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evolution operator is proved. This helps to get better well-posedness results than the
known results on idbvp for nonlinear Schrédinger equations (NLS). An interesting
result of this paper is proving that solutions of NLS subject to dynamic boundary
conditions can be obtained as inviscid limits of the solutions of the CGLE subject
to same type of boundary conditions. Finally, long time behavior of solutions is
characterized and exponential decay rates are obtained at the energy level by using
control theoretic tools.
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1. Introduction

This article is devoted to the analysis of the initial-dynamic boundary value problem (idbvp) for the

complex Ginzburg-Landau equation (CGLE):

* Corresponding author.

us — (A +ia)Au+ f(u) =0 in 2 xRy,

ou

W —g(ut) on I't X Ry, (1.1)
u=20 on Iy x Ry,

u(0) = ug in 2.
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In (1.1), 2 Cc R¥Y is a bounded regular domain with boundary I', which is the union of Iy and I,
two nonempty, non-intersecting, connected (n — 1)-dimensional manifolds. v = u(x,t) is a complex valued
function that denotes the complex oscillation amplitude. f(u) will be defined either as the usual power type
nonlinearity f(u) = (k+148)|u/’~"u—~u (Sections 6-10) or as an appropriate Lipschitz function (Section 5).
Here, 8 € R and a € R are the (nonlinear) frequency and (linear) dispersion parameters, respectively.
Without loss of generality, @ can be taken as positive. Therefore we will also assume « > 0 throughout the
text. 8 can have both signs except when we discuss global solutions with power type nonlinearities, where
it will be assumed to be positive. % denotes the unit outward normal derivative. p > 2 is the source power
index. Other parameters satisfy A\, x > 0,7 € R. g : C — C is a complex valued function which is either taken
as identity (Sections 2-4, 6-10) or as a monotone function (Section 5) satisfying suitable growth conditions
to be specified later in Assumption 2.1.

CGLE is a fundamental model in mathematical physics to describe near-critical instability waves, such as
a reaction diffusion system near a Hopf-bifurcation. Concrete applications of this equation include nonlinear
waves, second-order phase transitions, superconductivity, superfluidity, Bose-Einstein condensation, and
liquid crystals. See [1] and the references therein for an overview of several phenomena described by the
CGLE.

CGLE simultaneously generalizes the nonlinear heat and nonlinear Schrodinger equations (NLS), both
of which can be obtained in the limit as the parameter pairs («, 3) and (A, k) tend to zero, respectively.
Therefore, it is natural to expect that CGLE carries some of the characteristics of the nonlinear heat
equation and NLS. The latter two types of equations have been studied to some extent under dynamic
boundary conditions. However, there has been no such progress for the CGLE. Most models assumed ideal
set-ups neglecting possible linear and nonlinear interior-boundary interactions. See for example [2-12],
and [13] for existence and non-existence results on the CGLE in the case of the whole space or domains
with homogeneous or periodic boundary conditions. There are only a few results on the CGLE under
nonhomogeneous boundary conditions [14-18]. The NLS subject to inhomogeneous or nonlinear boundary
conditions, which can be considered a limiting case of the CGLE, took much more attention in recent years;
see for example [19-28], [29-32], and [33].

Recently, [34] studied the defocusing cubic Schrodinger equation with dynamic boundary conditions on a
bounded domain 2 C RY with smooth boundary for N = 2, 3. The model considered in [34] was the special
case of the problem (1.1) where « = 8 = 1 and A = k = v = 0. In this work, the authors obtained the
local well-posedness of strong (H?) solutions for N = 2,3 and global well-posedness of strong solutions for
N = 2. In addition, the existence (without uniqueness) of weak (H!) solutions was obtained for N = 2, 3.
Moreover, it was proven that the energy of the weak solutions satisfies a uniform decay rate estimate under
appropriate monotonicity conditions imposed on the nonlinear term appearing in the dynamic boundary
conditions.

The key idea in [34] is replacing the given dynamic boundary condition with an equivalent boundary
condition, which is obtained by replacing u; on the boundary with the Laplacian and other terms coming
from the main equation. This enables one to obtain the generation of a semigroup in an appropriate topology.
The idea of using a boundary condition which involves the trace of the Laplacian comes from Venttsel’s
work [35]. In his paper, Venttsel was interested in finding the most general boundary condition which
restricts the closure of a given elliptic operator to the infinitesimal generator of a semigroup of positive
contraction operators on the Banach space of continuous functions over a regular compact region [35]. The
result of this work was the discovery of the generalized Venttsel (more commonly “Wentzell”) boundary
condition aAu + bg—:j 4 cu = 0 on I', which provided the desired property for a > 0,b,¢ > 0.

Physically, this boundary condition can be considered as a (damped) harmonic oscillator acting at each
point on the boundary. In the case of the heat equation, this means that the boundary can act as a heat
source or sink depending on the physical situation. These boundary conditions also arise naturally in the
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study of the wave equation. In particular, generalized Wentzell boundary conditions can be thought of as

a closed subclass of acoustic boundary conditions. The well-posedness of Wentzell problems for the heat

equation was proved on spaces of the form X, = LP({2) U LP(I"). See for example [36], where the Wentzell

problem is treated as a coupled system of two PDEs: one on the interior and one on the boundary. Regarding

Wentzell boundary conditions, it is also worth mentioning the papers [34,37], and [36-39] on heat and wave

equations.

We are interested in studying three main problems for the CGLE model considered in (1.1): (i) well-

posedness (ii) inviscid limits (iii) long-time behavior. However, there are some challenges:

(i)
(i)

(iii)

The method used on the heat equation [36] fails when a # 0.

The linear version of (1.1) does not generate a semigroup at the L2-level. Since L?(§2) is not the
natural underlying topology for problem (1.1) for semigroup generation, one cannot directly employ
the monotone operator theory [10] (a common tool to treat CGLE) since the operator Bu = |u|” u is
m-accretive only in L?(§2), but not for example in H'({2).

There is no control of the L?(§2)-norm of the solution due to the presence of a non-standard boundary
condition. This is a major drawback for treating the nonlinear terms via Gagliardo—Nirenberg type
estimates. Focusing problems become particularly difficult even under smallness assumptions on the
power of the nonlinearities or initial datum.

One can overcome some of the difficulties above by using the method presented in [34]. However, the

additional terms in (1.1) compared to the NLS equation make the analysis more subtle.

The intrinsic regularizing feature of the Ginzburg-Landau operator provides more flexibility from the

point of regularity compared to NLS [34]. Let us mention a few differences between the two studies:

(i)

(iii)

(iv)

We prove that solutions of the CGLE possess better interior regularity than the solutions of the
NLS. This result verifies the natural smoothing effect of the semigroup generator (see for example
Theorem 2.3, Corollary 2.1, Lemma 7.1, and Theorem 2.7). This latter property is due to the fact that
the parabolic effect in the CGLE is not present in the Schrédinger dynamics.
In order to prove the local existence of strong solutions we construct a special complete metric space
( Lemma 6.2) whose elements are compatible at time ¢t = 0 with the initial datum ug. We show that
the solution operator maps this complete metric space (actually a suitably chosen closed ball in it)
onto itself in a contractive manner. Due to our construction of this complete metric space, the initial
datum satisfies the necessary compatibility condition at each step of the contraction argument, which
allows us to use the linear non-homogeneous theory.
Controlling the H!(£2) norm of the solutions is trivial for the defocusing NLS. In the case of the CGLE,
the energy functional (see (7.1) and (7.2)) involves other terms such as m(a/ﬁ + BA)HuH’;L (ry)
al\ fot ||Au||%2(9)ds and fo [lue(s) Lgp(mds In order to achieve a similar type of control of the energy
for the solutions of CGLE, we make an assumption on the sign of the frequency parameter.
The smoothing effect is also utilized here in obtaining global well-posedness results for a wider range
of parameters N and p. The fact that A > 0 in the CGLE helps us to obtain better control estimates
compared to the case of the nonlinear Schrodinger equation. [34] obtains global well-posedness of strong
solutions only in dimension N = 2 and p = 3. We are able to improve this result in the context of the
CGLE and obtain global well-posedness of strong solutions for p > 2 if N = 1; p € [2,5] if N = 2; and
€2, 5] if N=3
We show that solutions of the idbvp for NLS can be obtained as inviscid limits of solutions of the
idbvp for CGLE as the parameter pair (A, k) — 0. This gives one another approach to study NLS
with dynamic boundary conditions. Inviscid limits and convergence to the NLS for the CGLE at
different topological levels have been previously studied in the case of the whole space, periodic or
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homogeneous boundary conditions (see e.g., [2,40], and [41]). We verify this property at the H!-level
under dynamic boundary conditions. Moreover, we give a rather non-standard regularity in time for
ug when u € L>°(0,T;V = H}O(Q)) is the weak solution of the idbvp for the NLS. More precisely, we
prove that u; indeed belongs to L?(0,T;V’) as opposed to L>(0,T;V"’) (the common space for the
classical models).

The rest of the paper is organized as follows:

(i) Section 2 is devoted to the description of notations, assumptions, and statements of the main results.
(ii) In Sections 3 and 4, we discuss the well-posedness of the corresponding linear homogeneous and
nonhomogeneous systems.
(iii) In Section 5, we study the Lipschitz perturbations of the linear equation with monotone boundary
conditions.
In Section 6, we obtain the local well-posedness of strong solutions for (1.1).
In Section 7, we study the global strong solutions.
In Section 8, we discuss the existence and uniqueness of weak solutions.
In Section 9, we prove that solutions of the idbvp for the NLS can be obtained as inviscid limits of the
solutions of the idbvp for the CGLE.
(viii) Finally, in Section 10, we study the long time behavior of solutions and obtain exponential decay rates
by using a special multiplier, which is now a classical tool in the control theory of PDEs.

2. Notation and main results

We consider the space L?(§2) of complex valued functions on {2 endowed with the inner product

iz = [ p(@)3(o) do
and the induced norm
||1U||2L2(.Q) = (%Z/)L?(Q)-
We also consider the Sobolev space H'({2) endowed with the scalar product
(Y, X)) = W, 2) 20y + (VY. V2) 1200)-
We will observe later that the natural underlying space for problem (1.1) is
V={ue H'(2);u=0o0n I} (2.2)

instead of the common L2(2). V’ will denote the dual space of V.
Since Iy # (), due to Poincaré’s inequality, we can consider the space V endowed with the norm induced
by the scalar product

(yvz)V = (vyvvz)L2(9)7 Vy,Z eV (23)

The norm |[ylly = [Vyllp2(g) is equivalent to the usual norm of H*(2).
In what follows, we define the operator A as the sum of the Schrodinger and heat operators, that is,

A=A+ia)A (2.4)
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with the domain given by

D(A)E{yEV,AyEV,gi=—()\—|—ia)AyonF1}. (2.5)

In the above definition, A|p, should be interpreted as the restriction of the Laplacian from the interior to
the boundary, which is well-defined according to the Sobolev trace theory since Ay € V for y € D(A).
We first study the linear idbvp corresponding to (1.1) with g = id:

ur = (A+ia) Au in 2 x (0, 00),

u=0 on Iy x (0,00),

ou 2.6
5, = W on Iy x (0,00), 2.6)
u(0) = uo in 0.

The operator A given in (2.4) recasts the idbvp (2.6) as the following Wentzell initial-boundary value
problem (ibvp):

u=A+ia)Au in 2 x (0,00),
u=0 on Iy x (0, 00),
2.
%:—()\—l—ia)Au on I x (0, 00), 27)
v
u(0) = ug in £2.

In abstract operator theoretic form, we can rewrite (2.7) alternatively as
i = Au,u(0) = ug.

Using the above reformulation of problem (2.6), we are able to prove the following well-posedness result.

Theorem 2.1 (Linear Homogeneous Problem I). The operator (A, D(A)) generates a strongly continuous
semigroup of contractions on V.

Going back to the idbvp (2.6), one can restate the above theorem as follows.

Theorem 2.2 (Linear Homogeneous Problem II). Let ug € V. Then there exists a unique solution
u € C([0,00); V) to problem (2.6).

In order to deal with the nonlinear problem (1.1), we first study the following non-homogeneous model:

u— (A +ia)Au=f in 2 x (0, 00),

u=0 on Iy x (0, 00),

ou 2.8
5y = Ut on I x (0, 00), (2.8)
u(0) = ug in 0.

The above idbvp, as in the linear homogeneous case, can be treated as a Wentzell ibvp. Indeed, it is considered
as a special case of the more general Wentzell problem below:

u—A+ia)Au=f in 2 x (0,00),
u=0 on Iy X (0,00),

2.9
@:—(/\+ia)Au+g on I'1 x (0,00) (29)

v
u(0) = uo in 2

with a given internal forcing term f and boundary input g.
We prove the following result for problem (2.9).
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Theorem 2.3 (Linear Nonhomogeneous Problem I). Let f € L*(0,00;V) and g € L*(0,00; L(I1)). Then
for each ug € V there exists a unique solution u € C([0,00); V) to (2.9). Moreover, Au € L*(0,00; L?(12))
and the following “hidden” trace reqularity holds true:

Ou
5, € L*(0, 00, L*(I1)).
The Wentzell ibvp in (2.9) can be formally identified with the non-homogeneous idbvp (2.8) with the

special choice g = —f|p, .

Corollary 2.1 (Linear Nonhomogeneous Problem II). Let f € L*(0,00;V). Then for each uy € V there
exists a unique solution u € C([0,00); V) to (2.8). Moreover, us|pr, € L*(0,00; L*(I')),us € L*(0,00; L*(12))
and u € L*(0,00; H2(12)).

Remark 2.1. Due to the smoothing component of the operator A given in (2.4), the solution obtained
here carries more regularity than the solution obtained in the case of the Schrédinger equation (compare
Theorem 2.3 and Corollary 2.1 with [34, Theorem 1.4 and Corollary 1.5]).

We can extend the linear theory to include Lipschitz perturbations (both on the interior and on the
boundary) and nonlinear dynamic boundary feedback.

ur = (A +ia)Au+ f(u) in 2 x (0,00),

u=0 on Iy x (0,00),

2.10
% = —g(u) on Iy x (0,00), ( )
u(0) = ug in £.

Here, g(z) is assumed to satisfy the following conditions:

Assumption 2.1. Assume that g(z) is a continuous function on C such that both g(z) and its inverse
g~ 1(2) satisfy:
(1) Rel(g(2) = 9(0))(z = 8)] = m|z = o,
(i) Tm(g(2)2) =0,
(iif) [g(z)] < Mz|

for all v, z € C and for some constants m, M € R,.

Examples of functions satisfying Assumption 2.1 can be found in the literature for wave and Schréodinger
equations (see for example [42]). In particular, assumptions (i) and (iii) form a complex analog to the
assumption of monotonicity that appears in the study of wave equations.

When we consider the model in (2.10), we will assume f : V' — V to be Lipschitz continuous in the sense
that there exists a constant L such that for every pair u,v € V,

1f(w) = f(v)llv < Lllu—vl[v. (2.11)

Now, the well-posedness of (2.10) is achieved by considering a more general Wentzell ibvp. Namely, we
replace g(u;) on the boundary with g((\ +ia)Au + h(u) + yu), where we assume h : H*(2) — L*(I1) is
Lipschitz in the sense

1A(u) = h()l 172 py) < Kllu=vllv (2.12)

for some K > 0.
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Since the trace operator vy : H'(£2) — L?*(I') is continuous and linear, this formulation actually
generalizes problem (2.10), which is the special case where h(u) = v(f(y)). In order to recast the problem
in an abstract operator theoretic form, we define the operator Ay given by

Aju=(A+ia)Au+ f(u), (2.13)
with the domain
0
D7) = {y e Viay e V.50 = ~g(Or+ia)lryy+ ) on 11} (2.14)

where ¢ satisfies Assumption 2.1, and f and h satisfy (2.11) and (2.12), respectively. One should notice that
if f satisfies (2.11), then h = 7o f satisfies (2.12) by the Sobolev trace inequality.
The following well-posedness fact holds true.

Theorem 2.4 (Nonlinear Perturbations I). Taking into account Assumption 2.1 , (2.11) and (2.12), the
operator (Af7D(Af)) generates a strongly continuous semigroup on V.

Going back to the idbvp (2.10), one obtains:

Corollary 2.2 (Nonlinear Perturbations II). Under the same assumptions in Theorem 2.4, for any initial
data ug € V there exists a unique solution u € C([0,00),V) of the problem (2.10).

Finally, we study the problem (1.1) with g = id, that is,

u — (A + i) Au+ (5 + i) |ul’ " u — yu =0 in 2 xRy,

0

675 = —Ug on [‘1 XR+7 (215)
u=20 on Iy x Ry,

u(0) = g in 0.

In order to achieve our goal, we resort to the inhomogeneous linear theory with a forcing term given by
Flu) = —(k+ iﬁ)\u|p_1 u + vy u. Using a contraction mapping argument and some a priori estimates, we
prove the following local well-posedness result:

Theorem 2.5 (Local Strong Solutions). Let N < 3 and 8 > 0. Then, for every bounded subset B C Xy,
there exists T > 0 such that for all (ug,wo) € B, there exists a unique solution w of (2.15) with time
derivative uy = w such that the pair (u,w) € Xr.

Spaces Xy and Xt are defined in Section 6. Given the association w = wu;, we can rephrase (u,w) € Xt
as

uwe C ([0, T H*(2)nV)nC ([0, T} V). (2.16)
Regarding the global well-posedness, we have the following result:

Theorem 2.6 (Global Strong Solutions). Let (u,ut) € X1 be a local strong solution as in Theorem 2.5 and
B > 0. Then, this solution can be extended globally under the conditions: p > 2 if N =1;p € [2,5] if N =2;
and p € [2,%] if N=3.
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Relaxing the smoothness assumption on ug a little bit, one can get solutions continuous in time at the
H'-level. We first define the notion of weak solutions as follows.

Definition 2.1 (Notion of Weak Solutions). We say that u is a weak solution of problem (2.15) if given
T >0and

ug € Q = {p € V such that yop € LPT(I)},

ult=o = ug and there exists a sequence of global strong solutions u,, with initial data u, ¢ such that v, 0 — ug
in @ and u, — w in C([0,T], V) N L*(0,T; H*(2)), w,, — v’ in L*(0,T; L*(£2)), and you), = You' in
L2(0a T; Lz(Fl))

Our next result is the following theorem on the existence and uniqueness of weak solutions:

Theorem 2.7 (Weak Solutions). Let N < 3, 8> 0, ug € V so that youg € LPT1(I'y) and (p, N) satisfy
the conditions given in Theorem 2.6. Then, problem (2.15) possesses a unique (weak) solution in the sense
of Definition 2.1.

Remark 2.2. Theorem 2.7 gives a more regular weak solution than that obtained in the corresponding
Schrodinger problem in [34], where the weak solution only satisfies v € L>(0,T; V) with v’ € L%(0,T; V).
Moreover, the uniqueness in NLS is proved only in the case that the nonlinearity is globally Lipschitz in V',
whereas for the CGLE, uniqueness is proved in a more general setting, thanks to the smoothing effect of the
parabolic component of the Ginzburg—Landau operator.

At this point, a natural question is to ask whether the solutions of the CGLE with dynamic boundary
conditions get close to the solutions of NLS with same type of boundary conditions as the parameter pair
€ = (A, k) — 0. We show that this is indeed true by the following theorems.

Theorem 2.8 (Inviscid Limits I). Suppose that ue, where e = (\, k), is a global (weak) solution to the idbvp
for the CGLE with the initial condition ug € Q as in Theorem 2.7. Then, there exists u € L*°(0,T; V) with
ug € L2(0,T; V') such that a subsequence of u. (still denoted same) satisfies

ue = u weakly star in L*=(0,T; V), (2.17)
Oyue — uy weakly in L*(0,T; V') (2.18)

as € = 0, and most importantly u solves the idbup for the NLS in the weak sense.

Theorem 2.9 (Inviscid Limits II). Let N =2 and p = 3. Suppose that u. is a global strong solution of the
idbop for the CGLE with the initial condition u? and u is a global strong solution of the idbvp for the NLS
with initial condition ug such that u® — ug in V as e = (\,k) — 0. Then,

lue — ullv = O(A) + O(x)
as e = (A, k) — 0.

Finally, we prove that the solutions of the idbvp for the CGLE decay to zero exponentially fast if v < 0.
This is easy to prove with v < 0, and we have the following theorem.
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Theorem 2.10 (Stabilization I). Let
up € Q = {p € VN LPTH () such that yop € LPT(I)}

and u be the corresponding global weak solution of the idbup for the CGLE (Eq. (2.15)) with v < 0 as in
Theorem 2.7. Then,

F(t) < Eoefmt fort >0,

where
F(t) = 5 IVuEaq) + 7O o (2.19)
and
Bo = 5 IVuollaig) + ~Lg ol ) = ol (220)
4 plant AVl

Remark 2.3. The problem v = 0 is more challenging and requires control theoretic tools. In the case
~ = 0, there is usually no decay for the complex Ginzburg-Landau equation even at L2-level. However, in
our model the dynamic boundary input plays the role of a stabilizing control/feedback and one actually
gains an exponential decay of solutions. In fact, we have the following theorem.

Theorem 2.11 (Stabilization II). Let
up € Q= {o € VN LPTY(Q2) such that vop € LPTH(I)}

and u be the corresponding global weak solution of the idbup for the CGLE (FEq. (2.15)) with v = 0 as in
Theorem 2.7. Moreover, suppose that £2 satisfies the following geometric condition: 3xg € RN such that
(x —x0) v <0 on Iy and (x — o) -v >0 on I'y. Then, there exists some C > 0 such that

F(t) < F(0)e' "¢ for t >0

where F(t) is given in (2.19).

3. Linear homogeneous problem

In this section, our aim is to prove Theorems 2.1 and 2.2. The proof of these results is based on a method
developed in [34] adapted for the idbvp (2.6). In order to achieve this, we convert the idbvp (2.6) into the
Wentzell ibvp in (2.7). This is accomplished by a suitable use of semigroup proving that the operator A is
maximal dissipative.

Dissipativity:

Proof of the dissipativity is standard with exception of the computations that shows the presence of the
boundary condition on Iy . First of all, we observe that the operator A is not dissipative on space L?(f2).
Indeed, from the definition of the operator A given in (2.4), taking into account that 2% = —(A +ia) Au
on I (see (2.7)), we have

Re(Au, u) 2oy = —)\||Vu|\%2(m — Re[(A +ia)? (Au,u)p2(pp), Yu € D(A), (3.1)

which it is not clear from the above inequality that Re(Au,u)p2(o) < 0.
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So, performing the scalar product of the space V instead L?(f2), for any u € D(A), we obtain

(Au, u)v = (VAu, Vu) 20
= ()\ +1 OZ)(VAU, VU)L2(Q)

0
—(Atia)(Au, Au) 2oy + (A tia) <Au, u> (3.2)
51/ LQ(F )
oul|®
~O i)l Aulag - 7
O ovll ey
where in the last equality we used the fact that g—;‘ = —(\ + ia)Au on the boundaryl. Taking the real
parts in (3.2), we obtain the desired, that is,
Re(Au,u)y = —A HAu||2L2 H (3.3)
OVl pa( rl)

Maximality:
For this purpose, as well as proceeded in [34]. We define the following Banach space (see
[34, Lemma 2.1]):

G}
Z:{zeMAzeLQ(Q),az eLQ(Fl)}, (3.4)
14
which is equipped with the norm
oz
2 _ 2 2 _
nwzwmAnAﬂwm>4aumwu' )

Now, recalling the definition of A and integrating by parts, let us define the following bilinear form

ou 0z
a(u, z) = (A +ia)(Au, Az) 200y + <, > +0(Vu,Vz)r20) - (3.6)
(£2) v’ O L2 (£2)
We desire guarantee that the identity
a(u,z) = (—Au+0u, z)y (3.7)

will hold true whenever u € D(A) and z € V, where 6 will be chosen later. To this end, we employ the
Browder-Minty theorem [43, Theorem 5.16] to show that for any fixed f € V, there exists a unique (weak)
solution u € V satisfying the following variational form

a(u,z) = (=f,2)v,Vze V. (3.8)
The next step is to prove that a(u, z) is continuous and coercive on Z. We are able to prove that

la(u, 2)] < Cla; A, 0)||ullz ]2 2,
la(u,u)]* > C(a,~, A, 0) |ull%, considering Re(6) > 0.
These computations can be done as in [34], therefore omitted here.
So, Browder-Minty theorem says us that for all f € Z’, there exists a solution v € Z satisfying (3.8).

Moreover, from the chain D(A) C Z C V C Z’, we conclude that for all f € V there is a solutionv € Z C V.
Beyond that, by testing the variational form with 2 € Z satisfying 3 82 =0, it follows that

(A +ia)(Av, Az) 120y — (v, Az) 120y = (f, A2) 1200,
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then,
A+ia)Av—0v=f.

Since v, f € V, it follows that Av € V. Using the variational form once more, one recovers the boundary
condition so that v € D(A). This tells us that the operator A is the infinitesimal generator of a Cy semigroup
of contractions on V.

The fact that Av € V' implies that Av|p, € HY2(I"), that is, 92 € H'/?(I"). Trace theory says us that
v € H?(§2) which we can conclude that the regularity of D(A) is at least at the level of H?(2). Since D(A)
is dense in V, from the Lumer—Philips theorem or [44, Corollary IV.3.2,], Theorem 2.1 follows. Translating
the Wentzell ibvp (2.7) back into the idbvp (2.6), the proof Theorem 2.2 is completed.

4. Linear nonhomogeneous problem

In this section, our aim is to prove Theorem 2.3 and Corollary 2.1. Again, we borrowed the ideas used
in [34]. Now, we consider the problem (2.8). First of all, according to [44, Theorem IV.4.1A], we can deduce
the following result:

Proposition 4.1. If f € LY0,00;V) and ug € D(A) = V, there exists a unique generalized solution
u € C([0,00); V) to the problem (2.8).

Now, we want to consider the general Wentzell ibvp in (2.9). Let us first consider the case f = 0 and then
employ the superposition principle to obtain the well-posedness of (2.9). First, we define the Neumann map
N below where for a given g € H*(I'1), Ng solves

ANg=0
aNg =g on I (41)
v

Ng=0 on Iy.
Using the elliptic theory [45], one can deduce
N H3(I) — H3/2(2) s continuous for all s € R. (4.2)

From above, define @ = u — Ng. Making use of the boundary condition on I'; given in (2.9) and the
conditions AN g = 0 and 88—A£g = g on I, it follows that

o1 _ou_ N
ov  Ov ov
=—(At+ia)Au+(A+ia) ANg (4.3)
~——

=0
=—(A+ia)Aa on I7.

Moreover, since we are considering the case f = 0, we see that
= (A +ia)Au— Ng;
and making use of the fact that AN g = 0, we have

= A+ia)Au—Ng. (4.4)
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Combining (4.3) and (4.4), the problem with respect to the function 4 becomes:

i =A+ia) At —Ng in 2 x(0,00)

i=0 on I'y x (0,00)

Ol (tia)ai  onlix(0,%9) )
v

t

u(O) = Ug *N{](O)

The above problem gives us the following result whose proof can be done as in [[34], Lemma 2.3]:

Lemma 4.1. If g € Wh(0,00; HY/2(I)), then there exists a unique solution u € C([0,00); V) to the
problem (2.9).

Below we will prove Theorem 2.3. This result requires only g € L?(0,T;L?*(I)). Indeed, Lemma 4.1
tells us that there exists a unique solution v € C([0,7];V) to the problem (2.9) whenever g €
W0, T; H=Y/2(I1)). So it is sufficient to prove that sup,cp rlu(t)|ly < oo for g € L*(0,T;L*(I1))
and then use a density argument.

Multiplying (2.9) by 4 in V, taking the inner product, and integrating in temporal variable ¢, it follows
that

/0 (ur(s), u(s))v ds — / (M +i ) Au(s), u(s))v ds = / (F(s), )y ds. (4.6)

Without loss of generality, we take f = 0. The general case f # 0 can be solved a posteriori via superposition.
We observe that the first term satisfies

¢ 1 [td 5 1 , 1 5
Re [ Gl u@)y ds = 5 [ (o) ds = Sl = 5l (17)

Using integration by parts on the second term at the left hand side of (4.6) we get

/0 (A + i) Au(s), u(s))v ds

= | |- +ia)[Au(s)|Teq) + (A +ia)( Auls), 7 (s) ds.
o L2($2) Ov 9
L (Fl)
Now, substituting the boundary condition on Iy, namely, (A +ia) Au = g — % we obtain
t
/ ((A—i—za)Au( ), 0% (s )) ds
81/ 2
0 L2(I)
) 1 (4.9)
ou ou
= - —(s) + (g, =(s) ds.
o | 10V ez v L2y
Substituting (4.7)-(4.9) in (4.6) and taking the real parts, we get:
t
ou
= SO~ a0 43 [ 10 ey s+ [ S|
0 LQ(Fl) (4 10)
. .
- Re/ <g, au(s)) ds.
o \" O
We infer that
1 i 1 )
,Hu(t)”%/ + )\/ ||Au(s)||2L2(Q) ds + (1 — 4> 8—u s ds
K vy (4.11)
1
< S +n ||g||L2 o d

where we choose 1 > 1
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More generally, for f € L'(0,7T;V), we observe

1 5 ¢ 5 1 ¢
Z A 1 —
{1 +3 [ 1300 ey s (1- 1) [

1 t t
< SO+ [ Noleqry ds+ [ 151 ds
2 0 0
SCv(“vavg)'

By making the identification g = f|r,, we can identify (2.9) with the idbvp (2.8). Note that if
f € L?(0,T;V), by trace theory g € L?(0,T; H'/?(I'1)). Moreover, since Au € L2(0,T;L?(f2)) and
f € L?(0,T;V), we have that u; € L?(0,T; L?(£2)), and this concludes the proof of Corollary 2.1.

2

ou

55 ds

L2(I)

(4.12)

Remark 4.1.

(i) Given u € H'(§2), recalling the trace theory, one gets that % € H~'/2(I"). Therefore, the additional

regularity g—jj € L%(I'1), which shows up in Theorem 2.3, is a “hidden” regularity due to the underlying

Wentzell structure.

(ii) Again, just by a formal argument, one would expect Au € H~1(£2). The fact that Au € L2(02),
is a result of the smoothing effect due to the intrinsic properties of the parabolic component of the
Ginzburg—Landau operator.

(iii) From Corollary 2.1, we also conclude that the map

(fyuo) — u (4.13)

is bounded from L?(0, 00, V) x V into C([0,00); V).

Next, we desire to obtain a Duhamel’s formula for a problem derived from (2.9) and an estimate for u,.
The next two results, namely, Lemma 4.2 and Theorem 4.1 can be obtained employing similar ideas used in
[[34], Lemma 2.7 and Theorem 2.8], therefore their respective proofs will be omitted here.

Lemma 4.2. Let ug, f and g satisfy

(i) up € V (i) f € L'(0,T;V)
(iii) g € L*(0,T; L*(I7)).

Then, the solution uw € C([0,T);V) of (2.9) can be represented by

t t
u(t) = eug — A/ eI N g(s)ds + / e f(s)ds. (4.14)
0

0

Remark 4.2. Combining Lemma 4.2 and Theorem 2.3, we deduce that the following map is continuous:

L: L*0,T; L*(I')) — C([0,T]; V)

t 4.15
g > A/ AN g(s)ds. (4.15)
0

Below, we will be looking at more regular solutions corresponding to the inhomogeneous problem (2.9).
We start our discussion with the following result:

Theorem 4.1. In addition to the assumptions in Lemma 4.2 assume also that:

() fr € L*(0,T;V) (iii) Aup € V' and Ouo _ 9(0) = —( A+ i) Aug

ov
(i) g: € L*(0,T; L*(I)).
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Then, the following estimate is satisfied:
[uellcgorvy < C{”fHWl’l(O,T;V) + gl mr 0,702y ) + 1Auollv + [uollv |- (4.16)

If, in addition, g € C([0,T); HY/?(I1)), then u € C([0,T); H?(R2)).
Remark 4.3. The proof of Theorem 4.1 brings us useful informations (for more details of these facts,
see [34]) that will be employed later, namely:
(i) We notice that the conditions imposed on the initial data are equivalent to saying that ug — AN g(0) €
D(A). Indeed, this follows from noticing that uo—N g(0) € D(A) translates into the following conditions:
=—(A+ia)A(uy — Ng(0))

=5, —g(0) =-A+ia)Aug
Alug =Ng(0)) = Aug eV,

(4.17)

So, thanks to the compatibility condition described in (4.17), and due to [46, Theorem 2.4(c)], we have
Aeug — Ng(0)] = e Alug — Ng(0)] = (A + i a)e Aug. (4.18)

(ii) Making use of the semigroup formula given in Lemma 4.2, we infer:

ug(t) = Aeug — N'g(0)] + e £(0) + /Ot eA=9) £,(s)ds — Lgq(t), (4.19)

where £ is the map given in (4.15).

Remark 4.4. The function u obtained above in the class C([0,00); H2({2)) is a solution to the problem
(2.9), that is,

A+ia)Au=u, + f in £ x [0, 7]

o | (4.20)
87:7()\+za)Au+g on It x [0,T]

14

sothat f € V — L*(2)and g € HY?(I). So, denoting C = C(a, A, T), from the continuity of the trace
map o : H'(2) — HY?(I'}) and (4.20), we obtain:

w20y < C (HUt”L?(Q) + 12y + N9l grrzcryy + 1A +iql ||A“||H1/2(F1))
< C (lullv + 1y + gl g2y, + 1A ulv ) (4.21)
< C (el + 171w + gl 2z )

Combining Lemma 4.2, (4.16) and (4.21), we get

lutlleo, vy + lulloqo. a2 @) < Cllflaro.rvy + 19l g o rm2r))
+ | Auollv + [Juollv]- (4.22)

The above estimate applied to idbvp yields the following:

Theorem 4.2. With reference to (2.8), in addition to the assumptions in Corollary 2.1 assume also
that:
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() feHY(0,T;V)
(ii) Aug € V and %% — f|r, (0) = —(\ + i) Aug.

Then uy € C([0,T],V) with appropriate control of the estimates, that is,
lutllcqoryvy + lulleqo, a2y < Cllfllao,mvy + 11 Auollv + [[uollv]-

Proof. The proof can be done as in Theorem 2.9 in [34], therefore, omitted here. O

5. Nonlinear perturbations

Our aim in this section is to prove Theorem 2.4 and Corollary 2.2. We will construct solutions for the
nonlinear model (2.10), where g(z) satisfies the conditions given in Assumption 2.1. Moreover, the function
f is assumed to satisfy (2.11). As in previous sections, the well-posedness is obtained by converting this
idbvp into a Wentzell ibvp. Namely, we replace g(u;) on the boundary with g((A+ia)Au+ h(u)), where the
function h satisfies (2.12). Here, we consider the operator Ay given in (2.13) with its domain characterized
by (2.14). The proof of theorem (2.14) is based on an extended monotonicity method developed in the linear
case. From the outset, we note that this proof is strongly patterned along Section 3 in [34] and therefore,
we present the details necessary regarding the ibvp.

From above, we are able to prove the w-maximal dissipativity of the operator Ay:

Dissipativity: From definition of the operator A given in (2.13), we infer

2

L2(F1) (51)

ou Ov

1
Re(Afu — Afv,u — ’U)V <=2 ”Au - AU||2LQ(Q) + ( B m) ‘ v ov

4n

+ [nK? + L]l — vf|?.
Now, since A > 0, by taking w > nK? + L with n large enough, we may conclude that
Re(Aju — Apv —wl(u —v),u—v)y <0, (5.2)

which proves that the operator A is w-dissipative.
Maximality:
At this point, we consider the space Z given in (3.4). Now, we define

a(u,v) =0 (u,0)y + (A +i0)(Au, Av) () + <g-1 (gZ) gDLQ(m (5.3)
- (.5 )

We borrow the procedure employed in [34] to show that this form is continuous and coercive so that the
Browder—Minty theorem can be applied. This will imply that, for every j € V C Z’, there exists a unique
u € Z satisfying

a(u,v) = (—j,v)y for all v € Z,

for some value of 6 such that Re(#) is sufficiently large.
Regarding the continuity, it can be proved that there exists a bound C(\, 0, a, M, L, K) such that

la(u,v)| < C(\,0,a, M, L, K)||u| z||v] z- (5.4)
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For coercivity, we get the following estimate:

V2 V2 (\/im 1 )Hau

2
2 2
- Re@)ully + A+ a) [ Aullpo ) + | —5— 1) |ow

- V2 [L+nK?] |ul}

2
la(u, u)| =

L2(I7)

(5.5)
\/§ V2m 1 ou 2
= == [Re(0) — 2L — 20 K] [Jull}; + (A + o) || A} +<—) By
9 [ e(0) n ]HUHV ( a)l UHL?(Q) 2 4n /) ||ov L2(I)
> Cllul%

for some constant C' > 0 as long as Re(f) > 2L + 21 K? and 7 is large enough.

So, recalling the Browder-Minty Theorem, if w > 2L 4 2nK?, the operator Ay — wl will be maximal
dissipative. From this fact, by the Lumer—Philips theorem, the operator Ay generates a strongly continuous
semigroup, and therefore Theorem 2.4 and Corollary 2.2 are proved.

6. Local well-posedness of strong solutions

The main goal of this section is to prove the local existence of solutions (Theorem 2.5) for the problem
(2.15) at H%-level for N < 3. We have proved that the linear model with a forcing function f : 2x(0,7) — V
given in (2.9) is well-posed in V' with appropriate control estimates of the solution map given in Theorem 4.2.

We set

F(u)=—(k+iB)uf " ut~yu. (6.1)

To acquire the estimates given in Theorem 4.2, we differentiate equation (2.15) in time in the distributional
sense. In fact, let w = uy, then

wy — (A +ia) Aw = Fi(u,w) in 2,

w=20 on FOv

8—w+wt:0 on I, (6.2)
ov

w(0) = wo in £,

where
Fuw) = o i0) { L o+ Co -t
wo = A+ i) Aug — (k+i8)|uol” ug + v uo. (6.3)
We will be looking at a (desirably unique) fixed point of the map
K:CO,T;H*(2)NV xV) = C0,T; H*(2)NV x V),
defined by
K(u*,w*) = (u,w),

where u satisfies (2.15) with F'(u*) and w satisfies (6.2) with F}(u*,w*). Once such a fixed point is found,
it is routine to show that u and wu; are strong solutions to (2.15).

In order to establish the existence of a suitable fixed point we need a priori estimates. We begin with
some preliminary nonlinear estimates which will be useful both for local and global theory.
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Lemma 6.1. Let F(u) and F;(u,w) be given by (6.1) and (6.3), respectively. Given u € H*>(2) NV and
weV,

(i) if N <3 and p> 1, then

IF @)l g1y < Cllullhze gy + Dllull ) < C(HUHHz(Q) Dfull 1) (6.4)
(ii) of N <3 and p > 2, then

IE ()l 52(2) < (Clullf= o) + Dliullrza)y < (Cllully g + Dliullr2a); (6.5)

(iii) if N <3 and p > 2, then

1B, w) v < IV wlagy {lllal g, +1} (6.6)
(iv) if N=1 and p > 2, then
1B ()l < Cllufly (1 + ) (67)
(v) if N=2and p > 2, then
0 —2 p—1 —
I3t <l (g, Tl Rl -+l bl ™ +1) (68)

where 1 > 60 > 0 can be chosen small. Moreover, for p € [2,5] and small 0, one has

I1F (w0}l < Cllully (Nulldagg, + lulfy +1 (69)
(£2)
where T = 7(p,0) > 0;
(vi) if N =3 and p > 2, then
0+3( —2 3(p—1) —
Fw ol < Clluly (lulfaa Tl Tols™ 4l ;™ +1) . (@10

where 1 > 0 > 0 can be chosen small. Moreover, for p € [2, %] and small 0, one has

IFi(ww)lly < Cllelly (lulegg, + lulli +1) (6.11)
where 7 = 7(p,0) > 0.
Proof. Note that
PR (U IVEERNCER IR
Therefore,
VE ()| < C(|uf"™"[Vul + [Vul).
The inequality (6.4) as well as the second part of (6.5) follows directly from embedding H?(£2) < L°(12)

. The first inequality in (6.5) was proved in [47] in the case of p = 3 and N = 2. A similar proof also applies
to the more general case given in this lemma. The idea is to use the Gagliardo—Nirenberg inequality

1 1
lullwrs oy < lullZee lul iz
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In order to prove inequality (6.6), we first estimate V Fy(u, w):
IVF (u,w)] < C (2| Vullwl + [ul ™ Vo] + [y Vw])

Setting C' := C(k, 3,p), by the triangle inequality, we have

1Fuu,w)llv < C {ulls=2 ) 0Vl 2y + el oy 1V w0l 2y + IV w2y }

Now, we use |wVull 2oy < [[w|v|ull g2(o) and H?(2) < L>(£2) to obtain (6.6).
If N =1, then using H'(£2) — L°°({2), we can easily obtain from (6.13) that

|Fw,w)lly < Cllwly (1+ Jullf ™) -
If N =2, then by using the Gagliardo-Nirenberg inequality

—6
IVullzs@) < lullfreo)lully™,

where s > 2 and 0 < § =1 — 2 < 1, and the Sobolev embedding H'(£2) < L(£2) (q > 1), we obtain

wVull 20y < Cllwllr @) IV ullLs (o)
< C||w||vHU||}9L12(Q)||U||%;0

where r = 2732. Moreover, for N = 2, one has the Gagliardo—Nirenberg inequality:

S
b
lullos < lullFa 1l

Therefore, from (6.13) we obtain

2 —1
0
Wmev<wa@wmmDMW|mz Hlull g Il ™ +@

Observe that in the above inequality, 2 1 <2if p <5.
If N =3, we can again use the Gaghardolerenberg inequality in the form

1 2
IVl < loll oyl
and use the embedding H'(2) — L5(2) to obtain

[wVull 20y < Cllwllpso) IV ull L3 (o)
< Cllwllv [l G g llully -

Moreover, for N = 3, one has the Gagliardo—Nirenberg inequality:

3 1
[ulloo < llull g2 g lull2
(£2)
Therefore, we obtain
p—2 3(p—1) 1
nnwwwsmww@www Tl Tl Il ™ 1)
Note that in the above case, 3(]”;1) <2ifp< i O

Now, we take into account the following compatibility condition:

(6.12)

(6.13)

(6.14)

(6.15)

(6.16)

(6.17)



W.J. Corréa, T. Ozsari / Nonlinear Analysis: Real World Applications 41 (2018) 607-641 625

Definition 6.1 (Compatibility Condition (CC)). We consider

%ﬂ—()\—}-ia)Auo—F(uo):Oon Iy.
v

We also define the following spaces:

(UO,U}()) eV xV

wo = ()\ + ZCY)A Uug — F(’LLO)
Aug €V

ug satisfies CC (Definition 6.1)

Xo =

and the Banach space
X = {(u,w) :u e Cl0,T; H*(2) N Hp, (2)],w € C[0,T; Hp, (2)),uy = w} .

We note that from the elliptic theory, we get

3]
Aug € V < H*(22) and 871:/0 = —wo|n, € HY2(I).

So, we have the implication: (ug,wo) € Xo = ug € H*(12).
Thus, it makes sense to define the following norms on Xy and X :

1, w) 1%, =l ) + w5,

1w, )%, = sup JullZrzg) + sup |wlf5.
te[0,T t€[0,T]

We will prove Theorem 2.5 in several steps.

Step 1: Setting the map. We will restrict the map K defined previously to a special complete metric
space in order to obtain a contraction.

Lemma 6.2. Let
Qr = {(u",w") € X7 s.t. u*(0) = up}.

Then, Q1 is a non-empty complete metric space with the metric induced from the norm of Xr, i.e., with

the metric given by

oy ((ui, wy), (u3,w3)) = sup [uf —u3lfzg) + sup i —wilFn o)
te[0,T) te[0,T] I'o

Proof. (ug,0) € Qr, hence Qr is nonempty. It is easy to see that dg,, is a metric. Now, in order to show
completeness of Qr, take (uf,w’) € Qr such that (uf,w’) — (u*,w*) € Xp. This means v} (0) = uy and
lim,, [Supte[O’T]Hu; — u*||?{2(9) = 0, which implies

0 < [[u*(0) = wollg2(2) = [[u™(0) = up (0)l[ 2y < sup [|u” = upllg2o)-

)

Passing to the limit as n — oo, we get u*(0) = ug. Namely, (v*,w*) € Qr. That is Qr is closed. But closed
subsets of complete spaces are complete. Therefore, Q7 is complete since Xt is complete. [
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Now let (ug,wp) € Xo. We consider the map K(u*,w*), with (u*,w*) € Qp, which produces solutions
(u,w) € CL([0,T); V)N C([0,T); V) to the respective problems:

ug — (A +ia)Au=F(u"), in 2 x Ry,

u=0, on I'h x Ry,

0

67“ + A+ iov)Au—F(u*) =0, on It x Ry, (6.18)
v

u(0) = ug, in 2
and

wy — (A +ia)Aw = Fy(u*,w), in 2 x Ry,
w=0, on I'h x Ry,

1
g*w + (A +ia)Aw — Fy(u*,w*) =0, on I't x Ry, (6.19)
v
w(0) = wy, in £.

We would like to give some important remarks at this point.

Remark 6.1.

(i) Tt is important to note that ug satisfies the necessary compatibility conditions since (u*,w*) is taken
from the specially constructed space @ introduced in the previous lemma, which enforces the equality
F(u*(0)) = F(ug).

(ii) One should also observe that K maps the elements of Q1 again to the elements of Q. This follows
from the linear theory and the fact that (u,w) = K (u*, w*) is continuous on [0,T] so that in particular

u(0) = ug, i.e., (u,w) € Qr.

Componentwise, the map K (u*,w*) can be thought as the composition of

{K(u*, Jiu— F(u*) — u
K(,w*): w* — F(-,w") — w.

These component maps can be found explicitly via the “boundary solver” introduced in Lemma 4.2 as

follows:
K(u*,-) = u(t) t t
= <eAtuz;— /0 AT AN F(u*(s))ds + /0 eA(t_S)F(u*(s))ds> (6.20)
K(-w) =w(t) t t
= <6Atw3 /O AT AN Fy (-, w*(s)) ds + /O eA(ts)Ft(~,w*(s))ds>. (6.21)

As before, A is the operator given in (2.4) with Wentzell boundary conditions, A/ is the Neumann map
as seen in (4.1).

Step 2: The estimates: Invariance of the Ball in X

We recall that K(u*,w*) = (u,w) where u satisfies (6.18) with the right hand side f = F(u*) and
w satisfies (6.19) with the right hand side f = F;(u*,w*). Since the initial data satisfies the required
compatibility conditions, we are in a position to apply the estimates of Theorem 4.2 . This yields:

lwlleqorvy + lulleqo,rm200) (6.22)
< (IF@) 20,z + B 0 20 vy + ol + | Aoy )
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We first need to verify that K(u*,w*) maps Br(Qr) into Br(Qr), where Br(Qr) denotes the closed
ball of radius R in the space Q. Below we will suitably choose R and T'. To accomplish this, we shall use
the estimates in (6.22) and Lemma 6.1. To this end, let R > 0 be a fixed number (to be chosen in a moment)
such that (u*,w*) € Br(Xr).

Making use of estimates (6.4) and (6.6) given in Lemma 6.1, we conclude that

*

IE @) 20,750 + 1 F: (@ w) [ p20,7,v)

- 1/2 - 1/2
| [ ire el | [ iR 0.0 dt]
T 1z (6.23)
* 2(p—1 * * ’
< / 2 (1 w0152 ) (@ + o @)1 dt
<CT2 (1410 Wt rymracayy) (10 leqorymzcan + o™ leqomy)) -
< C2RT'Y? (1+RP7Y) .
Combining (6.22) and (6.23), we infer,
1 (u”s w™) Lx = [ (w, w) || 7
= wllco,mvy + lullegom;mzi0)
< Cyuy+C2RTY? (14 RP7Y).
Let R = 2Cy,. Then, for small T', K maps Br(Qr) into itself.
Step 3: Contraction. We will show that for small 7', there exist 1 > p > 0 such that
K (u, wi) = K (u3, w3l xp < pll(u] —u3, wi —ws)|xp, V(ui, wi), (u3,w3) € Br(Xr).
Let (uf,w?), (u3,w3) € Xp. Then by arguments similar to those above, we can obtain
1K (ut, wi) — K (uz, w3)| xp = [[(ur — ug, w1 — wo)| x;
= [lur — U2||C([0,T];H2(n)) + [Jwy — w2||C([O,T];V)
T
< [ 1P ) = P (6 oy ds (6:24)

+ / 1F3(ui(s), wi(s)) = Fy(us(s), wy(s))||v ds .
0

By using the local Lipschitz estimates for F' and F}, taking into account that (uy,wy), (u5, w3) € Br(Xr),
one obtains:
1P @) = F(u) a2y <Cr (I 588y I35 s 121) Wk = 5 2y
<Ci(R) [lut = u3 g2 (o)
and
|Fiut,wp) = P, wi)lly <Ca (ltllsbl gy sl o 1) llwt = wlyv
<Cy(R) wi — w3llv-
Setting C5 := max{C4(R), C2(R)}, from (6.24), we have
1K (w1, wi) — K (uz, w3) x
T
< Caf [Iuits) = w3 (o) lmaco + (o) ~ wi(o)lv] ds
0 (6.25)
< TCy [lluf = u3lloqorpmecay + Iwi = wslogoriv)|

< TCs ||(u] — uy, wi — w)||x,-
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The above estimate proves that K is a contraction if T' is sufficiently small. This proves the local existence
and uniqueness of a strong solution in Br(Qr).

Remark 6.2. The above result says that there is a unique local solution in Br(Qr). This does not mean
that there is uniqueness in Q7. In the case, o, § > 0, one can also prove the uniqueness in Q. This directly
follows from (7.10).

7. Global well-posedness of strong solutions

In this section, we study the global strong solutions of the CGLE with dynamic boundary conditions with
power type nonlinearity under the additional assumption 8 > 0. Our proofs for strong solutions will use
Sobolev embeddings. Therefore, we will have some restriction on p. In [19], it is proven that the defocusing
cubic NLS with dynamic boundary conditions is globally well-posed for N = 2. Here, we improve this result
in the context of the CGLE by proving the well-posedness of global solutions for dimensions N < 3. More
precisely, we prove global well-posedness for p > 2 if N =1;p € [2,5] if N =2; and p € [2, %} if N =3.
The smoothing effect will play a major role in this context. This is a missing ingredient in the case of the
nonlinear Schrédinger equations.

Suppose 0 < Thpax < oo denotes the maximal time of existence of a given local strong solution. We
want to prove that Ti,ax = 0o by showing that ||(u,us)| x, remain bounded on [0, Tiax). To this end, we
first prove the following lemma which is true in any dimension. Similar estimates were proved, for example,
n [2, Lemmas 3.2 and 5.2], where the domain was either the whole space or a torus (periodic boundary
conditions). Here, our aim is to obtain a uniform energy bound for the solutions.

Lemma 7.1. Let ug € VN LPTYL(Q) with youg € LPTL(IY). Then,
(i) if v >0, then E(t) < E(0) exp(CTimqz) for t € [0, Thnas), where

B

1
N5 )+ o+ BNl (7.1)

«
B(t) = SIVu(t)|220) + —

ta / s (5) 227y s + A / | Aul2a gyds + 8 / (3) 20 g
(ii) if v <0, then E(t) < E(0) for t € [0, Tynaz), where

B

ay
E(t) = IIVU( 220 + 7II O 1 () — 5 2y + ——(ak+ BA)|[ulb7

1
P+l L+L(Iy)

—|—a/ Joae() 22 ds+aA/ ||Au|\L2(mds+nﬁ/ ()12

Moreover, in both cases above, the solutions enjoy the following interior and boundary reqularity for all
T >0:

(u,ur) € [O([0,T): V 1 LP4(2)) N L2(0, T3 H2(2)) 1 L27(0, T3 L2(2))] x L2(0,T; L*(22)),

(7.2)

0
o = J0ur € L2(0.T: L(I)) ou € C(0.T]: L (1),

Proof. We start by taking the real part of the scalar product of —aAu + B\u|p71u and uy:
Re(—adu + Blul’ " u,up) = Re(—adu + Blul’ ™ u, (A + ia) Au — (k + iB)|ul’ ™ u + vu)

ou 1
= o\ Aul2a ) + 0VIVUl2 ) — OVRe(5 W)y — KBl B gy + BV

+ aRe(Au, (k +iB)|[ul’ " u) + BRe(Jul’ ' u, (A + ia) Au)
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ou
= —aA|Aullfz gy + V[ VullZz o) — OWRB(a W) r2(ry) — 'iﬂ||u||sz(m +57HU||I;L(Q)
ou
—aRe(Vu, (k+1i8)V (|u|p ! )) + aRe(—

an s (k+iB)[ul” )LQ(Fl) (7.3)
_ 0
— BR(V ("™ u), (A + i) Vu) + BRe(ful’ ™ u, (A -+ i0) 50 21
The first boundary term at the right hand side of (7.3) can be estimated by

ou
on

(o ull32 ) + € > (7.4)
L2(I4)
ary
< T (ClIVulEaa + €l ) -

ou
‘OZ’YRe(an, U)L2(F1)

A

Alternatively, by using %\ r, = —uy one also has

ou ay d
— ey Re(5 w2y = Sl (75)

Under the assumption 5 > 0, we have ak + SA > 0 and

—aRe(Vu, (k + i)V (|u|p_1u)) — BRe(V(Jul "), (A + ia)Vu) (7.6)
— (i + BN Re(Y (JuP "), ) = —(a + BN Re(Vu, (Lot wu 4+ B L 5 L teva))
—(ak + BA) [p“/ P~ |Vl 2da + ERe/ \u|P—3a2(vu) dz| <0.
2 Jo 2 Q
The last term at the right hand side of (7.3) is calculated as follows:
ou
aRe(Z -, (
1 Ou 1 d
= (ak + BN Re(|ul’'u, 5. )2 = —m(a/{ + m)%nungﬁl(m.

On the other hand, by using the main equation, we can rewrite the same scalar product in (7.3) as

, _ ou
K+ 1i8)|ul’ 1u)L2(Fl)+5Re(|u|p ! ()\+za)8 )L2(ry) (7.7)

_ ou
Re(—alAu + flul’ 1%%5) =3 dt”quLQ ot —/7 —I- 1 dt” Hi;lq(m - O‘Re(%aut)LQ(Fl) 8)
+1 '
=3 dt”vu”L?(Q) t+— _|_ 1 dt” Him—l(m + a||ut||2LZ(p1)-

If v > 0, it follows that

14 %9 [ 19u)Pa, o d t ptl o ! 2, d
@1+ 5) [ IV aiayds + 8 [ oL gy + €5 [ o)y ds

G%E(t) + C/Ot E(s)ds

E(t) — E(0)

IN

(7.9)

IN

where € > 0 small and fixed.
Therefore,

E(t) < CE(0)+C / " B(s)ds
0
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Now, using Gronwall’s inequality, we conclude that
E(t) < E(0) exp(CTinaz) (7.10)

for t € [0, Thnax)-
Now, we consider the case v < 0 and define E(t) as in (7.2). Bu utilizing the alternative calculation in
(7.5), we get

B(t) - / I90(s) |23 s + / ()25 (7.11)

This gives E(t) < E(0) when v < 0.
Hence, we proved that the corresponding solution (u,w;) is global in the sense that, for all 7' > 0,

(u,ue) € [C([0,T]; V N LPH(2)) N L*(0,T; H*(22)) N L*(0,T; L*(2))] x L*(0,T; L*(12))
and

you € C([0,T]; LPT(I7)), % = yous € L*(0,T; L*(Iy)). O

Lemma 7.2. Let u be a local solution. Then,

(1) If N=1and 1 <p < oo, then ||F(u)|y <C.

(2) If N=2and 1 <p < o0, then |[F(u)|lv < C—l—CHuHHQ(Q) where 1 > 60 > 0 can be chosen as small as
we wish.

B)IfN>3andl<p<
as we wish. S(p—1)

(4) If N =3 and p > 3, then |F(u)|ly < C+ Cllull yofy,, - If in addition p < 3, then |F(u)lly <
Ce + GHUHEQ(Q) for any fixed small € > 0.

5, then |[F(u)|ly < C + C’||uHH2(Q where 1 > 0 > 0 can be chosen as small

Proof. Note that
VF(u) = —(k zﬂ){( Lt 1y, +(p21)| |p3u2Vu}+’qu.
Therefore,
IVE ()] < C(Jul"™" [Vu| + |Vul).

The case N = 1 follows from the Sobolev embedding H'(2) < L>(£2) and Lemma 7.1.
Let N =2 and 1 < p < co. Then, by using the Gagliardo—Nirenberg inequality

IVullzs@) < llullfego)lulli™, (7.12)

where s > 2 and 0 < § =1 — 2 < 1, the Sobolev embedding H'(£2) < L9(£2) (¢ > 1), and Lemma 7.1, we
have

— 1)
1Py < € (Jull P21 Fulls + [Vl g2y ) < € (lallEVlall = lulfegg, + lulv) — (7.13)
with ¢ > 2(p—1) and ¢ > 1.
Let N>3and 1 <p< %; then we have the following Gagliardo—Nirenberg inequality:
IVulzs (@) < el lulli? (7.14)

2N _ AN _ (s=2)N
Wherem>8—m>2and0<9—%<l



W.J. Corréa, T. Ozsari / Nonlinear Analysis: Real World Applications 41 (2018) 607-641 631

For ¢ = ]3—]7\’2, (7.13) can be rewritten as

1E@)y < € (P [Vulll 2o + Vel p2a)) < € (Il @ 1Vells + lully

1 _
< € (Jull$ ™l o el + )

Let N =3 and p > 3, then we have the Gagliardo—Nirenberg inequality

(7.15)

3 1
lullso < Cllul iz g Il

Therefore,
_ (r—1)
1Py <C (||u||%; 1||Vu||m> 19l < € (Il bl i IVl + il ) . (716
Note that if in addition, p < &L, then 2(p — 1) < 2. O

Now, we will prove the following estimate:

Jue@)llv + 1w g2(0) < C(uos Timax) +C </0 | Fy(u(s), ut(s))l|vds

v [f [P m(opParas] ) (717

where the constants C(ug, Tmax) and C are given more precisely later.
Substituting f = F'(u) in (2.9), using g = — f[, and (4.18), (4.19) can be written as

¢
= (A +ia)e Aug + e F(ug) + / eA =) By (u(s), ug(s))ds
0

t (7.18)
- A/ eACINE, (u(s), wy(s))ds.
0
On the other hand, employing Lemma 7.2, it follows that
le?* F(uo)llv < C(l[uollz2(a))- (7.19)

Then, combining (7.18), (7.19), and the continuity of the map £ given in (4.15) (whose bound, say is 7),
we obtain

v < € (128wl Juollzgoy) + [ 1P (o). a5y + I£Eu(e). () cqovy

::Cuo

t
< Cug +/||Ft(U(5)7Ut(S))Hv ds + [ Fy(u(s), ur($))l 2(0,6:02(ry )

D (7.20)
= Cug [ NG Dl s ] [ L) 03D, 5]

1/2
<+ [ ||Ft(u(8)7ut(8))|vd8+77vo I ) Dl 5]

Now, from (4.21) and the continuity of the trace map ~ : H'(£2) — H'/2(I'}) (whose embedding constant,
say ¢), we have

(Ol 2y < Cr (@)l + IE@ED v + @O g /20r,)

< Cr(lu@llv + (L + QI F(u®)llv) -
Thus, combining Lemma 7.2, (7.20) and (7.21), (7.17) follows.

(7.21)
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Now, we employ an inequality derived from the Gagliardo—Nirenberg inequality (see [2]):

120202 < € (I2lz2gey + 18 212y ) (7.22)

<C (2l + 18 2l z2gy ) » V2 € H(2).
On the other hand, from Lemma 6.1 and (7.22), we obtain:

/ |Fu(u(s), ui(s)llv ds < © / )l ()2 + 1) ds. (7.23)

Having in mind that 7 denotes a trace operator-restriction to the boundary I'y, a mixed trace-interpolation
inequality results

Fullfzcryy < Cllulla o) llull 2o - (7.24)
This implies
[FE: (w, )22 pyy < CllF(u, w)l| 1 () 1 Fe(w,w) | 120 - (7.25)
Recall that for N = 1, we have H(2) < L®°(); for N =2, H'(2) — L4(2) if 1 < ¢ < o0; for N >3,
HY () — L(2) if 1 < ¢ < 2. Using these Sobolev embeddings and Lemma 7.1, for p < 25 if N >3
we get:
1Fi(w, w2y < € (Il wllz2g) + Il 2e) ) < CEO)lwly. (7.26)

Lemma 7.3. Let o, 3,\,k > 0. Then, there exists M > 0 such that

sup  Jlw(®t)|lv <M < oo.
te[omiaz)

Proof. Multiply, (6.2) by —aAw, integrate over {2 and take the real parts. Then, by also using (7.26) we
have

ad
2 dt

< EIIFt(u,w)IIQLQm) +el Awl72 o) < CEO) W + el AwlZz ).

”vaLQ(Q) + a”thL? () T a[Aw|3 = —aRe(F;(u, w), Aw)LZ(Q) (7.27)

The above inequality gives

lw@®I} < llwoll¥, + C(E / lw(s)II5ds.

Now, from Gronwall’s inequality the desired property follows. [

Remark 7.1. From (7.27), we note that we are able to control the term eHAwHiQ(m with the term a\|| Aw||3
at the left hand side. This is an important property for CGLE. For instance, in the case of the nonlinear
Schrodinger equation [34], one does not have such a control since A = 0.

Now, it follows from (7.25) and (7.26) that

I7E(w, w)|22 1y < ClIF(utyw) |11 - (7.28)
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Moreover, from (7.23), we get

/||Ft U (s ))||Vds<C’+C/||u 32 s. (7.29)

But the right hand side of (7.29) is bounded by a constant due to Lemma 7.1 (since A > 0). Combining this
with (7.17), we obtain

1w, we)lxp < C

Hence, we obtained a uniform bound for ||(u, u¢)|| x, on [0, Tiax). The proof of the global existence of strong
solutions is complete.

8. Weak solutions

In this section, we will prove the global existence and uniqueness of weak solutions given in Theorem 2.7.

So, let

ug € V such that yop € LPTH(I7)
and
{uno}
be smooth enough that
Upo —> Uy inQ (8.30)

and for each p € N, u, is the unique strong solution of (2.15) with initial data {u, o}. Then, u, solves

Owuy — (N +ia) Auy, + (k + i,é’)|uu|p_1 wuy —yu, =0 in 2 xRy,
Up

W = —8tuu on Fl X R+, (831)
u, =0 on Ip x Ry,
u,(0) = up0 in £2.

Now, we define z,, , :== u, — u, for p,0 € N. We prove the following for {z, ,}:
Lemma 8.1. E,,(t) < E,,(0)exp(CT), t € [0,T], where the definition of E, , is given in (8.43).

Proof. Setting G(z,.0) = |uu""" uu — [ug|”" ug, we observe that

Re(—adz,o +BG(2u,0): 2p0) (8.32)
= Re(—alz, o+ G(2u0), A+ i) A2y o — (k+1i8) G(2u,0) + V2p,0)

Hn,o

0z
= —a\|Az, . |? +av||Vz, | —« Re( , 2 g)
| Az, HL2(Q) V2, ||L2( Y on L2y

— KBI1G (2,0) 13 + BY(GC (20 2p)
+aRe(Az, o, (k+10)G(2u,0)) + BRe(G(2p,0), (A +ia) Az, 0)

02,0
—a’yRe(“’,z ,U)
“ on ") ey
— kB f W3 + BY(G(2u0): 2u.0)

—aRe(Vz,q, (k+i8)VG(2z,,0)) + aRe (aan ,(k+1i8)G (zw,)>

L2(Iy)

—BRe(VG(2u,0), A +ia)Vz, ) + BRe (G(ZW,) (A + i) 0z, 0) .
"/ r2(ry)
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On the other hand, it follows that

0zu,0
—a’yRe(Z“’ ,zu,g)
on 12(ry)

< ayM ||z, o llr2(ry) 12poll2cry)

ay 9 2

T (Callmolia, +allzholiam)
ary 2 ’ 2

5 (C€1||VZM,U”L2(Q) tea qu,on(rl)) :

< vos (Zuo) 120y

oy
z
2

(8.33)

IN

IN

Alternatively, by using aza‘:/’” Ir, = Zu » one also has

020 ay d
—ayR ! - = o 8.34
“ e( on 7 )L2(F1) 2 dt”zl ”L2(Fl) ( )

ad 0z, o
Re(—adz, o+ BG(2u0): 2, 5) = §%||Vzw,||22 o)~ Re < 31;17 ’ZIILJ) .
L2(I)

+ Be( Glano), 20 (8.35)

D) dt”VZ” 0’||L2(Q) +04HZM o||L2(r1) +Re(BG(2u,0), 2 uo’)‘

Now, taking account of (7.22), from the following local Lipschitz estimates:

1G(zno)ll20) < (lunllmz, luollm2) [12p0llr2(0) < C (luwollm2; l[uoollir2) 200l L2y (8.36)
1GGro)llv < (lunllaz, luollg2) Znellv < C (lupollm2, luoll g2) 1240 llv, (8.37)

we have

Re(—adz, o+ BG(240)s 2p0) = 2dt||Vz,“,||L2(m—&—a||zw,||L2(F1)—|—Re(6G(z,“,.), 2 0)

< §%||vzu7o||2L2(Q) +a||Z;L7U||i2(F1)
+BC' IV Gz 120l 22) (8.38)

e Y N SO T\ S

+8Ce HAZMJHL?(Q) + HG(ZM,U)”LQ(Q) + ||ZH>0'||V:|

—aRe(Vzy o, (k+1i8)VG(24,0)) — BRe(VG(24,0), (A +1ia)VZz, )
= —(ark+ BAN)Re(V(G(24,6)): VZu,0)
<l|ak + BARe(VG(z4,0), VZu0)
<l + BANG (2o lv 1200 v < Cr 20|l

(8.39)

and

1BY(G(2u.0), 20l < B Callzulli - (8.40)

aRe (agl;;, (k+ iﬂ)G(zﬂ,a)> + B Re (G(zw,) (A +ia) aSZU)LQ(FI) (8.41)

L2(Iy)

= (OZK/ + B)\) Re (G(Z//,,U)) az##’)
L2(Iy)

2
< lak + BN (CegIG o) B2y + €8 12100 [y )

2
< |ak + B (0€3||v,z,w||L2(m tes }|z;7UHL2(F1)> .
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Collecting all the estimates given above, we get

ad Ye
1V 2ua 2200+ a (1= T2 = lax+ BAles) 12 122,
+(aA = BC &) [ Azl + (5B — BC )G (20) |13 (8.42)

<C Hvzu,aHiZ(Q) .
Considering €;,7 = 1,2, 3 small enough and integrating (8.42) in t € [0, 7], we have
t
Epo(t) < CEpo(0) + C / E,0(s)ds,
0
where
2 ! 2 ! 2
B ) = V20 (200 + Ot [ W) agry s+ Co [ 450 (0)agyds (349
Now, using Gronwall’s inequality, we conclude that
E,o(t) < E,(0)exp(CT) (8.44)
fort € [0,7]. O

From (8.30) and Lemma 8.1, we conclude that there exists a function u such that, for all T > 0, we have

u, —u in  C([0,T); V) L*(0,T; L*(R2)), (8.45)
w, — v in  L*0,T; L*(I1)), (8.46)
Au, — Au in  L*(0,T; L*(22)). (8.47)

Moreover, from (7.22), (8.45) and (8.47), we have
u, —u in  L*(0,T; H*(22)). (8.48)

Considering the last convergence and those given by (8.45)-(8.47), it follows that w is a weak solution in
the sense of Definition 2.1.
Now, let u; and uy be two solutions of (1.1). Then w = u; — us satisfies

wy — (A +ia)Aw + (k +1i F) <|ul|p_1 wy — JugP! uz) —yw =10 in 2 x Ry,

% = —w on It x Ry, (8.49)
w =0 on Iy x Ry,
w(0) =0 in Q.

Since w € H?(2) and wy € L3(R2), a. e. t € [0,T], we can repeat the procedure used in Lemma 8.1 with
which we can get w = 0 for a.e. (z,t) € 2 x [0,T].

9. Inviscid limits
In this section, we will prove Theorems 2.8 and 2.9. which state that the solutions of the CGLE subject to

dynamic boundary conditions converge to the solution of NLS subject to same type of boundary conditions
as the parameter pair e = (A, k) tends to zero.
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We know from Lemma 7.1 that wu is uniformly bounded in L*°(0,7;V), Ou. is bounded in
L2(0,T; L3(I)), and |uc|" 'u. is uniformly bounded in L>(0,T;L®+V'(2)). Using the main equation
and Lemma 7.1 again, we can also see that dyu. is uniformly bounded in L?(0,7;V'). From these bounds,
it follows that there exists a subsequence of u,. (denoted same) such that

ue = u  weakly-star in L°°(0,T;V); ( )

Oyue — uy  weakly in LQ(O7 T, LQ(Fl)); (9.51)
dpue — uy  weakly in L2(0,T;V'); ( )
ue[P " ue = € weakly-star in L=(0,T; LD (12)). (9.53)

Recall that the bounded sets in X = {u € L*(0,T;V)|u;, € L?(0,T;V’)} are relatively compact
in L?(0,T; L*(£2)). Therefore, we can assume u. — u strongly in L?(0,7T;L?(f2)) and u. — u a.e. in
(0,7) x £2. This implies that |uc[" 'ue = |u’ 'u a.e. in (0,T) x 2. But we have |u[” "u, is bounded in
L%°(0,T; L®+D'(2)). Therefore £ = |ul’ " u. Now, letting € — 0, we see that u solves the idbvp for the NLS.
This completes the proof of Theorem 2.8.

In order to prove Theorem 2.9, we will restrict our attention to only dimension N =2, p =3, and § > 0,
for which we know that there is a global strong solution for the NLS [34]. To this end, let u. be the global
strong solution of (2.15) with initial datum u.(0) = u? and p = 3. Suppose u is a global strong solution of
the cubic defocusing nonlinear Schrodinger equation with dynamic boundary conditions below («, 8 > 0):

up — i+ if|ul*u — yu = 0 in 2 x(0,7),

ou

5 = —U¢ on Fl X (O7T)’ (954)
u=0 OnFOX(O7T)7

u(0) = ug in £2.

Moreover, let us suppose that u? — ug as € — 0 in V.
Set w = ue — u. Then, w solves the following problem:

wy — iaAw + i <|u€|2u6 - |u|2u) — qw — Mue + Klue)*ue =0 in 2 x(0,7),

ow

E = —wWy on Fl X (OvT)7 (955)
w = 0 on Iy x (0,7),

w(0) = w§ = u? — g in £2.

We multiply (9.55) by —Aw, integrate over {2 x (0,t), and take the real parts:

1 t t ) )
sVl o) + /0 lwellZ2 ryyds + Blm /0 (Juel*ue — [ul*u, Aw) 2 (g)ds (9.56)
t t t
— ; ||Vw||%2(mds+'y/o Re(w,@uw)Lz(pl)dSwL)\Re/O (Aue, Aw) p2yds
! 2 1 €12
—K ; Re(fue| ue, Aw) 2(p)ds = §||Vw0||L2(Q).
Using the boundary condition, we estimate

C’y

2
Y
§Re(wval/w)L2(F1) ||wt||L2 () + Hw”LQ (ry) = 2HthL2(rl) +— ”wHVv (9~57)
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where the last inequality follows from the trace theorem. On the other hand, we calculate

t
ﬂRe/O (Jue|*ue — Jul*u, Aw) 2(g)ds (9.58)

¢ ¢ ow
_ 2. .2 2.2, oW
= BRe/O (V (|ue| Ue \u| u) ) Vw)LQ( )ds—i—BRe/O (|u€| Ue |u| U, 51/)[2(["1)d8

t t
1
<3 / IVl = af%0) o 192 + 5 [l s
/ e = uPul2a,py ds.

One can prove that (by slightly modifying the calculations in [32, Lemma 3.3]):
2 2 2
IV (luelue = ful*) 2 < Cllue = ull 2y (luclloo + o) (9.59)
+ Cllue = ulla (uelloe + lulloe) (Ve + [ Vulla)
2

< Cllue = ully (Jluelar2qey + Nl o))
+Cllue = ully (el + a2 ) (||ue|H2(m||u€|V + ||u|H2(m||u|v)

< Cllwllv,

where the second inequality above follows from the facts V. — L2(£2), H3(2) — L*>(2) (N = 2),
HY(0) — L*N) (N = 2), and the Gagliardo-Nirenberg inequality (7.12). Finally, the last inequality
follows from the fact that u.,u € C([0,7];V N H2(2)).

By using the same technique in [32, Lemma 3.3]), we have also the estimate

2
el Pue = JululZ2 ) (9.60)

< C (el oo ryy + Malldoe ryy ) Mue = l2a

2 4 4 2
< C (el gy + Nl iy ) e = w2z < € (nuean e (m> lue = ullf2
< C (el + lullipaqo) ) e = uli2a ry) < Cllwl?,

where the second inequality follows from the embedding H'(I'y) < L°(I'y) (I} is 1-dimensional manifold),
the third inequality follows from the Sobolev trace theorem, and the last inequality follows from the fact
that u,u. € C([0,T]; H?(£2)) and the trace theorem.

Combining (9.56)—(9.60), it follows that

1
LIV By < 5IVubIZ20) +C / ()|t (9.61)
M A 2o Al 2 ) + Rllue s o) | Awllp2gayds.

In the above inequality |[ucl[6(0), [[Awl[2(0), and [[Auc 2,y are bounded by a constant since
HY(02) — L(2), and u.,u € C([0,T]; H*(£2)). Hence, (9.61) gives

T
V)22, < 160 = 0|22 + A+ K)C +C / Jeo(t) [ dt. (9.62)
Unleashing the Gronwall’s inequality, we have

e = ull? < u® = uollZ2 g, + (A+ K)C exp(CT).
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Hence, we have just proven that
[ue —ullv = O(A) + O(x)
ase=(\K) =0

10. Long-time behavior of solutions

In this section, we give the proofs of Theorem 2.10 and 2.11. We will first prove the easy case (y < 0)
and then prove the more subtle case v = 0. We know from the theory of weak solutions that for any

up € Q = {¢ € VN LPTH(Q) such that yop € LPTH(17)},

there corresponds a unique global weak solution u which solves (2.15). We claim that this solution tends
to zero in H'(2) N LPT1(£2) sense as t — oo with an exponential rate of decay. We will use the multiplier
technique to prove this where the case v = 0 requires a special multiplier.

Case 1 (7 < 0):

We consider the functional

o B
F() = S IV ag0) + 25 O o
Note that F(t) < E(t) given in (7.2). Moreover, we have from (7.11) that
¢
Ft) < B(0) + 4 / F(s)ds. (10.63)
0
Employing Gronwall’s inequality:
F(t) < Ege NIt (10.64)
for t > 0, where
Q@ ﬁ ay
Bo = B(0) = 51 VuolRaa) + plluollrh o) = Fluolacr, (10.65)

1
+ oy len +m>\|uo||’;i1 20

This proves that solutions decay in H'(£2) N LP1(§2) sense to zero at an exponential rate.

Case 2 (y=0):

This case is more subtle and requires some control theoretic tools. We know that solutions of the CGLE
with periodic or homogeneous Dirichlet/Neumann boundary conditions do not have to decay if v > 0. We
will prove that the dynamic boundary condition plays the role of a damping term and actually stabilizes
the system from the boundary in the absence of an internal damping mechanism. Therefore, the boundary

condition % = —uy can be considered a stabilizing boundary feedback within this context.

I
Note that Lemma 7.1 tells us that when v = 0, the energy is non-increasing. In order to prove stabilization,

we will use an integral inequality given in the following lemma.

Lemma 10.1 (//8, Theorem 8.1]). Let F : Ry — R be a non-increasing function and assume that there
exists a constant C > 0 such that

/ F(s)ds < CF(t) for all t > 0. (10.66)
t
Then,

F(t) < F(O)elf% forallt > 0.
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In order to obtain an integral inequality in the form of (10.66), we calculate

d
dt (U q- VU)L2(Q)7 (1067)

which is by now a classical multiplier used in the control theory of PDEs and well-posedness theory of
nonhomogeneous initial-boundary value problems. In (10.67), ¢ denotes a sufficiently smooth vector field
on {2, which will be chosen in a special way later. We have the following lemma:

=

Lemma 10.2. Let u be a global weak solution of (2.15) and q € [C’Q(D)}n be a real vector field over (2.

Then, the following identity holds true:

%(u,q-vu)Lm) _ /P (q- v)utndl — (5 — if) /Q div(g)|ul” dx (10.68)
(A — ia)/ div(q)ud,udl’ — )\/ ((V(div(q) - Va)u + div(q)|Vul*))dz
r 2

= 2N m(Au, q - Vu) — 2icIm(|ul’ " 'u, q - Vu) + 2ia/ (Oyu)(q - Vu)dl'
r

—2iaRe Z Dy @ ) Uz ;) — ia/ (q-v)|Vul’dl
r

m,j=1
B/ q-n) |u|p+1dF+ 12',6/ div(q)[ul" ' da.
2

p+1

Proof. Since the proof can be made by slightly modifying the proof of [16, Lemma 2.1] and is based on
integration by parts and tedious calculations. It is omitted here. [

Let ¢ = x — xg. Then, by the given geometric assumption on the boundary of {2 in Theorem 2.11 we have
g-v>0o0nTIy and g-v <0 on I'y. We can also simply calculate div(q) = N. It is important to notice that
since u|r, = 0, one has Vu|p, = (0,u)v. Now, using these facts and Lemma 10.2, it follows that

r 2 NB(p—-1) p+1 2 2 ’ 2
of HVUHLQ(Q)dt—"_T || Ul gyt < Cllu(M + u®)lly) + € t [[ully-dt

(10.69)
+c/’nmmmmm+wmmmn+mm% )

But from Lemma 7.1, we know that
T
(el e+ 180l )+ o)) < PO = FD)).
Combining the last inequality with (10.69), it follows that
T
/ P(t)dt < CF(T) + C(F(t) — F(T)) < CF(#),
t
and hence
(oo}
/ F(t)dt < CF(t)
t

for t > 0. Now, by using Lemma 10.1, exponential decay follows, and the proof of Theorem 2.11 is completed.
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