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In this work, we give results for asymptotic stability of nonlinear time varying systems using Lyapunov-
like Functions with indefinite derivative. We put a nonlinear upper bound for the derivation of the Lya-
punov Function and relate the asymptotic stability conditions with the coefficients of the terms of this
bound. We also present a useful expression for a commonly used integral and this connects the stabil-

ity problem and Lyapunov Method with the convergency of a series generated by coefficients of upper
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bound. This generalizes many works in the literature. Numerical examples demonstrate the efficiency of
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1. Introduction

Relaxation of the Lyapunov’s Direct Method is recently one of
the most common problems for engineering studies. Even though
Lyapunov Function (LF) is required to have a decreasing fashion,
recent studies have shown that stability can be proved with a LF
which has an indefinite derivative as well. However, the amount
of the interval that LF can increase or the magnitude of the LF for
these intervals and how it is related with the corresponding sys-
tem structure are quite difficult problems for various types of non-
linear systems, Ahmadi [2] and Michel et al. [21].

One of the research directions for the relaxation of the LF V is
to put an upper bound function for V instead of 0. The pioneer
work of Michel [20] proposed to put an upper bound G(V, t) and
so gave some conditions for the stability of nonlinear time vary-
ing systems. A similar idea has also been applied to some differ-
ent systems, Grujic [9]. Structure of G(V, t) has been specified in
the forms ¢(t) or u(t)V"(x(t)) for practical and finite time stability
(PS, FTS) of the system by Michel and Porter [22] and Chen and
Yang [5]. Details about PS and its relation with LF can be found
in the book of Laksmikhantam et al. [14]. n = 1 case of the latter
form was also used by Wu and Sun [30] but for the stability of
stochastic systems, introducing the concept of p-moment stability.
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Some other following works improved this idea for stochastic sys-
tems with Markovian Switching as well, Peng and Zhang [27].

The idea to bound V by a linear form of V, i.e. to put the con-
dition

V(t,x) < w(OV(L,x) (1

and to give conclusions for asymptotic, exponential, uniform and
input to state stability (AS, ES, US and ISS) for general nonlinear
systems or nonlinear delay systems was also utilized recently by
numerous works. However, many authors added some conservative
conditions on the coefficient w(t) such as finiteness [4,25,27,31] or
being bounded by another function [18,19]. However this assump-
tion has been removed by some works of Chen and Yang [3], Zhou
[33] and Zhou and Zhao [35]. This new idea also has been the sub-
ject of Linear Time-Varying (LTV) Systems [3,32] and Time-Varying
Switched Systems (TVSS) [4,10] for stability and stabilizability of
the system. For all of these works, the linear bound condition
(1) has been given with the condition

ar (XD =V (e, x) < ax(|Ix]])

where «; belongs to class K, K,, or some other comparison func-
tion classes, i = 1, 2. «;’s have been adapted as matrix bounds for
LTV systems by Chen and Yang [3] and Zhou [32] because of the
structure of V(t, x) in LTV systems and converted to some other dif-
ferent forms for TVSS by Junjie et al. [10]. The conclusions drawn
in these works generalized many results in the existing literature.

0947-3580/© 2020 European Control Association. Published by Elsevier Ltd. All rights reserved.
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The structure of (1) has been improved by some subsequent
works. For the AS of an uncontrolled system

Xx=f(t,x), x(to) =Xp, to=>0 (2)
where f € C[J x R", R"], the forms
V(t.x) <gOaV(t.x), V(t.x) < —a(V(t.x)) 3)

were used by Chen and Yang [3]| and Lin, Sontag and Wang [17],
and

V(t.x) < w(OV(t,x) + 7 (t) (4)

was used by Mazenc and Malisof [18] and Zhou [33] for the func-
tion V e C'[J x R", R] with some additional assumptions on c(V(t,
X)), g(t), u(t) and m(t). On the other hand, for a controlled system
x = f(x,d), the forms

V(t,x) < —a(|x]) +o(|d]) (5)

dl) (6)

were utilized by Sontag and Wang [29] and Liberzon and Shim
[16] respectively, again with some additional assumptions on «, o
and g. Differing from the others, Liberzon and Shim [16] also re-
lates ISS with the limit of the ratio

g(lx. d])
a(lx])

There exist also some works that put some similar upper
bounds on V(t,x) for small gain theorem on ISS networks, for
AS of a controlled time-varying system, for ISS of nonlinear de-
lay systems or to construct Lyapunov-Krasovskii Functionals, (see,
[6,12,26,34], respectively).

In this study, we improve the conditions above and give results
for AS of system (2) using the form

V(t,x) < (V™ %) + uV (L, x) (7)

V(x) < —a(|x]) +g(x],

where 1# m e R. In addition, we alternatively change or remove
the conditions given together with (4) by Mazenc and Malisof
[18] and Zhou [33] and recommend some other conditions using
the integral expressions in Lemma 2 below. This converts the sta-
bility problem into a convergency and limit problem of an infi-
nite series, and also relates the stability problem with the ratio of
the coefficients in (7) for some cases, thus connecting the problem
with the existing literature [16].

Nomenclature: Throughout the paper we use the following ab-
breviations and definitions. By the negative powers of V, we mean
the multiplicative inverse of it, not functional inverse; R is the
set of real numbers; J:=][0,0),J" :=(0,0),]” := (—0,0); by
C"[A, B] we mean n times differentiable functions from A to B; PC
represents piecewise continuous functions, and K and K., are the
family of class K and K., functions [13].

2. Stability of nonlinear time-varying systems

Throughout this work we will consider the uncontrolled non-
linear time-varying system (2). We assume that the vector field f(t,
X) is piecewise continuous in t and locally Lipschitz in x.

Definition 1. [13] The equilibrium x = 0 of (2) is said to be:
» stable if, for each € > 0, there is a §(¢, tg) >0 such that
x|l <8 = lIx(®)]l <€, Vt=to=0; (8)

« uniformly stable if, for each € >0, there is a §(¢)> 0, indepen-
dent of tg, such that (8) is satisfied;

« AS if it is stable and there is a positive constant ¢ = c(tg) > 0
such that x(t)— 0 as t— oo, for all ||x(ty)|| <c.

We give the concept of stable function which was introduced in
[32].

Lemma 1. Consider the following scalar LTV system

y) = pn®y(), te] (9)

where y(t) : ] — R is the state function, u(t) € PC(J,R). Then u(t) is
AS if the system (9) is AS which is equivalent to

t
lim [ p(d = —o.
—00 to

Now, we state a motivating example which explains the idea of
our main results.

Example 1. Consider the following system.

343

. . t°x
X =tsin(t)x — -

and the function V (x) = x2. Then,

V(x) = 2t sin(t)x? — t3x*
< 2tV (x) — t3V2(x) (10)
= u(OVE) + 7 (t)V2(x)

Note that the right hand side of this inequality is not
strictly negative and thus the classical Lyapunov approach can-
not be applied. Also the recently developed methods in works
[3,4,18,25,33] that assume the right hand side of the above inequal-
ity as u(t)V(x) or w(t)V(x) +m (t) such that wu(t) is AS cannot be
performed. This is because of both the instability of w(t) and the
factor V™ of m(t).

On the other hand, to deal not only with the first power of the
candidate Lyapunov Function but also with some different powers
of V is quite a common case in the literature. Higher or lower order
powers of V are encountered in sliding mode control (see p.2859
of [23]), in the construction of Lyapunov Krasovskii functional for
time-varying systems with delay, (see Assumption 4 of the work
[18]) and in some other works.

Therefore, a more general structure on the upper bound of
V(t,x) makes the nonlinear system analysis easier and the Lya-
punov Method more flexible, providing more suitable LF's to utilize
in analysis.

Now we continue to solve the problem above and to explain the
method that we’ll use. We multiply the each side of (8) by —V-2¢t?
and revise. Then, we have

%[Vfletz] > t3et’

X(to) £0, te(1,00)

et?

V) < —-F——
Jo t3evdT + Vo

(11)

2
where Vj := Ext—g The integral of the type ftg f(r)e8™dr is quite a

common integoral for many applications. Thus, it has been studied
by many authors (see the argument in p.1437 of [33] and the ref-
erences therein). While some classes of functions were developed
to bound the exponential part of integrand by Kalman [11], some
other conclusions were also given for this integral to be bounded
and its limit to be zero by Gelig et al. [8]. For the AS of the system
(2), at this stage, the work [33] proposes to assume this class of
integrals to be bounded and its limit to be zero.

We alternatively will recommend some other conditions in-
stead of these. According to the structure of m(t) and wu(t), this
condition relates the problem with the ratio of the functions f{t)
and g(t). (Here note that f{t) is actually (1 —m)m(t) and g(t) is
(m—1) [ w(X)dA that lie in the upper bound)
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Consider the following integral
/t3efzdt. (12)

It can be solved as

/ d 72 1 2
—|l=-=)e" |
dt 2 2

With a general overview, we construct the ratio ér,((rr)) first and
then divide the derivation of this ratio by —g’(r) again for the next
integral, if necessary.

Although we obtain finite terms depending on the structure of
the functions f{r) and g(t), we may have an infinite and divergent
series as well. In addition, instead of using the higher order deriva-
tives, it’s also possible to use higher order integrals and again inte-
gration by parts. So one may also attempt to write integral (12) as
follows by performing integration by parts infinite times.

.L—2n+2

d|/t* 1° . ;
/‘h’[(4+‘1~6(_2)+"'+4.6...(2n+2)(_2) 1+'-~>€ :|

Here note that while one of the terms of %(%efz) is giving
the integrand of (12), the other term remains as a surplus term.
But the next resulting term cancels it out and the process follows
this path. However, mathematically, this is only possible when the
series is convergent, Agarwal et al. [1]. Notice that the series

.[4 1—6 .L-2n+2
7 2P Y a2
is a convergent power series for any finite v values. This time, the
methodology to construct each term is based on integration of f{t)
first, say hg, and then integration of g(t )hy.

We conclude these conditions formally as follows.

=2+

Lemma 2. Consider the integral

[ roeod (13)
where f,g e C(J,R) and the following series’:
1. Hy(t) = ho(t) + hy(t) +---
ho() = [ F©dt. hya© = [ by (g ©)dt,
ji=0,1,2,... (14)
such that g'(t)#0 for te] and

such that

2. Hz(l') = ho(f) —+ h1 (t) + ...
f® Githii (D)

h =27 h(t)=dd> )77
0= g MO Tew

If H(t) is convergent for i =1 or 2, then

[ rwesod = [ 4 [H©e0] = Hoeo.

Proof. The ith terms are cancelled out by the previous or later
terms for i> 0. Thus the proof can be done easily using mathe-
matical induction. O

j=0,1,2,... (15)

Now, let us turn back to Example 1. As a result, (11) can be
written as

1

< —_—

V(x) < B Kot

The righthand side of (16) is bounded and its limit tends to

zero for the given region. Thus the system that we consider in
Example 1 is asymptotically stable.

Consequently, we both used the different powers of the Lya-

punov Function and related the problem with the convergency and

Ky € R. (16)

behaviour of the resulting finite/infinite series. These terms are de-
veloped from the relation of m, # and u as well.

Here, to obtain the AS of the system in Example 1, we needed
the boundedness and zero limit. These two conditions can also be
received automatically in case of taking the functions f(t) and g(t)
from some special classes, [8] and Lemma 3 of [33]. However, the
zero limit condition itself can also imply the boundedness for some
fand g as the following lemma shows.

Lemma 3. Consider the function
t

K (t, to) ::/ F(r)ef ™ dr
to

where f e PC(J.]), g€ C(J,R).

1 If g(t) > —c0 as t— oo and lims_  k(t,tg) =0, then the
function k(t, tg) is bounded.

2. If lim¢_ o k (t, tg) = oo, then the function x(t, ty) is bounded
from below.

Now we generalize the idea in Example 1.
Theorem 4. Consider (2) and assume that there exist

cViJxR'"> ] VecCl;
caek;
« u(t) eC*( R);

-n(r)ecqu)J:Hf* 1’2;}
such that
a(llx]l) <V(t, x), (17)

and (7) holds. Assume also that one of the series H;(t):] —
R in Lemma 2 is convergent for f(t):=m(t) and g(t) :=(m—
1) fy 1(A)dh. := T(t) provided that

lim Hi(6) =L (18)

exists or 4 oco. Then system (2) is AS if one of the following conditions
hold.

1. m<1, u(t) is AS and L =0,
2. m>1 and u(t) is AS,
3.m>1and L= —oc.

Proof. 1) Let m<1 Multiply each side of (7) by (1-
m)V—"(t,x)exp(ft(t)) and revise. Then we have the following
for t>tg:

d

[V e pep@en ] < 1 - mx ©exp)

V1’m(t,><)exp(ﬁ(t))—vosf (1 —m)z (t)exp((r))dr (19)

to

where Vg := V1= (ty, x9). Now, by Lemma 2, (19) can be written as
follows,

t
Ve 0ep(©) = (1=m) [ (e +v

= (1 —=m)H;(t)exp(f(t)) + Ko
such that
K() = Vo — (1 — m)Hl(to) (20)

Note that we ensure the positivity of the righthand side of (19) be-
cause of the definition of . Using also inequality (17), we have

Ko ] (21)

Ol(”X(t)”) = V(t,X(t)) = |:(1 - m)Hi(t) + W
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Define the function
Ko
exp(i(t))
We know by Lemma 3-1 that the right hand side of (19) is

bounded and so (1 —m)H;(t) is. For any arbitrarily choosen € > 0,
there exists such a §(e, tg) >0 that

a(IxO)) < V(E.x(0) < [G(t,xo)]ﬁ

G(t,xg) := (1 —m)H;(t) +

1

< [E(ro,x())]m <ae) (22)

where G(tg, Xg) :=sup >, G(t,x) for |[xoll <8. This implies
|x(8)|| < € for t=>ty.

The asymptotic convergence is also implied as V(t, x)— 0 as
t— oo.

2-3) Now assume that m > 1. This time we have

t
VIt xexp( () = /t (1 -m)m (D)exp(fr(r))dr + Vo (23)

Ko
exp(f(t))
We guaranteed the positivity of the righthand side of (23) and

so (24) by conditions of the theorem. This also shows that H;(t) <0,
Ko > 0. As a result, it’s possible to get a similar form with (21) as

follows.
! ] (25)

(1= MH () + g

= VI x) = (1 - mH;(t) + (24)

(KO < V(EXD) < [

Now define E(ty) := sup t=to €Xp(i(t)). Then for any € >0, we
have

a(llx@)[) =Vt x(t))

(o]
<| =1 <
— | G(t, x0) -

for ||xg|| <&. This implies ||x(t)|| <e€,t <ty. for Case 2).
This time we define G(to. Xp) :=Inf ¢>¢, G(t,x) with the help of
Lemma 3-2. So (26) should be written as follows.

a(llx®) =Vt x(t))

1 1 1 1
| aa [ = g ) =@ o

for ||xg|| <&. This implies ||x(t)|| <€,t <tp.

For the cases 2 to 3, asymptotic convergence is also implied as
the denominator part tends to co when p(t) is AS or L = —oco. But
note that for all of the items, it’s not possible to remove the de-
pendency on ty. Thus we can not get uniform stability. O

(26)

B
1
ey
=
o
N
—_
i
IA
Q
~~
m
N’

Remark 1. (Comparison with existing literature)

As well as relaxing the monotonicity constraint of classical
LF, Theorem 4 of our work also improves the conditions of
[3,18,33] from many aspects.

The works [18,33] present stability conditions by putting a lin-
ear upper bound function as (4). While [18] puts some additional
assumptions on wu(t) as boundedness, in the work [33]

» Theorem 1 utilizes the AS of u(t) in case of 7 (t) = 0.
« Theorem 2 utilizes the AS of w(t), boundedness of «(t) and
L = 0 condition for m = 0 where

K(t) = /ttrr(r)exp(u(t))dt, tlingok(t) =L

We showed that the boundedness assumption of «(t, ty) in The-
orem 2 of [33] is already implied by the rest of the hypothesis. In
addition, we generalized Theorem 2 of [33]. Consider

Kt):=(1- m)/[ 7 (t)exp((t))dr.

We replaced the conditions of having a bounded «(t) and L =0
with just the L =0 condition of (18). It is also equivalent to say
that lims_, - ¥ (t) = 0. However, we also gave the AS of (2) for any
m e R in (7). We even removed the AS of u(t) for some m values.
When 7 (t) and w(t) are some suitable polynomials, it's easier to
verify the AS of (2).

On the other hand, Lemma 1 and 2 of [3] also use the AS of u(t)
and 7 (t) = 0 form of (7). Hence, it’s a special case of Theorem 4 of
our work.

The works [3,32] adapt these conditions to Linear Time Varying
systems and generalize numerous works in the literature.

From the point of view of our Theorem 4, briefly [3,32] present
AS

« Assuming that the vector field fin (2) is linear, 7 (t) in (7) is
zero,
» Changing the function « in (17) with matrix bounds.

There are also many works which are generated by the conclu-
sions of works [3,32].

Now, let us interpret Example 1 from the point of view of
Theorem 4 above. In Example 1,

em=2,
« u(t) =2t and not AS,
1-t2

+ Hi(t) should be choosen as -5~. It is the i=2 case for
Lemma 2, so Hy(t).

H,(t) tends to —oo as t— oo, and so holds conditions of Theo-
rem 4-3, and thus the system is AS.

We give some more examples that explain the use of the rest of
the items in Theorem 4 and that show the efficiency of the given
conditions.

Example 2. Consider the following system

and the candidate Lyapunov Function V (x) = x2. Then,

. —3t2 x2
1% = — X242
(x) 5 X° + tx4+1

-3 X2 4 2tx7? (28)
2

uOVE) + 7V IX)

Now we assess the example in view of Theorem 4.

. m:—l,
- u(t) is AS,
1 1 4 3n-2
s Hp(t) = 5 + 3 + 357 0 g T
-L=0

The series Hy(t) is convergent for t > t;, and this constant t; is
determined by the coefficients of w(t) and m(t). The system is AS
by Theorem 4-1. We actually get this conclusion without solving
the system and without using a classical LF.

Remark 2. Observation of Example 1-2 yields that our methodol-
ogy is especially effective for some degenerated forms of Bernoulli
Differential Equation, Murphy [24] and Ross [28]. Here, the cru-
cial point is to enlarge V(t,x) by performing some algebraic op-
erations and finally to achieve a Lyapunov inequality form of the
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Bernoulli Differential Equation and appropriate w(t) and 7 (t) coef-
ficients for hypothesis of Theorem 4. Then conclusions can be given
using Theorem 4 above.

Example 3. Consider the following system which is a perturbed
version of Liao et al. [15]-Example 4.6.3, Zhou [33]-Example 1, Lak-
shmikantham et al. [13]-Example 4.18.

K= 4 p(O)®™ 1, te]=(1,00),

" t+sin(x) (29)

where 1#£m e R, p(t) is a rational polynomial for te]. Consider
also a function V (x) = x2. Then,

V(x) = +2p(6)x*™(x)

X
< _mv(x) +2p(t)V™(x)

= OV x) +m (OV"(x)

Here, p(t) = 75 is an AS function. Bearing in mind the condi-
tions of Theorem 4, it’s possible to give the amount of perturbation
by p(t).

Let m <1,p(t)>0 for t<J. The system (29) is AS for any choice
of p(t) provided that H;(t) is convergent and L = 0. For example, if
i =2, then we only check the convergency and L = 0 case for the

following series

p)(E+1)
1-m

d(p(tét(H]) t+1)
—-2(1 —m)2

and it’s computationally tractable.

Now let us give a multidimensional example that demonstrates
the quality of the conclusions of our main result.

Example 4. Consider the following system.

[&] B [ 11 (0x1 + (2 ()X + 701 (0X] + T2 (OX1%5 ]

30
—H2(O)%1 + (3 (D)% + 73(0)%3 + T4 (D)X3X; G

X
and the function V = el where  u;(t) e C*(R), 7;(t) €
C>*(,J),i=1,2,3; j=1,2,3,4. Then we have
V = 1 ()X + w305 + 71 (OX] + [712(6) + 74(6) 135 + 73 (6)X3.
Let u;'s and 7r;’s be upper bounded as follows.

wi(t) < p(t) fori=1,3

wit)<m(t) for j=1,4
m(t) <2m(t) for k=2,3.
where p(t) e C*(R,R), w (t) e C*(R,]7)
=V <2u(t)V +4m (H)V?

Now we can apply the items 2 and 3 of our main result Theorem 4.
If we choose the upper bounds 7(t) <0 and u(t) in such a way that

« The corresponding w(t) is AS and L exists or
e L=-00

Then (30) is AS. Note that, here the system (30) can be written

as
|:X1] B |: w1 (t) Mz(f)] |:X1i| . |:JT1 (t)x3 +n2(t)x1x§:|
X —pa(t) 3 ]| x2 73(0)X3 + 4 (£)X3x;
So the system (30) can be regarded as a perturbed LTV system.

Observation of the Example 4 yields that Theorem 4 of this work
also give the amount of perturbation for an AS LTV system.

3. Conclusion and future works

In summary, this paper addresses the stability problem of non-
linear time-varying systems using LF with indefinite derivative. The
Lyapunov inequality version of the classical Bernoulli Differential
Equation is utilized, and so numerous works in the literature are
generalized. This adaptation can also be regarded as a different
version of the Bellman-Gronwall Inequality, Flett [7] and its appli-
cation. In addition, a useful integral expression is given and so a
correlation is obtained between the stability and the convergency
of the series generated by ratio of the corresponding coefficients.
As a future work, the same idea can be reduced to some simi-
lar nonlinear differential equations like Riccati, Euler, [24], [28] and
some different upper bounds can be found for V(t,x). The same
methodology can also be applied for different forms of G(V, t) or
for ISS of the nonlinear time-varying systems.
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Appendix A.

Proof. (Lemma 3)

1. First of all, the functions f{r) and e8(*) are positive and so «
is. As a result, it's bounded from below by 0. Consider [tg, T]
for a finite T € R. The function f{7)e8(") is a piecewise con-
tinuous function by hypothesis and so has finite number of
jump discontinuities there, say to <ty <ty <..<tp:=T. De-
fine I ={1,2,...p} and

K (&, to) — K (ti_q, to) 1=K (31)

where iel. As f{t)e8(™) is continuous for the interval (ti_. t;)
and not infinity at bounds, we guarantee k; € R there.

As the limit of « is zero, we have such a number a € R* and
a moment T* >ty by the definition of the limit that 0 <«(t,
to) <a for t>T*. Hence it's bounded for te[T*, co).

First step is valid for any finite choice of T. Choose T = T*.
As a result, we have 0 <« (t,tg) <a+ ) kj.

Consequently, if the functions f{t) and e8(*) are given piece-
wise continuous and continuous functions respectively, pro-
viding the limit condition, corresponding « function is
bounded.

2. Consider [tg, T] for a finite T € R, the numbers t;’s and so [
and the definition (31) again. Let M := min|[K;] for iel Then
k(t, tg)>pM. This time as the limit is oo, we have such a
number A € RT and a moment T* by the definition of the
limit that «(t, tg)>A for t > T+. Choosing T = T* we have
Kk (t,tg) = pM + A so bounded from below.

O
Supplementary material

Supplementary material associated with this article can be
found, in the online version, at doi:10.1016/j.ejcon.2020.02.006.
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