 5o |2k + 1)(2k + 1],
Py + P, = I. The expansion is

1) = [vo) + [¥1) = V(¥ Bol) [0)y + V(D] PLlY) [1)y (10)

where even and odd states are:

|tho) = Pol) = ZC% 12k), |v1) = Pilv) =Y copr [2k + 1),

k=0
After normalization, the cat states become:
Yo Y1
|0>w=7’ ) ; |1>¢=7’ ) .
(Y| Poly) (Y| PrLly)

The expansion (10) represents an arbitrary state as a qubit, with probabilities to measure even
and odd outcome states: po = (¢|Py|v) and p1 = (¢|P1|e), po + p1 = 1. As a random variable,
this state can be characterized by the level of randomness. The Shannon entropy

S = —pology po — p1logy p1 = — (Y| Po|v)) logy (Y| Polb) — (| Pi|v), logy (v| Pi|v)

is measuring the level of randomness for state 1)) to be in even or odd part of Fock space, and
we call is as mod 2 entropy.

8.1.1. Glauber coherent states as qubits As an example we consider mod 2 qubit expansion of
Glauber coherent state:

042
) = |ag) + 1) = e= 5 /cosh [a]? [0)a + e /inh [aE |1)a

to the pair of cat states

Pila elal?/2
|O>a — 0| > _ : Z
\/(@D]Po\@ \/cosh ]a! 2k
Pi|a) elal?/2 o0 o2k+1

‘1>0c =

2k + 1).

VWIP)  /sinha? &2 /(2K + 1))
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The ratio p1/py = tanh |a|?, of probabilities py = e~1** cosh |a|2, po = e~1%” sinh |a[2, related
with level of randomness, is constant on circles |a|? = r2, giving number of photons in state |a).
The Shannon entropy of the state is

6_|a|2

- In2 In2

(cosh |a|? In cosh |a|? + sinh |a|? Insinh |a|?)

and it is shown in Figure 2. The minimal value of entropy corresponds to the limit & — 0, |a) —
|0)a, S — 0. The maximal value is at the Hadamard state o — oo, |a) — %, S — 1

8.2. Entropy of qutrit in Fock Space
The qutrit or mod 3 expansion of arbitrary state is

) = V{W[Po[) [0}y + V(@I Pr|) 1)y + V(O P2]t)) [2)y,

where projection operators to trinity states are given in (3)-(5) and three orthonormal states

o ‘O>’¢J _ P0W}> ‘1>1/) _ P1|¢> ’2>¢ _ P2|¢> )
VWIR[P) VACIATON V(Y|P |v)

The corresponding mod 3 Shannon entropy

S = —(|Rol) logy (V| Poltp) — (Y| P1lw) logy (¥| PLIY) — (4| Pafth) logy (v Palt))

is measure of randomness for state [¢) to be in 0,1 or 2 (mod 3) parts of Fock space.

8.2.1. Glauber coherent state as quirit For Glauber coherent state the expansion is

o) = e—@(Wm)a +V1eloP [1)g + Vel |2),),

with probabilities p; = e_‘0‘|236|0‘|2, s=0,1,2.
The Shannon entropy (rotational invariant) is

‘Q‘Q 67|a|2
" In2  In2
and it is shown in Figure 2. For @« — 0, |a) — [0)q, S — 0 and maximal value is

[0atVat[2)a In3
a — oo, |ay — 7 , S = o

2 2 2 2 2 2
(el 1n gel®l” 4 el* n (el 4, el In gelol)

L L L L L L
05 10 15 20 25 30

Figure 2. Entropy of qubit (blue) and qutrit (yellow) expansions
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8.3. Entropy of qudit in Fock Space
The above expansion can be extended to arbitrary kaleidoscope states

) = 3 [ = 3 VOB Ishes
s=0 s=0

where projection operators to modn states are Py = > ;2 |nk + s)(nk + s|, and qudit basis
states, s = 0,1,...,n-1, are

o= P
VAW Ps|)
The modn entropy
n—1 n—1
S==> pilogaps=— > (|Puft))logs ()| Pult))
s=0 s=0

is measure of randomness for state [¢)) to be in 0,1,...,n-1 mod n kaleidoscope in Fock space.

8.3.1. Glauber coherent state as qudit For Glauber state the kaleidoscope modn expansion is
o2 n—1
’a> =e 2 Z \/36|a|2 ‘3>a7
s=0

with probabilities p, = e“a|236|a|2, s=0,1,...,n — 1. The Shannon entropy

g loff e f ol 1 el
=——-——7—> % Inge
In2 In 2 =

is minimal for @ — 0, |@) — [0)q, S — 0 and maximal for @ — o0, |a) —
|0>a+|1)a++‘n_1>a Inn
NG , S = s
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