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ABSTRACT

SOLUTION OF DAM BREAK PROBLEM BY USING COMPLEX
ANALYSIS

In this thesis, we examine the liquid flow and the free surface shape by using some
methods of complex analysis during the early stage of dam breaking. In order to obtain the
leading-order uniform solution, we use the asymptotic expansions with respect to a small
parameter. The small parameter describe the initial duration of the stage. However, this
solution which calls outer solution is not valid in a small vicinity of the intersection point
between the vertical free surface and the horizontal rigid bottom.

A local analysis of the outer solution helps to estimate the dimension of this vicinity.
In the vicinity of the intersection point, local coordinates are stretched to solve the flow
singularity and with the aid of these coordinates the leading order inner solution is obtained

which describes the formation of the jet flow along the bottom.
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OZET

BARAJ YIKIMI PROBLEMININ KOMPLEKS ANALIZ
KULLANILARAK COZUMU

Bu ¢alismada, baraj yikilmasinin ilk anlar1 esnasinda sivi akisi ve serbest su yiizeyi
seklini baz1 kompleks analiz methodlari kullanilarak inceliyoruz. Birinci mertebeden ¢6ziim
elde etmek icin kii¢iik bir parametreye gore asimptotik a¢ilimlari kullaniyoruz. Kii¢iik parame-
tre asamanin ilk anlarini tanimlar. Fakat bu dig ¢6ziim olarak adlandirdigimiz ¢oziim dikey
serbest yiizey ve yatay kati zeminin kesisim noktasinin kiiciik bir komsulugunda gecerli
degildir.

Dis ¢oziimiin lokal analizi bu komgulugun boyutunun tahmin edilmesine yardim
ediyor. Kesim noktasinin komsulugunda, bolgesel koordinatlar genisletiliyor ve bu koor-
dinarlarin yardimiyla zemindeki piiskiiren akisin olusumunu tanimlayan birinci mertebe ic¢

¢cOziim elde ediliyor.
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CHAPTER 1

INTRODUCTION

We deal with dam-break problem which is a type of unsteady gravity-driven flow.
The problem is started by removing a vertical dam in front of liquid region. At the beginning
the liquid is at rest and located in the region 2’ > 0, —H < 3’ < 0 (Figure 1.1). The upper
part of the liquid boundary ,x’ > 0,3’ = 0, is the initial position of the liquid free surface
and the vertical wall, 2’ = 0,—H < 3y < 0, is a dam. The lower horizontal boundary,
y = —H,2’ > 0, represents the rigid bottom. The liquid is taken incompressible and
inviscid. Initially, pressure distribution in the liquid is hydrostatic , p’(z’,y',0) = —pgy’,
where p is the liquid density and g is the gravity acceleration. At the initial time instant,
t" = 0, the dam is suddenly removed and the gravity-driven flow starts. Primed variables

represent dimensional ones.

y' &
Free Surface
0 » X'
g
Dam
-H
Bottom

Figure 1.1. Flow region at initial time instant ¢’ = 0

During the early stages of the process we will examine the liquid flow and the shape
of the free surface which change with time. At the end of the this process, we obtain that
flow is potential and two dimensional. We denote the upper part of the free surface as 3’ =
Y'(«',t'), 2’ > 0 and the other one is defined as 2’ = X'(v/,t'), —H < y’ < 0. Moreover ,the
aim of this study is to construct the leading-order uniform solution which is derived by using
matched asymptotic expansion.Near the intersection point, solutions should be considered

as "outer" solutions and these have to be corrected with "inner" solutions. For the solution



which is valid in the whole flow domain, solutions have to be matched which is divided close
to the intersection point.

Pohle and Stoker studied dam-breaking problem which leads to gravity-driven flow
by using Lagrangian description (FV, 1950) ,(Stoker, 1992). Pohle wrote "Many hydro-
dynamic problems consider flows in which the region occupied by the fluid is a variable
function of time. Euler representation is difficult to apply to such problems. The Lagrangian
representation ,however, has the far-reaching advantage that the independent space variables
are the initial coordinates of the particles: the region occupied by the fluid is therefore a
fixed region." This assertions can be accepted if there are not intersection points between
rigid boundaries and free surfaces of the liquid. However, this is not the situation for many
important problems such as the water-entry problem, the dam-break problem and problems
of floating or free-surface piercing bodies. Near the intersection points, one must determine
before which fluid particles originally belonging to the free surface may be found later on
the rigid boundary and vice versa. That is to say, the flow region is fixed in the Lagrangian
variables but the subdivision of the region boundary into free surface and rigid boundary
is unknown and has to be obtained as a part of solution. Because of this, the analysis of
dam-break problem in the Lagrangian variables not so useful as it was excepted by Pohle
and Stoker.

Pohle use power series to expand the liquid displacement and the hydrodynamic pres-
sure with respect to time ¢’ but only leading-order terms were constructed and analyzed.
Pohle wrote that except in the neighborhood of the singular point, where intersection of
the free surface and rigid bottom,the calculated profile of the water surface for small times
can be assumed to be a reasonable approximation to the physical problem . Therefore, in
the Lagrangian variables the small time solution which behaves non-physical shape of water
surface is derived near the intersection point. A similar behaviour of the free surface can also
be calculated in Eulerian variables. One can get the outer solution in both situation. How-
ever, there were no approach to construct the inner solutions of dam break problem either in
Lagrangian or Eulerian variables.

For such an inner solution was successfully obtained in a similar problem about a
uniformly accelerating wavemaker by King and Needham (King and Needham, 1994). After
that Yilmaz and Korobkin solved the dam-break problem in a different way (Korobkin and
Yilmaz, 2009). Outer solution is obtained in both leading and second order. Inner solution
also calculated by reducing the problem to the well known Cauchy-Poisson problem. In this
study, we use some methodology and findings from King and Needham’s paper and Yilmaz
and Korobkin’s paper.

In Chapter 2, some basic concepts in fluid dynamics are given and they may use for

the formulations of the problem.



In Chapter 3, we formulate the dam-breaking problem. Boundary and initial con-
ditions are determined then non-linear boundary value problem is constructed. After then,
with the appropriate parameters, problem takes the non-dimensional form.

In Chapter 4, we examine the early stage of the problem by using small parameter
and get the leading order boundary value problem. Then behaviour of the leading order outer
solution is obtained with the singular point near the intersection point with the help of the
some methods of complex analysis and decide outer matching conditions.

In Chapter 5, the dimensions of the inner region is indicated and constructed the

problem with in inner variables. Then we obtain the leading order inner solution.



CHAPTER 2

FUNDAMENTAL NOTIONS IN FLUID DYNAMICS

2.1. Equations of Motion

2.1.1. Euler’s Equation

Our aim is to define the motion of fluid in a region D in two or three dimensional
space (Chorin and Marsden, 2000). Let X' = (x’,y’,Z), in standard Euclidean coordinates in
space, is a point in D and consider the particle of fluid moving through x" at time ¢’ with the
velocity u/'(x’,y’). Therefore , u’ is a vector field on D for each fixed time. u’ is called "the
velocity field of the fluid".

Suppose V is any subregion of D, then the mass of fluid in V at time ¢’ is given by

m(V,¢) = / o' )V, @.1)
1%

where p(2’,t') is well-defined mass density of the fluid, dV" is the volume element in the
plane or in space. In order to apply the standard operations of calculus, we may assume that
the functions u’ and p are smooth enough and a continuum assumption is that p exists.

After that derivation of the equations is based on the following principles :
e Conservation of mass : mass is neither created nor destroyed,

e Balance of momentum (Newton’s second law) : the rate of change of momentum of a

portion of the fluid equals to the force,
e Conservation of energy : energy is neither created nor destroyed.

1) Conservation of Mass : V is a fixed subregion of D (V does not depend on time), then

the rate of change of mass in V is that,

d d dp
. / —_ / / — / / ] 2‘2
Vi) = [ ptaenav = [ e 2)



Let S denote the boundary of the region V which is assumed to be smooth and n’ denote the
unit normal vector in the outside direction at points of S. w’ = (u,v’) and ds denote the arca
element on S. The volume rate across S per unit area is u’ - n’ and the mass of flow rate per
unit area is p w’ - n’. The basic conception of the conservation of mass is that the rate of
increase of mass in V equals the rate of mass of flow crossing out of S. "The integral form of

the law of conservation of mass" is denoted by

d

a |, pdV = — /S pu’ -n'dS. (2.3)

From the divergence theorem, it is described equivalently,

/ {@ ¥ div(pu’)] av =0 (2.4

This is satisfied for all V, then it is equivalent to

d
d—f, + div(pu’) = 0. 2.5)

This last equation is the "differential form of the law of conservation of mass", in other words
,"the continuity equation".

2) Balance of Momentum : If V is a region in the fluid at a particular instant time ¢, the

force F), felt by the fluid inside V as a stress on its boundary is

F, =forceonV = — / p'n’ds (2.6)
s

where p’ is the pressure, and from divergence theorem,

F,=— / V'pdv. 2.7)
1%

In addition, let the given body force per unit mass is denoted by b’(x’,t"), and hence, the total

body force Fz is

Fp = / pbdV. (2.8)
Vv



As aresult of these forces that are acted on any piece of fluid material, Newton’s second law,

F' = ma, is written as

F=F,+Fg=— / VpdV + / pbdV. (2.9)
\4 14

and by rearranging as per unit volume, above expression becomes

Du’
Dt

p— = —Vp' + pb. (2.10)

which is the differential form of the law of "balance of momentum".
3) Conservation of Energy : As we know from the physics that, kinetic energy is KE=
%mV2 where m is mass and V' is velocity of the particle. For fluid contained in a domain o,

and with having a velocity field w’, kinetic energy takes the form of

1
Eyp= §/p||u’||2dv @11

where ||u’|| is length of the u’. To find total energy that represents this fluid in a domain o, we
also have to add potential energy such as intermolecular potentials, and any other remaining
kinetic or potential energy contributions such as internal molecular vibrations. We call all of

these remaining energies as internal energy F;, and therefore, we write total energy as
Er=E;,+ E; (2.12)

If this fluid does work, or if we pump energy into the fluid, then we will change total energy
Ep of the fluid. In order to understand how this total energy changes, we will analyse the

rate of change of kinetic energy of fluid which leads to

1 E 1112 / 8u’ ! ! AN
B —— pr— ¢ —_— . . . 2.1
2DtHuH u-— +u-(u-Vu (2.13)



2.1.2. Incompressibility

Let S is a fixed closed surface drawn in the fluid and take unit normal u’ in the outward
direction (Acheson, 1990). Fluid will be entering and leaving the enclosed region V at some
places on S.

If the velocity component along the outward normal is u’ - n’, then the volume of fluid leaving

through 05 in unit time is u’ - 0’05, so the net volume rate is

/ u -n'dS (2.14)
S

and with the help of divergence theorem and by taking into consideration of incompressibility

of fluid, conclude that
/ V' -u'dV = 0. (2.15)
1%

It is true for all regions V, then the "incompressibility condition" is obtained in the following

form:
Vi-u =0 (2.16)
in the whole fluid.

2.1.3. Euler’s Equations for Incompressible Flows

Euler’s equation for an incompressible fluid is defined with the following equations;

Du’
Dt

1
=~ Vi te 2.17)

V'-u' =0. (2.18)

g is the gravitational force which is conservative and it can be defined as the gradient of a

potential such that g = - V'y. With the definition of substantial derivative, from (2.17) we



have

o’ p/
W + (ll, . V')u’ = —V,(; + X),

where p is constant. Moreover, by using the vector identity
/ / / / / !/ !/ 1 112
(w-Viu'=(V Ad) Au +V(§]u| )

the momentum equation is obtained in the form

ou’ p/

ot 2

2.2. Irrotational Flow

2.2.1. Vorticity

The vorticity is represented by w and defined as

w=V Au.

1
— + (V' Ad) = —V’(; + = [d> + x).

(2.19)

(2.20)

2.21)

(2.22)

For irrotational flow the vorticity is zero by definition and in two-dimensions, velocity is

defined by w' = [v/(2', ¢/, t"), v(a’, ¢/, '), 0], therefore vorticity w = (0, 0, w) takes the form

o' ou
w —_— — — —

oz Oy’

2.2.2. Potential Flow

Velocity Potential

(2.23)

The velocity potential ¢’ exists only if the flow is irrotational, i.e, V' Au’ = 0.It is defined at



any point P by

P
¢ = / u' - dx (2.24)

where O is some arbitrary fixed point. In a simply connected fluid region ¢’ is independent
of the path between O and P, thus a single-valued function of position. Partial differentiation

of the equation (2.24) gives
u = V/('Q/ (2.25)

and the vector identity V' A V'’ = 0 confirms that this flow is irrotational, as desired. Such

an inviscid, irrotational flow is called a "potential flow".

2.2.3. Bernoulli’s Equation for Unsteady Irrotational Flow

Since the flow is irrotational, the velocity can be defined by u’ = V'¢¢’. By keeping in

view Euler’s equation (2.21) and condition of irrotational flow, we have

d F
V' = —v/(% + 5w+ 0. (2.26)

Integration of this equation gives,

0y’ o1
LS =a 2.27)

where G(t) is an arbitrary function of time alone. Equation (2.27) is called "Bernoulli’s

equation for unsteady irrotational flow".



CHAPTER 3

DAM BREAK PROBLEM

3.1. Definition of the Non-Linear Problem

3.1.1. Equation of Motion

To formulate the dam break problem (Korobkin and Yilmaz, 2009), first we use the
incompressibility condition in two dimensions. Taking into consideration v’ = V’¢’ and

incompressibility condition, we get
V20 =0  in o'(t). (3.1)

where o’ (t') is a region between 2/ > 0 and —H < ¢y’ < 0 (Figure 1.1). So, in the region,
the velocity potential satisfies Laplace equation. From Bernoulli’s equation for unsteady

irrotational flow,(2.27),(G(t) = 0) we obtain pressure distribution in the region as,

—p' = pply + g\V’W +pgy  in o'(t). (3.2)

3.1.2. Boundary Conditions

We have dynamic and kinematic boundary conditions at the free surfaces, the kine-
matic condition suggest that the fluid particles on the free surface must remain on the sur-
face, hence if we define surface functions F'(z/,y/,t') = ¢/ — Y'(2',¢') and G(2/,¢/,t') =

' — X'(y, t') then we may conclude that F'(z’, ¢y, ') and G(2’, %/, t’) remain constant (zero)

DF

WZOOI’I

for any particular fluid particle on the free surface. Therefore, it is expressed as

Yy =Y'(«/,t')and 2% = 0on 2’ = X' (v, 1), i.e.

oF
S + (. V"F =0, on y =Y'(2', 1)

10



) I 4

Gy = T ony =Y 1) (3.3)
and

% + (u'. V)G =0, on ' = X'(y,t)

T S S ) (3.4)

Py = W + (,Oy/a—y/

For the dynamic condition, the pressure on the free surfaces is atmospheric ,

Py, t)=0 ony =Y t), =Xt (3.5)
Moreover, there is a slip boundary condition on 3y’ = —H which means
o (', —H,t') = 0. (3.6)

3.1.3. Initial Conditions

Before the dam breaks, the liquid is at rest so the free surfaces which are horizontal
and vertical and the velocity potentials are zero and also pressure distribution is hydrostatic

at the initial time (¢ = 0). Thus, we can define the initial conditions as follows,
ey, 00=0 ,  X'(t)=Y'0Et)=0 , Py, 0)=—pgy 3.7)

Finally, we construct the mathematical modelling of the non-linear problem in two dimen-

sions as

V20 =0 (in o'(t"))

p )
=0 = ey + IVl +pgy’ (in o(H))

11



Yy =Yi+ Yy (on y =Y'(2),1))

Qplm/ = Xél + SO;J/X;/ (On .I', = X/(y,, t,)) (38)

Py, t)=0 (on ' = X'(y/,¢') and ¢/ =Y'(2', 1))

SO;J/<I'/, —H, t/) =0

o'(2',y,0) = X'(y,0) =Y'(a/,0) =0

' =0 and P — —pgy as r — oo.

3.2. Equations in Non-dimensional Form

For simplicity, we use non-dimensional variables in asymptotic analysis. So, in order

to formulate non-dimensional dam-break problem, following transformations are used;

¥ = Hx , y = Hy
X' =8X , Y' =8Y .0 = pgHp (3.9
o' =gHTp : t'=Tt.

Substituting these transformations into Laplace equation we obtain,

0" _ 0(gHT) 0¢" _ 0(gHT)
oz’ O(xH) ’ oy’ d(yH)
Vip =0, (in o(t)). (3.10)

12



Pressure distribution in the region;

gHT\O0p 1| (gHT Op 2 gHT 0p 2 B
<T )8t+2 T o) T\ gy ) | Y= —ratp

Dividing by gH and choosing 6 = %, we get,
=it Vel 4y, (i oft).
For the dynamic boundary condition;
p =0, (on y =06Y(x,t) , x=0X(y,t))

Kinematic boundary condition on the horizontal free surface is

(QH_T)a_%O _ (ﬁ)a_Y(ﬂf_T)ﬁ_@ N (E)a_Y

H ] oy H)ox\ H )ox T) ot’

Dividing the above equation by gT ;

oy, =0Y, 0, + Y, (on y =0Y(x,t,d),x > 0)

and similarly for the vertical free surface, we get

e = 00y Xy + Xi (on x =0X(y,t,6),—1 <y <Y(0,t,06)).

Slip boundary condition takes the form ,

0y, =0 (on y =—1).

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

13



Initial conditions at ¢t = O are

SO(I7y7 O? 6) = 0 Y

Finally, the radiation condition is

Y(x,0,6) =0

=0 (x — 00).

I

X(y,0,9) =0.

(3.16)

(3.17)

14



CHAPTER 4

LEADING ORDER VELOCITY POTENTIAL

4.1. Behaviour For The Small Parameter (6 — 0)

Solution to the boundary value problem (3.10)-(3.17) is sought in the following form,

as ) — 0;

p(2,9,t,0) = pol(x,y,t) + dp1 (2, 1) + O(5%),
X(y,t,6) = Xo(y,t) + 6X1(y, t) + O(5?), @

Y(x,t,0) = Yo(x,t) + 0Yi(z,t) + O(6?),

p(x,y,t,0) = po(,y,t) + dpi(z,y,t) + O(5%).

We substitute these asymptotic expansions in non-dimensional boundary value problem (3.10)-

(3.17) and let 6 — 0. From Laplace equation we have
Alpo(z,y,1) + 0p1(z,y,1) +...) =0
which gives,

Vipo(x,y,t) =0  (order1),  (in o(t)), (4.2)

V2pi(x,y,t) =0  (order d), (in o(t)). (4.3)
From the dynamic boundary condition on the free surfaces, p = 0,

)
0= (po+ 001+ ..)¢ + 5[(900 + 801+ )5+ (po + 61 + )0 +y

15



we have

Yo, +y =0 (of order 1) 4.4)

which gives on the horizontal free surface ,

wo =0 (on y =0,z >0)

and on vertical free surface,

wo = —yt (on —1<y<0,z=0).

The second order dynamic condition on the free surfaces is

1,6 +H Vo> =0 (order 6). 4.5)

From the kinematic boundary condition on the horizontal free surface, we have

(o + 01 + ... )y = (Yo 4+ 0Y1 + ...)¢ 4+ 0[(po + dpo1 + ... )y ] [(Yo + 0Y1 + ...)a],

which gives,

Poy=Yos  (orderl),  (on z>0,y=0,) (4.6)

©1,y = Y1, +00,2 Youu (order 0), (on z >0,y =0). 4.7

and on the vertical free surface, we have

(o + 001 + ..)e = (Xo +0X1 + ..); + 8[(w0 + 51 + )] [(Xo + 6 X1+ ...),],

16



which gives,

00,2 = X0yt (order 1), (on z=0,—-1<y<0),

Oy = X1, 700,y Xosy (order 9), (on z=0,—1<y<0).

From slip boundary condition ony = - 1, ¢, = 0, we have

Yo,y =10 (order 1), (on y =—1),

©1,y =0 (order 9), (on y = —1).

Initial conditions at ¢t = 0 are

o(z,y,0) = 0
Y(2,0) = 0
X(y,0) = 0,
and we have,
800(3771/7 O) =0
Yo(z,0) =0 (order 1), (on o(t)),
X()(?J, 0) =0
¥1 (.Z', Y, O) =0
Yi(z,0) =0 (order 9), (on o(t)).
Xl(yv 0) =0

(4.8)

4.9)

(4.10)

“4.11)

(4.12)

(4.13)

(4.14)

17



Then, we obtain the following leading order boundary value problem,

Vipy =0 (in region),

2 =0 ) 90071/:}/6)15 (On y:O,(E > O),

Yo = _yt ) Posz = XOat

o,y =0 (on y=—-1,2>0),
wo — 0 as T — 00.
V&
wo=10
0 » X
po = —yt Vo =0
-1
9o
(‘9/0 —0
dy

Figure 4.1. Region of the problem for the leading order velocity potential

(on z=0,—-1<y<0),

(4.15)

18



4.1.1. Mapping Of The Region Onto Half Plane

We prefer to solve the problem on the upper half plane instead of the region x >

0, —1 < y < 0. First we use the translation

r=21a , y=9y—1 (4.16)

and we shift the region (Figure 4.1). Then by using theorems on transformation of harmonic
functions and transformation of boundary conditions (See Appendix A),we rewrite the lead-

ing order boundary value problem in the new coordinate system ,

[
wo=0
1 » T
Po=—(5 — )t Vo =0
0
3o
oy

Since the complex potential wy which is defined as wy = ¢y + iy is analytic in the region,

from Cauchy-Riemann equations we have,

D0y = %Eo,g ; Por5 = — 0z - (4.17)

We extend the region to —1 < y < 0,2 > 0 (Figure 4.2) by using the reflection principle (or

symmetry principle ) (see Appendix B), then we map the region onto upper half plane easily.

19



x Y
Bo =0
1 : 3
$o = (1 —9g)t V23, =0
0 Y
oo .
- = 1P =10
go=(1+g)t dy ’
1 -
wo =0

Figure 4.2. Application of the reflection principle on the region

By using transformation { = isinh(%) where ( = @ + v and % = & + iy,

(4.18)

we carry the region onto the upper half plane (Figure 4.3). By using theorems on transfor-

mation of harmonic functions and boundary conditions (See Appendix A), we get
Vi, = 0 (in the region), (4.19)
Oy = 0 (ona>1,0<—-1,0=0) (4.20)
and on the vertical boundary, —1 <y < 1,7 = 0, velocity potential is transformed as

2
®y = (1 — —|arcsin(a)|)t (on —1l<a<1,0=0). (4.21)
m
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U a

V2%, =0
: : >
—— ) 0 1 dy=0
@y = (1 — —| arcsin(a)|)t
T

Figure 4.3. Flow region on the upper half plane

4.1.2. The Leading Order Solution and Singularity

To obtain the velocities, we take derivative of velocity potential with respect to @ on

v = 0 and we find horizontal velocity component ®,; (Figure 4.4).

1h,' A
! 0 : > i
g,q=0 1 ) Bg,a=0
o 2t 1 2t 1
e = = T =3 (I){j o= — ?
V19—t T w1 —u?

Figure 4.4. Derivative of the velocity potential on the real axis

For vertical velocity component, ®g,;, we use Hilbert inversion formula (See Appendix C)
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then we have,

2t 1 —+v1—a?
B,y = _ ln‘ ¢ . —l<a<1,0=0 4.22)
mV1-a? |1+V1-—1u?
At 1 i ) )
q)())f) = Wﬁ arctan (ﬁ) N u < —]_, u > 1,U =0. (423)

At the point C~ = (0, by using Poisson’s integral formula (See Appendix D),(Figure 4.3)

_ ot [P 1—2|arcsing]
¢0(U7U):;/_1 (a_£>2+@2 dg

We take derivative of @, with respect to ¢ for vertical velocity component at point (0, 0),

then we have

t 11— 2|arcsin ot (1 —20[1 — 2] arcsin
bgam L[ L] it 2 aresing]

o (@=8)P+ 0 1 [(@=¢2+ 0P
t [*1—2|arcsing|
@5 (0,0) = = / e (4.24)

By taking this integral we find,

1
— 00, (4.25)
0

4t 1 14+u
@0,5(0,0):—F |:1+§1I1‘1_u

|

Therefore, there is a logarithmic singularity at point (0, 0) .

We go back to the original region and write velocity components. We know that
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thus we write velocities at = 0,0 < y < 1 corresponding to the line segment —1 < @ <

L,i=0

0,5 = Po,a tz + Po,s Uz (4.26)
from (4.17) we have,
i=— sin(%) . 0=0 ., dz=0 ., = gcos(%)

—_
|
—_
|
w0
.
=
no
—~
wofd,
~—

- 2t s Y
0,z = — In =||5 008(7) ,
724 /1 —sin®() 11+ 4/1—sin*(%)
N t 1 — cos(Z2) g
o,z = 7~ In fy cos(—)|.
mcos(%) |1+ cos(%) 2

s t |1—cos?(Z2) + sin(ZL)
Yo,z = —1In 7 NE
1+ cos?(%Z) — sin(%Y)

From transformation Z = z, ¥ = y + 1, horizontal velocity component is obtained in the

form,
2t 1
0,2 (0,y,t) = — Inftan (M)] (4.27)
T 4
Atu > 1,u < —1 corresponding to the line segmenty =1,z > 0

00,5 = Posa Uy + Poss Uy (4.28)
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similarly to the above derivation we have

U= —cosh(%) , T e

R
I

o
I~}
<

I

o
N
<)

|

|

|

w0
=,
=

=
—~
d

By substituting these equations and (4.18) into (4.23) we obtain,

At

- 1 T . . TT
Po,5 = - arctan - —3 smh(7) ,
724 /cosh?(Z) — 1 cosh®(Z) — 1
. 2t ; 1
;= ——arctan | ————— |.
pors 7r sinh(%F)

From the property of the arctangent function , arctan(z) = 2 arctan( " \/1+7> and by using

r = —— we obtain
sinh(75)

. 4t ; 1
5= —— arctan [ ——— — .
pod m sinh(ZE) + cosh ZF)

After applying the transformation * = z, y = y + 1, we find vertical velocity component at

y =0,

4
Po.y (2,0,t) = —?t arctan (exp(—g—x)). (4.29)

Correspondingly, from (4.29) and (4.27) , we obtain free surface equations in the form,

2t
Yo(z,t) = —— arctan (exp(—%)) (4.30)
T
and
t? m(1+y)

Xo(y,t) = ;ln[tan( 1 )] (4.31)

We see that X has a logarithmic singularity at the intersection point , as y — —1.
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4.1.2.1. Outer Matching Conditions

Because of the singularity at the intersection point, the formal asymptotic expansions
(4.1) are not valid so they should be considered as outer expansions to this problem. To
determine the behaviour in the neighborhood of the point (0, —1) we need an inner region
which is defined by stretching coordinates © = a€ and y = an—1, a is small positive constant
(a << 1)and £ = O(1),n = O(1) and to constitute the form of the inner expansion we need

the local behaviour of the velocity potential in the new coordinate axis as (£ + %) — 0.

4.1.3. Behaviour Of The Leading Order Solution Near The Singular

Point
In the new coordinates, we have horizontal velocity component in the form,
(0,m,1) 2t In | tan =
= —1n an —an|.
P05z » 1y T 4 n

Since we investigate the local behaviour of velocities, we expand tan(Fan) into Taylor series

asa — 0,
2t
@0s2 (0.1, 1) = — In[Fan + O(a’)]

2t
20,0 (0.1,8) = — Infan] +O(a?). (4.32)

We know that complex potential is defined as wy(z,t) = @o(z,y,t) + ito(x,y,t) and con-

sider the leading order complex velocity of the flow,

With the help of the analicity of w,, Cauchy-Riemann equations are satisfied,

Loz = w07y s Lo,y = _77007:5 .
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Then, we can write

d’wo B &pg _ 8@0

o =0 ! oy (4.33)
Atz =0, —1 <y < 0 which coincides with £ =0, n > 0, we have
Yo,y = —t and 00,z = % ln[%an] + O(a?). (4.34)
Substituting these equations into (4.33) we get
W, = %ln(%an) + it + O(a?) (4.35)

2 T T 9
Wo.s = — {ln(4an)+12} + O(a”)

By choosing the branch of logarithmic function as logl = 0 ,we write log 1 instead of 77,
2t .
=2 nGian)| + 0(e)

For ( = ¢ +1inandon £ = 0, n > 0, we obtain complex velocity in the form,

Wo,e = % [ln(%ag)] +0(d®). (4.36)

The boundary conditions in (4.15) give wy(—i, t) = t at the intersection point and integration

of (4.36) give ,as a — 0,

2t 2t
wo(z,t) =t + ?Qa loga + ;a[logc + logg —1J¢ + O(a®). (4.37)
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The asymptotic behaviour of the leading-order velocity potential close to the intersection

point is obtained by the real part of the complex potential,thus we get
2t 2t 2t
wo(z,t) =t + —Ealoga + —allog p + log % —1)¢ — Zanf + O(a®). (4.38)
s s 7

where £ = pcosf , n = psinf. Moreover, on the vertical free surface, behaviour of the

leading-order surface shape is found from the condition ¢g,, = Xy, as a — 0,

t2
Xo(n,t) = ;log [%} + 0(a?), (on z=0,—1<y<0). (4.39)
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CHAPTER 5

THE INNER VARIABLES

5.1. Inner Region Problem

For an inner solution of this problem when £ = O(1), n = O(1) as a — 0, we
must check the order of retained terms and neglected terms in boundary conditions which
we investigated in chapter 4, as p = (€2 4 %)z — 0. In order to be consistent, their orders
must be matched. Therefore,in dynamic condition, the neglected term %]Vgp|2 = 0(dlog?a)
is equal to order of retained term ¢, = O(aloga) if and only if § = —@. With these
predictions, the relation between the free surface expressions in the inner and outer regions

is found in the following form,

f—— L x (5.1)
log a

5.1.1. Equations of the Inner Region

The inner velocity potential ¢;(£,7,t, ) and the free surface shape which are based

on the asymptotic formulas are sought as,

©i(&,m,t,0) =t + alogapi + pi1 + O(l ) (5.2)
oga
§——t2— ! H(n,t) + O( ) and so X—tzlo + H(n,t) + O( ! 15.3)
= - loga m, 10g2(1 - Ju ga mn, loga .

where X(y,t,0) describes the shape of the free surface. These inner region equations are
substituted in (3.10)-(3.12),(3.14),(3.15) then new conditions are found as follows:
Laplace equation is satisfied by both ¢,y and ;1.

V200 =0 and Vipq =0 (in the region) (5.4)
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At the bottom, = 0, ¢;,, = 0 thus,
oy =0 and i1y = 0.
Kinematic boundary condition is

12 1
©ire = &npim —alog aéy at £ = — -

H(n.t
oz (n,t)

a t? 1
log ag; | =L Ht ¢
(CL 0og a§0107§ +a<)0z17£ +O(10ga) [ T loga (777 ) + 0(10g2 a)]"][
a 2 1
log a0 + @1 2, —alogal-= — ——H(y,t
+a Oga¢0+¢1+0(loga)]" alogal © " loga (n )—i—O(lOgQa)]t

a 2t
alog apio,¢ +@i1,e = —aH i,y —@anpﬂ,n ~+alog a? + aH,.

When Taylor expansion is applied around £ = —%, one gets,

2t
Pi0se = — (order a log a), (at £ = ——)
T

—0,ee H + ©i1.e = @ioy Hy + Hy (order a), (at & = _;)

Dynamic boundary condition is

t? 1
L|V<,0i|2+a17—1:0 atl = —— —
2loga m  loga

Dist — H(n,t)

2

1
(t + alogap; + apin + ...); — [— (t + alog ap;o + ap; + ))

2
2loga|a ¢

1 2
+?<t+alogagpio+agpﬂ + )) } +an—1=0

n

(5.5

(5.6)

6.7

(5.8)

(5.9)

(5.10)

(5.11)

(5.12)
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From Taylor expansion around £ = —% we get,

1 t2
©iost —§|V90i0|2 =0 (order alog a), (at € = —;) (5.13)
2t t2
©ioste H + ©i1ye TP +n=0 (order a), (at & = —;) (5.14)
Equations of order a log a of (5.6) and (5.10) leads to,
2t 43
pio=—E+ 55 (5.15)
T 3
at £ = —%. For the function ¢;; of order a, on the free surfaces, kinematic boundary
condition gives
t2
Pi1,e = Hy, (at & = —;)7 (5.16)
2 2t t?
ity ——H — —pit,e 1 =10, (at &= ——). (5.17)
7 T T
At 7 = 0 slip boundary condition becomes
®i1ym = 0. (5.18)

The boundary value problem for ;; is depicted in Figure 5.1.
Furthermore, the functions ;1 (€, n,t) and H (n,t) must be matched with the outer solution.

At the leading order, matching conditions are, as p — 00,

t2 s
H(n,t) = —log(;m) +o(1). (5.20)
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n &

2 2t
Wil _:H - ?:g:.'].rf +ff — {}

| szf?ﬂ =0

H,
12
T

Pi1s¢ -

0
Pilm = 0

Figure 5.1. Second order inner velocity potential

The function @7 (€, 7, t) is given by (4.38)
o 2t ™
(€, t) = — §llog p +log(7) — 1] —né (5.21)
and it is harmonic.

5.1.2. Solution of the Second Order Inner Region Problem

We carry the region to the first quarter plane by using the translation (King and Need-
ham, 1994)

fzx—; , n=uy. (5.22)

Then, the boundary value problem takes the form in new variables with the new unknown

functions <)0(‘7;7 Y t) = @11(56 - é? Y, t) and H(na t) = I:I(ya t)’

VZp=0  (in >0,y >0)

0, =0 (on y =0)
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0. = H,  (on z=0) (5.23)

9 _
or——H+y=0 (on z =0)
m

dp

0 — d ==
¢(0,9,0)=0  an Y

(0,4,0) = —y
Matching conditions follow from (5.20) and (5.21)
o(x,y,t) ~ % {x [log[xQ + yQ]% + log% — 1} — yarctan (%)} + o((2® + yQ)%) (5.24)
_ 2

H(y,t) ~ tglog(%) +o(1) (5.25)

as (x? + yQ)% — o0. In polar coordinates , # = r cosf and y = 7sin 0,

= 2t - _ _
o(r,0,t) ~ — {r cos 6 [logr + log% - 1} — Orsin 9} + o(r) , r— oo (5.26)
T
- t? r
H(r,0,t) ~ — log(z) +0(1) : T — 00 (5.27)
T

To solve this linear problem , we may use integral transform but we see that ¢ is unbounded

as 7 — oo in these matching conditions. Thus, some operations are applied and we obtain
(5.28)

Therefore, the boundary value problem in the new dependent variables @ and H become,

Vg =0 (in0<§<g,r>0)

Satl
Il
(@)

on

Y

Y]
I
(@]
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1 _ _
“pg=—H, ~on G=1= (5.29)
r 2
2 22 ar _ T
wt_;H_ﬁlogZ:O on 925
Initial conditions are
B(r, g 0) = and  3,(r, g 0) = 0.

Functions, H and @, have the properties H = o(1), @ = o(r) as r — oo. However, ¢ = o(r)
is not sufficient to apply an integral transform so we use a coordinate expansion by choosing
¢ = A(t)logr + B(t) + C(t )Sm + D(t )COST(Q) + O(=), r >> 1 and substituting these

expansion into the boundary value problem, we obtain as » — oo,

2t3 2 _ 1
3ilogr+ %logz —I—O( ) and H=0(=).

2

We define the potential again because we have to get free surface and potential vanishing as

r — 00

3 3

t
p=¢" +=logl+r’)+-—log— , H=H" (5.30)
372 T

We choose log(1 + 72) instead of log r to avoid a singularity for r — 0. With ¢* = O(2) as

r — oo, we get the following boundary value problem :

Vip* = LV log(1 + 1) (5.31)
w5 =0 (on  6=0) (5.32)
1 * * ) s
g = —H (on 6=12) (5.33)

i =2H*+ % logr — Slog(1+17)  (on (5:34)

Syl
Il
NI
N—
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P35 0=0 5.0 =0 (5.35)
With the help of the conditions, as 7 — 0
" =0(1) and H* = 0O(logr)

and as r — o0

we can use the "Mellin transform" (See Appendix E) and find a solution for the problem.

Hence, the Mellin transform of the unknown functions is that
M (r,0.8)] = (p. 0, 1) / Lot (0. ), (5.36)
0

M[H*(r,t)] = H(p,t) = / h P H* (r, t)dr (5.37)
0

From the behaviour of the ¢* and H* at 0 and oo, we determine fundamental strip of the
functions where they exist and analytic. Then, for velocity potential fundamental strip is the
interval 0 < Re(p) < 1. For the free surface, it is defined as 0 < Re(p) < 2 in complex
p-plane.

Mellin transform is applied for the first equation , VZp* = —%V2 log(1 + r?), thus an
ordinary differential equation is obtained as follows (Gradshteyn and Ryzhik, 2000),

_ 3

o+ 22| plp 200 =

e = —2)

sin(%)
or equivalently it can be written as p — p + 2,

0? - 3 1
[—— - pg] @(p,0,t) = ——p——rr

. -
062 3" sin(%E)’ (in0<f<3

5 (5.38)
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This equation is solved by "variation of parameters" and general solution is found in the

form:

@(p,0,t) = c1(p,t) cos(ph) + c2(p, t) sin(pf) —

where ¢;(p, t) and co(p, t) are to be determined from the boundary conditions.

Similarly, Mellin transform of the boundary conditions ;
@a(p, 0,1) =0

o m 2
Qoé(p - 17 §7t> - _Ht(p7 t)

T 2 A 2
D —t)=—-H(p,t) — ————.
Pulp 5,t) = —H(p.t) ~psin()
Initial conditions are
N ™ R ™
W(p7§70)20 ) Sot(p7§70):0

From (5.40), on # = 0 we find c»(p, t) = 0 and hence

o . &
gO(p7 97 t) =G (p7 t) cos(p@) -

If we combine kinematic and dynamic boundary condition, we get on § = 5

9 2t
> Zoip—1) 4+ ——— =0.
ou(p) + Wwe(p )+ ~psin()

Finally, by substituting (5.44) into this condition ,one gets

2
Ci,tt (Pa t) + ;(p - 1)Cl(p - ]-at) =0

3mpsin(%F)

3mpsin(i)

(5.39)

(5.40)

(5.41)

(5.42)

(5.43)

(5.44)

(5.45)

(5.46)
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with conditions
c1(p,0) = and c1, (p,0) = 0. (5.47)

In order to solve this difference-differential equation, Laplace transform is used :

Lle(p,t)] = Ci(p,w) = /OOO e ey (p, t)dt

For the equation (5.46) if Laplace transform is applied, we get the following difference equa-

tion,
9 2
wCi(p,w) + ;(p —1)Ci(p—1,w)=0 (5.48)
which can be written equivalently as p — p + 1,
9 2
wCip+1w)+ —(p)Ci(p,w) =0 (5.49)

The solution of this difference equation is obtained as (See )

Ci(p,w) = a(p)(=1)” [irf(p) (5.50)

Tw?

alp)
ap-1) — b

Then, by using inverse Laplace transform

where a(p) is a solution of

1 y+ioco .
ci(p,t) = —/ e Cy(p, w)dw
gl

21 ) ino

1

we find the function ¢, (p, ) in the form by choosing 0 < Re(p) < 3,

P

ci(p,t) = a(p)(=1)"sin(2np) Lfm} L1 =2p)0(p)r™ (5.51)
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CHAPTER 6

CONCLUSION

In this thesis, we studied two dimensional dam-break problem. We considered asymp-
totic solution and solution was obtained in the leading order. We followed the same method-
ology (Korobkin and Yilmaz, 2009) for outer solution and (King and Needham, 1994) for
inner solution.

Firstly, the leading order dam-break problem is constructed and to solve the dam-break prob-
lem, some methods from complex analysis are used. A singularity is found at the intersection
point and it leads to an inner solution. Near the intersection point, the behaviour of the outer
solution is analysed as to constitute an inner region and an inner solution.

After that, we investigate the dimensions of the inner region appropriately. The leading
order inner velocity potential is obtained by using the corresponding asymptotic matching
conditions of the outer solution. To solve the second order inner region problem, Mellin
integral transform and Laplace transform methods are used. However, after taking the in-
verse Laplace transform, solution that we have found does not satisfy the initial conditions.
Therefore, we are not able to continue to find an exact solution for the inner region problem.
Consequently, we only solve the dam-break problem properly for the outer region near the

intersection point.
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APPENDIX A

TRANSFORMATIONS OF HARMONIC FUNCTIONS
AND BOUNDARY CONDITIONS

Theorem 1 Suppose that a domain D, in the z-plane is mapped onto a domain D,, in the
w-plane with the help of an analytic function w = f(z) = u(x,y) + w(z,y). On D, if
h(u,v) is a harmonic function , then (Brown and Churchill, 2009)

H(z,y) = hlu(z, y), v(z, y)] (A.1)

is harmonic in D,,

Proof

By using chain rule we can check whether H(x,y) is harmonic or not.From (A.1)

Hx - huux + hvvx

Hyp = hyut 4 Rzt + Rytlzg + hugtiovy + hoyv + hyvy, (A.2)
Hyy = hati, + hawVytiy + htiyy + hyytiyvy + hyv] + hyvy, (A.3)
Taking into consideration f is analytic, Cauchy-Riemann equations u, = v,, u, = —v, hold

and functions u,v satisfies Laplace equations so we get the equation

Hx:c + Hyy = [huu + hvv”f/<z)|2 (A4)

Then, we conclude that H(x,y) is harmonic in D, when h(u,v) is harmonic in D,,.

Theorem 2 A smooth arc C' is transformed onto arc v by a transformation w = f(z) =

u(z,y) + iv(x,y) which is conformal. If a function h(u,v) satisfies one of the following

39



conditions (Brown and Churchill, 2009),

dh

h = hg or — =0 (A.5)
dn

along ~,where hy is real constant, % derivatives normal to y, then H (x,y) = hlu(z,y), v(z,y)]

satisfies the corresponding condition

dH

H=h - = A.6
o or o5 =0 (A.6)

along C, where % denotes derivatives normal to C.

Proof

Firstly, since H(x,y) = hlu(z,y),v(z,y)] ,the value of H at any point (x,y) on C equals the
value of h at (u,v), image of (x,y), under transformation f(z). The image point (u,v) lies on
v and h = hy along that curve, thus H = hg along C.

Assume that % = 0 on v and we know directional derivative is described by

% = (gradh) -n (A7)

where gradh denotes the gradient of h at point (u,v) on ~ and n is a unit normal vector to y
at again (u,v). We see from these informations gradh is orthogonal to n at (u,v).Therefore,
gradh is tangent to . At the same time , since gradient are orthogonal to the level curves,
7 is orthogonal to a level curve h(u,v) = ¢ passing through (u,v). In addition, we can write
H(z,y) = c under transformation f(z). Since C is transformed to  and it is orthogonal to
the level curve h(u,v) = ¢, from the conformality of transformation, C is orthogonal to the
level curve H(x,y) = c at (x,y) corresponding to (u,v). It follows that gradH is tangent to

C at (x,y) and if N is a unit normal vector to C at point (X,y), then gradH is orthogonal to N.

dH) N= — =
(gradH) -N N

0 (A.8)

While we are doing these calculations ,we assume that gradh # 0, and gradh, gradH alwas

exists. The level curve H(x,y) = c is smooth when gradh # 0 at (u,v).
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APPENDIX B

REFLECTION PRINCIPLE

Suppose f(z) = u(x,y) + iv(x,y) is analytic function in a region D which is sym-
metric with respect to a real axis. D™ is the part of D in the upper half plane and o is the
part of real axis. Then (Ahlfors, 1979)

f(z) = f(2) (B.1)

for each point z in the domain if and only if f(z) is real for each point x on o.
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APPENDIX C

HILBERT INVERSION FORMULA

Suppose that f(2) = u(x,y)+iv(x,y) is an analytic function int he upper half plane.
If u(z) and v(z) denote the limiting values of its real and imaginary parts on the real axis,

then Hilbert inversion formulae are defined as (Gakhov, 1990)

v(x) = _%/_00 %dﬁ + Voo (C.1)
u(z) = %/_OO ;(_g)xd{ + Uso, (C2)

where 1., and v, are the values of the real and imaginary parts at infinity.
Proof Let f be an analytic function of z throughout the upper half plane(Im(z)> 0).For a
fixed point z above the real axis, C'r denote the upper half of a positively oriented circle with

radius R and oriented at the origin, where R > |z|.

Y

CH.

L 3
&_E

Then, from Cauchy integral formula which we know from complex analysis,

R
f(z) = i/c S e L dei/ SE) e (C.3)

2m Jopuy T— 2 2 Jo, T— 2 2mi J_p € — 2
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7 = £ + 1) is a point on the upper part of the semi-circle. Then, we can write for the upper
half plane, as R tends to co

o= [ L e L [ S,

— C4
2mi J_ o € — 2 21 Rovos cr T— 2 ! €4

1 . 1
27?2/ §— z —f(oo) P}H)I;o/C dr

RT—Z

To take the integral over the line C'r, we use polar coordinates 7 = R exp(i6) and obtain

1) = 5t0 4 5 [ g ©s)

For the integral

s / - T8 e

if we use Sokhotski formula,as z — = ;

Fra) = 3000+ 5@ + 5 [ L

u(z) +iv(zr) = u(oo) + iv(co) — %/ %dé
the limiting values are derived as the following form :
_ L[ e )
)= W/_Oog_xdf—i—uoo
(C.7
L[ e,
T J - é- - )
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APPENDIX D

POISSON INTEGRAL FORMULA FOR UPPER HALF
PLANE

Suppose that real valued function ¢(&) is piecewise continuous and bounded for all

real &. Then the function (Ahlfors, 1979)

_1 - y
O B ey el

is harmonic in the upper half plane with boundary values ¢(¢) at points of continuity.

Proof
®(2) is harmonic in the upper half plane. The linear transformation

L/ o

£ plane a — 0 z plane
(1 — o0
co — 1
a —a
z=5() = P (D.1)

maps |£| < 1 onto the upper half plane where a = i+ i) is any point in the upper half plane

and a = p — i1 is symmetric point of a with respect to real axis. The function ®(S(€)) is

harmonic in [£| < 1 and from the arithmetic mean of harmonic functions, we have

00) = o [ BSEMargs 02
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From

¢=222 (D.3)
Z—Qa
we can Compute
d& lz—a a—a
dargé = —z? = — [z — a] ((z — 6)2)612 (D.4)
- (D.5)

Y x)dx
D(a) = /_Oo(x_n)2+w2¢( ). D.6)

We prove this formula for arbitrary point a in the upper plane so if we write for all point
in upper half plane, general case, we obtain the Poisson integral formula for the upper half

plane in the following form ;

<

1 (0.)
®(z,y) = /_OO mﬂf)(%- (D.7)
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APPENDIX E

MELLIN TRANSFORM

E.1. Derivation of Mellin Transform

A natural way of defining this transformation can be provided by using the complex

Fourier transform (Debnath and Bhatta, 2010). Let f : R — C be an integrable function and

its Fourier transform :

Flf@) = Fl) = o= [~ ey ©1)

If we change the variables, r = e and iu = o — p where « is constant and p is complex,

then we obtain
F(ip —ia) = N /OO rP=o 1 f(log r)dr (E.2)
vV 27T 0

By choosing \/szﬂr_o‘f(log r) = f(r) and F(ip — ia) = F(p), we can define the Mellin

transform of f(p) as
M) = Flo) = [ o ) (£3)
0

In a similar way, we can introduce inverse Mellin transform by using inverse Fourier trans-

form,
FHPW)] = 1) = = [ e Py E4)

With the same variables, » = e* and 1u = o — p, we get

1 ctioco

f(ogr) = 7= ) r“PF(ip — ia)dp (E.5)
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thus, we find inverse Mellin transform in the following form,

E.2. Application of the Mellin Transform for the Equation :
Vip* = —%VQ log(1 + r?)

For the left hand side, Laplace equation in polar form is defined by

8290*— 18@* ia290*

2 * n o - ¥
Vet =5 s+ Lo T e

and apply the Mellin transform, we get

06>

r

0 2, * 0o * 00 9 &
MV :/ rp—la_gpdr_‘_/ Tp—?%idr+/ Tp_ga Ay
0 L, Jo 0

or?

I Iz I3

From the method of integration by part;

or?

= lim (rp_lg0:>
T—r 00

— -De-2) [ e

[e¢) 82 *
I, = / Tp_1_90 dr
0

~-1) [ e
0 0

= (p—1p-2)op—2,9)

(E.6)

(E.7)

(E.8)

(E.9)
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Similar way,

= lim (rp_Qap:) —(p— 2)/ oirP3dr
xr—r00 0 0
= —(p—2)p(p—2,0) (E.10)

and
o0 8290*
Is = P8 T
3 /0 T 902 r
82 /oo
= — rP3 o dr
0602 J,
02 -
= ﬁ@(p— 2,0) (E.11)
For the right hand side of the our main equation, thgV2 log(1 +1r?) = ;thﬁ, if we take
the transform, we have
—t* 4 t? 1
— | =—(p—2 E.12
M {37?2 (1+ T2)2:| 3 v )sin(%) E.12)

for 0 < Re(p) < 4.
Finally ,we conclude that the Mellin transform of the equation V2¢* = —;r—ivz log(1 + r?)
find as

[a_ +(p— 2)2] p(p—2,0) = ;—Wgn(_w_ig

5 . (E.13)
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APPENDIX F

DIFFERENCE EQUATIONS

The first order linear difference equation is defined as (Kelley and Peterson, 2001)

y(t+1) = p(t)y(t) = r(t) (E.1)

where p(t) and r(¢) are given functions with p(¢) # 0 for all t.

Solution of the difference equations which are defined as the following type

(t—r1)...(t—1y)
(t—s1)...(t—sm)

y(t+1) =a y(t) (F2)

where a,ry, ..., p, 51, ...S,, are constants , can be found as follows:

y(t) _ 62 log a+>_[log(t—r1)+...+log(t—rn)—log(t—s1)—...—log(t—sm)] C(t)

From the identity > log(¢) = log I'(t) + C(t), we obtain the solution of the equation (F.2),

Dt —mr)...T(t—ry)
Lt —s1)...T(t — sp)

y(t) = C(t)a’ (F.3)

where AC(t) =0.
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