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Department of Electrical and Electronics Engineering
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Head of the Department of Dean of the Graduate School of
Electrical and Electronics Engineering Engineering and Sciences



ACKNOWLEDGMENTS

First of all, I would like to express my deep gratitude to my advisor Assoc. Prof.
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ABSTRACT

COMPENSATOR DESIGN FOR TWIN ROTOR SYSTEMS

In this thesis study, modeling and control of the in-house developed twin rotor

systems are aimed. Firstly, two input-output models are obtained by using experimentally

collected data. One model is obtained as transfer functions in the Laplace domain while

the other is a neural network based model. Nextly, lag and lead type compensators are

designed and then experimentally verified on the twin rotor system. Specifically, first,

lag and lag-lag compensators are designed to obtain a reduced steady state error when

compared with proportional controllers. Secondly, lead compensation is discussed to

obtain a reduced overshoot. Finally, to make use of their favorable properties at the same

time, lag-lead compensators are designed. All the compensators are applied to the twin

rotor system in our laboratory.
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ÖZET

ÇİFT ROTORLU SİSTEMLER İÇİN DÜZENLEYİCİ TASARIMI

Bu tezde laboratuvarımızda geliştirilmiş olan çift rotorlu sistemin modellenmesi

ve denetimi amaçlanmıştır. Deney düzeneğinden toplanan veriler kullanılarak sistemin

dikey ve yatay eksende modellenmesi yapay sinir ağı tabanlı modelleme ve transfer fonksiy-

onu şeklinde ifade edilmektedir. Daha sonra lag ve lead düzenleyiciler tasarlanıp lab-

oratuvarımızda bulunan çift rotorlu sistem üzerine bu düzenleyiciler uygulanmaktadır.

Öncelikle lag düzenleyici tasarlayıp sisteme uyguladıktan sonra sistemin kalıcı durum

hatasının oransal denetleyiciye göre azaldığı gözlemlenmektedir. Bu ölçüde lag-lag düzenleyici

tasarlayıp sistemin kalıcı durum hatasının daha küçük değerlere ulaştığı görülmektedir.

Daha sonra lead düzenleyici tasarlayarak sistemin aşma değerinin düşürülmesi amaçlanmaktadır.

Hem lag hem de lead düzenleyicinin özelliklerinden faydalanmak için lag-lead düzenleyici

tasarlayarak sistemin hem kalıcı durum hatasını azaltmak hem de aşma değerini düşürmek

hedeflenmiştir. Tasarlanan tüm düzenleyiciler laboratuvarımızda bulunan çift rotorlu sis-

teme uygulanarak deneysel gerçeklenme sağlanmaktadır.
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CHAPTER 1

INTRODUCTION

In this chapter, firstly the twin rotor system in our laboratory is briefly described.

Next, review of the relevant literature on modeling and control of twin rotor systems is

presented. Afterwords, motivations behind the thesis study are discussed.

1.1. Twin Rotor System

Twin rotor system is a laboratory setup resembling a simplified helicopter model

that moves on both horizontal and vertical axes Dogan (2014), Bayrak et al. (2015). In

Figure 1.1, the twin rotor system in our control laboratory which was developed by the

funding provided from IYTE University research grant with grant number 2010-IYTE-15

is presented. In Figure 1.1, the two motions of twin rotor system, namely pitch and yaw

motions are also shown. In a twin rotor system, two rotors, namely the main rotor and

the tail rotor, adjust the angular positions on pitch and yaw axes. The main rotor directly

adjusts the movement of the nose of twin rotor system up or down, while the tail rotor

causes side to side movement of the nose of the twin rotor system.

Now, subsystems of the twin rotor system are briefly described. The electronic

subsystem of the twin rotor system include the main circuit that is constructed by using

two encoder readers and two motor driver circuits. Motor driver circuits run the motors in

accordance with the controller data received from the computer. Encoder readers obtain

position data from the optical encoders as a square wave and calculate quantized angular

position. Main circuit receives position and velocity of the twin rotor system and sends

these data to the computer while receiving control inputs which are the voltages of two

motors from the computer. The electronic components of the system communicate via

RS232 serial port. The block diagram of the mentioned process can be seen in Figure 1.2.

LABoratory Virtual Instrument Engineering Workbench (LABVIEW) is used as

the software to monitor the twin rotor system and to provide online communication with it.

LABVIEW has two sub-interfaces, namely, front panel and block diagram. Front panel is

the interactive user interface of LABVIEW which contains push buttons, graphics, many

other controls (user inputs) and indicators (program outputs). A screen capture of front

1



Figure 1.1. The twin rotor system in our laboratory (courtesy of Ilker Tanyer).

panel is shown in Figure 1.3. Block diagram is a code generated with the graphical pro-

gramming language in LABVIEW. Block diagram consists of sub-programs, functions,

constants and loops. A screen capture of the block diagram is given in Figure 1.4.
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Figure 1.2. The block diagram of the twin rotor system Bayrak et al. (2015) (courtesy
of Dr. Enver Tatlicioglu).
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1.2. Literature Review on Modeling of Twin Rotor Systems

Review of the literature highlights the fact that, a good amount of research was

devoted to twin rotor systems. While the name twin rotor system is commonly utilized

to describe a 2 degree of freedom (dof) multi input multi output (MIMO) system, some

part of past research focused on modeling or control of only one motion of the system. To

distinguish these past works, the number of dof is mentioned when required. When not

mentioned, a two dof twin rotor system is to be understood.

Some part of this past research focused on modeling of twin rotor systems. These

works can roughly be categorized as i) physics-based modeling approaches including

energy-based methods such as Newtonian, Euler-Lagrange etc. (i.e., white box system

identification), ii) modeling methods utilizing artificial intelligence-like approaches such

as neural networks, genetic algorithms, etc (i.e., black box system identification), and

iii) some hybrid methods that make use of both of the above methods etc. (i.e., grey

box modeling approaches). In Ahmad et al. (2003), modeling of a 1 dof motion of a

twin rotor system by using black box system identification technique was presented. In

Ahmad et al. (2004), black box system identification was used for modeling a two dof

twin rotor system. Rahideh and Shaheed (2008) utilized grey box modeling approach by

fusing Newtonian method with genetic algorithms to model a 2 dof twin rotor system. In

Toha and Tokhi (2008), artificial neural network based modeling was used to characterize

the dynamic behavior of 1 dof motion of a twin rotor system about the vertical plane.

They utilized multi-layered perceptron neural networks by using Levenberg-Morquardt

based training algorithm and Elman Recurrent neural networks to identify the dynamics

of the system. In Shaheed (2005), nonlinear dynamic model of a twin rotor system was

developed based on feedforward neural networks by using resilient propagation algorithm

to obtain a model via using optimum number of neurons. In Ahmad et al. (2001), a

discrete time linear model for a 2 dof twin rotor system was obtained by using parametric

modeling and dynamic characterization. In Ahmad et al. (2000), another discrete time

linear model was obtained by using black box system identification techniques. Shih

et al. (2008) derived an energy-based dynamic model via evaluating the Lagrangian of

a twin rotor system. In Ocal and Bingul (2013a), dynamic equations of a 2 dof twin

rotor system were obtained with Newtonian methods while unmodeled parameters were

obtained by using genetic algorithms. In Rahideh et al. (2008), 1 dof motion of the twin

rotor system was modeled via Newtonian and Lagrangian methods and neural networks,

and comparative results of these modeling techniques were examined. As a result of
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these comparisons, it was observed that neural network based modeling was better in

modeling accuracy, while Lagrangian based model had better performance in representing

the system dynamics. Reviewing of the relevant literature on modeling twin rotor systems

yielded that there is no common agreement on dynamic model for these systems.

1.3. Literature Review on Control of Twin Rotor Systems

Some other past research was devoted to designing controllers for twin rotor sys-

tems. These past works can broadly be classified as linear and nonlinear controllers.

1.3.1. Past Works on Linear Controllers and Their Modifications

The linear controllers are based on standard proportional (P), derivative (D), in-

tegral (I) feedback controllers. In Shih et al. (2008), a PD controller with gravity com-

pensation and a fuzzy PID controller were designed for set point of control of twin rotor

systems. As a result of the comparison of these controllers, it was observed that fuzzy

PID controller performed better than the gravity compensated PD controller by decreas-

ing overshoot and steady state error. In Juang et al. (2008), the performance of a PID

controller was demonstrated via numerical simulations where the control gains were ad-

justed by using real value type genetic algorithms. In Juang et al. (2005), a hybrid PID

controller was designed for twin rotor systems by combining PID controller with a fuzzy

compensator. In the mentioned study, real value type genetic algorithms were utilized

to optimize the control gains of the proposed controller. In Juang et al. (2006), a single

variable second order grey model was used in design of a switching grey prediction based

PID controller where the gains were adjusted by real value genetic algorithms in numeri-

cal simulations. Liu et al. (2006) studied to obtain the optimal gains of PID controllers by

using model reduced and optimal methods to improve tracking performance and transient

response. Rahideh and Shaheed (2006) designed a hybrid fuzzy based PID controller.

Comparing the hybrid controller with fuzzy controller and PID controller revealed that

hybrid controller has better steady state performance. In Ocal and Bingul (2013b), PID

control was used in conjuction with a feedforward inverse model control term for control-

ling the pitch angle, while a standard PID controller was utilized for controlling the yaw

angle. Recently, in Dogan (2014), performances of P, PI, PD and PID controllers were

evaluated on the twin rotor system in our laboratory.
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1.3.2. Past Works on Nonlinear Controllers

Several nonlinear controllers were designed for twin rotor systems. A nonlin-

ear H∞ controller was designed by López-Martinez et al. (2005) for twin rotor systems

where partial differential equation method was utilized for tuning control gains. Mustafa

and Iqbal (2004) used feedback linearization technique for designing controllers for twin

rotor systems. In the mentioned study, partial feedback linearization was utilized when a

more accurate simulation model of the twin rotor system was used, and exact feedback lin-

earization was the choice for a simplified dynamic model. Lu and Wen (2007) designed

a time optimal robust controller for twin rotor systems by decoupling the system into

two independent single input single output (SISO) systems. Additionally, the proposed

time optimal robust controller was compared with a standard PID controller in settling

time and overshoot of the two SISO systems. Karimi and Motlagh (2006) designed a

Lyapunov based robust feedback linearization controller. Dong et al. (2008) designed a

Radial Basis Function (RBF) neural network controller and a Cerebella Model Articu-

lation controller. Performance of these controllers were evaluated via several numerical

simulations. Their simulation results showed that RBF NN controller was better in sys-

tem performance when compared with standard PID or LQR controllers. López-Martinez

and Rubio (2003) proposed a feedback linearization controller for elevation subsystem

of a twin rotor system which obviously has 1 input and 2 states (i.e., angular position

and velocity). In the design, they used exact input state linearization with a switching

law. López-Martinez et al. (2007) designed a nonlinear disturbance rejection method for

twin rotor systems by focusing on a tuning procedure for each dof. In Corradini et al.

(2011), stabilization by using sliding mode control for discrete time linear systems was

investigated. In order to reach this purpose, a discrete-time model of a twin rotor system

was used. Rahideh et al. (2007) designed an adaptive nonlinear controller by using Ar-

tificial neural networks (ANNs) and genetic algorithms for pitch axis control of a twin

rotor system. The controller gains were tuned by using genetic algorithms to improve

the tracking performance. Su et al. (2002) designed an inverse complementary sliding

mode controller and a terminal sliding mode controller. Recently, in Radac et al. (2014),

a data-driven model-free controller and a model-free adaptive controller for twin rotor

systems were designed. Tahir et al. (2013) compared switched model predictive con-

trol (MPC) with centralized MPC where switched MPC has demonstrated better tracking

performance. Witczak et al. (2014) designed a robust predictive fault-tolerant control

by using Takagi-Sugeno type fuzzy systems for twin rotor systems. Czajkowski (2014)

8



focused on estimation of disturbances and then cancelling them by using robust control

with echo state network model for twin rotor systems. Alagoz et al. (2013) utilized cube

of tracking error in the control design to provide a nonlinear error term in the closed-loop

system. In the mentioned study, there was no improvement in steady-state error. Bayrak

et al. (2010) designed a robust controller by fusing integral of the signum of the track-

ing error feedback with a neural network feedforward term where the dynamic model of

the twin rotor was considered to be uncertain. In numerical simulations, an improved

tracking performance was observed for this controller. Dogan et al. (2012) designed a ro-

bust controller and performed numerical simulations by comparing with disturbance and

disturbance-free models of a twin rotor system. Recently, in Deniz et al. (2014), differ-

ent type of robust controllers were designed for twin rotor systems where experimental

verification on the twin rotor system in our laboratory was also provided.

1.4. Motivation of Current Research on Twin Rotor Systems

Since the literature review of modeling of twin rotor systems revealed that there

is no commonly agreed model for these systems, developing a model for the twin rotor

system in our laboratory is aimed. Two input output models, first an artificial neural net-

work based model and next, a transfer function based model are utilizing experimentally

collected data.

After carefully reviewing the relevant control literature of twin rotor systems, it

was observed that a good amount of research were conducted in designing PID controllers

and their extensions in several aspects and also nonlinear controllers. However, there is

almost no previous work that designed lag-lead type compensators for twin rotor systems.

In this thesis, this open research problem is investigated. Specifically, lag, lag-lag,

lead and lag-lead compensators are designed for controlling both pitch and yaw motions

of the twin rotor system. Lag compensators without changing the transient characteristics

of a system much, have a significant decreasing effect on the steady-state error. Lag lag

compensators reduced the steady state error even further are more successful in reduc-

ing steady state error than lag compensator. Where lag-lag compensators have a stronger

similar effect as well. Lead compensators are usually preferred to change the transient be-

havior of systems. Lag and lead type compensators are designed and then experimentally

tested on the twin rotor system in our laboratory.
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1.5. Organization of This Thesis

The rest of this thesis is organized as follows. In Chapter 2, two modeling ap-

proaches are given. Firstly, obtained from experimentally collected data, an input output

model is presented by using artificial neural networks. Secondly, also obtained from ex-

perimentally collected data, transfer functions of both pitch and yaw motions are given.

In Chapter 3, properties of lag compensator is given along with simulation results on the

transfer function model of a twin rotor system and experimental results on the twin rotor

system in our laboratory. In Chapter 4, design and verification of lead compensators are

presented. In Chapter 5, lag-lead compensators are designed and experimentally verified

on the twin rotor system. Finally, in Chapter 6, concluding remarks are given along with

possible future works.
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CHAPTER 2

MODELING OF TWIN ROTOR SYSTEMS

In this chapter, two approaches for developing input-output models of the twin

rotor system in our laboratory are presented. The first approach is based on obtaining

the input-output relation by using ANNs. In the second approach, transfer functions of

motions on both pitch and yaw axes are obtained. In both modeling approaches, experi-

mentally collected data are utilized.

2.1. Modeling of Twin Rotor System by Using Artificial Neural

Networks

ANNs are artificial systems that are modeled by mimicking the working principle

of the human brain. These systems consist of pathways between the layers consisting of

neurons which allow the data transmission. An ANN model can be developed by using

existing information about the system to predict its future behavior with high precision by

using the developed model.

In this study, the input output relation of the twin rotor system in our laboratory is

obtained by using ANNs. When compared with the existing literature, main advantage of

this modeling approach is that multi-input multi-output ANN structure is used. As a result

of this approach, the cross coupling effects between the rotors are taken into consideration.

Thus, we sincerely believe that the obtained input-output model demonstrates a close

behavior to the real system in the region of operation that the data were collected.

2.1.1. Modeling, Prediction, and Jacobian Calculation

Nonlinear behaviour of a MIMO system defined with ANNs is given as follows

Ymn = f
(
u1n, · · · , u1(n−nu), · · · , ur(n−nu), y1(n−1), · · · , y1(n−ny), · · · , ym(n−ny)

)
(2.1)

where urn ∈ R is nth value of rth input of the system, ymn ∈ R is nth value of mth
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output, the number of former input signals and output signals are nu and ny, respectively.

In (2.1), the unknown function f ∈ R can be obtained by applying the available learning

data set to ANN system as

T =
{
u1k, · · · , u1(k−nu), · · · , ur(k−nu), y1(k−1), · · · ,

y1(k−ny), · · · , ym(k−ny); y1k, · · · , ymk
}k=n+N
k=n

= {xk, yk}k=Nk=1 (2.2)

where xk ∈ X ⊆ R[rnu+m(ny+1)] denotes kth input data point at input space, while yk ∈
Y ⊆ Rm denotes the related output value. A model that represents the approximate input–

output relation of the system will be obtained by using the feedforward single layer ANN

structure given in Figure 2.1.

Figure 2.1. ANN structure

.

In this structure, R denotes the number of inputs and it is defined as R , rnu +

m(ny + 1), w1
j,i is the weight from ith input to jth neurons, b1j denotes the bias of jth

neurons to hidden layer, w2
j,k is the weight from jth neurons to kth output and b2k is the

bias from output layer to kth output. ANN model of the system is obtained by optimizing

12



these weights and biases at each iteration until the best relation between the inputs and the

outputs is provided. After this point, ANN predicts the outputs of the system according to

ŷkn =
m∑
k=1

(
S∑
j=1

w2
k,jh (dj,n) + b2k

)
(2.3)

where h (x) ∈ R is the sigmoidal activation function and it is chosen as (ex−e−x)
(ex+e−x)

. Also,

S is used to specify the number of neurons at the hidden layer. In (2.3), dj,n ∈ R can be

obtained as

dj,n =
R∑
k=1

(
nu∑
i=0

w1
j,iuk(n−i)

)
+

m∑
l=1

(
ny∑
i=1

w1
j,nu+i+1yl(n−i)

)
+ b1j . (2.4)

Minimizing the following error equation is the main principle of ANN modeling

F =
m∑
l=1

N∑
k=1

(ylk − ŷlk)2 . (2.5)

In order to minimize the error function in (2.5), adjustable parameters are optimized via

the Levenberg-Marquardt optimization rule as

Θnew = Θold −
(
JTANNJANN + µIR

)−1
JTANNe (2.6)

where e ∈ R(M×N)×1 is the vector that contains learning error and is defined as

e =
[
e11 · · · e1N · · · eM1 · · · eMN

]T
=

[
y11 − ŷ11 · · · yN1 − ŷN1 · · · yM1 − ŷM1 · · · yMN − ŷMN

]T
. (2.7)

In (2.6), Θ ∈ RR×1 is the vector that contains weights and biases and is defined as follows

Θ =
[
w1

1,1 · · · w1
s,nu+Ny+1 b11 · · · b1s w2

1,1 · · · w2
1,s · · · w2

m,s b21 · · · b2m

]T
=

[
θ1 · · · θR

]T
(2.8)

and JANN ∈ R(M×N)×R is a Jacobian matrix which has the following structure

JANN =


∂e11
∂θ1

· · · ∂e11
∂θR

... . . . ...
∂eMN

∂θ1
· · · ∂eMN

∂θR

 . (2.9)

ANN model of the system can be completed by reducing the value of the error function

given in (2.5) to a desired level. After obtaining a proper model for the system, the future

behavior can be estimated via (2.3) and (2.4).
13



2.1.2. ANN Model of Twin Rotor System

In this study, input-output relation of the twin rotor system is modeled by using

ANNs. Necessary input-output data for this modeling approach are provided from the

experimental setup in our laboratory. The voltage values of motor are used as the inputs

while the angular positions of pitch and yaw axes are used as the outputs. It is clear that

better model accuracy is obtained by using more and diverse data from different points

of input and output spaces. After selecting appropriate amount of input and output data,

the best representation of the real system can be obtained successfully. As a result of

necessary selection process, 3000 data points obtained from experiments are considered

sufficient for the ANN based modeling. The best decomposition ratios were obtained via

trial and error method and found as %70 and %30 for learning and validation processes,

respectively. As a result, 2100 data points were used for the learning process while re-

maining 900 data points were used for the validation process. It is highlighted that above

mentioned data were used in a random manner for avoiding memorizing. The number of

former inputs and outputs of the system are found as nu = 5 and ny = 5 again by using

trial and error.

Another important part of ANN based modeling is obtaining the optimal number

of neurons. Too much neurons mean relatively large weights and biases which usually

results in slowing down modeling and prediction processes. To obtain the best value for

number of neurons, the algorithm was run 1000 times from 1 neuron to 330 neurons. For

every number of neurons in the mentioned interval, learning and validation error is shown

in Figures 2.3 and 2.4, respectively, from which, it is clear that there are no big changes

in error values after 14 neurons as shown in Figure 2.2. According to these results, 14

neurons gave the satisfactory modeling performance.

The outcome of the ANN based modeling are discussed. In Figure 2.5, corre-

sponding input values to the output values obtained from the model are given. From this

figures, it is demonstrated that modeling approach have reached its goal and an ANN

based model representing the twin rotor system in our laboratory with high accuracy was

obtained.
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Figure 2.2. Average values of error functions

2.2. Transfer Functions for Pitch and Yaw Motions of Twin Rotor

System

In this section, transfer functions of pitch and yaw motions are obtained by using

input and output data obtained from the experiments performed on the twin rotor sys-

tem. The input data consists of the voltages supplied to the motors while the output data

includes the angular pitch and yaw positions. Matlab System Identification Toolbox1 is

utilized to obtain the transfer functions.

The transfer function is considered to be of the following form

[
Yp(s)

Yy(s)

]
=

Bp(s)

Fp(s)
0

0 By(s)

Fy(s)

[Up(s)
Uy(s)

]
(2.10)

where Yp(s), Yy(s) are the angular positions of the pitch and yaw axes, respectively, Up(s),

Uy(s) are the supply voltages of the main motor and the tail motor respectively, andBp(s),

Fp(s),By(s), Fy(s) are polynomials in the Laplace domain, and transfer functions of pitch

and yaw axes are expressed as Bp(s)

Fp(s)
and By(s)

Fy(s)
, respectively. Matlab System Identification

Toolbox returned the following for the pitch motion

Bp(s) = 25.49s2 + 559.2s+ 0.01386 (2.11)

Fp(s) = s3 + 0.9214s2 + 10.08s+ 0.007895 (2.12)

1http://www.mathworks.com/products/sysid/
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Figure 2.3. Learning error values which are obtained during the modeling

which yield the following transfer function

Gp(s) =
25.49s2 + 559.2s+ 0.01386

s3 + 0.9214s2 + 10.08s+ 0.007895
(2.13)

and the following for the yaw motion

B2(s) = 1.705s2 + 13.11s+ 0.8412 (2.14)

F2(s) = s3 + 3.327s2 + 12.72s+ 0.669 (2.15)

which results in the following transfer function

Gy(s) =
1.705s2 + 13.11s+ 0.8412

s3 + 3.327s2 + 12.72s+ 0.669
. (2.16)

For both motions, the order of the numerators are 2 while the order of the denom-

inators are 3. This makes perfect sense in the sense that after considering that the relative

degree between the torque provided by the motor and the angular position is 2 and the

relative degree between the torque provided by the motor and the supply voltage is 1, and

thus a third order polynomial was expected on the denominator of the transfer functions.

Poles and zeros of the transfer function of the pitch motion are found as

poles =
{
−0.4603 + 3.1412j, −0.4603− 3.1412j, −0.0008

}
zeros =

{
−21.9380, −0.000024

}
(2.17)
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Figure 2.4. Validation error values which are obtained during the modeling

while the ones for the yaw motion are found as

poles =
{
−1.6368 + 3.1410j, −1.6368 + 3.1410j, −0.0533

}
zeros =

{
−7.6244, −0.0647

}
. (2.18)

Since for both motions the constant terms in numerator and denominator are rela-

tively small when compared with the parameters of powers of s, they can be assumed as

zero to yield the following for the pitch motion

Bps(s) = 25.49s+ 559.2 (2.19)

Fps(s) = s2 + 0.9214s+ 10.08 (2.20)

where the simplified transfer function for pitch axis now has the form

Gps(s) =
25.49s+ 559.2

s2 + 0.9214s+ 10.08
(2.21)

and following for the yaw motion

Bys(s) = 1.705s+ 13.11 (2.22)

Fys(s) = s2 + 3.327s+ 12.72. (2.23)

where the simplified transfer function for yaw axis is given as

Gys(s) =
1.705s+ 13.11

s2 + 3.327s+ 12.72
. (2.24)
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For the simplified case, poles and zero of the transfer function of the pitch motion are

found as

poles =
{
−0.4607 + 3.1413j, −0.4607− 3.1413j

}
zeros =

{
−21.9380

}
(2.25)

while for the yaw motion poles and zero are found as

poles =
{
−1.6635 + 3.1548j, −1.6635− 3.1548j

}
zeros =

{
−7.6891

}
. (2.26)

Comparing (2.17) with (2.25) and (2.18) with (2.26) reveals that the above simplification

has a minor affect which can indeed be ignored. This simplification has a physical in-

terpretation as well. The transfer function of a motor relating the supply voltage to the

torque produced is sometimes considered as constant. When this is the case a second

order transfer function is obtained.

2.3. Conclusions

In this chapter, two input output models were developed for the twin rotor system

in our laboratory. The first one was an input-output model which was obtained in the
18



time domain via ANNs and the second one was a Laplace domain modeling which was

obtained by utilizing Matlab System Identification Toolbox. As a result, two different

transfer functions were obtained for pitch and yaw motions which will later be utilized in

numerical simulations.
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CHAPTER 3

LAG COMPENSATION

In this chapter, first, lag type compensation along with its main properties are

given. Next, steady state error comparisons are given for lag and lag-lag compensators

with a proportional controller. Results of experiments performed on the twin rotor system

are presented followed by concluding remarks.

3.1. Definition and Properties of Lag Compensators

The main principle of the lag compensator is based on phase lagging of a sinu-

soidal input signal Franklin et al. (1998). Necessary phase delays at high frequencies are

provided by utilizing this main principle. Lag compensator is a compensator type that

is used instead of P or PI controllers. Some disadvantages of the mentioned controllers

like integrator windup due to actuator saturation can be eliminated in assistance of a lag

compensator. Although, lag compensators have some disadvantages like reduced gain

crossover frequency, due to weakening effect, increased rise and settling time that cause

worse system stability and transient response, it is considered as one of the most important

solutions for improving steady state error. This important property of lag compensators

will be utilized throughout this thesis study.

General structure of the transfer function of lag compensator is expressed in two

different forms that are given as

D (s) = K
s− z0
s− p0

(3.1)

D (s) =
a1s+ a0
b1s+ 1

(3.2)

where K, z0, p0 are gain, zero and pole of the compensator, respectively, and a0, a1, b1
are constants that can be obtained from K, z0, and p0, or vice versa. In general, designs

are usually based on a transfer function of the form

D (s) = K
s+ a

s+ b
(3.3)

which is very similar to (3.1) with a = −z0 and b = −p0.
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In (3.1), pole p0 must be closer to the origin than the zero z0 which is the manda-

tory condition of lag compensator design (i.e., |p0| < |z0|). Pole-zero location of the lag

compensator should be adjusted appropriately to reduce possible negative effects of the

lag compensator to the transient response which can be provided by selecting pole and

zero locations in a way not to change the root locus much.

3.2. Lag-Lag Compensator

When the performance of a lag compensator is not at the desired level in reducing

steady state error an alternative is to utilize a double lag compensator in the sense that

D (s) = K

(
s+ a

s+ b

)2

(3.4)

which is commonly called as lag-lag compensator.

3.3. Comparison of Proportional Controller with Lag and Lag-Lag

Compensators in Steady State Error

To demonstrate the effectiveness of a lag compensator, the steady state error is

calculated when a proportional control is applied with a step reference input for only the

pitch motion. Specifically, letDp(s) = K = 10 andRp(s) = 30
s

. The closed-loop transfer

function is obtained as
Yp(s)

Rp(s)
=

KGp(s)

1 +KGp(s)
(3.5)

where Gp(s) in (2.13) is to be utilized. The angular position tracking error in pitch axis is

defined as

Ep(s) , Rp(s)− Yp(s) (3.6)

and substituting (3.5) results in

Ep(s) =
1

1 +KGp(s)
Rp(s). (3.7)

By using the Final Value Theorem Dorf and Bishop (1998), the steady state error can be

obtained as

ep,ss = lim
t→∞

ep(t)

= lim
s→0

sEp(s) (3.8)
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to which substituting (3.7), K = 10 and Rp(s) = 30
s

yields

ep,ss =
30

1 +K 0.01386
0.007895

= 1.616 degrees.

It is further noted that increasing K results in a decreased steady state error.

Similarly, the steady state error analysis of a proportional controller applied to the

tail motor for the yaw motion to track a step reference input is discussed. Specifically, let

Dy(s) = K = 3000 and Ry(s) = 20
s
. Similarly, the closed-loop transfer function for the

yaw motion is obtained as

Yy(s)

Ry(s)
=

KGy(s)

1 +KGy(s)
(3.9)

where Gy(s) in (2.16) is to be utilized. The angular position tracking error in yaw axis is

defined as

Ey(s) , Ry(s)− Yy(s) (3.10)

to which substituting (3.10) yields

Ey(s) =
1

1 +KGy(s)
Ry(s). (3.11)

Via utilizing the Final Value Theorem, the steady state error is found as

ey,ss = lim
t→∞

ey(t)

= lim
s→0

sEy(s) (3.12)

Substituting Dy(s) = K = 3000 and Ry(s) = 20
s

yields in

ey,ss =
20

1 +K 0.8412
0.669

= 0.0053005 degrees

From the above structure, it is clear that when K increases steady state error decreases.

Applying the same proportional controllers when the simplified transfer functions in

(2.21) and (2.24) are utilized while considering the same reference inputs yields

ep,ss = 0.0540 degrees

ey,ss = 0.006466 degrees.

Now, steady state error performances of a lag compensator for the same step reference

inputs for pitch and yaw motions are examined. Specifically, for the pitch motion, let

Dp(s) = K s+a
s+b

with K = 10 (i.e., same gain as in the proportional controller) and
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a = 0.1 and b = 0.01 which is a standard lag compensator. The reference input is chosen

same as before (i.e., Rp(s) = 30
s

). The transfer function now has the following structure

Yp(s)

Rp(s)
=

Dp(s)Gp(s)

1 +Dp(s)Gp(s)
(3.13)

where the angular position tracking error in pitch axis is found as

Ep(s) =
1

1 +K s+a
s+b

Gp(s)
Rp(s). (3.14)

After following similar steps, the steady state error is obtained as

ep,ss = 0.169 degrees

For the yaw axis, let Dy(s) = K s+a
s+b

with K = 3000 (i.e., which is same as the

gain of the proportional controller) and with a = 0.1 and b = 0.001. The transfer function

is obtained as

Yy(s)

Ry(s)
=

Dy(s)Gy(s)

1 +Dy(s)Gy(s)
(3.15)

with the output tracking error is found as

Ey(s) =
1

1 +K s+a
s+b

Gy(s)
Ry(s). (3.16)

The steady state error is now found as

ey,ss = 0.0000530 degrees.

When the above lag compensators are considered as the control inputs to the sim-

plified transfer functions in (2.21) and (2.24) with the same reference inputs, we obtain

ep,ss = 0.005406 degrees

ey,ss = 0.00006468 degrees.

When lag-lag compensators for pitch and yaw axes of the formDp(s) = 10( s+0.1
s+0.01

)2

and Dy(s) = 3000( s+0.1
s+0.001

)2 are applied to the system with transfer functions in (2.13)

and (2.16), steady state errors on pitch and yaw axes are obtained as

ep,ss = 0.0170 degrees

ey,ss = 5.30× 10−7degrees.
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To the simplified model, steady state errors are obtained for both axes which are

ep,ss = 0.00054076 degrees

ey,ss = 0.0000006468 degrees.

As numerically demonstrated in this section (see Table 3.1), lag and lag-lag compensators

provide a significant decreasing effect on the steady state error when compared with a

proportional controller.

Table 3.1. Comparison of steady state errors for pitch and yaw axes for proportional
controller and lag and lag-lag compensator

Proportional controller Lag compensator Lag-lag compensator
Transfer Function pitch yaw pitch yaw pitch yaw
Third order model 1.616 5.3× 10−3 0.1699 5.3× 10−5 0.0170 5.3× 10−7

Simplified model 0.054 6.4× 10−3 5.4× 10−3 6.4× 10−5 5.4× 10−4 6.4× 10−7

3.4. Experimental Results

In this section, the experimental results obtained from the twin rotor system are

presented. In these experiments, the performances of proportional controller, lag com-

pensator and lag-lag compensator are compared. These controllers are evaluated first

for set-point control of the pitch motion and then for set-point control of both pitch and

yaw motions. The results of these experiments are presented in a comparative manner

by calculating the steady state error while one of these results is presented graphically.

Specifically, angular pitch position for proportional controller with gain of 10 for only

main motor is given in Figure 3.1. Result derived when lag compensator of form 10 s+0.1
s+0.01

is applied on main motor, is shown in Figure 3.2. 10( s+0.1
s+0.01

)2 form of lag-lag compen-

sator is applied on main motor to obtain result which is shown in Figure 3.3. Secondly,

angular pitch and yaw positions for a proportional controller with gains of 10 and 3000

for main and tail motors, respectively, is given in Figure 3.4. Results obtained when lag

compensators of the form 10 s+0.1
s+0.01

and 3000 s+0.1
s+0.001

are applied to main and tail motors,

respectively, are shown in Figure 3.5. Results from evaluation of lag-lag compensators

10( s+0.1
s+0.01

)2 and 3000( s+0.1
s+0.001

)2are applied on both main and tail motors, respectively, are

given in Figure 3.6.

As expected with the steady state error analysis, the lag-lag compensator per-

formed best among the three compensators while proportional controller was the worst
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Figure 3.1. Angular pitch (top) position for proportional controller with gain 10 for
main motor.

in steady state error. It is clear that from Figures 3.4 and 3.5, the steady state error is

improved with the lag compensator when compared with the proportional controller. In

Figure 3.6, it is shown that the steady state error improves with lag-lag compensator.

In Table 3.2, steady state errors obtained from several experiments, after applying

different lag and lag-lag compensators for set-point control of only pitch angular position,

are presented. The zero and the constant gain were same for all the lag compensators and

the location of the pole was varied and no control was applied to the tail motor.

As expected, the lowest steady state error was observed when the zero-pole ratio

was highest and when the zero-pole ratio was decreased the steady state error increased.

All of these steady state errors were less than the steady state errors obtained with pro-

portional control. It can also be observed that the lag-lag compensator as an improved

performance compared to the lag compensator in steady state error.

In Table 3.3, steady state errors obtained after applying different lag and lag-lag

compensators to both motors of the twin rotor system are given. In these experiments, the

compensators applied to the tail rotor were kept the same since satisfactory performance

was obtained and thus only the compensators applied to the main rotor were varied.

When the zero-pole ratio of the lag and lag-lag compensators were the highest,

lowest steady state error in both axes was observed and as the zero-pole ratio is decreased
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Figure 3.2. Angular pitch (top) position for lag compensator of the form 10 s+0.1
s+0.01

ap-
plied to a main motor.

the steady state error increased.
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Figure 3.3. Angular pitch (top) position for lag-lag compensators of the form
10( s+0.1

s+0.01
)2 applied to main motor.

Table 3.2. Comparison of steady state errors of angular pitch position when different
controllers applied only on the main motor.

Controller Steady state error

proportional lag lag-lag proportional lag lag-lag

main motor pitch axis

10 10 s+0.1
s+0.01

10( s+0.1
s+0.01

)2 3.545 1.436 0.117

10 10 s+0.1
s+0.02

10( s+0.1
s+0.02

)2 3.545 1.963 0.557

10 10 s+0.1
s+0.03

10( s+0.1
s+0.03

)2 3.545 2.49 1.611

10 10 s+0.1
s+0.04

10( s+0.1
s+0.04

)2 3.545 2.93 2.139

10 10 s+0.1
s+0.05

10( s+0.1
s+0.05

)2 3.545 3.457 2.578
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Figure 3.5. Angular pitch (top) and yaw (bottom) positions for lag compensators of
the form 10 s+0.1

s+0.01
and 3000 s+0.1

s+0.001
applied to a main and tail motors, re-

spectively.
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3.5. Conclusions

In this chapter, lag type compensation which significantly improves steady state

error when compared with proportional controllers was presented. The theoretical results

were first verified by numerical calculations and then with experimental results obtained

from the twin rotor system in our laboratory where reduced steady state errors were ob-

served.
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CHAPTER 4

LEAD COMPENSATION

In this chapter, definition and important properties of lead compensation are dis-

cussed. Experiment results when these compensators applied to the twin rotor system are

then given. Finally, conclusions are provided.

4.1. Definition and Properties of Lead Compensator

Lead compensator is a compensator type that is used instead of PD or PID con-

trollers. Some disadvantages of the mentioned controllers can usually be eliminated by

the assistance of a lead compensator. Sensor noise amplifying that may be caused by a

derivative controller, higher control efforts that may be caused by an integral controller

can be considered among these disadvantages. The main principle of a lead compensator

is based on phase leading of the sinusoidal input signal Franklin et al. (1998). Lead com-

pensator also provides better low pass filter property when compared with PID control

due to this main principle. Improving the transient response of the system is the main

purpose of lead compensator and this is realized by increasing the phase of open loop

system which is another capability of lead compensator.

General structure of the transfer function of lead compensator is expressed in two

different manners that are given as

D (s) = K
s− z0
s− p0

(4.1)

D (s) =
a1s+ a0
b1s+ 1

(4.2)

where K, z0, p0 are gain, zero and pole of the system, respectively, and a0, a1, b1 are

constants that can be written in terms of K, z0 and p0, or vice versa. In general, designs

are usually established on the following transfer function type

D (s) = K
s+ a

s+ b
(4.3)

which is very similar to (4.1) with a = −z0 and b = −p0. .

As it was said before, improving the transient response is the main aim of the lead

compensator design and this aim can be achieved by changing rise time, settling time,
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overshoot, gain/phase margin or damping ratio that determine the behavior of transient

response. Since these adjustments affect the pole locations of the controlled system it is

clear that lead compensator changes the root locus. As a natural result of these, pole-

zero locations become important in lead compensator design. Providing relatively fast

response without losing the stability is the first aspect that must be considered while se-

lecting these locations. In other words, a dominant pole placed in the left–half–plane must

be selected. In addition to these, the zero z0 must be closer to the origin than the pole p0
which is the mandatory condition of lead compensator design (i.e., |z0| < |p0| in (4.1)). In

this thesis study, among other transient response characteristics overshoot is considered

to be the characteristic of the twin rotor system that is focused on.

4.2. Experimental Results

In this section, the experimental results obtained from the twin rotor system are

presented for different lead compensators. Several lead compensators are applied to con-

trol angular pitch and yaw positions.

The experiments were conducted for 100 seconds and the desired pitch and yaw

angular positions were set as 30 and 20 degrees, respectively. In these experiments, only

the pole of the lead compensator for main motor was varied while keeping other control

parameters unchanged. The tail motor compensator was kept the same during the exper-

imental studies. The overshoot in pitch axis is evaluated and presented in Table 4.1. It

was observed that when the pole of the lead compensator moves away from the imaginary

axis, the overshoot in pitch axis decreases. The first 12 seconds of the experiment results

for the lead compensators in Table 4.1 are demonstrated in Figure 4.1

4.3. Conclusions

In this chapter, to decrease the significant amount of overshoot observed in lag

compensation, lead compensators were designed and experimentally evaluated on the

twin rotor systems. By changing the location of the pole of the lead compensator, over-

shoot in pitch axis was decreased.
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Table 4.1. Comparison of overshoot in angular pitch position and percentage for dif-
ferent lead compensators applied on the main motor.

Lead Compensator Overshoot Percentages of Overshoot

main motor tail motor pitch pitch

0.1 s+10
s+30

600 s+10
s+20

33.9 % 113

0.1 s+10
s+31

600 s+10
s+20

31.96 % 106.53

0.1 s+10
s+32

600 s+10
s+20

31.88 % 106.266

0.1 s+10
s+33

600 s+10
s+20

30.47 % 101.56

0.1 s+10
s+34

600 s+10
s+20

30.03 % 100.1

0.1 s+10
s+35

600 s+10
s+20

29.68 % 98.93

0.1 s+10
s+36

600 s+10
s+20

29.41 % 98.03

0.1 s+10
s+37

600 s+10
s+20

26.95 % 89.83

0.1 s+10
s+38

600 s+10
s+20

25.37 % 84.56

0.1 s+10
s+39

600 s+10
s+20

23.61 % 78.7

0.1 s+10
s+40

600 s+10
s+20

18.25 % 60.83

0.1 s+10
s+45

600 s+10
s+20

15.88 % 52.93

0.1 s+10
s+50

600 s+10
s+20

15.18 % 50.6
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CHAPTER 5

LAG-LEAD COMPENSATION

In this chapter, first the definition and main properties of lag-lead compensators

are given. Next experiments performed on the twin rotor system are presented followed

by the conclusions.

5.1. Definition and Properties of Lag-Lead Compensator

As it was mentioned in a detailed manner in the previous chapters of this the-

sis, both lag and lead compensators have positive effects on the different parts of system

performance. It can be summarized as lead compensator doesn’t affect the steady state

performance while improving the transient response, and lag compensator improves the

steady state performance while slowing down the transient response Franklin et al. (1998).

As a result of these, using the two together is seen a useful solution to alter the transient

response of a system while improving its steady state response. Since it proposes satisfac-

tory solutions for possible problems of PID control such as saturation, noise amplifying,

integrator windup and ensures better low pass filter characteristic than PID controller

lag-lead compensator is preferred instead of PID controllers in control systems. One dis-

advantage of lag-lead compensators is that the order of the system is increased as a result

of two new poles and two new zeros.

Transfer function of the lag-lead compensator contains the transfer functions of

both lag and lead compensators with same properties and expressed as

D (s) = K
s+ a

s+ b

s+ c

s+ d
(5.1)

where K is the gain of the compensator, s+a
s+b

is the lead part and s+c
s+d

is the lag part.

5.2. Experimental Results

In this section, experiment results obtained from the twin rotor system by using

lag-lead compensators are presented. Lag-lead compensators were designed to drive an-

gular pitch and yaw positions to desired angular positions chosen as 30 degrees and 20
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degrees, respectively. In the design of the lag-lead compensators, lead compensators from

Chapter 4 are focused with the lag part was chosen as s+0.1
s+0.001

which was one of the lag

compensators from Chapter 3.

The steady state error performances of the lag-lead compensators were compared

with the lead compensators. The results are given in Table 5.1, from which it is clearly

seen that the addition of lag compensators had a decreasing affect in steady state error.

37



Ta
bl

e
5.

1.
C

om
pa

ri
so

n
of

st
ea

dy
st

at
e

er
ro

rs
fo

rl
ag

-l
ea

d
co

m
pe

ns
at

or
s

co
m

pa
re

d
w

ith
le

ad
co

m
pe

ns
at

or
s

ap
pl

ie
d

on
bo

th
m

ot
or

s.

L
ea

d
co

m
pe

ns
at

or
St

ea
dy

st
at

e
er

ro
r

L
ag

-l
ea

d
co

m
pe

ns
at

or
St

ea
dy

st
at

e
er

ro
r

m
ai

n
m

ot
or

ta
il

m
ot

or
pi

tc
h

ax
is

m
ai

n
m

ot
or

ta
il

m
ot

or
pi

tc
h

ax
is

0.
1
s+

1
0

s+
3
0

60
0
s+

1
0

s+
2
0

5.
5

0.
1
s+

1
0

s+
3
0
s+

0
,1

s+
0
,0
0
1

60
0
s+

1
0

s+
2
0
s+

0
,1

s+
0
,0
0
1

3.
5

0.
1
s+

1
0

s+
3
1

60
0
s+

1
0

s+
2
0

6.
7

0.
1
s+

1
0

s+
3
1
s+

0
,1

s+
0
,0
0
1

60
0
s+

1
0

s+
2
0
s+

0
,1

s+
0
,0
0
1

4.
42

0.
1
s+

1
0

s+
3
2

60
0
s+

1
0

s+
2
0

2.
6

0.
1
s+

1
0

s+
3
2
s+

0
,1

s+
0
,0
0
1

60
0
s+

1
0

s+
2
0
s+

0
,1

s+
0
,0
0
1

2.
14

0.
1
s+

1
0

s+
3
3

60
0
s+

1
0

s+
2
0

5.
6

0.
1
s+

1
0

s+
3
3
s+

0
,1

s+
0
,0
0
1

60
0
s+

1
0

s+
2
0
s+

0
,1

s+
0
,0
0
1

3.
1

0.
1
s+

1
0

s+
3
4

60
0
s+

1
0

s+
2
0

10
.3

0.
1
s+

1
0

s+
3
4
s+

0
,1

s+
0
,0
0
1

60
0
s+

1
0

s+
2
0
s+

0
,1

s+
0
,0
0
1

6.
21

0.
1
s+

1
0

s+
3
5

60
0
s+

1
0

s+
2
0

4.
5

0.
1
s+

1
0

s+
3
5
s+

0
,1

s+
0
,0
0
1

60
0
s+

1
0

s+
2
0
s+

0
,1

s+
0
,0
0
1

4.
01

0.
1
s+

1
0

s+
3
6

60
0
s+

1
0

s+
2
0

3.
2

0.
1
s+

1
0

s+
3
6
s+

0
,1

s+
0
,0
0
1

60
0
s+

1
0

s+
2
0
s+

0
,1

s+
0
,0
0
1

2.
9

0.
1
s+

1
0

s+
3
7

60
0
s+

1
0

s+
2
0

9.
7

0.
1s

+
1
0

s+
3
7
s+

0
,1

s+
0
,0
0
1

60
0
s+

1
0

s+
2
0
s+

0
,1

s+
0
,0
0
1

7.
9

0.
1
s+

1
0

s+
3
8

60
0
s+

1
0

s+
2
0

5.
9

0.
1
s+

1
0

s+
3
8
s+

0
,1

s+
0
,0
0
1

60
0
s+

1
0

s+
2
0
s+

0
,1

s+
0
,0
0
1

5.
5

0.
1
s+

1
0

s+
3
9

60
0
s+

1
0

s+
2
0

10
.5

0.
1
s+

1
0

s+
3
9
s+

0
,1

s+
0
,0
0
1

60
0
s+

1
0

s+
2
0
s+

0
,1

s+
0
,0
0
1

3.
2

0.
1
s+

1
0

s+
4
0

60
0
s+

1
0

s+
2
0

9.
08

0.
1
s+

1
0

s+
4
0
s+

0
,1

s+
0
,0
0
1

60
0
s+

1
0

s+
2
0
s+

0
,1

s+
0
,0
0
1

6.
01

0.
1
s+

1
0

s+
4
5

60
0
s+

1
0

s+
2
0

7.
76

0.
1
s+

1
0

s+
4
5
s+

0
,1

s+
0
,0
0
1

60
0
s+

1
0

s+
2
0
s+

0
,1

s+
0
,0
0
1

4.
1

0.
1
s+

1
0

s+
5
0

60
0
s+

1
0

s+
2
0

12
.8

6
0.

1
s+

1
0

s+
5
0
s+

0
,1

s+
0
,0
0
1

60
0
s+

1
0

s+
2
0
s+

0
,1

s+
0
,0
0
1

5.
04

38



5.3. Conclusions

In this chapter, to make use of the good properties of lag and lead compensators,

lag-lead compensators were introduced. Experiments performed on the twin rotor system

were demonstrated where improved steady state error was observed when compared with

only led compensation.
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CHAPTER 6

CONCLUSIONS

In this thesis study, modeling and control of the twin rotor system in our laboratory

were investigated. Firstly, via utilizing experimentally collected data, two input-output

models of the twin rotor system were obtained. Artificial neural networks were utilized

to obtain the first model which was in the time domain. The second model was a transfer

function model in the Laplace domain which was developed by using Matlab System

Identification Toolbox.

The remaining part of this thesis was devoted to designing lag and lead com-

pensators and their experimental verification. Firstly, lag compensators, which are com-

monly utilized to decrease steady state errors without changing the transient character-

istics much, were designed. Several experiments were conducted that demonstrated the

proof of concept.

Lead compensation was considered next to decrease the high amount of overshoot

that was observed in most of the experiments performed on the twin rotor system. A good

amount of reduction in overshoot was achieved via changing the location of the pole of

the lead compensator.

Finally, in Chapter 5, to achieve reduced overshoot while at the same time de-

creasing the steady state errors, lag and lead compensators were fused to yield lag-lead

compensation. Experimental results confirmed that reduced steady state error was ob-

tained when lag compensator was used in conjuction with lead compensator.

When compared with the existing literature on twin rotor systems the main novelty

of this thesis study according to our best knowledge is that lag and lead type compensation

techniques were for the first time, applied to twin rotor systems to overcome the several

shortcomings of PID controllers. There is much to be considered as future work.

• One of the main shortcomings of designing controllers for twin rotor systems is

that usually very less is known about their models. This affected the design of

lead compensators where instead a trial and error type approach was followed. To

overcome this, some line of future research may focus on obtaining more accurate

and maybe nonlinear transfer function model for these systems.

• Another possible future research problem is to obtain a state space model that could
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be used for numerical simulation purposes from the transfer functions in Chapter 2

to which a neural network based component, similar to the one in Chapter 2, can be

added for uncertainty modeling.

• An interesting future research is to compare the experiment results obtained from

the in-house developed twin rotor system with the commercially available twin rotor

systems in Feedback Instruments Limited1 and Quanser Inc.2. Appliying lag lead

compensation to experiment test-beds with different dof may also be considered as

a possible future work.

1Feedback Instruments Limited, Crowborough, UK. http://www.feedback-instruments.com/

2Quanser Inc., Ontario, Canada. http://www.quanser.com/
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