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1. INTRODUCTION

This article is devoted to the study of the boundary feedback controllability of the Korteweg-
de Vries Burgers equation (KdVB), which is posed on a bounded interval, say Q = (0, 1):

Up — Ugy + Upge + Uy = 0 in Q xR,
(1.1) u(0,t) = U(t),u(l,t) = u,(1,¢) =0 in Ry,
u(z,0) = ug(x) in Q.

In (1.1), u = u(z,t) is a real valued function, which can for example model the evolution
of the amplitude of a long shallow water wave in space and time. The input U(t) = U(u(t;-))
at the left end point of the boundary is a feedback, which will be appropriately constructed
by using the back-stepping method (see e.g., (Krstic & Smyshlyaev, 2008)) to steer the
solutions of (1.1) to zero as t — oo, at a predetermined exponential rate of decay in a
physically meaningful sense. More precisely, we study the following stabilization problem:

"Given A > 0, is there a boundary feedback U(t) = Ul(u(t,-)) suck that the solution of
(1.1) satisfies |Ju(-,t)||r2@) = O(e ) 27

The KdV-Burgers equation has an intrinsic decay property. Fei instance, (Amick et al.,
1989) shows that if u is a solution of the Cauchy problem for the KdV-Burgers equation on
R, then

Ju(®)[72m) = O #).
However, in the same study it is shown that this result is generally sharp and one should
not expect a decay rate faster than the one given above:

The situation for the case of bounded domains is different and one can get exponential
decay of solutions with an ideal set of boundary conditions. For example, in the absence
of the feedback (U = 0), multiplying (1.1) with «, integrating over € = (0, 1), using the
Poincaré inequality and the given boundary conditions, one can see that (see also (Liu &
Krstié¢, 2002))

()] 2(0) < lluoll 2™
In other words,
1 1)Lz = O™
If the dispersive effect1s small then the KdV-Burgers equation is written
Up — €Ugy + Ugge + UU, = 07
where € > 0 is-a small number. In this case, the decay rate slows down and is given by
[u(t)]|L2() = O(e™).
Our aim is simply boosting the decay rate to O(e =) for a prescribed A > 0. It is natural
to enforce a feedback controller into the system to ensure faster decay of solutions. There is
already some work in this direction where the stabilization of the KdV-Burgers equation is
studied by‘means of various interior or boundary feedback laws. See for example ( Cavalcanti
et al.; 2014) for an internal controller designed to stabilize the solutions of KdV-Burgers
equation. Although internal damping mechanisms are useful, sometimes it is difficult or
impossible to access the medium of the evolution, in which case boundary controllers play a
significant role. Some examples of such boundary control mechanisms for the KdV-Burgers
or similar equations are given in (Balogh & Krstic, 2000), (Liu & Krsti¢, 2002), (Sakthivel,
2009), (Smaoui et al., 2010a), (Smaoui et al., 2010b), (Jia & Zhang, 2012), and (Jia, 2016).
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However, in all of these studies, the boundary controllers are pre-configured, unlike a back-
stepping type controller.

In the last twenty years, there has been an abundance of interest and results in the
subject of the controllability of KdV. Some notable papers in this subject are (Komornik et
al., 1991), (Zhang, 1994), (Russell & Zhang, 1996), (Rosier, 1997), (Zhang, 1999), (Rosier,
2000), (Bona et al., 2003), (Rosier & Zhang, 2006), (Linares & Pazoto, 2007), (Cerpa, 2007),
(Massarolo et al., 2007), (Rosier & Zhang, 2009), (Cerpa & Crépeau, 2009), and (Laurent
et al., 2010). Recently, (Cerpa & Coron, 2013) studied the boundary feedback stabilization
of the Korteweg-de Vries (KdV) equation

(1.2) Up + Uy + Uy + Uty = 0
with the same type of boundary conditions given in (1.1) by using the so-called back-stepping
technique. (Cerpa & Coron, 2013) proved that given any A > 0, one can find & beundary
feedback controller U(t) = U(u(t,-)) such that the solution of (1.2) satisfics

lu@®)r20) < lluollr2@e
if ug is sufficiently small. We extend this result to the KdV-Burgersequation and we prove
the following theorem for problem (1.1).

Theorem 1.3. Let A > 0. Then, there exists § > 0 and a C°-ke mel functzon k = k(;v Y)

such that the solution of (1.1) subject to the boundary coniroiier fo y, t)dy
satisfies
(1.4) ||U(t>HL2(Q) S C_’\tliuoiif,Z.:Q)

for t > 0 whenever |ug| 2 < 0.

Remark 1.5. (1) The smallness condition {juo}l;2(q) < ¢ in the above theorem comes from
the nonlinear nature of the equation (1 1). This assumption is not necessary for the
linearized KdV-Burgers equation, see for example Proposition 2.28 in Section 2.1.

(2) One of the novelties of this paper is to give a rigorous proof of the kernel function
used in the above theorem.

In the second part of thig paper, motivated by (Marx & Cerpa, 2014), (Marx & Cerpa,
2016), and (Hasan, 2616), we consider the situation where the system is not fully observable
and only partial infermation can be extracted from the original model. We first study the
linearized KdVB equation below.

Up — Ugy + Ugppy = 0 in 2 xRy,
(1.6) uw(0,t) = U(t),u(1,t) = u,(1,¢) =0 in Ry,
u(z,0) = ug(x) in Q.

An observer is proposed for the above equation when it is not possible to fully access the
medium, while partial information can be extracted, such as a measurement from one end
of the boundary. More precisely, we will consider the following observer with a boundary
measurement of type y(t) = 02u(1,t):

(1.7) a(0,t) = U(t), a(l, t) = (1 ) =
a(z,0) = tg(x).

We prove the H3—stabilization below.
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Theorem 1.8. Let A > 0 and k(z,y) be the C®*—kernel function obtained in Theorem 1.3.
Then, there exists a function p1 p1(x) such that the solution (u, ) of the system (1.6)-(1.7)

with the feedback controller U(t fo y, t)dy satisfies
(1.9 = e + ||u||m (||uo — ity + ol ey e
fort > 0.

One can alternatively consider other types of boundary conditions and measurements to
design an observer. Consider for instance the linearized KdV-Burgers equation

Up — Ugy + Uggy = 0 in QO xR,
(1.10) uw(0,t) = U(t),uz(1,t) = uge(1,t) =0 in Ry,
u(z,0) = ug(x) in Q.
If the above system were fully observable one could design a boundary controller in the form
fo y,t)dy, where k(x,y) is a kernel function satisfying (3.27).) If only partial

measurement is avallable say y(t) = u(1,t), then one can use the observer given by:
Ut — Ugg + Ugge + p1(2)[y(t) — a(1, )} =0,

(1.11) (0,t) = U(t), Gx(1,t) = Gz (1, ) = 0,
w(z,0) = Go(x).

Indeed, we prove the following theorem for the above observer.

Theorem 1.12. Let A > 0 and k(x,y) be the C3—kernel function in (3.27). Then, there
exists a C®— function p; = pl( ) such that the solution (w, @) of the system (1.10)-(1.11) with

the feedback controller U(t fo (w1, t)dy satisfies
(113) H'LL — uHLQ(Q) + ||U||L2 @) D ( l’ur) v uOHLQ(Q + HUOHLQ ) e*M.
fort > 0.

2. CONTROLLER DESIGN

2.1. Linearized equaticn. Qur goal is to transform (1.6) into the following homogeneous
boundary value problem by mieans of an appropriate boundary controller U(t):

|{wt—wm+wxm+)\w20 in Q2 xR,
(2.1) wi0,t) = w(l,t) =w,(1,£) =0 in Ry,
w(z,0) = wy(x) in Q,

where A >0 The reason is that the solution of (2.1) satisfies ||w(t)||r2@) = O(e™™). In
order-to see this; multiply the main equation in (2.1) by w, integrate over €2, and use the
given initial-boundary conditions to get

. 1d 1

(2:2) QEHW(t)H%Z(Q) = —lwe () |72y — §|wz(0,t)!2 — Mw(®) |72
frem which it follows that

(2.3) Jw(t)|| 2y < e MJwoll2(@)

for ¢ > 0. In other words, solutions of (2.1) decay to zero exponentially fast. Therefore, we
will refer to (2.1) as the damped equation and A as the damping coeffcient.
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To this end, we define the transformation

(2.4) w(z,t) = u(z,t) —/ k(x,y)u(y,t)dy,

where the unknown kernel function k(z,y) will be chosen in such a way that if u is a solution
of (1.6) with boundary feedback controller

(2.5) U(t) = / 50, y)uly, )dy.

then w is a solution of the homogeneous initial-boundary value problem (2.1) with initial
datum

1
wo — ug — / (g o) dy.

Remark 2.6. Taking L?(2)-norms of both sides of (2.4), one can easily show that

(2.7) lw(®)][r2@) S [[u®) 2@,
where the constant of the inequality depends on the function k!

In order to find the unknown kernel function k, we simply assume that u solves (1.6) and
plug in u(z,t) — fxl k(x,y)u(y,t)dy into the main equation in (2.1) wherever we see w. Note
that w satisfies the given homogeneous boundary conditiens by the choice of the feedback
controller in (2.5). We find that & must solve the third order partial differential equation
given by

kypw + kyyy + by — kag = =Mk,
(2.8) Ea,1) = 0,
k(z,z) = 0,
A
kp(z,x) = g(l—x),

where the PDE is considered on the triangular spatial domain
T ={(z;y) e R*|2€[0,1],y € [x,1]} (see Figure 1 below).
In order to prove the existence of a solution to the problem (2.8), we transform it into
an integral equation and use the method of successive approximations. To this end, we first

apply a change of variables with new variables t = y — x, s = x + y, and define the function
G(s,t) = k(x.y). ‘We find that G satisfies the boundary value problem given by

2Gsss + 6Gstt + 4Gst = _)\G7
(2.9) G(s,2—s) = 0,
G(s,0) = 0,
Gu(s,0) = —%(2 s

en the triangular domain
To={(s,t)|t €[0,1],s € [t,2 —t]} (see Figure 2 below).
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Integrating (2.9) by using the given boundary conditions, we obtain

A 1 2—t t T
(2.10) G(s,t) = _Et(Q —t—3s) + 6/5 /0 /0 {2Gsss + 4G5 + NG} (n, €)dEdTdn.

We solve (2.10) by using the method of successive approximations starting by setting
A A
(2.11) G'(s,t) = —St2—t—s) =< [t* + st — 2t]

and then defining

(2.12) G"tl(s,t) = G'(s,1) / / / {2G%, + 4G, + \G"} (n, €)d&drdn
for n > 1. We have the following lemma.

Lemma 2.13. Let G and G™ be defined by (2.11) and (2.12). Then_ihere exists a C3-
function G such that lim G™ = G (uniformly), and moreover, G solves the antegral equation

n—oo

(2.10) as well as the boundary value problem given in (2.9).

Proof. We will prove the desired result by showing that G™ is Cauchy in C(Tp). Let us first
introduce some notation. Let P be the linear differential eperator given by

1 n 2 L A
3()0553 39037‘, 6(#

for ¢ = p(s,t). Let us also define the linear integration operator below

Mt = | {; [ ptnceyasaran.

Set H! = G and H"*! = I[PH"] for n > 1. Then, we have
G? =G' +I[PH" = G* + H?,

Py =

G? =G' + I[PG?) = G' + i[PG" +~ PH? = G* + I[PH'| + H?

=G>+ H°.
More generally, G"1 = G "+ A7 Then, for m > n
= | k-1 k_ k=1 _ k
H%F%X\G G - Jra Z -G Z II%F%X\G G" Z rnT%X|H |.
k n+1 k=n+1 k=n+1

From the above ineguality, it follows that in order to prove the Cauchy criteria for G", it is
o

enough to prove that the series Z H* is absolutely convergent. Proving the latter requires
k=1
obtaining a good estimate on |HF|.
Let us observe the first few H*’s to catch a pattern. For k = 1, we have
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For k = 2, we have

Then,

AT 2) 48 A2 2-3t2+ A)/2 ?
6) \3)2.3 \6) \3) 32 "\ &
For k = 3, we have

(2.18) H® = I[PH?

A\ 98 ANE 925 M\ 2 /2 ot
=[@2-)-sl|{z) === =z) ===+ |= 5 T
6) 6.5-4-3 \6/) 5-4-3.2 6 3)/4-3.2-1

20— |
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(220) +[(2—1)— s~

A\ 48
9 6/ 6-5-3-2

Hie—t-s [(g)ﬁ]

2360 (A) (2" 2 A
3.2.3-4 6/ \3 2~1-2-3J

|
5 ;
() sima () ()srm 2 (6) st (6) () s
6) 5-4.3.2 \6) \3)5.4.2.1"2\6) 5432 \6) \3)1.3.4-5
A\ (2 24 (ANT/2N 2.3t
(6) (3)4 521 46) \5) 5231
+(5) (%\)2 N
6/ \37 2°1.2.3
1 [ SANAET AN\ 2
t5l@-07 -5 f(é/‘ 6~5~4-3+(8) 5-4-3-2

IO C AN N CA N AN G
6/ \zj4-32.1 \6) \3)3.4.32

+% (2 -1 =7 [(%)3 5-4t-53-2] '

We intentionally did not perform the cancellations or simplifications in the above calculations
to see the pattern more clearly. Indeed, we observe that H* has the following structure:

\ "1 o -
(2.22) H" = Z il (2= )" = 8] - [eBpmggat™ 7+ Cpn

3k—2—1 k k—1+41
id it + ot ]
=1

An dimportant observation is that when we calculate I[PH*!], the maximum number of
vermg of type [(2 — t) — ']t/ formed in H” is 3k — 5 (k > 2) and the lowest denominator
in the terms cfz is k! (happens when ¢ = 1). Therefore, we can control the coefficient
3k — 5 coming from the previous step of succession by cancelling it with %k in the k! and
observing that % < 3. In k steps, this would give us a bound in the form 3*. Taking into
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consideration other terms, we estimate
L | 3k2k7iak
~ (k—2+19)!

A2
forje{k—1+idik+i, ..,3k—1—i} with a = max{g,g}. Note that the bound 2k — 1

above comes from the fact that the maximum number of terms at the right hand side of
(222)is3k—1—1—(k—141)+1 =2k — 1 (this happens when i = 1). It follows that

2k=1ak3k(2k — 1)
(k—1)!

max |H*| <
To
Now, it is easy to show that
oo
Z max |H"| < oo.
To
k=1
Indeed,

L 2 1ak3k (2k — 1) L (12a)kt o
(2.23) =1l < 6042 TR Gae™* < oo.

k=1

4

Remark 2.24. We also calculated the bounds on the first few H™’s numerically with Wol-
fram Mathematica®11) (for A = 1) and found the values given in Table 1. These numerical
simulations show that the convergence of the successive approximations is in fact quite fast
and roughly at the order of 102""3,

Now switching back to old variables &, via k(x,y) = G(x + y,y — x) we obtain the
existence of the kernel function k. Theretore the existence of the boundary controller is
proven. We can now conclude that 2w decays in the mean square sense. Figure 3 shows that
the control effort increases if one desires to stabilize the system more quickly.

The decay of w does net iminediately tell us that u also decays. In order to prove this, we
need to obtain the inverse of the relation between L?(Q)—norms of u and w given in Remark
2.6. To this end, we define an inverse transformation

(2.25) u(z,t) = w(x,t) +/ Iz, y)w(y,t)dy,

where [ is‘a-continuous kernel function to be found. Similar to the proof of the existence of
k, one can obtain a third order PDE which can be solved for ¢ in the triangular domain 7"

gx:m: + gyyy + gyy - gmc = >\£7

l(x,1) =0,

l(z,x) =0,

ly(z,x) = %(1 — ).

The above PDE can be transformed into another third order PDE, which is equivalent to

an integral equation whose solution is obtained via successive approximations in the same
way we treated (2.8). See Figure 4 for a graph of the inverse control gain (0, ).

(2.26)
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It is important to notice that, from (2.25), we have the estimate

(2.27) [u@®)l2@) S [0l 2,
which gives us an exponential decay rate for u, since w satisfies (2.3). In (2.27), the constant

of the inequality depends of course on the kernel function ¢. We conclude this section with
the following proposition, whose proof follows from the analysis given above.

Proposition 2.28. Let A > 0. Then, there exists a kernel function k = k(z,y) such that the
solutz’on of the lineam’zed KdV-Burgers equation in (1.6) subject to the boundary contraller

fo y,t)dy satisfies
(2-29) [u(®)]lz20) < e luollz2o)
fort > 0.

2.2. Nonlinear Stability. In this section, we consider the nonlinear modei (1.1) with the
feedback controller constructed in the previous section. By using the transtormation given
n (2.4), we obtain the following PDE from (1.1), noting that ¢(x,z) == ©:

(2.30) wi(x,t) — wep(x, t) + Wage(z, 1) + Aw(z, t)

1
=—( (2,1) / oyt dy\,(wx(x,m m,y)w(y,t)dy)

J
with homogeneous boundary conditions

(2.31) w(0,t) =0, w(l,t) =0, and w,(1,f) =0.
Multiplying (2.30) by w(z,t) and integrativg over (0,1), we obtain

1 1 1
2.32 ) wy(z, t)dr = oy Dty (2 )dz — )W (2, 1)d
(2.32) /o w(zx, t)w(x, t)dx /0 w(e, g, (1) dx /0 W(T, t) Wy (x, t)dx

1 1 1 1
— )\/ w?(x, t)dx —/ w ot w, (z, t)dx —/ w?(z,t) [/ &E(x,y)w(y,t)dy] dx
0 0 0 x

1 1
£ llr w0 (2. ) w, (1, 1) [/ K(x,y)w(y,t)dy] dx
J0 T

-] e { / lﬁ(w,y)w(y,t)dy] { / 1 zm,y)w(y,t}d@,} .

Using integration by parts and Cauchy-Schwarz inequality, we obtain
d

(233) 7

lo@)liZ @) + Allw )l Z2q)

1 3
< ~Nua(®l — 31007+ (G1llorny + 12, ) IOl

Hence, we have the following inequality:

oo | pe

(2.34) Y +2\y — ey? <0,
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where y(t) = Hw(t)H%Q and ¢ = (%HﬁHcl(T) + H€|]201(T)> . Solving the inequality (2.34)
and assuming [Jwol|r2) < 2, we get

(235)  [lo(®) e = y(t) < 1 1

< .
2 2
[( 1 > 6)\t :| |: T :|
H’LU()HL2<Q) 2\ 2 2”w0”L2(Q)

Recall that [Jwo|r2(0) S |Juollr2) (see Remark 2.6). Combining this with (2.27) and (2.:
we deduce

(236) Hu(t)HLZ(Q) 5 ||U0||L2(Q)€_/\t, for t Z 0.

Hence, the proof of Theorem 1.3 is complete.

(.0
(@
\_/

3. OBSERVER DESIGN

3.1. Linearized equation. In this section, we consider the linearized WdV-Burgers model
with boundary actuation given in (1.6). We suppose that the measurements for the solution
are not available across the domain and there is a sensor only at the right end point of the
domain, which measures the quantity y(¢) = 9%u(1,t). To this end. we consider the observer
given in (1.7).

Our goal is to find a function p; = pi(x) such that w — u goes to zero as t — oo in a
physcially appropriate sense. In order to achieve this, we define the error function v = u—u.
Then, u satisfies

ut - uxw + uz:m: - p1k37\}":5* Lt) = 07
(3.1) @(0,) = a(1, 1) = (1.2 =10
(I‘, 0) = Up — 7*0-

The next step is to find a kernel function. p = o{z,y) such that the transformation

(3.2) a@w:zmw_/pmy>@@@

makes the error system (3:1; equivalent to the following exponentially stable linear KdV-
Burgers equation:

(S~ ~ =
(33) i Wy Wey + Wz + )\U) 07

w(0,t) = w(1,t) = w.(1,t) = 0.

Calculating tempora! and spatial derivatives of & which is given by (3.2), substituting these
into (3.1), and using the boundary conditions in (3.1), we find out that p;(z) should be
chosen to be p(x,1), where the kernel function p solves the following PDE posed in the
triangular domain 71"

Pzzx + Pyyy + Pyy — Pzz = /\p,

> p(r,2)= 0,
( .’/ px(mam) =57,
p(0,y) =0.

The above model can be solved similarly to (2.8) by a change variables given by 2/ =1 —y
and ¥y = 1 — z. Note that the signs of lower order derivatives (second order derivatives)
will be reversed with such a change of variables. This constrasts with KdV since first order
derivatives are used there. See Figure 5 for the graph of the control gain p;(x).
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The transformation given in (3.2) is invertible in the sense that there exists a kernel
function r(x,y) such that

(3.5) M@ziMH/rmWMﬁ@

and r satisfies

Tagw T Tyyy + Tyy — Toz = — AT,
r(x,z) =0,
3.6
(3.6) re(x,x) = =z,

r(0,y) = 0.

We consider the back-stepping transformation as well as its inverse given befcre now for
. That is,

(3.7) wMZM@—/MLWMﬁw

and

1
(3.8) a(z) = o) + / Uyt dy,

where k and ¢ satisfy (2.8) and (2.26), respectively.. The transformation (3.7) gives the
following equation in w:

(3.9) { Wy = Wag + Wage + AD = — {pi(&") = fo Rz, y)pl(y)dy} W (1, 1),
w(0,t) = w(l,t) = w,(1,t) =0,
Lemma 3.10. Let w be a solution of (3.3).~Then,
(@ (L] S (10 () 220 + [0e() [ 2(0) -
Proof. We multiply (3.3) with @1, and integrate over € = (0,1). We obtain

1 { 1 1
[ 9 L 1 - -
(3.11) / TWW g, AT~ / 20 dr + = | W (1,1)|* — —/ w2, dr — )\/ riidr = 0.
0 s0 2 2 Jo 0
Using the Cauchy-Schwaiz inequality on the first term above, we estimate
(3.12) oo (1, 1) < [[@0|72(0) + 3l @l 2() + M@l Z2 ().

From the main eguation and the triangle inequality, we have
(3.13) [ Bara 2200y < 3 (X520 + BaelFaiey + 100 32(e) ) -
Recall that we have the Gagliardo-Nirenberg inequality
2 1
(3.14) HZDMHLQ(Q) < |’wwm‘|z2(9)Hsz2(Q)-

Taking squares of both sides of (3.14) and applying e—Young’s inequality, we obtain

. . 1 .
(3.15) ||wm||%2(sz) < EHUJa:m”%Q(Q) + E”wH%Q(Q)
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for € > 0 small enough and fixed. Using this in (3.13), we get

3 31+M+3) /. N
(3.16) ey < =55 (I0ll72q0) + Il )

which allows to write

N e1+A4+2) 1]/, . .
(3.17) ealFaey < | =+ ;] (N0 + Il ) -

Hence, (3.12) can be rewritten in the form:
(3.18) [aa (L S 100720y + 101720

and the proof of the lemma is complete.

Now, we define an energy functional for the above system by
(3.19) E(t) = o(t)||72@) + 100) 1 20) + [@(O)|220)-
Multiplying (3.9) by w and integrating over {2, we obtain
1d, . ) 1. SO 4 o
3:20) 5100 o)+ 10a(Ola + 50200 F + MOy = s(1,0) | Wi

1
where U(z) = — {p1 () — / k(z,y)p (y)dy} . Combining the above identitity with Lemma

3.10 and using e—Young’s inequality, we get

d, . ~ o - .
(321) O < —(2X = Q0@ ey F O (10020 + [l )

where C, depends on €, A, and ||¥| o As we have shown in (2.2), @ can be also shown to

satisfy

d, ., _
TN 5z0) < 22X @[22, ¢ 2 0,

which is equivalent to writing
(3.22) 1) 1) < llol72(@pe™"

Now, we differentiate (3.3) in the variable ¢, then multiply both sides by w, and integrate
over (). Therefore, we have

ld .. N 1 _ -
(3:23) 5 @ (O)720) = =l@a(®)i2@) = F1@e(0)]° = M@z ()-

It follows that

(3:24) i (1) [ 140y < 100 | 2qeye™ = [ — @y — Mol e ™ S ol msiye™, ¢ = 0.
Combining (3.21)-(3.24), we deduce

(3.25) E'(t) < —2X — ) E(t) + Cepe™ M,

whiere Ce ., > 0 is a constant that depends on €, ||Wol|2(q), |0 — W5 — Aol 22(0), A, and

1o Multiplying both sides by e*~9* and integrating, we obtain
(3.26) E(t) < Ceppe” P79 ¢ > 0.

Based on the above analysis, we can now prove Theorem 1.8.
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Proof of Theorem 1.8. Pick some A > A, e.g., )= A+ 5. We can do the entire analysis above

starting with A rather than A and obtain E(t) < C, ,e” 9% < C, .2 where in this case
the constant C.,, as well as all kernel functions depend on A. We observe from (3.2) that
%(t)|| 3 ) S [110(F) || g3 (q)- Similarly, it follows from (3.8) that [|i(t)||2) S [|@(2)||L2). In
addition, we can find a similar relation between the initial data using the invertibility of the
back-stepping transformations, i.e., |[Wo|| g3y S [|uo — to | a3y and ||[wol|L2) S ||tol| 2oy
Combining the above arguments, we conclude that

lu =@l sy + @l 20y S (lluo = toll sy + ol 2e)) e

4

3.2. Other boundary conditions. Consider the linearized KdVB equation in (1.10). If
one could fully observe the system (1.10), then we could stabilize the system with-the prede-

termined rate of decay by designing a boundary controller U (¢ fo E(0 y)uly;t)dy, where
k solves
kpwy + Kyyy + kyy — kzw = —Ak,
(3.27) ky(z,1) + kyy(xz,1) = 0,
k(x,x) = 0,
ha(r,z) = G,

on the triangular spatial domain 7. However, here we will consider the observer in (1.11)
assuming one can only get partial information (in this case it is y(t) = w(1,t)) about the
system (1.10).

(3.27) can be solved by using the same procedure in Section 2.1. By using the change of
variables G(s,t) = k(z,y) with t = y = 2, s =24 y, one gets the following PDE model:

2Gss + 868G +4Gy = —AG,
(3.28) Gu+ Gos +2G + Gs + Gili—a—s = 0,
G(s,0) = 0,
A
Gi(s,0) = _6(2_8)’

where (s,t) € Ty,
After some computations, we obtain

(3.29)  G{s,¢) = —%t(Q —5) — / 2(Gs(s,7)+ G(s,71))dr

// w(5,€) + (5, 6)) dedr

1 2-¢
- /0 / / (4G oy + 12G st + 6Gly + 2Gor — AG) (1, €)dndédr,

We solve the above equation again with iteration similar to what we have done in Lemma
2.12. The graph of the corresponding control gain is given in Figure 6.
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We set the error & = u — @, which satisfies

(3.30) (0.0) = i (1.1) = (1.1
w(x,0) = ug — Up.

1,t) =
= O
We consider the transformation in (3.2), which transforms (3.30) into

B(0,1) = 1y(1.4) = Bya(1, 1) = 0.

provided that p;(z) = p(z, 1) and p solves

(3.31)

Pzzx + Pyyy + Pyy — Pza = /\p,

3.32 pl,2) = O’A
(332 ol 1) = 2o 1),
p(0,y) =0.

By using the change of variables G(s,t) = k(z,y) with t = y -z, s = x 4y, one gets the
following PDE model:

2Gsss + 6Gstt + 4Gst = )\Ga

(3.33) G(s,s) = 0.
G(s,0) = 0
. A
Gt(S,O) = _F<2_5)7
where (s,t) € Ty. After some calculations, we get
A X I"t [ )\
(3.34) G(s,t) = —=t(t —s) + GssS + - Gst (n,&)dEdTdn.
6 Jo Jo 6

The above integral equation can be solved by iteration and the solution is as in Figure 7.
The inverse transformation is defined by (3.5) where in this case r satisfies

|’ Tows + Tyyy + Tyy — Tow = — AT,
riz,z) =0,
(3:35) re(z,x) = g(a: —1),
r(0,y) = 0.
We also cousider the same transformations given in (3.7) and (3.8). Then w satisfies
(3.36) [0 g+ g + X = —{pl = [ K y)piy )dy}ﬁ)(ht),

| @(0,8) = a1, 1) =t (1,4) = 0.
‘We aefitie the energy functional for the above system by

(3.37) E(t) = l(0)I72) + 00)]720)
and the modified energy functional given by

(3.38) Ey(t) = o ()72 + plld(6)] 720
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for p > 0. It is clear that P 1E < E, < (1+p)E. Therefore, E and E, are asymptotically

p+
equivalent.

We now give a simple inequality by the following lemma.

Lemma 3.39. Let w be a solution of (3.31). Then, |w(1,t)| < || Wz 22(0,1)-

Proof. We first write w*(1,t) = 3 fo )zdz by using the boundary condition w(0,t) =0

But the right hand side of this equahty can be rewritten as f ww,dx, which is bonndeo
by [0 z2(0,1) || Wz £2(0,1)- On the other hand, by Poincaré inequality ||w||z2(01) S [|@zlz2001)-
Hence, the result follows l

Multiplying (3.36) by @ and integrating over 2, we obtain

1d ) 1. R » A\ .
(3.40) 5 ll@ ()72 +Iwa(t)lliz(Qﬁ§!wx(0,t)l2+A|!w(t)H%z(mZw\ht) ,’0 W dr,

1
where ¥ (z) = — {pl (x) — / k(x,y)p1 (y)dy} . Combining the above identitity with Lemma

3.39 and using e—Young’s irgfequality, we get

d -~ ~ Rl ~
(3.41) Zle@lz20) < =2 = )72y + Cllda(l 720,
where C, depends on € and ||V||o. @ can be easiliy shiown to satisfy

d . . N e
MOz @) + 2@ ()72 € —2MB(O)72(), £ = 0.

Therefore, for p sufficiently large and e sufficiently small, we obtain E,(t) < —(2A—¢) E,(t).
The last inequality, gives the exponential-decay of the pair (i, w) in L?—sense with a rate
almost equal to A. Hence, we can now give a proof for Theorem 1.12.

Proof of Theorem 1.12. Pick some A> . We can do the entire analysis above starting with
A rather than A and obtain E{t) < Cepwo € —2A-t < Cepuwno€ —2M where in this case the
constant C¢ ., as well as all keriel functions depend on X. We observe from (3.2) that
%(t)] 22(0) S |0(1)|| L2y Simtilatly, it follows from (3.8) that [|a(t)]L2() S [W(1)|| 2. In
addition, we can find a‘'similar relation between the initial data using the invertibility of the
back-stepping transformations, i.e., ||Wo|r2) S ||uo — Gol|2() and ||wollz2(0) S |[tollr2)
Combining the above arguments, we conclude that

lu— il 2) + 12|22 S (lluo — @ollz2@) + o)) e
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FiGURE 1. Triangular domain 7T’
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F1GURE 2. Triangular domain 7§
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F1GURE 3. Control gain k(0,y) for different values of A
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FIGURE 4. Inverse control gain [(0,y) for different values of A
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FIGURE 5. Control gain p;(x) for different values of A
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FIGURE 6. Control gain k(0,y) for different values of A
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FIGURE 7. Control gain p;(x) for different values of A
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n k
n (SI%%)%JH (s,t)] Z Srrtlagéo |H"(s,1)]
1 0.11111 0.11111
2 0.00538531 0.116496
3 0.000831549 0.117327
4 0.00010591 0.117433
5| 1.51134 x 1077 0.117433
6 | 1.26128 x 107° 0.117433
7 12.73963 x 1071 0.117433
8 | 5.3179 x 10713 0.117433
9 19.18326 x 1071 0.117433
10 | 1.42747 x 10716 0.117433

TABLE 1. Numerical values demonstrating the fast counvergence (A = 1)
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