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A General Expression for the
Stagnant Thermal Conductivity
of Stochastic and Periodic
Structures
A general expression has been obtained to estimate thermal conductivities of both sto-
chastic and periodic structures with high-solid thermal conductivity. An air layer par-
tially occupied by slanted circular rods of high-thermal conductivity was considered to
derive the general expression. The thermal conductivity based on this general expression
was compared against that obtained from detailed three-dimensional numerical calcula-
tions. A good agreement between two sets of results substantiates the validity of the gen-
eral expression for evaluating the stagnant thermal conductivity of the periodic
structures. Subsequently, this expression was averaged over a hemispherical solid angle
to estimate the stagnant thermal conductivity for stochastic structures such as a metal
foam. The resulting expression was found identical to the one obtained by Hsu et al.,
Krishnan et al., and Yang and Nakayama. Thus, the general expression can be used for
both stochastic and periodic structures. [DOI: 10.1115/1.4038449]
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Introduction

Porous structures have been proposed for many thermal man-
agement applications, such as cooling of electronics [1] and metal
foam heat exchanger [2]. One of the most fundamental properties
required for such applications is the effective stagnant thermal
conductivity. Naturally, the effective stagnant thermal conductiv-
ity depends on its particular porous structure. A comparatively
simple porous structure may be described as a unit cell, for which
direct numerical calculations can be conducted to obtain the effec-
tive thermal conductivity, exploiting periodic and adiabatic
boundary conditions [3,4]. However, such detailed three-
dimensional calculations are quite formidable even for simple
geometrical configurations. Due to recent advance in manufactur-
ing technologies, a number of geometrically sophisticated cellular
materials and lattice frame structures are now commercially avail-
able. These stochastic and periodic structures have been consid-
ered for possible heat transfer enhancement structures of high
specific surface for some time [5–7]. Thus, a general formula is
definitely needed for estimating effective stagnant thermal con-
ductivities of such stochastic and periodic structures.

In this study, we shall propose a simple analytical model to
obtain a general expression for an effective stagnant thermal con-
ductivity of a three-dimensional solid structure of high-solid ther-
mal conductivity. A horizontal air layer partially occupied by
slanted rods of high-thermal conductivity is considered, in which
the upper and lower boundaries of the air layer are maintained at
low and high temperatures, respectively. This air layer model par-
tially filled with slanted rods, whose details will shortly be dis-
cussed in the Analytical Consideration section, seems to be rather
specific, but represents most sandwich structures with lattice frame
core used in heat exchanger applications. One of the sandwich

structures with lattice frame core is illustrated in Fig. 1. In fact, one
of our strong motivations to initiate this study was to establish a
general formula valid for estimating the effective stagnant thermal
conductivity of such sandwich structure with truss core.

The stagnant thermal conductivity is obtained analytically by
estimating heat transferring vertically across the air phase and
also through the slanted solid rods partially filled within the air
layer. Three-dimensional numerical computations will also be
conducted under the same geometrical and thermal boundary con-
ditions, so as to verify the present general expression. Subse-
quently, the general expression will be extended to the case of
stochastic structure by averaging it over a hemispherical solid
angle.

Analytical Consideration

An air layer partially occupied by slanted circular rods is con-
sidered, as illustrated in Fig. 2, in which the bottom boundary is

Fig. 1 Typical sandwich structure with truss core

1Corresponding author.
Contributed by the Heat Transfer Division of ASME for publication in the

JOURNAL OF HEAT TRANSFER. Manuscript received April 17, 2017; final manuscript
received September 9, 2017; published online January 17, 2018. Editor: Portonovo
S. Ayyaswamy.

Journal of Heat Transfer MAY 2018, Vol. 140 / 052001-1Copyright VC 2018 by ASME

D
ow

nloaded from
 https://asm

edigitalcollection.asm
e.org/heattransfer/article-pdf/140/5/052001/6218099/ht_140_05_052001.pdf by Izm

ir yuksek Teknoloji Enstitusu user on 08 January 2020

https://crossmark.crossref.org/dialog/?doi=10.1115/1.4038449&amp;domain=pdf&amp;date_stamp=2018-01-17


hotter than the top boundary. The top and bottom boundaries of
distance H are kept isothermal with a fixed temperature difference
DT. We shall consider an effective stagnant thermal conductivity
of this layer estimating heat conducting vertically through the air
and slanted rods. We assume that convection is absent, and hence,
heat transfer between the air and peripheral surface of the rod is
negligible.

Referring to Fig. 2, heat transfer rate from the hot bottom to
cold top boundaries by conduction through any particular slanted
rod of the thermal conductivity ksj

, projected cross-sectional area
Asj, and directional angle bj may be estimated as follows:

Asj
j

� �
� qsj
ffi Asj

j
� �

� ksj
DT

H= cos bj

� � sj

 !
¼ Asjksj

DT

H
cos2bj

(1)

where j ¼1, 2, 3, N.
The temperature gradient along the rod axis is estimated to be

�DT=ðH= cos bjÞ. Furthermore, note that sj is the unit vector
along the rod j such that j � sj ¼ cos bj. Hence, the effective stag-
nant thermal conductivity of the air layer with N slanted rods
within the space A� H can be estimated as

keff ¼

PN
j¼1

Asjksj
DT

H
cos2bj þ A�

XN

j¼1

Asj

0
@

1
Akf

DT
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DT
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A
ksj cos2bj þ ekf (2)

where kf is the thermal conductivity of the air, whereas e ¼
1�

PN
j¼1 Asj

=A is the porosity.
Hence, for the case as illustrated in Fig. 2, where

ks1
¼ ks2

¼ � � � ¼ ksN
� ks and b1 ¼ b2 ¼ � � � ¼ bN � b (3)

we have the following compact expression:

keff ¼ ð1� eÞks cos2bþ ekf (4)

There are many effective medium models for estimating the stag-
nant thermal conductivity of composite material, such as the one
proposed by Nan et al. [8] on the basis of the multiple-scattering
approach. These models assume a continuous variation of local
thermal conductivity which can be expressed by a homogeneous
part and an arbitrary fluctuation part. On the other hand, the

present model based on a fluid layer with slanted rods allows a
discrete variation of local thermal conductivity in which each rod
can have its own location, size, orientation, and thermal
conductivity.

In the conventional effective medium models, small particles
are assumed to be dispersed in the matrix, whereas in the present
air layer model, the solid phase is not dispersed in the fluid phase
(matrix) but is described individually by the collection of slanted
rods with different location, size, orientation, and thermal conduc-
tivity. Thus, the present model, unlike the conventional continu-
ous model, is capable of estimating the effective thermal
conductivity of sandwich structures with truss core.

It is interesting to note that the model proposed by Nan et al. on
the basis of the multiple-scattering approach, despite its difference
in variation of local thermal conductivity, reduce to the present
expression (4), for the limiting case of aligned continuous fibers
(see Eq. (18b) in their paper).

Numerical Consideration

Full three-dimensional calculations were carried out using Open
FOAM 4.1 for the case as illustrated in Fig. 3. All four vertical
boundaries are assumed to be adiabatic, whereas the top and bot-
tom boundaries are set to be isothermal, with the temperature dif-
ference, DT. Computations were carried out for the case in which

DT ¼ 100K; H ¼ 0:005 m; ks1
¼ ks2

¼ ks ¼ 2:57 W=mK;

kf ¼ 0:0257 W=mK;

A ¼ 144 mm2; As1
¼ As2

¼ 3:32 mm2ði:e:; e ¼ 0:954Þb ¼ p=3

The three-dimensional temperature field in the air layer with two
slanted rods of high thermal conductivity predicted by the numeri-
cal computation is presented in Figs. 4(a)–4(c). As expected, most
heat conducts through the two slanted rods of high thermal con-
ductivity, while the rest of heat conducts vertically through the
air. Using these numerical results, the effective stagnant thermal
conductivity was calculated from

keff ¼

ð
As

�ks
@T

@y

����
y¼0

dAs þ
ð

Af

�kf
@T

@y

����
y¼0

dAf

A
DT

H

(5)

which is found to be

keff ¼ 0:0580 W=mK

from the three-dimensional numerical computation. This value is
very close to the one estimated from the general expression (4) as
follows:

Fig. 2 Air layer with slanted rods
Fig. 3 Physical model for detailed three-dimensional numeri-
cal computation

052001-2 / Vol. 140, MAY 2018 Transactions of the ASME

D
ow

nloaded from
 https://asm

edigitalcollection.asm
e.org/heattransfer/article-pdf/140/5/052001/6218099/ht_140_05_052001.pdf by Izm

ir yuksek Teknoloji Enstitusu user on 08 January 2020



keff ¼ ð1� eÞks cos 2bþ ekf

¼ ð1� 0:954Þ � 2:57� cos 2ðp=3Þ
þ 0:954� 0:0257 ¼ 0:0540W=mK (6)

A good agreement between the suggested general expression and
numerical results can be observed, which clearly indicates the
validity of Eq. (4).

A series of numerical computations were carried out for different
directional angles to investigate possible thermal interference
among rods. The numerical results, however, proved that the effect
of such interference among rods on the effective thermal conductiv-
ity is negligibly small, and that the general expression (4) is still
valid for the fluid and solid combination in which the thermal con-
ductivity of the solid is much higher than that of the fluid.

Extension to Stochastic Structures

Analytical expressions for estimating stagnant thermal conduc-
tivities of porous structures have been proposed by various
researchers. Hsu et al. [9] presented a general lumped parameter
model for stagnant thermal conductivity of periodic porous media.
Paek et al. [10] used the Dul’nev’s model [11] for periodic struc-
tures. Both models transform an open-cell structure of polygonal
geometry to an equilateral cubic model and reduce to

keff¼
d

Hc

� �2

þ
2

d

Hc

� �
1� d

Hc

� �
d

Hc

� �
þks

kf
1� d

Hc

� �
0
BBB@

1
CCCAksþ 1� d

Hc

� �2

kf (7)

where

e ¼ 1� 3
d

Hc

� �2

þ 2
d

Hc

� �3

(8)

Hc is the size of the unit cubic cell, whereas d is the diameter of
the ligament. Yang and Nakayama [12], on the other hand, faith-
fully followed a volume averaging theory and derived the same
expression. Krishnan et al. [13] focused on Lemlich’s theory [14]
and assumed that heat conduction for the case of high porosity
occurs only through the ligament of solid along its axis and not
through its periphery. Then, they derived a remarkably simple for-
mula as follows:

keff ¼
1� e

3
ks (9)

This corresponds to the case of d=Hc � 1 and kf =ks � 1, in
which Eq. (7) reduces to the form identical to the foregoing
Eq. (9).

The general expression based on the air layer partially occupied
by slanted rods can be extended to the case of stochastic structure.
The stochastic structure as in a metal foam may be approximated
as a collection of randomly oriented rods. Thus, the effective stag-
nant thermal conductivity can be evaluated by summing up all
heat conducting through these randomly oriented rods. Hence, Eq.
(4) may be averaged by integrating it over a hemispherical solid

Fig. 4 Temperature distribution obtained from three-dimensional numerical computation: (a) air phase, (b) solid
phase, and (c) cross-sectional view
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angle, 2p, as shown in Fig. 5. The polar angle b stays the same for
the entire azimuthal angle over 0 � / � 2p. Upon nothing that an
infinitesimal solid angle is given by dx ¼ dA =r2 ¼ ðrdbÞ
ðr sin bd/Þ=r2 ¼ d/ sin bdb, we have

keff ¼
1

2p

ð2p

0

1� eð Þks cos2bþ ekf

� �
dx

¼ 1

2p

ð2p

0

d/
ðp=2

0

1� eð Þks cos2bþ ekf

� �
sin bdb

¼ 1� e
3

ks þ ekf (10)

The foregoing equation (10) naturally reduces to the expression
(9) proposed by Krishnan et al. [13] for the case of kf =ks � 1.
Thus, the present general expression is valid for both periodic and
stochastic porous structures.

Conclusions

An air layer partially occupied by slanted rods was proposed as
an analytical model to estimate effective stagnant thermal conduc-
tivities of periodic porous structures. Heat conduction through the
slanted rods was accounted along with heat conduction through
the air, whereas heat transfer between the air and peripheral sur-
face of the rod was neglected. Detailed three-dimensional numeri-
cal computations were also conducted under the same geometrical
and thermal boundary conditions. The numerical results are found
in good accord with those estimated from the general expression,
revealing the validity of the general expression for evaluating the
stagnant thermal conductivity of the periodic structures. More-
over, the expression was averaged over a hemispherical solid
angle to estimate the stagnant thermal conductivity for stochastic

structures. The present expression is found quite useful to both
stochastic and periodic structures.

Nomenclature

A ¼ top and bottom boundary surfaces (m2)
d ¼ diameter of the solid rod(m)
H ¼ height of the air layer (m)

Hc ¼ size of the unit cubic cell (m)
j ¼ vertical unit vector
k ¼ thermal conductivity (W/mK)

keff ¼ effective stagnant thermal conductivity (W/mK)
q ¼ heat flux vector (W/m2)
r ¼ radial coordinate
s ¼ unit vector along the rod axis
T ¼ temperature (K)

DT ¼ temperature difference between the bottom and top bounda-
ries (K)

b ¼ directional angle, polar angle (rad)
e ¼ porosity
/ ¼ polar angle (rad)
x ¼ solid angle (sr)

Subscripts

j ¼ index for the rod
f ¼ fluid
s ¼ solid

References
[1] Hestroni, G., Gurevich, M., and Rozenblit, R., 2006, “Sintered Porous Medium

Heat Sink for Cooling of High-Power Mini-Devices,” Int. J. Heat Fluid Flow,
27(2), pp. 259–266.

[2] Lu, T. J., Stone, H. A., and Ashby, M. F., 1998, “Heat Transfer in Open-Cell
Metal Foams,” Acta Mater., 46(10), pp. 3619–3635.

[3] Boomsman, K., Poulikakos, D., and Ventikos, Y., 2003, “Simulation of Flow
Through Open Cell Foams Using an Idealized Periodic Cell Structure,” Int. J.
Heat Fluid Flow, 24(6), pp. 825–834.

[4] Krishnan, S., Garimella, S. V., and Murthy, J. Y., 2008, “Simulation of Thermal
Transport in Open-Cell Metal Foams: Effect of Periodic Unit-Cell Structure,”
ASME J. Heat Transfer, 130(2), p. 024503.

[5] Tian, J., Kim, T., Lu, T. J., Hodson, H. P., and Queheillalt, D. T., 2004, “The
Effects of Topology Upon Fluid-Flow and Heat-Transfer Within Cellular
Copper Structures,” Int. J. Heat Mass Transfer, 47(14–16), pp. 3171–3186.

[6] Yan, H. B., Zhang, Q. C., Lu, T. J., and Kim, T., 2015, “A Lightweight X-Type
Metallic Lattice in Single-Phase Forced Convection,” Int. J. Heat Mass Trans-
fer, 83, pp. 273–283.

[7] Haydn, N., Wadley, G., and Queheillalt, D. T., 2007, “Thermal Applications of
Cellular Lattice Structures,” Mater. Sci. Forum, 539–543, pp. 242–247.

[8] Nan, C. W., Birringer, R., Clarke, D. R., and Gleiter, H., 1997, “Effective Ther-
mal Conductivity of Particulate Composites With Interfacial Thermal
Resistance,” J. Appl. Phys., 81(10), pp. 6692–6699.

[9] Hsu, C. T., Cheng, P., and Wong, K. W., 1995, “A Lumped Parameter Model
for Stagnant Thermal Conductivity of Spatially Periodic Porous Media,” ASME
J. Heat Transfer, 117(2), pp. 264–269.

[10] Paek, J. W., Kang, B. H., Kim, S. Y., and Hyun, J. M., 2000, “Effective Ther-
mal Conductivity and Permeability of Aluminium Foam Materials,” Int. J.
Thermophys., 21(2), pp. 453–464.

[11] Dul’nev, G. N., 1965, “Heat Transfer Through Solid Disperse Systems,” J. Eng.
Phys., 9(3), pp. 275–279.

[12] Yang, C., and Nakayama, A., 2010, “A Synthesis of Tortuosity and Dispersion
in Effective Thermal Conductivity of Porous Media,” Int. J. Heat Mass Trans-
fer, 53(15–16), pp. 3222–3230.

[13] Krishnan, S., Murthy, J. Y., and Garimella, S. V., 2006, “Direct Simulation of Trans-
port in Open-Cell Metal Foam,” ASME J. Heat Transfer, 128(8), pp. 793–799.

[14] Lemlich, R., 1987, “A Theory for the Limiting Conductivity of Polyhedral
Foam at Low Density,” J. Colloid Interface Sci., 64(1), pp. 107–110.

Fig. 5 Polar coordinate and solid angle

052001-4 / Vol. 140, MAY 2018 Transactions of the ASME

D
ow

nloaded from
 https://asm

edigitalcollection.asm
e.org/heattransfer/article-pdf/140/5/052001/6218099/ht_140_05_052001.pdf by Izm

ir yuksek Teknoloji Enstitusu user on 08 January 2020

http://dx.doi.org/10.1016/j.ijheatfluidflow.2005.08.005
http://dx.doi.org/10.1016/S1359-6454(98)00031-7
http://dx.doi.org/10.1016/j.ijheatfluidflow.2003.08.002
http://dx.doi.org/10.1016/j.ijheatfluidflow.2003.08.002
http://dx.doi.org/10.1115/1.2789718
http://dx.doi.org/10.1016/j.ijheatmasstransfer.2004.02.010
http://dx.doi.org/10.1016/j.ijheatmasstransfer.2014.11.061
http://dx.doi.org/10.1016/j.ijheatmasstransfer.2014.11.061
http://dx.doi.org/10.4028/www.scientific.net/MSF.539-543.242
http://dx.doi.org/10.1063/1.365209
http://dx.doi.org/10.1115/1.2822515
http://dx.doi.org/10.1115/1.2822515
http://dx.doi.org/10.1023/A:1006643815323
http://dx.doi.org/10.1023/A:1006643815323
http://dx.doi.org/10.1007/BF00828349
http://dx.doi.org/10.1007/BF00828349
http://dx.doi.org/10.1016/j.ijheatmasstransfer.2010.03.004
http://dx.doi.org/10.1016/j.ijheatmasstransfer.2010.03.004
http://dx.doi.org/10.1115/1.2227038
http://dx.doi.org/10.1016/0021-9797(78)90339-9

	1
	aff1
	l
	FD1
	FD2
	FD3
	FD4
	FD5
	s3
	FD6
	2
	3
	FD7
	FD8
	FD9
	4
	FD10
	1
	2
	3
	4
	5
	6
	7
	8
	9
	10
	11
	12
	13
	14
	5

