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ABSTRACT

NUMERICAL SOLUTIONS OF THE REACTION-DIFFUSION
EQUATIONS BY EXPONENTIAL INTEGRATORS

This thesis presents the methods for solvinfj differential equations and the conver-
gency analysis of exponential integrators, namely the egptal Euler method, exponential
second order method, exponential midpoint method for éxrliiequation. It is also con-
centrated on how to combine exponential integrators wighititerpolation polynomials to
solve the problems which has discrete force. The discrete fie approximated by using the
Newton divided diference interpolation polynomials. The new error boundslared. The
performance of these new combinations are illustrated Ipyyam to some well-known i
problems. In computational part, the methods are appliedear ODE systems and parabolic
PDEs. Finally, numerical results are obtained by using MABLprogramming language.



OZET

REA_KSiYON DIFUZYON DENKLEMLERININ USTEL
INTEGRATORLERLE SAYISAL COZUMLER

Bu tez stit diferansiyel denklemleri g6zmek igin kullanilan yontemiee Gstel inte-
gratorlerin yakinsaklk analizini sunmaktadir. Ayricgri& gic iceren probremleri ¢ozmek
icin Ustel integratdrlerin interpolasyon polinomlariylasil birlestirilecgine konsantre olun-
mustur. Verilen ayrik gu¢ Newton bolinmus farklar intelgsyon polinomu kullanilarak yak-
lagik olarak hesaplanmigtir. Yeni hata sinirlari eldevegtir. Yapilan yeni kombinasyonlarin
performansi bazi iyi bilinen fi problemlere uygulanarak agiklanmistir. Sayisal kisymda
yontemler lineer adi diferansiyel denklem sistemleringpaeabolik kismi diferansiyel den-
klemlere uygulanmistir. Son olarak, sayisal sonuclar MAB programlama dili kullanilarak
elde edilmistir.
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CHAPTER 1

INTRODUCTION

Numerical methods for solving initial value problems haveray history in mathemat-
ics. These methods can be either explicit or implicit. Thissis is concentrated on numerical
solution of the sti problems. One of the technique to solve such problems isreia@l
integrators.

Stiff systems of ordinary étierential equations arise frequently while solving partidier-
ential equations by spectral method. These problems ardynsodved by implicit methods.
Implicit methods are usually more costly than explicit noet but their stability properties
enable us to study for large time steps and this compensatxtha cost.

Exponential integrators are explicit methods which is ade&r®d as generalizations of the im-
plicit methods. This fact allows to use much more large titeps although explicit methods
require much smaller time steps than implicit methods. R eason, exponential integra-
tors are suitable methods to solveffsgiroblems. We can find applications of exponential
integrators in applied mathematics, physics, financiaheraiatics and statistics. More detalil
can be read from (Kandolf, 2011).

We will go on a historical background of exponential intégra. The idea behind exponential
integrators dates back to late 1950’s. The beginning ofrttethods takes place in the study
of Hersch in 1958. In these years traditional integrator<¥DEs can not compute the true
solution when it is compared with the exact solution. Whemske realized that traditional
integrators have problems, he suggested a new exact iitegsgheme for constant cidie
cient linear ODEs (Michels& Sobottka & Weber, 2014). Thisesme is the first exponential
integrator. In 1960, Certaine developed the first multistegphod by using variation of con-
stants approach with an algebraic approximation of theineat part. After this marks, the
research on exponential integrators heightened. In 1963 Broposed linearizing a nonlin-
ear diferential equation, which involves exponential term, ahe@me step. This generates
the basis for the Rosenbrock methods. (Pope, 1963). In 196Vson solved an IVP by
using a Runge-Kutta process numerically. In his articlectmnged classical cfiecients of
Runge-Kutta for exponential functions. On the other worgaonential functions are used
as codicients. This article was the first Runge-Kutta based on expoad method. (Lawson,
1967)

In 1978, Friedli proposed higher order exponential Rung&dmethods to solve non-§ti
differential equations. He used classical Taylor series expans 1998, Hochbruck, Lubich



and Selhofer introduce a new integration method which uségptication of matrix-vectors
with the exponential of the Jacobian (Hochbruck & Lubich &teéer , 1998).

In 2005, Hochbruck and Ostermann derived higher order expitad Runge-Kutta methods
to solve stit differential equations. (Hochbruck & Ostermann & Schweitzéf8)

In the literature, most papers use variation of constamtatita to solve parabolic problems.
The initial value problems under consideration can be amitis follows:

u'(t) + Au(t)
u(0)

g(t, u(t)), (1.1)

Uo,

whereA € R™" is a constant linear operator that represents higher opddias derivatives
andg € R" is a nonlinear operator. All of papers us@”, which is the exponential function
of a matrix—hA in order to take a step from tinteto timet + h whereh is the step size on
time.

This thesis is organized as follows: Chapter 2 introduc&snmation about sff differential
equations, the relevant definitions and examples abdtitGiIE and PDE. We shall give a
brief information about sfi differential equations and test theffstess of ODEs and PDEs.
Chapter 3 focuses on the numerical methods to solfiedsfierential equations. This chap-
ter is formed mainly three parts. The first part is traditionaplicit methods, the second
part is exponential methods and the last part is Richardsimapolation which is well-known
error estimation. In Chapter 4, we study in detail the siighigsue for general case of the
exponential methods by using the semigroup approachescdrwergence results for expo-
nential methods are given. Our convergence proofs are lmasadliscrete type of variation
of constants formula. We will define the numerical method$whe help of the variation of
constants formula. In Chapter 5, we define Newton dividéi@iince polynomial to approx-
imate given uniform distinct datas. In Chapter 6, we deahwitponential integrators with
discrete force. Therefore, we combine exponential integsavith Newton divided dference
interpolation polynomial. Then, we find error bounds fosthew combination.In Chapter 7,
all methods, which are introduced in previous chaptersappdied to various fi problems,
in order to test the performance of these methods. Fin&lé/conclusion is given briefly in
Chapter 8.



CHAPTER 2

STIFF DIFFERENTIAL EQUATIONS

In this chapter, we will review the various techniques toveddtit problems. The
classical methods do not workfectively for such problems. We will deal with firstly the
history of sttt differential equations and then the detection dfrstiss in ODEs and PDEs,
respectively.

2.1. History of Stiff Differential Equations

The earliest detection of fiiness in diferential equations presented by two chemists
Curtiss and Hirschfelder in 1952. They coined the term arstiilged the existence and the
nature of stifness. They profitted by the experience of John Tukey withahgisn of "stift”
equations (Curtis & Hirschfelder, 1952).

In 1963, Dahlquist defined the problem and pointed out thedlties that the classical meth-
ods with solving sff differential equations. He dealed with the problems in stgbilide
said in Aiken (1985) that ”... around 1960, thing became detepy different and everyone
became aware that the world was full offsgiroblems.” (Hairer & Wanner, 2000)

In 1968, Gear became one of the most important names in t& alin 1979, Gear and
Shampine wrote an article. The purpose of this article wasd@eople who are interested
in the solution of stt ordinary diferential equations. They identified the problem area and
described the characteristics shared by methods for themcah solution of stf problems
(Shampine & Gear, 1976). In 1970, Liniger designdidcent algorithms for solving dfi
systems of ordinary étierential equations (Liniger & Willoughby, 1970). In 1973rbert
examined critically various qualitative statements idahg the notion of sttness. One of
them is 'A linear constant cdiécient system is fi if all of its eigenvalues have negative real
part and the sfiness ratio is large.” This statement is adopted as a dehritictifness. He
selected the most satisfactory of these statements as aitiefi of stiffness. This is: ’If

a numerical method with a finite region of absolute stahikigplied to a system with any
initial condition, is forced to use in a certain interval otegration a step lentgh which is
excessively small in relation to the smoothness of the es@lation in that interval, then the
system is said to be §tiin that interval’ (Lambert, 2000). Lambert thought that taée of
stiffness in real life problems would become more important ygarear. In 1996, Spijker



defined that ’Initial value problems aref§tif they are dificult to solve by ordinary, explicit
step-by-step methods, whereas certain implicit methodsime quite well’ (Spijker, 1995).
In 2009, Brugnano , Mazzia And Trigiante rewieved the evolubf stiffness. According to
historical background the definition of Stiess can be formalized as follows:

Definition 2.1 A linear diferential system

u'(t) = Au(t) + f(t), u(0) = uo,

where Ac R™"and u f,up € R".

This system is said to beif and only if

i) Foralli, Re() < 0,

i) Q?r;‘ggj;))l' > 1, whereJ; are eigenvalues of A for# 1,2, ..., n.

maxRe(A;)| i i
We calledm as stffness ratio.

We will check the sttness of given any equation the aid of this definition. Nextéwamples
are given in order to illuminate $fidifferential equations.

2.2. Stffness

In this section, we focus our attention on two examples tzsitiate the sfi differential
equation. We first consider the linear ODE system:

up=-up +€, u(0) =1, (2.1)
U’2 = 2u; — 10Qus,, U2(0) =0,

wheret € [0, 0.3]. We can rewrite equation (2.1) following matrix form,

Vi1

, Up = [1] . (22)

o - 1 0
12 -100]|u,



This system is equivalent to following form
u'(t) = Au(t) + f(t), u(0) = uo, (2.3)

whereA € R?? andu, f,uy € R?. Then, we can check the Stiess according to Definition
(2.1). We have to find eigenvalues of the fim@ent matrix. The eigenvalues of the given
matrix A ared; = —100 and1, = —1. Both of the eigenvalues are negative anératiss
ratio:% = 100> 1. So, linear equation system (2.1) is said to b#.sti

Our next example is the detection offBtess in PDE. Let us consider the heat equation:

ou(x.t)  du(xt)
ot xR

with the initial condition and the boundary conditions

u(x, 0)
u(0, t)

f(X), (2.4)
u(1,t) = 0, (2.5)

wherex € (0,1],t € (0, T].

We will solve the difusion problem using the finite ference method. The basic idea of
the method is to replace the spatial derivation in partiiedential equation with algebraic
approximation. We approximate the spatial partial derreatf u,, using the central dierence
formula. The approximate solution afx, t) at x = X, is denoted by, (t)

aun(t) _ Un+1(t) — 2Un(t) + Un—l(t)
ot (AX)? ’ (2.6)

Uo(t) un(®) =0, te(0,T],
u(0) = (%), n=1,..,N=-1,




whereAx = % andx, = nAx, n = 1,...,N — 1. Suppose that the step siz& = h. Itis
convenient to write (2.4) in matrix form

2 1
u; u
1 1 -2 1 !
14 u
21 1 1 -2 1 °
=i )
, |
[ Un-1] 21 [ UN-1]
This system can be written as
u'(t) = Au(t), u(0) = u, (2.7)

whereug = [f(X1), ..., f(Xn-1)]" is the initial condition. Here we consider the periodic bdun
ary conditions. Boundary conditions are embedded into tagim To examine the dtnhess

of the given dffusion problem, we need to find the eigenvalues of A. Theseneaiges are
real and can be given by the following equality

The proof can be obtained by showing a relationship betweertharacteristic polynomial
for A and Chebyshev polynomials

An-1 < /lj < A4, (28)

with the following results forly_; andA;

4 ,N-1rx 4
Ang = ——SiIP— ~ ——
N-1 > 2N 2
4 T
= —_siP— ~ —n?
A1 h2$| 5N e,



with the approximations available for largir Let r be an eigenvector with corresponding
eigenvaluel for A.
For a vector = (ry,ro,...,I'v-1) to be an eigenvector for A with corresponding eigenvalue

we must have
1
ﬁ(rn_l - 2rn + rn+1) = /lrn, n = 2, ceey N - 2, (2.9)

It is usually not easy to find eigenvalues and eigenvectarsuoh a matrix, but if we have a
prediction then it is very easy to check whether it fits or ogood suggestion for r can be
to take

rhn=sin(nd), n=1,..,N-1, (2.10)
we work out

sin(n — 1)8 + sin(n + 1),

M-1+ e

2sin(n)cog0),
= 2r,co9. (2.11)

When we replace (2.11) in (2.9), this gives

A = é(—2+2005(9)),

= ;—f SirA(6/2).

In addition to theN — 3 equations we must also have the similar relationsnfes 1 and
n=N-1:

2r1—r2 = /lrl,

N2+ 2lNop = ArN-1.



These are fulfilled automatically if we can manage to have ry = 0. Forry we must
require

ry = sin(Ng) = 0. (2.12)
Note that the roots are
N6 = jr, j=1.2 .. (2.13)
We therefore define
6, = JN” ji=1,2,.,N-1, (2.14)

and with theseN — 1 values of§ we have a set oN — 1 orthogonal eigenvectors and corre-
sponding eigenvalues fax.

_ _ag i_ﬂ)
A = 4sm2(2N . (2.15)
Directly examining this formula,
An-1 < /lj < Ay (216)

The least and the largest eigenvalues are can be obtainesingy(@.15)

o = (5]
A = (;\—j)sinz(%):—nz. (2.18)

Finally, the proportion of equations is obtained

/lN_]_ - 4
A (zh)?

(2.19)



it can be seen that it is a fitsystem ifh is small.
As a consequence, these two examples show that theesis of the dferential equations can
be identified by the Definition (2.1).



CHAPTER 3

NUMERICAL METHODS FOR STIFF
DIFFERENTIAL EQUATIONS

In the previous chapter, we studied how to identify th&rstiss of ordinary dierential
equations and partialfierential equations. In the present chapter, we will ansieeqtiestion
"What type of method can we use for solvingBtifferential equations?’. In the first section,
we define and construct traditional implicit methods. In Wiodows, we overview derivation

of exponential integrators.

3.1. Traditional Implicit Methods

Traditional methods include explicit methods and implitiethods. To solve dfi
problems numerically we prefer implicit methods. In thistsen, we will introduce several
implicit methods. Our motivation the need for implicit metts is enlarging the stability
region. This property overcome thefitiess.

3.1.1. Backward Diferentiation Formula

Consider the ordinary tferential equation as follows:

y(@® = fty). (3.1)

In order to obtain a numerical solution of (3.1) by replading derivative on the left hand side
of the equation. Let(t) be a polynomial of degree r. This polynomial can be expressed in
terms of interpolation of y(t) at the nodgs;, tp, ..., th_rys forr > 1

r-1

() = > Yt )ljn(0), (3.2)

==

10



wherel;,(t) are the Langrange interpolation basis functions for théest.1, t,, ..., th-r11.
The interpolation polynomial can be written as

in®= > ——. n+l<i<n-r+l. (3.3)

j=n+1

Then, diferentiate r(t) at the poirtg, ;

F(thra) * Y (thea) = F(tnra, Y(tnia))-

Letr(t) be a first degree polynomial and this polynomial interpedg(t) at the nodes,, 1, t,

t_tn t_tn+l

rt) = vy + VY , 3.4
() y ltn+1_tn y tn_tn+l ( )
r')y = 1 1
- yn+1 h yn h,
r,(tn+l) = f (tn+1, yn+1)- (3-5)
As aresult,
Y1 = Yn + h f(tn+l, yn+1)- (36)

This method is called Backward Euler Method(BDF1).
In order to obtain an other formula, let choog#) as a second degree polynomial. This

polynomial interpolates y(t) at the nodgs,, t,, t,_1. We construct the method using Lagrange
interpolation basis functions:

(t — tn)(t B 1:n—l) (t B tn+1)(t B 1:n—l)
rt) = v n 3.7
( ) y l(tn+l - tn)(tn+1 - tn—l) (tn - tn+1)(tn - tn—l) ( )
(t—th)(t—1ty)
+Yn—l (tn—l - tn+l)(tn—1 - tn) ’
) 1 1
r (t) = Yn+lW(t - tn +t- tn—l) - ynﬁ(t - tn+1 +t- tn—l) (3-8)
1
"'YH—lW(t - tn+l +t- tn),
3 2 1
r,(tn+l) = %yml - Hyn + %yn—l = f(tn+1, yn+l),

11



As a final result,

4

1 2
Yni1 = §Yn - éyn—l + éhf(tn+1,yn+1)- (3.9)

This method is called BDF2 which is a multistep method.

As we see, backward fiierentiation formulas are implicit methods. Forffsgiroblems, the
importance of BDF methods lies in their super stability gjes which allow them to take
much larger step sizes than would be possible with explietfwds.

3.1.2. Implicit Runge Kutta Method

A simple example of an implicit 1-stage Runge-Kutta methaxl lse obtain

Yni1 = Yo + by f(tn + C1h, ky), (3.10)
k]_ =VYn+ hallf(tn + C]_h, k]_)

To determine the cdicientsa;;, b; andc,, we substitude the exact solution into (3.10) and
use Taylor expansion

Y(tns1) = Y(tn) + hbu[f + cih o+ hau f 1] + O(R°), (3.11)

when we compare the terms of (3.11) with the Taylor seriegtgf;)

Y(th1) = Y(tn) + hf + h;(ft + f1,) + O(h®), (3.12)

wheref = f(t,, y(t,)). We will assume the following conditions

1
1=, G = > by =1, (3.13)

12



these cofficients yields

Yne1 = Yn t hf(tn + h/Z, kl), (3.14)
h
ke = Yo+ 5t + /2. k). (3.15)

This method is called implicit midpoint method. The detdilaformation can be found in
(Hairer & Norsett & Wanner, 1993).

3.1.3. Trapezoid Method

To achieve the formula of the trapezoidal method, we willibegth the trapezoidal
rule for numerical integration

b
| ateyar ~ 500 allate) + o0 - 5 € (3.16)

for a < ¢ < b. Consider the equation
y () = f(t, (), (3.17)
wherey € R andf : R x R — R. We integrate the equation (3.17) frdpto t,,,
thi1
o) =¥+ [ frya)r (3.18)
tn
Using the trapezoidal rule (3.16) to approximate the irdggve get

y(tn+l) = y(tn) + %h[f(tn, y(tn)) + f(tn+1, y(tn+l))] - 1i2h3y”(§)’ (3-19)

fort, < £ < t, + h. By dropping the error term, an approximate solutypmt time-stef, for
(3.17) the implicit trapezoidal method approximates tHatsan at time-stefi,,; = t, + h by

13



solving the following nonlinear equation

h
Yne1 =Yn t 5[ f (tn, yn) + 1:(tn+l, yn+l)]- (3-20)

This equation can be solved by both iterative solution mgtnad Newton’s method with an
initial guess provided by the forward Euler's method.

The combination of forward Euler method and backward Eulethod generates trapezoidal
method. Although both forward Euler method and backwarceEmiethod are first order
methods, this combination gives us a second order method.

3.2. Exponential Integrators

Exponential Integrators are a class of numerical integsator time integration of
differential equations. They are most commonly used f@fr@toblems and oscillatory prob-
lems. In this thesis, we will just deal with ftdifferential equations. Exponential integrators
are purposed to be used on ODEs that can be split intdfdiséar part and a non-$finon-
linear part. We already know that if an equation isfstien the traditional explicit methods
don’t work well. Although exponential integrators are egplmethods, they are considered
as generalizations of the implicit methods. For this reasgponential integrators are suitable
methods to solve gfiproblems.

Our motivation the need for using exponential integratsrthat they overcome the problem
of stiffness taking large time steps.

To get an idea of what an Exponential Integrator looks like,will begin with an evolution
equation of the form

u'(t)
u(0)

F(t, u(t), (3.21)

Uo.

The linearization of this equation at timgives us following semilinear problem

u'(t) + Au(t)
u(0)

a(t, u(t)), (3.22)

Uo,

14



whereA is a linear operator that represents the highest orderfidrdntial terms and is a
nonlinear operator. The linear part of (3.22)

u'(t) + Au(t) = 0, u(0) = o, (3.23)

can be solved exactly as

u(t) = e "up. (3.24)

To get the representation of the exact solution the probR22§ we will begin with multi-
plying Equation (3.22) through by integrating facet. Then, we obtain

eiu + e®Au = d4g(t, u(t)),

(e?u)y = Ag(t, u(t)).

Integrating both sides of this equation we get

th+h d th+h
[ erudr = [ e uwn
t T th
th+h
e(tn+h)Au(tn + h) _ et”Au(tn) = f eTAg(T, u(T))dT,
tn

th+h
U+ ) = (e u) + f eg(r, u(m)dr)
tn
As a result,
th+h
u(t, + h) = eMu(t,) + f e hDAg(r, u(r))dr. (3.25)
tn

It is the required solution. Ldf,; = t, + handr = t, where h is the step size. Then change
of the variables,

T_tn:O:V,

dr = dv.
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So, the boundaries of integral change and we obtain
h
U(tnsr) = € Mu(ty) + f e "Ag(t, + v, u(t, + v))dv. (3.26)
0

Finally, the exact solution of (3.22) can be written recugsi as

h
U(tns1) = € ™u(ty) + f e "Ag(t, + 7, u(t, + 7))dr, (3.27)
0

this representation is called variation of constants fdanBy approximating the integral with
various quadrature formulas,fiirent numerical schemes can be obtained. Our convergence
proofs will be generally based on a discrete version of thi&atian of constants formula in
following chapters.

As their name suggests, exponential integrators use thexneaponential in the numerical
integrator. We will call the matrix exponential @agunctions. In the following section we will
define these functions.

3.2.1. Derivation of the¢ Functions

The entire functiongy, for k > 1 can be defined by the integral representation as

do(X) = €, (3.28)

1 Hk_l
P(X) fo e(l—@dee. (3.29)

The argumenk can be a scalar or a matrix. Thdunctions are defined recursively by

go(x) = € (3.30)
_1
Pea(X) = % k> 0. (3.31)
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In this casegy is the matrix exponential. The first fewfunctions are

po(X) = € = 1+x+%x2+%x3+..., (3.32)

-1 1 1, 1
¢1(x)_T = 1+§x+ 3 +EX3+"" (3.33)

g-1-x 1 1 1, 1
¢2(X):T = §+§X+Ex +§X3+..., (334)

e —1-x-3x 1 1 1 1
¢3(X): @ 2 = §+Ex+axz+axg+.... (335)

The Taylor series representation of these functions isgwye (Schmelzer& Trefethen, 2007)
as

B =) ll,i‘k. (3.36)
=k °

3.2.1.1. Derivation of the Methods with¢ Functions

Consider the linear problem

u'(t) Au(t) + g(t), (3.37)
u0 = up.

Every stage in an exponential integrator can be expressadi@sar combination of func-
tion. Firstly, we assumg(t) as a constant

U= Au+a;, u(0)=u, (3.38)

the solution of this equation is given by

t t
1
ut) = e®up+ f e=Madr = e”ug + etA—Ae‘TAal , (3.39)
0 - 0
e -1 e -1
a; = eup +t

tA A
= fyy+ €
0+ _A tA

aj. (3 . 40)

17



The solution in terms of the, for k = 0,1, ... is given by

U(t) = etAU() + t¢1(tA)a1 (341)

Secondly, takg(t) as a polynomial of first degree then the equation

U= Au+a; +ast, u(0) = uo, (3.42)

using the variation of constants formula

t
ut) = %up+ f e(ay + ay7)dr, (3.43)
0
eh-1 eh-1-tA
_ A 2
= €U+t A +t A2 . (344)

So, given equation has a solution of the formpdtinctions
u(t) = eup + tg1(tA)ay + t2p,(tA)a,. (3.45)

In general, when we takg(t) as a polynomial equation

2 n-1

. t
U=Au+a; +at+az— +.

TR T u(0) = uo, (3.46)

whereu(t), a;, a, as, ..., &, are vectors and is a matrix. The solution of the equation admits

the following form

t t2 tn—l

ut) = fup+ e(“T)A(a +at+ag— +..+ )d 3.47
© = o+ [ dMayr et aug o 3.47)

A eh -1 LA 1—tA @A 1-tA-StA?

= €U+t a]_+ttzTaz+t BAS as
t (1A tn—l

e r ——dr, 3.48
+ +fo an(n_l)! T (3.48)

AUy + ter(tA)ay + t2pa(tA)a, + t3gs(tA)ag + .... + t"dn(tA)a,. (3.49)
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Finally, this identity leads to the following general saturt
n .
u(t) = e®ug + Z tei (tA)a. (3.50)
i=1

3.2.2. Exponential Euler Method

In this section, we will derive the exponential Euler meth@bnsider the evolution

equation

u'(t) + Au(t)

u(to)

g(t, u(t), (3.51)

Uo.

From the variation of constants formula the exact solutiof8db1) can be written as

h
U(tnsr) = € ™u(ty) + f e "Aq(t, + 7, u(ty + 7))dr. (3.52)
0

The main idea behind constructing a method is to approxith&téunction g in the equation
(3.52). We will shortly denote(t,, u(t,)) = g(t,). Taylor expansion ofi(t, + 7) att, leads to

o(tn + 7) = g(tn) + O(7). (3.53)

This expansion motivates the following equation

h

Ut = eMu(t) + f e "Ag(t, + 7)dr, (3.54)
0

= e Mu(t,) + f h e "IAg(t,)dr + O(h?), (3.55)
0

= eMu(t,) +h :; L a(t) + O(M). (3.56)

= e Mu(t,) + he1(—~hAg(t,) + O(h?). (3.57)
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The numerical solution of (3.51) takes the form
Uiz = € "y + hepy (-hA)g(tn), (3.58)

whereg, is given in Equation (3.32). Attimg,; = (n+1)h, ne 0, 1, ... the exact solution of
(3.51) is approximated by exponential Euler method wihdasethe time step.

3.2.3. Second Order Method

In order to show that the previous ideas are not limited to ékponential Euler
method, a second- order exponential scheme can be comstinch similar way. To obtain
the second order method we will use Taylor expansiog(af+ 7) att,

ot + 7) = 9(tn) + 79’ (tn) + O(7). (3.59)

Substitutingy'(t,) = Mh‘g(” in this expansion leads to

T

gt +7) = 9t + T (9tnd) — 91 + O, (3.60)

Inserting (3.60) into (3.52), we have

h
it = &y [ TG + £0) - o) v
0

h h h
= u, + f e (DAg(t,)dr + % f e (DAL (ty,1)dr — % f e "IArg(t,)dr.
0 0

0

Applying integration by parts to the integral, we get thddaing expression

U1 = e_hAun + h¢l(_hA)g(tn) + h¢2(_hA)g(tn+l) - h¢2(_hA)g(tn),
& Uy + h(g1(~hA) - 2(~hA)g(tn) + hp2(-hA)g(tn.1).
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Replacing the functiog yields the following approximation to the exact solutioniate t,, ;,
Uns1 = €Uy + h(¢1(—hA) — ¢o(—=hA))g(t) + hda(~hA)g(t:1)- (3.61)
This exponential method is called second order method.

3.2.4. Exponential Midpoint Rule

We present here a construction for the numerical solutiq.6fl) based on the exact

solution given by variation of constants formula

h
Ultn) = ™) + [ &gt + r
0

Midpoint rule is obtained by rewriting(t, + ) in exact solution as

g(th + 7) = 9((tn + h/2) + (v = h/2)) = g(tn + h/2) + (v = h/2)d' (t, + h/2). (3.62)

Taking into account (3.62), the scheme is calculated by

h
Uny1 e ", + f e "IAq(t, + h/2)dr,
0
&y + hga(-hA)g(tn + h/2),
2
€y + i (-NAY() + = da(-HAG (1) + ().

After all, the numerical method is called exponential midipoule
h2
Uni1 = € Uy + hepy (-hA)g(ty) + - 91(-hA)Y (t), (3.63)

whereu,,; denote the numerical approximation to the solution at time
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3.2.5. Exponential Rosenbrock Method

In this section, we are concerned with the exponential Roemk method for time
discretization of autonomous evolution equations of thie¥ang form

u(t)
u(to)

F(u(t)) = Au(t) + g(u(t)), (3.64)

Up.
From the variation of constants formula, the exact solutib{8.64) can be written as
h
U(tns1) = €"u(ty) + f e Ag(u(t, + 7))dr. (3.65)
0
The method depends on a linearization of (3.64) at each step
u'(t) = Juu(t) + gn(u(t)), th <t <tpg, (3.66)
where
oF
Jn = =2 (Un), Ga(u(®)) = F(U(B) — Jnui(t)- (3.67)

Applying the exponential Euler method to linearized probi&.66)

€Uy + hg(hd)gn(Un),
€Uy + hg(hJ)[F (Un) — JnUin].

Un+1

After regulating the equation, we obtain

Una = Un+ he(hd)F(un). (3.68)

This numerical scheme is called exponential Rosenbrod&riwethod. Exponential Rosenbrock-
Euler method is explicit time stepping scheme. Its impletagon is standard, apart from
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the calculation of the exponential and related functionsis Thethod is computationally at-
tractive since it involves just one matrix function in eadbps To implement exponential
Rosenbrock-Euler method it is important to approximateaylication of matrix functions
to vectors éiciently. More information can be found in (Caliari & Ostemma 2009).

3.3. Error Analysis via Richardson Extrapolation

Richardson extrapolation holds on an interpretation abwiform of the error terms
in a numerical approximation. Our estimation depends orstée size h. Suppose thath)
is a numerical approximation to an exact reg{ld). If the exact result is achieveds- 0,
then our estimate is consistent (Burg& Erwin, 2008).

R(h) can be expanded as

R(h) = R(0) + KhP + K’hP*1 + K”hP*2 4 . (3.69)

We already know that the notati@(hP*?) is used for a sum of terms of ordef** and higher.

Therefore, the numerical approximation can be written as

R(h) = R(0) + KhP + O(hP*Y). (3.70)

We will use the expansion fdk(h) andR(rh)

R(h)
R(rh)

R(0) + KhP + O(hP*),
R(0) + KrPh? + O(hP*1).

By multiplying R(h) by rP and subtractingr(rh), we obtain

rPR(h) — Rrh) = (P — 1)R(0) + O(hP*1). (3.71)

Therefore, dividing this equation by — 1 we get desired form:

rPR(h) — R(rh)

pr R(0) + O(hP*H). (3.72)

23



Suppose that=2 andp =1

2R(h) — R(2h) = R(0) + O(h?). (3.73)

We generated an approximation whose error is order 2. Asudtrege will use Richardson
extrapolation when the exact solution is not known.
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CHAPTER 4

ERROR ANALYSIS

In this chapter, we will derive error bounds of exponentrdegrators for parabolic
problem. Throughout present chapter, we will consider lgmols with smooth solutions.
Therefore, we can always expand the solution in a Tayloeseri

4.1. Analytical Framework

We will use the same analytical framework givenin (Hochkr&®Ostermann, 2010).
The detail discussion can be also found in the given work. rtteioto clarify our analysis,
we will give basic definitions of the semigroup theory. Caesithe following semilinear
equation

u'(t) + Au(t)

u(to)

g(t, u(t)), (4.1)

Uo,

where A is time invariant operator and u is a vector functibtiroe. The solution of (4.1) can
be written as

h
U(tns1) = € u(ty) + f e ™ Agt, + 7, u(t, + 7))dr, 0<t<T. (4.2)
0

If Ais a linear bounded operator in Banach spa€g,still has this form. However, in many
interesting cases, it is unbounded which don’t admit thisnfo This is some extend shows
the richness of semigroup theory. For its application, geouip theory uses abstract methods
of operator to treat initial boundary value problem for Aneand nonlinear equations that
describe the evolution of a system. We will ground our analgs an abstract formulation
of strongly continuous semigroups on a Banach space X witmtja || where (D(A), A) is
linear unbounded operators in X agd [0, T] x X — X. In our proofs we will shortly denote

g(tn, U(tn)) = 9(tn).
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Definition 4.1 An strongly continuous semigroupg8emigroup) on a real or complex Ba-
nach space X, {f)..o, satisfying

T: XX

i) T(O)=I,

i) T(t+9) =T({)T(s), forall t,s>0,

iii) Yxe XsuchthatT(t)x— x| — 0 as t— 0.

We usually write Tt) = et

Definition 4.2 An analytic semigroup on a Banach space Xt)d,, satisfying
i) T,

i) T(t+9) =T{M)T(s), forall t,s=>0,

i) ¥xe X suchthafT(t)x— x| — 0 as t— 0,

iv) t — T(t) is real analyticon 0 <t < co (Pazy, 1983).

Definition 4.3 The infinitesimal generator A of given semigrouf)Ts defined by
Ax = lim 1(T t)x — X)
T t—0+ Y ( ) B ’

the limit exists in the domaif®(A) , which consists of all x X .

Proposition 4.1 Let A : D(A) — X be sectorial, A is a densely defined and closed linear
operator on X satisfying the resolvent condition

I =A™ i< (4.3)

A —m’

on the sectone C , v<ijargl—-m) <z, A#mforC>1,me Rand0 < v < 7/2.
(Hochbrucké& Ostermann, 2005)

Theorem 4.1 If A is sectorial operator , ther-A is the infinitesimal generator of analytic
semigroup &4 .
Converse is also true, #A generates an analytic semigroup, then A is sectorial.
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Proof The proof can be read from (Henry, 1981). ]

Theorem 4.2 Let T(t) be a semigroup. There exist constants R and C> 1 such that

I T(t) I<Ce" for t>0. (4.4)

Proof Let choose a constaft > 1 such that| T(t) ||< Cforall0 <t < 1. Suppose that
w = logC . Then, for each > 0 andn < t, where n is integer

n

ITOI=IT(Y )i

k=1

Using the semigroup properiy(t + s) = T(t) + T(s) we get
(ot t.\"
_ — _ n t+1 _ t
I |k:1| (T(n))ll I (T(n)) I<C"'<C Ce”.

The proof is completed. (Sheree, 2003) ]

Theorem 4.3 (Hille-Yosida Theorem) A linear unbounded operator A is ¢leeerator of a
Co semigroup if and only if

i) Ais a closed operator,

i) A has a dense domai(A),

iii) A € p(A) for eacha > 0 ,wherep(A) is the resolvent set of A,
p(A) = {1 € C|al — Alis invertable,

v) (1 - A< L.

Proof The proof can be read from (Sheree, 2003). |

Assumption 4.1 Let X be a Banach space with noifm. |. We assume that A is a linear
operator on X and that (-A) is the infinitesimal generator @iteongly continuous semigroup
(Co semigroup) & on X.

This assumption refers that there exist constan¢gsRR andC > 1 such that

e |l<Ce* for t>0. (4.5)
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Assumption 4.2 Let X be a Banach space with noifm. |. We assume that A is a linear
operator on X and that (-A) is the infinitesimal generator nfamalytic semigroup#* on X.

Remark 4.1 The generators of analytic semigroups let us to define fraalipowers of the
operator.
The assumption (4.2) means that there exist cons@at€(y)

& |+ | CA%E™ | C for y,t20. (46)

Our proofs will be based on the substraction of the numesichition from the exact solution.
So, our error estimation will include bounds of terms of thkoiwving form

& "A(g(tn, U(tn)) — G(tn, Un))- (4.7)

We can bound the fference ¢(tn, u(t,)) — 9(tn, uy)). Firstly, multiply (4.7) withA*A~

I & AAT AT (g(tn, U(tn)) — G(tn, Un)) =1l €A [IIl A(g(tn, U(tn)) — 9tas Un) Il . (4.8)

Then, multiply (4.8) witht,*t,™

th |l e A, A Il A™(g(tn, U(ty)) — 9(tn, Un)) lI< Ct™* || A™*(g(th, U(tn)) — 9(tn, Un)) Il - (4.9)

Assumption 4.3 Let V = {v € X|A*v € X} be a Banach space with norm v ||v=|| A*v || for
O0<a<1.Weassume thatgO, T] x V — X is locally Lipshitz continuous in a strip along
the exact solution u. There exist a real numbet L(R, T) such that, for all t [0, T] ,

ot v) —g(t,w) I< L[ v—-wlly, (4.10)

where mag| v — u(t) |lv, Il w—u(t) [lv) < R.

Lemma 4.1 Let the initial value problem

u'(t) + Au(t) = g(t, u(t)), u(ty) = uo, (4.11)
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A is an nx n matrix. The exact solution of (4.11) can be represented by

m-1
u(tn + T) = e_TAu(tn) + Z Ti+1¢i+l(_TA)g(i)(tn) + 5n(m7 T)’ (4-12)
i=0
_ " on [T =)™
smn) = [ et [T g, + ndnder (4.13)

is provided when g is a gficiently smooth function.

Proof The Taylor series expansion gft, + o) att, leads to

m—lI

otn+o) = Z 77(t) + yn(m. ). (4.14)
yo(mo) = f g™+ nin (4.15)
and the entire functions
$o(2) = €,
1 i-1
1-7)z_ T ;
¢i(Z) = L e( )md‘[', > 1 (416)

Substituting the expansion (4.14) apdunction definition (4.16) into the following variation

of constants formula
Ut +7) = e u(ty) + f e Ag(t, + o)do, (4.17)
0

we obtain the desired result. O

In the following section, we will give convergence of expatial Euler method for semilinear
parabolic problems.
The convergence proofs in this section will be based on (Haatk & Ostermann, 2010).
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4.2. Convergence of Exponential Euler Method

Let the initial value problem

u'(t) + Au(t)
u(0)

g(t, u(t)),

Up.

(4.18)

Our proof will be based on the representation of exact smiuby the variation of constants

formula
h
U(tns1) = €"u(ty) + f e™IAq(t, + 7)dr.
0
We expandy(t, + 7) in a Taylor series with integral form of the reminder

gtn + 7) = g(tn) + fo ) g (t, + o)do.

Then, we substitude (4.20) in the (4.19)

e "u(t,) + hg1(~hAI(t,) + Snets

h T
f e (-DA f g'(t, + o)dodr.
0 0

For the remindeé,,; we have following estimation.

U(tn+l)

5n+l

Lemma 4.2 Let the initial value problem
u'(t) + Au(t) = g(t, u(t)), u(0) = uo,

satisfy Assumption (4.2). Moreover, ek 5 < 1 and A1g’ € L*(0, T). Then,

n-1

1> € ™60 llvs Chsu.., II A1g (L, u() llv,

j=0

(4.19)

(4.20)

(4.21)
(4.22)

(4.23)
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holds with a constant C, uniformly i< t, < T.

Proof Firstly, we represent the supremum by M, where M is
M = Supyg, I| A0/ (8 u(t)) Iiv - (4.24)

Then, we will construct the expression on the left hand sfdbeexpression (4.23). We can

write the defecb,_; as
h T
On-j :f e_(h_T)Af 0 (th-j-1 + o)dodr. (4.25)
0 0
multiply the equation by MAL- A1
] ] h T
e Mg, | = elhA f g (AN f MY (tn 1 + o)dordr. (4.26)
0 0

For j = 0, the defect is

h T
On = f e (IAALA f ALy (th1 + o)dodr.
0 0

To use the stability bound (4.6) multiply the equation by-(r)}#(h - 7)1

h T
On = f (h— 1) (h - 7 Lle(-DApLS f AP Y (thoq + 0)dodr.
0 0

We can estimate this in V by

h T
| On V< Cf (h- T)ﬁ_lf A9 (t, 1 + o)dodr.
0 0
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From our representation (4.24), we have

h T
CM f (h— 1)t f dodr,
0 0

h
CM f (h -7y tdr.
0

Il 6n [lv

IA

We evaluate the integral using integration by parts andiobta
I6nllv < CMH*L

The remaining terms foy = 1, ...,n— 1 are defined as

h T
e M5, ;= f e (A IMALB(jh)A(jhyt f AP (ty j_q + o)dordr.
0 0
This identity can be bounded in V by

h
| €6, lv< CM f e "IA(jhY rd,
0

by means of integration by parts we get

| e M6 v

IA

CM(jhY*¢(-hA?,
CM(jhyth.

IA

Hence, the remaining sum verifies that

IA

n-1 n-1
1Y eMs iy < CM Y R(jhy,
=1 j=1

th-1

CMh tA-1dt,
0
CMh.

IA

IA



Finally, we get the desired estimation

n-1

1) €60 lvs Chsup, I 471G (¢ u) Iiv -

j=0

Theorem 4.4 Consider the initial value problem
u'(t) + Au(t) = g(t, u()), u(to) = Uo,
for its numerical solution the exponential Euler method
Unez = € ™Up + hpo(—hA)Y(tn, Un).

Let given IVP satisfy Assumption (4.2) and Assumption.(#&&Xhermore, g [0, T]xX — X
is differentiable, and &A1g’ € L~(0, T), wheres < (0, 1]. Then the error bound can be written
as

Il Un = U(t) Iiv< Ch sup, | A4/ (E, u(t)) v, (4.27)

holds uniformly in0 < nh < T. The constant C is independent of n and h.

Proof The proof will be based on the féitrence of numerical and exact solution. Our
numerical method is exponential Euler method

Upi1 = e_hAUn + h¢l(_hA)g(tn, Un)- (4-28)

Representation of exact solution will be given by variatddiconstants formula. The solution

can be written as

u(tn+l) = e_hAu(tn) + h¢l(_hA)g(tn, u(tn)) + 5n+l, (4-29)
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we define the reminder
h T
Ons1 = f e (-DA f g'(t, + o, u(t, + 0))dodr.
0 0
Substract (4.29) from (4.28) and denefe= u, — u(t,), we have

e = €M, + he1(—hA)(g(tn, Un) — 9(tn, U(tn))) — Onsa. (4.30)

Solving this recursion leads to

n-1 n-1
€ = % e (Mg, (~hA)(g(t;. uj) — a(t;. u(t;))) — ; e M. (4.31)

We now proceed to verify (4.31) by showing inductively tha formula holds true for each
n.

(Base Step) Let G; = g(t;, u;) — 9(tj, u(t;)). Whenn=1
1 = hg1(-hA)Gg - do,

soitis true fom = 1.

(Assumption step ) :Letk € Z* is given and suppose given summation is truenferk — 1.
This yields

k-2 k-2
ey = Z e (i-2MAhg (_hA)G; — Z e s,
j=0 j=0
(Induction Step) : Now, we will show it is also true fon = k

& = €acy+hgi(-hAGy1 — b,

k-2 k-2
= Z et I-DMhg, (-hAG; - Z e U5 i1 + g1 (~hA)Gi 1 — 6k,

=0 i=0
k-1 _ k-1 _

- Z e (<i-Dhng (~hA)G; — Z e MAs .
i=0 j=0
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Thus, Equation (4.31) holds for= k, and the proof of the induction step is complete.

We can estimate, in V by using the inequality (4.6), the Lipschitz conditianAssumption

(4.3) and Lemma (4.2) :

=

n—

lenllv = h)y eI ga(=hA) IVl (9, up) - a(t;, u(t)))) liv
j=0
n-1 .
DI
j=0
n-1 _
< hLY eI )] ¢y (-hA) Iivil & llv +CMh,

j=0
n-2
= hL Y 1e T )] ¢y (<hA) Iivil &) Iy +hL Il 1(=hA) IVl €1 llv
j=0
+CMh.

We will use following remark to bound;.

Remark 4.2 We can find a bound fap; using integral representation @f function (3.28)

and semigroup property
I ¢1(=hA) [I< C.

With the aid of this inequality, the estimation @fcan be written as

n-2
hL > eI DMAT(n - j = DI 1 [(n = ] = D1 1] g2(=hA) Iivll & liv
j=0
+hL || g2(~hA) IIvll &1 Ily +CMh,
n-2
hLC > (- j = D™ | €™ llvll & llv +hL || e(=hA)A™h" || b || &y llv
j=0
+CMh,
n-2
hLC > [(n— j - DA™ Il & Iy +hLCH || &1 Ilv
j=0

+Chsup, I| A7t ut) [y -

Il &n [lv

IA

IA
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Finally, we obtain the desired error bound

n-2

|| € ”VS Chzt(_na_j_l)h || ej ||V +Chl_a || €h-1 ||V +ChSUR)gtgtn || Aﬂ_lg/(t, U(t)) ||V, (4-32)
j=0

with a constant C. In order to regularize inequality (4.32)weed following lemma, which is
called Discrete Gronwall Lemma.

Lemma4.3Forh>0and T> 0, let0 < t, = nh < T. Further assume that the sequence of
non-negative numbeys, satisfy the following inequality

n-1
pn < PhY 67, + A,
v=1
foro > 0,p < 1and pq=> 0. Then the discrete Gronwall inequality is

Hn < ngp,

where C depends an, p, pand T.

The proof will be ended by application of Discrete Gronwadhhma to the inequality (4.32).
| Up — U(tn) [Iv< Chsup, 1| A7/ (5 u(t)) Iy - (4.33)

O

We used the convergence analysis of exponential Euler migtresented in (Hochbruck &
Ostermann, 2010). In the next section, we will adopt therdrooinds for second order method
to linear parabolic problems by following similar way.

4.3. Convergence of the Second Order Method
Consider the linear initial value problem

u'(t) + Au(t) = g(t), u(0) = uo, (4.34)
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The solution of (4.34) at timg,,; = t, + h, n = 0,1, ... is given by the variation of constants

formula
h
U(tns1) = € Mu(t,) + f e "IAq(t, + 7)dr. (4.35)
0
We expandy(t, + 7) in a Taylor series with integral form of the reminder
T T
9(tn +7) = g(tn) + 0(tns — 9(tn) + f (r = 0)9" (tn + 0)do. (4.36)
0

Then, we insert (4.36) in the exact solution with integrafriaf the reminder yields

u(tn,1) e Mu(t,) + h(¢1(—=hA) — ¢o(~hA)g(t,) + hda(~hA)I(thi1) + 6ne1 (4.37)
h T
- — —(h-7)A _ 7 , dodr. ]
Ont1 Le f(;(T o)d’ (t, + o)dodr (4.38)

For the defecb,,; we have following lemma.

Lemma 4.4 Let the initial value problem
u'(t) + Au(t) = g(t), u(0) = ug (4.39)

satisfy Assumption (4.2). Moreover, &k 5 < 1 and A-1g” € L*(0, T). Then,

n-1
I Z e M5, Iv< Chsupa I A7 (1) Iiv, (4.40)

=0

holds with a constant C, uniformly i< t, < T.

Proof Firstly, we represent the supremum by M, where M is denoted by

M = sugoo, | 71971 IIv - (4.41)
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We will begin with constructing the left hand side of the eegsion (4.40). Firstly, we will

write 6, as follows:
h T
On-j = f e_(h_T)Af (1 —0)9"(th-j-1 + o)dodr, (4.42)
0 0
multiply the equation (4.42)bg NAALAAP-1
) ) h T
e_JhA(‘Sn_j = e‘JhAf e_(h_T)AAl_ﬁf A1 - 0)g" (tnj_1 + o)dordr. (4.43)
0 0
For j = 0, this equality takes the form
h T
On = f e (-DApALS f A1 - )9 (tnj1 + o)dodr.
0 0
To use the stability bound (4.6) multiply this equation by-(z)*#(h — 7)f-1
h T
On = f (h— 1) (h— ) le(-DApLA f A (T - )9 (t-j-1 + o)dodr.
0 0
This expression is bounded in V by

Il on liv

IA

h T
Cf (h—7)t f A7 — )9 (tn-j_1 + 0)dodr,
0 0

h T
CMf (h—‘r)ﬁ_lf (r = o)dodr,
0 0
h 2
CMf —(h- 7 dr.
0 2

IA

Applying integration by parts, we obtain

| 6 Iv< CMH*2,
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The remaining terms foy = 1, ...,n — 1 are defined as
h T
e M5, = f e IAGIMAALB(h) A (jhyt f A1 - )9 (tnj_1 + o)dodr.
0 0

Hence, this term can be bounded in V by

h T
| Mg, ; lv< CM f e (mIA(jhyA fo (r — o)dr,

0

using integration by parts we obtain

: CM, .
| e M6 v T(Jh)ﬁ_l%(—hA)h?',

IA

IA

=iy

Thus, the remaining sum is obtained by

n-1 n-1
1> e™s Iy < CM Y h(jhy
=1 j=1
tho1
< CMK t#1dt,
0
< CMF.

Finally, we are in the position to state the convergenceltrésusecond order method. The

error can be written as

n-1

1> € ™6, llv< CIP supy, I A7 (1) Iy -

=0

O

In the following section, we will derive the error bounds &xponential midpoint method of
linear parabolic problems.
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4.4. Convergence of the Exponential Midpoint Method

The analysis of exponential midpoint method follows witle game ideas that were
used in previous section. Assume that the initial value lerob

u'(t) + Au(t) = g(t), u(0) = uo. (4.44)

The solution of (4.44) at tim&,,, = t, + h, n = 0,1,... can be given by the variation of
constants formula

h
U(tn,1) = € Mu(t,) + f e "Ag(t, + 7)dr. (4.45)
0

This scheme is obtained by approximating the funcgjevithin the integral by midpoint rule.
We expand the termy(t, + 7) in the variation of constants formula in a Taylor serieshwit
integral form of the reminder

9((tn + h/2) + (= — h/2)),
7—h/2
o(t, + h/2) + f g(t, +h/2+ o)do, (4.46)
0

g(tn + 7)

and then we also expamyt, + h/2)
h 2 h
Ot +1/2) =gt + 50 + [ 5"+ (@.47)
0
Finally, we substitude (4.47) and (4.46) in the (4.45)
h h2
Uths1) = €"U(to) + hs (~hA)G(tn) + 5 ¢1(-hAYG' (tn) + Snes, (4.48)
where the remindef,. leads to

h g h h ‘r—g h
Ons1 = f g (h-0A f (z —0)g"(th + o)dodr + f g (-0A f g (t, + = + o)dodr.
0 o 2 0 0 2
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For this reminder we have following estimation.

Lemma 4.5 Let the initial value problem (4.44) satisfy Assumptior2j4Moreover, leD <
B <land A-1g’ e L>(0,T). Then,

n-1
1> € ™60 llvs CIP sUpe, | A7 (1) Iiv +Ch SUR.a, I ATG (M) v, (4.49)

j=0
holds with a constant C, uniformly i< t, < T.

Proof Firstly, we represent the supremum lly and M, as

Ml = Sup)StStn || Aﬁ_lg,,(t) ||V,
M2 = SURyq, | A71G(0) Iy -

To construct the left hand side of the expression (4.49), \ag write 6,-; with the help of
equation (4.49)

h 5 h
On-j = f e_(h_T)A[f (E - 0)9"(th-j-1 + o)do
0 o 0 i
+f(; O (th-j-1 + 5 + O')dO']dT. (4.50)
Multiply the equation (4.50) bg MALA A1

. . h 3 h
e_JhAén—j — e—JhAﬁ e_(h_T)AAl_ﬁAﬁ_l[L (E —U)g"(tn_j_1+0')d0'

+f O (th-j-1 + g + o)do |dr. (4.51)
0

For j = 0 and multiplying the equation by ¢ 7)Y #(h — 7)#-1

h ;
on = f e A — )AL (h - T)’B_l[f Aﬁ_l(g - 0)g"(t_1 + o)do

0 0

+f ALty + g + o)do (dr.
0
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By using the stability bound (4.6), we take the norm of thenftity in V

)

h 3 3
I 6n lv< C f (h— 7y f Aﬁ-l(g — )" (tn1 + o) + ALY (b g + g + o)dor]dr.
0 0 0

We thus have

Il 6n Ilv

IA

cfh(h—r)ﬂ-l leg(ﬁ ~ )do + szoT_gdo-]dT,
f (h- oy

CMl—f(h T ld7'+CM2j‘(h T l(7'——)dT

Ml_ + Mz(T — —)

and this gives us the bound

1 1 1
< CM;—hP*+? M,—— W2 _CM,—h?*!
lonlly < C 18ﬁ +C 2(,8+1)(ﬁ+2) C 22,8 ,
< CMH*2

The remaining terms foy =1, ...,n— 1,

h h
. H . — . — 2 — h 24
e_JhA5n_j — f e—(h—T)Ae—JhAAl—ﬂ(Jh)l ,B(Jh)ﬁ 1|:f Aﬂ 1(E _0_)g (tn—j—l +O')d0'
0 o ) 0
; fo A (1t + o')do']dr

The stability estimate (4.6) enables us to define the boungedators. The bound can be

written in V as follows:

h h
. h 2
” e_JhA5n_j ”V < Cf e—(h—T)A(jh)ﬁ—l[Ml fz(z _0')d0'+ sz do|dr.
0 0 0

After some calculations we obtain

| e + CM(jh)’ o (—hAh* +
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We then write the remaining sum as

IA

n-1 CM n-1 n-1 CM n-1
~hAs 13 ihs-1 2 \s-1 2,2 S Ng-1
||;e Snci v 5-h ;(jh)ﬁ + CMh ;(]h)ﬁ +=2h ;(Jh)ﬁ ,

fh-1

th-1
CM;h? f t*~1dt + CMyh t#-1dt,
0 0

IA

IA

CM;h? + CM,h?.

Finally, we get the desired estimation

n-1
1Y € ™60 lvs CIP SURe, I A7 (1) llv +Ch SURer, I AP(R) v -

=0
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CHAPTER 5

INTERPOLATION THEORY

In this chapter, we will suppose that there is an unknowntfondor which its exact
values at some distinct points are given. To solve such preblwe need to transform given
distinct data points to a continuous function. This is thigjsct of interpolation theory. Vari-
ous ways can be used to write an interpolation polynomiah sssd_agrange, Newton divided
differences, etc. but the polynomial will be the same accordirigltowing theorem

Theorem 5.1 If tg, ty, ..., ty are n+1 distinct points(to, g(to)), (t1, 9(t1)), ..., (tn, 9(tn)) are given.
There is a polynomial () that interpolates ¢;) att; , i = 0,1,...,n. The polynomial (t) of
degree< nis unique.

Proof The proof can be read from (Atkinson, 1988). O

In present chapter, we will use Newton dividedféience interpolation polynomial.
5.1. Newton Divided Diferences Polynomial Approximation

In this manner, we will firstly give a brief information aboNewton Divided Difer-
ences. Our aim is to approximate a set of distinct points byngls polynomial function.
Consider a polynomial of degree at moghat passes through time+ 1 points.

t o [t |t || to|
a(®) [ glto) | o(ts) | 9(t2) | - | 9(t) |

We would like to begin with developing a procedure to comylyiél,, ..., d, such that
an interpolation polynomial has the following form

Pr(X) = o+ d(t — to) + do(t — to)(t — t) + ... + On(t — to)...(t — to_1), (5.1)
n -1

= do+ ) i t-to). (5.2)
i=1 k=0

The interpolation polynomial of divided flierences can be built recursively. Having a recur-
sive formula will be advantageous for us. Let degpgeE& n and degreqt, 1) = n— 1. We

44



can write

pn(t) = pn—l(t) + K(t)' (5-3)

where correction terrK(t) = d,(t—to)...(t—t,_1). At the distinct node(t) satisfies following

equalities

K(ti) = pn(ti) - pn—l(ti) = g(ti) - g(ti) =0, i = 0,..n-1
Sincepn(ty) = g(t,), the codficientsd, in (5.1) are given by

a(tn) — pPn-1(tn)
(t—n—to)...(tn — tn1)” (5.4)
olto. ta, ..., ta]. (5.5)

dh

The codficientd, is called then-th order Newton divided dlierence ofg. Moreover, the
interpolation formula becomes

pn(t) = pn—l(t) + (t - to)(t - tn—l)g[to, t1, ..., tn] (56)
The divided diferences are generated by
oit] = go)., i=01,..n (5.7)

The first divided diferences are defined as

o(tir1) — g(ti)'

olti, tia] tt (5.8)
The second divided tferences can be determined by
ti.1, tizo] — Ofti, iy
alti, tiv1, tiv2] = Ot tina — QI 1]. (5.9)

tio— 1
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A useful formula for computing[to, ty, ..., t,] order of nis

g[tl7 t27 eeey tn] - g[t07 tl7 eeey tn—l]

to, Iy, ..., to] =
g[O 1 n] tn_tO

(5.10)

We can show the construction of dividedtdrences in the following table From (5.6) we

ti | o(t) | oti, tiva] | Ofti, tiva, tiva] | Olt, tiva, tivo, tia] | Ofi, Gia, tivo, tiva, tia]
to | O(to)
g[to’tl]
t1 | o(ty) ofto, ta, t2]
olts, to] Ofto, t1, to, t3]
to | o(t2) o[ty ta, t3] Ofto, t1, to, t3, 4]
o[ta, ts] oft1, to, t3, t]
t3 | O(ta) o[t t3, ta]
g[t3’t4]
ts | O(ts)

Table 5.1. Format for constructing dividediérences of(t).

obtain following formulas

Po(t) = 9(to), (5.11)
pu(t) = 9d(to) + (t - to)dlto, ta], (5.12)
Po(t) = o(to) + (t = to)g[to, ta] + (t — to)(t — t1)g[to, ta, to], (5.13)
Pa(t) = 9(to) + (t — to)g[to, ta] + (t — to)(t — t1)g[to, ta, t7]

+...+ (t - to)(t - tn—l)g[to, t1, ..., tn] (514)

This is called Newton'’s divided ffierence formula for the interpolation polynomial.

The Newton interpolating polynomial passing through thiéarmly spaced i+ 1) data points
has degree& n. This polynomial is the same as the Lagrange interpolatotgnomial. There-
fore, the error of Newton interpolation will be also the samsehe error of the Lagrange in-
terpolation. The dference between dividedftBrences and Lagrange interpolation depends
only on the computational appearance. The advantage af d&mwton interpolation is the
efficiency of the use of nested multiplication and the easinesglt! more data points for
higher-order interpolating polynomials. For instance,cae have interpolation polynomial
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of f at the node%, ty, ..., t,,

Pn(t) = g(to) + (t — to)glto, ta] + ... + (t = to)...(t — th-1)g[to, ta, ..., ti].

if we want to add a discrete poirt(1, g(tn.1)) to our interpolation, we can do it by using

pn+1(t) = pn(t) + (t - to)(t - tn)g[to, t, ..., tn+1],

in just one step.

When Newton divided diierence polynomial$,(t) are used for interpolation to compute
values of a functiomy(t), we expect a dierence between the approximation vapé) and
exact function valug(t). In other words, we wish to know how accurately is our intéating

polynomial approximates tg(t).

En(t) = 9(t) — pa(D). (5.15)

We shouldn’t expect to apply (5.15) wheft) is not known. In such a case we can use the
Next Term Rule. According to this rulg,,1(t) is thought as exact function

En(t) = Pnea(t) = pa(t). (5.16)

The interpolation error formula of dividedfterences can be defined as follows:
Supposéy, ty, ...., t, are distinct nodes in the interva, o] andt is a real number in this interval
which is diferent from node points. Construction of the interpolatiotypomialg(t) at these

points can be written as

Pea(t) = 9(to) + (t — to)dfto, ta] + ... (5.17)
+(t — to)...(t — tn)g[to, ta, ..., tr]
+(t — to)...(t — tn)g[to, t1, ..., tn, t],
= () + (t — to)(t = t1)...(t = t)a[to, try oot 1] (5.18)
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Sincepn,1(t) = g(t) from the Next Term Rule

g(t) = pn(t) = (t = to)(t — ta)...(t — th)qlto, 1, ... th, ]. (5.19)

This gives us error formul&,(t) = g(t) — p.(t). According to Theorem (5.1), the error of
divided diference interpolation is equal to the error of Lagrange paiyial which is given

by

g (&)

T (5.20)

g(t) — Pn(t) = (t = to)(t — ta)...(t — tn)

for some¢ € {to, ty, ..., tn, t}.(More information about Lagrange interpolation polynahdan
be read from (Atkinson, 1988)). Comparing these two erranfdas we get

9"

g[to’ tl’ ) tn, t] = (n + 1)| . (521)
The error bound foE,(t) can be written as
IEa(Il = 1I(t — to)(t — ta)...(t = to)ll llg[to, ta, ... t, ]I (5.22)

From (5.4) we havel,.; = g[to, 11, ...,tn, t] is @ constant. In the following chapter we will
combine Newton divided flierence polynomial with exponential integrators.
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CHAPTER 6

ERROR ANALYSIS OF EXPONENTIAL
INTEGRATORS WITH DISCRETE FORCE

In this chapter, we will assume that there is an unknown fandor which its exact
values at some distinct points are given. To solve such preblwe need to transform given
distinct data points to a continuous function. This polymarfunction is constructed by using
Newton divided diference interpolation polynomial. Consider the initialueaproblem

u'(t) + Aut) = g(t), u(to) = Uo, (6.1)

where we do not know continuous functig(t), we just known + 1 distinct points given in
the following table

] o |t ] t |
o®) [o(to) | olt) | - | 9(t) |

Table 6.1g is given as a function of time

pn(t) denotes the Newton dividedftirence interpolation polynomial of degreen
that passes through distinct points. To simplify the notatwe will use notational convention
aspn(t) = p(t) and interpolation erroE, of degree< n, E,(t) = E(t).

6.1. Error Analysis of Exponential Euler Method
Theorem 6.1 Numerical solution of the equation (6.1) with exponentialdf method is
Uns1 = € "Up + ey (A p(t). (6.2)
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Let given initial value problem satisfy Assumption (4.2urtRermore, g: [0,T] — X is
differentiable, and &g’ € L*(0, T) whereg € (0, 1]. Then we can bound the err§ru, —
u(ty) |lv uniformly inO < nh< T.

Proof The proof will be based on theftierences of the numerical and the exact solutions.
Our numerical method is exponential Euler method

Unet = € MUy + hoy (—hA) p(tn). (6.3)
The exact solution will be given by variation of constantsriala
U(tns1) = €™ u(tn) + hg1(~hA)g(t) + 1, (6.4)
we define the reminder term in integral form
h T
Ont1 = [} e (DA j(; g'(t, + o)dodr. (6.5)
We shortly denote, = u, — u(t,). Substracting (6.4) from (6.3) leads to
€nv1 = €%, + hga(-hA)(P(tn) — g(tn)) — Gnsa. (6.6)
SubstituteE,(t) = g(t) — pn(t) in the equation (6.6) then we have

€1 = e_hAen + h¢l(_hA)(_E(tn)) - 5n+1, (6-7)
= e, - hg1(-hAE(ty) — Sni1, (6.8)

whereEq(t) = (t — to)(t — ty)...(t — ty)g[to, ty, ..., tn, t]. For short we can write

€1 = e_hAen - h¢1(_hA)En - 5n+1- (6-9)
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Solving this recursion gives

n-1 n-1
& = — Y e ™I Mhg (—hAE; - Y e, ;.

j=0 j=0

We can estimate and find a bound &rin V as we did in Chapter 4. We have an extra term

Y5 e IthAhg, (~hA)E; which comes from the interpolation error. It is also possita
boundE, as follows:

Chr1
MaXxE,| <
XEl < (n+ 1)!

Maxiyn(t)l,

wherec,,; = Maxg™(t)] andy,(t) = (t — to)(t — to)...(t — t,). i

6.2. Error Analysis of Second Order Method

Theorem 6.2 Consider the initial value problem (6.1). Numerical sotutiof this equation
with the second order method is given by

Unes = €0 + {1(-NA) = 62(-NA) |plte) + hoo(—-hAP(acr) (6.10)

Let Assumption (4.2) be fulfilled. Furthermore;, @, T] — X is djferentiable, and Alg” €
L>(0, T) whereB € (0, 1]. Then we can bound the errppu,—u(t,) |lv uniformlyin0 <nh<T.

Proof The proof will follow the same argumentation as in the proofleorem (6.1). We
will deal with the diferences of the numerical and the exact solutions. Our naaienethod
is exponential second order method

Unes = &My + h{g2(-hA) = 92(~A) |plt) + hoo(~hAP(tn. ). (6.11)

Exact solution of given IVP (6.1) is represented by
U(tn,1) = € Mu(ty) + h(¢1(—hA) - ¢2(—hA))g(tn) + hgo(=hA)I(thi1) + Ons1, (6.12)
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the reminder terna,,; in integral form leads to

h T
O = f g (A f (r — o)g"(tn + o)dodr. (6.13)
0 0

The representation of the errogs.; can be written by substracting (6.12) from (6.11). We
then obtain

s = €+ h{$2(-NA) = 62(-nA) ) Plt) = t)) + 8a(=NA) Pltn2) ~ Gle))
—On+1. (6.14)

SubstitutingE,(t) = g(t) — pn(t) in the equation (6.14)

i = €™~ h(61(-NA) - go(~hA)E() + Nda(~hA(-E(tn2)) - Onss, (6.15)

~h{¢2(~1A) = $2(=A) JEn — Nga(~NAEn1 ~ nes (6.16)

whereE,(t) = (t — to)(t — ty)...(t — t,)g[to, t1, ..., tn, t]. As a solution of this recursion we get

n-1 n-1

== e-<“-i-1>“Ah(¢1(—hA) - ¢2(—hA))E,- + Ngo(-NA)Ej 1 - D e Moy .

j=0 j=0

We can estimate and find a bound &gras we did before. An important consequence of the
discrete force, we have an extra term

n-1
&I 41 (-NA) = 4o(-NA)|E + ga(—NAE ),
=0

which comes from the interpolation error. We can botyés follows:

Cn+1
MaxE,| <
XEql < (n+ 1)!

Maxjyn(t)l,

wherec,,; = Maxg™(t)] andy,(t) = (t — to)(t — to)...(t — t,). i
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6.3. Error Analysis of Exponential Midpoint Method

t to 2] th
g(t) | o(to) | 9(ta) | ... | 9(tn)
g | gto) | gty) | ... | I(tn)

Table 6.2g andg’ are given as a function of time

p(t) is a polynomial that interpolategt;) andq(t) is a polynomial that interpolates
g(t) att;, i =0,1,...,n.

Theorem 6.3 Let Assumption (4.2) be fulfilled for the initial value prebi (6.1). Numerical
solution of this equation with exponential midpoint metiggiven by

2
s = €0 + s (-HA)B(E) + - a (A 617)

Moreover, g: [0, T] — X is diferentiable, and &g, A*-1g” € L*(0,T) whereg € (0, 1].
Then we can bound the err@ru, — u(t,) |lv uniformly inO0 < nh< T.

Proof The proof will follow the same pattern as previous theore@s: numerical method
is exponential midpoint method for this theorem. We will fimounds for the dierences of
the numerical and the exact solutions. Exponential midpogthod can be written as

2
U = €™ + s (-HA)D() + 2 41 (-NA(). (6.18)

whereq(t) denotes divided dierence polynomial that passes through distinct pointg (0.
Exact solution of given IVP (6.1) is represented by variatid constants formula and given

by

2
Ults) = € ult) + (- + 2(-NAY ) + 6 619
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we define the reminder term in integral form

h g h h T—g h
Ons1 = f g (A f (z — )9’ (th + o)dodr + f g (mA f g (t, + = + o)dodr.
0 o 2 0 0 2

Then, we briefly denote the error @s = u, — u(t,). In order to obtain error, we substract
(6.19) from (6.18)

h2
€1 = €y + g (-hA)(p(t) — 9(tn)) + > 41(-hA@At) — g () —dniz. (6.20)

SubstitutingE,(t) = g(t) — pa(t) andR,(t) = g'(t) — gn(t) in the equation (6.20) we obtain

2
s = €%, + Ngu (A (L) + 5 1A — b (6.21)

whereEq(t) = (t — to)(t — ty)...(t — ty)g[to, ty, ..., th, t] and

Ri(t) = (t = to)(t — t1)...(t — t)g'[to, ta, ... tn, .
Shortly, we can denote the recursion as

h2
€ni1 = ~NP1(-NAEn = S 41(-NAR, = Grsa. (6.22)

The solution of this recursion leads to

n-1 ne1
_(n-j— h? B
€ = — Eo g (-] 1)hAh¢1(_hA)Ej - §¢1(—hA)Rj _ E 0: e JhAén_j.
i= =

We can estimate and find a bound &r We have an extra term

n- _ h?
e (I-DMhg, (-hA)E; - 5¢1(—hA)Rj,

1
j=0
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which comes from the interpolation error. It is also possil bounde, andR, as follows:

Ch+1 dn+l
MaxE,| < ml\ﬂa)ﬂvn(t)l, MaxR| < N+ D] Maxys(0)l,
Wherecn+1 = Ma)qgml(t)ls dn+1 = Ma)qgn+2(t)| and')’n(t) = (t - t0)(t - tl)---(t - tn)- o
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CHAPTER 7

NUMERICAL EXPERIMENT

In this chapter, we illustrate the performance dfetient exponential integrators. For
this purpose we solved numerically some class of ODE and PbDBlgms. We will work
with a uniform mesh in time. This chapter includes mainlyethparts. Firstly, we will solve
Prothero-Robinson equation by using exponential integsaSecondly, we will deal with the
solution of one dimensional and two dimensional problenth wiscrete force. Finally, our
last examples will be Reaction-fiision equations. Krylov subspace methods are used for
approximating the product of the matrix functions with tleresponding vectors. Last, all
simulations will be obtained by running the problems whioh aritten in Matlab program-

ming language.

7.1. Application of Various Exponential Integrators on the

Prothero-Robinson Equation

Ouir first problem is the Prothero-Robinson equation. Thiségn is a model problem
for stiff equations.

U = P(u— h() + (1) (7.1)

coqt) 1 0 . I .
Let we supposé(t) = andP = with the initial condition
cogq2t) 100 10

u(0) = (i] andt € [0, 1].

coqt)

The exact solution for this problem is given by(t) =
coq2t)

]. The initial condition and

exact solution is barrowed from (El-Azab, 2012).
IIP]| = 10%, and the eigenvalues ard.(* and 1, then the dtiness of the problem depends on
thea.
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To solve this problem numerically, we may organize the giméormations of (7.1) for = 2.

yo- 1 0 U 1 0 coqt) . —sin(t)
I o A o 1 -10?)|cog2t)) | -2sin(2t))’

u(0) !
1

Finally, we obtain

, [ 1 0 ] ( —cost- sint
u = u-— . (7.2)
-10° -10? 10°(cogt) + cog2t)) — 2sin(2t)
We will solve this equation using various exponential mdthorhese methods are exponen-
tial Euler method, second order method and exponential onmdpnethod, respectively. The
errors of these methods, which are listed in the followinigld& .1., are measured in the max-
imum norm. Comparison of numerical methods and exact swlus plotted in Figure 7.1.
Moreover, all orders of these methods are confirmed by thdtseflustrated fore = 2 in
Figure 7.2.

At U  eITOlexponentialEuler  €ITOr'secondorder  €FTOMNMidpointRule
01 u 0.04309863013 0.00181544973 0.00429585398
U 0.20569922274 0.00209595990 0.11316444546
001 uy 0.00421840195 0.00001814987 0.00004327682
Uz 0.01220267611 0.00004116969 0.00227224660
0.001 u; 0.00042084677 0.00000018149 0.00000043308
U 0.00102237666 0.00000041825 0.00002308565
0.0001 u; 0.00004207466 0.00000000181 0.00000000433
Uz 0.00010022378 0.00000000418 0.00000023089

Table 7.1. Comparison of errors for various exponentiagrators diferentAt values.

As a result, we can see clearly that the second order methddswmore éectively than the
other methods.
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Comparison of solutions Comparison of solutions

1.2

0.95f

091

0.85f

0.8}

0.75f

0.7

0.651

Numerical Solutions of ul
Numerical Solutions of u2

0.6| ' =—®= Exact Solution
= © = Exp.Euler

0.55| —g@— Exp.SecondOrder
=4= Exp.Midpoint

0.5 1

t t

0.5
0

Figure 7.1. Comparison of numerical methods with exacttgmifor time stepAt = 0.1.

Accuracy of ul for three schemes Accuracy of u2 for three schemes

LOG(ERROR)
LOG(ERROR)

Exp.Euler
-8 Exp.SecondOrder| \|
Exp.Midpoint
: : -9
1 2 3 4 1 2 3 4
LOG(N.EVAL) LOG(N.EVAL)

Figure 7.2. Order plot for the exponential methods appbeti¢ Prothero equation for
a=2.



When we taker = 4, the stithess ratio of the problem increases. This increase causes

order reduction for the equation which is presented in FEguB.

Accuracy of ul for three schemes Accuracy of u2 for three schemes
-1 T T 0 r "

LOG(ERROR)
LOG(ERROR)

-8 Exp.Euler 1
Exp.SecondOrder \
Exp.Midpoint
-9 -9 - -
1 2 3 4 1 2 3 4
LOG(N.EVAL) LOG(N.EVAL)

Figure 7.3. Order plot for the exponential methods appleti¢ Prothero equation for
a=4.

7.2. One Dimensional Example to Explain Sffness
Consider the one dimensional problem
y = -50y + 50f(x), x e (0,n), (7.3)

with initial conditiony(0) = 0. We will usef(x) as a interpolation polynomial of following

data points:

X ‘0 n/3 2r/3 n
f |1 05 -05 -1

Discretize in space

Xj=]JAX j=12..,N, (7.4)

59



whereAx = 220 = Z is the space between the node points. We divided)(@to N parts of

equal length. In order to test thé&ieiency of the divided dference interpolation polynomial,

we construct this problem choosing the distinct values fcomtinuous trigonometric function
cogX). In other words f(X) = cogx). Therefore, the exact solution may be written as

_ 2500 g, 2500 50
y(X) = 2501e +2501cos(x)+2501sm(x). (7.5)

Figure 7.4. shows Newton the dividediérence approximation polynomial of given discrete

points anccog x).

15

Divided difference of f(x)
cos(x)

Solutions

-15 ‘ ‘ ‘ ‘ ‘ ‘
0 0.5 1 15 2 2.5 3 3.5
Space

Figure 7.4. Divided dference polynomial of given data points and cos(x).

The errors of explicit Euler, implicit Euler, Runge-Kuttachexponential Euler meth-
ods are listed in the following Table 7.2. In Table 7.3., wenpare the error of exponential

methods. These errors are measured in the maximum norm.
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Ax ExplicitEuler RK ImplicitEuler ExponentialEuler

0.1 4.6081.1¢ 1.7150.1& 0.1565 0.0806
0.01 0.1183 0.0182 0.0765 0.0128
0.001 0.0109 0.0116 0.0112 0.0111
0.0001 0.0109 0.0110 0.0110 0.0109

Table 7.2. Comparison of traditional methods and expoakstiler method errors
with discrete force for dferentAx values.

Ax ExponentialEuler SecondOrderMethod MidpointRule

0.1 0.0806 0.0102 0.0319
0.01 0.0128 0.0109 0.0110
0.001 0.0111 0.0109 0.0109
0.0001 0.0109 0.0109 0.0109

Table 7.3. Comparison of flierent exponential integrators errors with discrete force
for differentAx values.

Comparison of numerical solutions with exact solution
15 T T T

=®= Exact Solution
Exp.Euler

=—8— Exp.SecondOrder| |

=+= Exp.Midpoint

0.5

Solutions

-0.51

-15

Space

Figure 7.5. Comparison of flierent exponential integrators with exact solutionfer= 0.1.
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Figure 7.5. indicates the exact solution and exponentiaderical solutions for con-
sidered problem fonx = 0.1. As a consequence, we can see clearly that the second order
method works morefeectively than the other methods.

7.3. Two Dimensional ODE Problem

Consider a linear initial value problem

yi ==Y+ f(t), y1(0) =1,
Yo = 2y1 — 100y,, y»(0) =0,

f(t) is the discrete force which is appliede [0,0.3]. Suppose that we have four distinct
values of force at time

t [0 01 0.2 0.3
fif) [ 1 1.1052 1.2214 1.3499

Table 7.4. Given discrete data points.

In order to solve the problem, firstly we illustrate intergidn polynomial using the Newton
divided diferences. This system is equivalent to following form

ly&] = |:_1 o ] |:yl] + lf(t)] , U = |:1] . (76)
Y, 2 -100||y- 0 0
Discretize in time

tj=jAt, j=1,2,..N, (7.7)

whereAt = % = OWS is the space between the node points. We divide0.8) into N
parts of equal length. To test théieiency of the interpolation polynomial, we construct this

problem choosing the distinct values from continuous egptial functione'. In other words,
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f(t) = €. So, the exact solution can be given by

1
yi(t) = E(e_t+et),
200 1 1
oy = ~2%0 0 L
ya() 9999° 900t ' 101

At 'y  ExpEuler ExpSecond ExpMidpoint ExplicitEuler ImpEuler

0.06 vy; 0.0091 9132310™  2.712510* 0.0081 00101
y» 1712810% 1.791310°  3.247410° 62.5063 00028

0.03 vy; 0.0046 2283710°  6.816910° 0.0040 00051
y» 8.650310™ 4.437010°7 1.175810° 204822 00040

0.015 y; 0.0023 5709610° 1708610 0.0020 00026
y» 4.363510° 11047107 3.304710°7 0.0145 00035

Table 7.5. Comparison of flierent methods errors forftierentAt values.

Accuracy of y1 for three schemes Accuracy of y2 for three schemes
-2 -3.5 T T T
i \ | o Y\ |
-3r 1 -45¢ 1
3 3
O -35 O -5
o i
o o
w w
Q L Q
o 4 3 55
- -
45} N -6}
2 2
-5 Exp.Euler 1 -6.51
Exp.SecondOrder
Exp.Midpoint
-5.5 p.® -7 . . .
0.8 1 1.2 1.4 0.8 1 1.2 1.4
LOG(N.EVAL) LOG(N.EVAL)

Figure 7.6. Order of exponential methods.

Table 7.5. shows the errors of the exponential Euler meteedpnd order method,
exponential midpoint method, traditional explicit and iop Euler method inL., norm for
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different time steps. Figure 7.6. indicates the numerical agewee rate of the exponential
methods.

In the following Table 7.6., we will deal with the errors of theds wheréf (t) is con-
structed applying Newton divided fiierence approximation to the distinct values of force.
The errors at the endpoint 0.3 are computed in a discrelte, norm.

At 'y  ExpEuler ExpSecond ExpMidpoint ExplicitEuler ImpEuler

0.06 vy; 0.0091 9545510™°  2.681510* 0.0081 00101
y, 1712210% 1.867810°  3.247410° 625063 00028

0.03 y; 0.0046 2697710 6.453410° 0.0040 00051
y» 8.643410° 5.206310°7 1.175810°° 204822 00040

0.015 y; 0.0023 9852410° 1.319310° 0.0020 00026
y» 4.356210™ 1.87561077 3.395110°7 0.0145 00035

Table 7.6. Comparison of fierent exponential and traditional methods with divided
difference errors for elierentAt values.

Accuracy of y1 for three schemes Accuracy of y2 for three schemes
- " " " -35 " " "
sl \?\ | Ll \ ]
1
-3r 1 -45¢ 1
3 3
O -351 O -5
o i
o o
w w
Q L Q
o 2] o ™5
- -
-4.5¢ 1 -6 1
2 2 2
-5 Exp.Euler 1 -6.51 \ |
Exp.SecondOrder
Exp.Midpoint
-5.5 P -7 . . .
0.8 1 1.2 1.4 0.8 1 1.2 1.4
LOG(N.EVAL) LOG(N.EVAL)

Figure 7.7. Order plot of the exponential methods with drddiitterence.

Figure 7.7. displays the numerical convergence rate ofxtpereential methods with discrete
force. Divided diference polynomial of given data points agdre plotted in Figure 7.8.
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Divided difference of f(t) and exp(t)
1.4 T T T T

—O—1(1)
r=@=exp(t)

1 . . .
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35
time

Figure 7.8. Divided dference polynomial of given data points agd
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Figure 7.9. Comparison of numerical methods with exacttswiufor time step
At = 0.015.



The comparison of first componeyt and second componew with exact solution and ex-
ponential methods are illustrated in Figure 7.9. As we seeprsd order method works more
efficiently both continuous forng* and divided diference polynomiaf (t) of given discrete
data points. There is an order reduction which proceeds flisorete force.

7.4. Example of Reaction-Difusion Equations

Let us consider how to simulate the reactioffuBion equation by exponential inte-
grators. We will use finite dierence approximations for reaction term. In finit&etience
method, the space is divided into appropriately sized ehlsnelhe diferential equation is
expressed in a matrix equation by representing a discretd space points. In this section,
we will present the results from numerical experiments @nlitrear problem and semi-linear
problems Fisher and Allen Cahn equations. To solve lineallpm we will use exponential
Euler, second order and exponential midpoint methods ansiolwing semilinear problems,
we will use the exponential Rosenbrock-Euler method.

7.4.1. Linear Problem

Our first example in this section is,

U — Ugx = (2+ X(1 - X))g(t), t,xe]O0,1], (7.8)

with initial condition and boundary conditions

u(0, x)
u(t, 0)

x(1 - X), (7.9)
u(t, 1) = 0. (7.10)

Table 7.7. shows the Newton dividediérence polynomial cdicients.
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t | €=9t) oftitea] Ot tia tica] Ot tive, i, tiva] Ot tiva, tivo, tiss, Giaa]
0 1 1.1360 0.6456 0.1374 0.0390
0.25| 1.2840 1.4588 0.8288 0.1764
05 1.6487 1.8732 1.0640
0.75| 2.1170 2.4052
1 2.7183

Table 7.7. Divided dference table ofj(t).

We will solve this equation numerically by using exponelraler, second order and
exponential midpoint methods. We begin using central fidifieerence quotient approxima-

tion for uyy

Ut Xieg) — 2u(t, %) + u(t, Xi-1)

o = : (7.11)
(tx) (AX)?
we obtain the following semi-discreteftérential equation
, 1
u'(t) = FAu(t) + (2+ x(1 - x)g(t), (7.12)
X

whereu(t) in equation (7.12) is in the form af(t) = (u(t, x1), u(t, x2), ..., u(t, xN_l))T and A
is (N — 1) x (N = 1) tridiagonal matrix.u(0) = (u(0, X1), u(0, X1), ..., u(0, xN_l))T is the initial
condition and the boundary conditionf), xo) and u(0, xy) are embedded into the matrix.

Then, the space interval,[0] is discretized

Xi =X +iAXx, i =0,1,...,N, (7.13)

whereAx = 222 = ﬁ is the space between the node points. To testftimancy of the inter-

polation polynomial, we construct this problem choosing dirstinct values from continuous

exponential functio®'. Therefore, the exact solution of (7.8) is given by

u(t, X) = x(1 — X)€" (7.14)

Table 7.8 shows the errors of the exponential methodls,inorm for the diferent time steps
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whenAx is fixed at 0.01. The numerical convergence rate of the exg@ienethods is plot-
ted in Figure 7.10.

At ExponentialEuler SecondOrder MidpointRule

0.2 0.08318 0.00212 0.02355
0.1 0.03800 0.00057 0.00592
0.05 0.01795 0.00015 0.00141

Table 7.8. Comparison offierent exponential integrators with dividedfdrence er-
rors for diferentAt values whemx = 0.01 in L., norm.

Accuracy of u for three schemes

T T T
““““ ' =®= Exp.Euler
-~

‘1?]_ Exp.SecondOrder
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-
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!~
'@

LOG(ERROR)
N
[6)]

-3.5}

0.7 0.8 0.9 1 11 1.2 13 1.4
LOG(N.EVAL)

Figure 7.10. Order graphic.

The numerical solutions and the analytic solution of givieedr parabolic equation is dis-
played in Figure 7.11. Figure 7.12 shows the second ordehodetolution for diferent

values of time.
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Figure 7.11. Analytic and computed solutions of second romethod for linear
parabolic equationt = 0.05 andAx = 0.01.
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Figure 7.12. Second order method solution foffetent values of time with
At = 0.05 andAx = 0.01.



7.4.2. Semilinear Problem: The Fisher Equation

The first example of semilinear parabolic problems is thé&aéiis reaction dtusion
equation. This equation is in the form

W = Duy +ru(l—-u), xe[-1010], 0<t<1, (7.15)

whereru(l — u) is called Fisher's potential. This equation describesdffiects of linear
diffusion termu,, and nonlinear reaction tero{1 — u). We will takeD = 0.1 andr = 1 with
initial and boundary conditions

u(,x) = sech(x), (7.16)
ut,—10) = O, (7.17)
ut,10) = O. (7.18)

We will solve this equation numerically by using exponeiRasenbrock-Euler method. We
begin with using central finite @fierence quotient approximation for Equation (7.15) instead
of the diferential term of space

~ u(t’ Xi+l) B 2u(t’ Xi) + u(t’ Xi—l)

XX =~ , (7.19)
(t.x) (AX)?
we obtain the following semi-discreteftérential equation
, 1
u(t) = DFAu(t) + ru(t)(1 — u(t)), (7.20)
X

whereu(t) in equation (7.20) is in the form af(t) = (u(t, x), u(t, x2), ..., u(t, xN_l))T and A
is (N — 1) x (N — 1) tridiagonal matrix.u(0) = (u(0, X1), u(0, X3), ..., u(0, xN_l))T is the initial
condition and the boundary conditionf), xo) and u(0, xy) are embedded into the matrix.
Then, the space intervat]0, 10] is discretized

X =X +iAx, i=0,1...,N, (7.21)
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whereAx = 22% = 20 js the space between the node points. We now turn to the time
discretization of Equation (7.15). Exponential Rosenkrigaler method is based on contin-

uous linearization of Fisher equation along the numeriohlt®n. For a given pointl, this
linearization is

WD) = () + gn(u®), (7.22)
0 (DA

J, = %(Eu(t)+ru(t)(l—u(t)))un, (7.23)

G(ut) = %u(tnru(t)(l—u(t))—anu(t), (7.24)

where J,, denotes the Jacobian agg denotes the nonlinear reminder term evaluated,at
Therefore, the exponential Rosenbrock-Euler method fosiclered problem is given by

Unez = €Uy + hp(hJ)gn(Un), U = u(0, X). (7.25)

We will use (7.25) in order to solve Fisher equation numdgicaAlso, we will use Richardson
extrapolation to calculate the errors. At the beginninguad thex = 0 diffusion term has a
large absolute value, but the reaction term is quite snrabther words, theféect of difusion
dominates over thefiect of reaction, so the peak goes down quickly and gets fl&tear the
peak arrives at the lowest level, the reaction term domsniie dffusion. Table 7.9. shows
the errors of the exponential Rosenbrock-Euler methdd b, andL., norm for the diferent

time steps and fixedx = 0.5. Figure 7.13 shows the accuracy of the method for thesesiorm

At L,norm LL,norm L.,norm
0.05 8.4532e-004 3.0527e-004 1.5319e-004
0.025 2.1241e-004 7.6486e-005 3.8432e-005
0.0125 5.3253e-005 1.9148e-005 9.6270-006
0.01 3.4102e-005 1.2258e-005 6.1638e-006

Table 7.9. Comparison of exponential Rosenbrock Euler atk#rrors in diferent
norms forAx = 0.5.

Figure 7.14. shows the exponential Rosenbrock Euler solati the Fisher equation. Finally,
Figure 7.15. displays the layer behaviour of the Fisher gguidor different values of time
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Accuracy of u for exponential Rosenbrock scheme
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Figure 7.13. Order plot for the exponential Rosenbrock Emlethod applied to Fisher

equation.

Numerical Solution

Figure 7.14. Numerical solution of Fisher equatitin= 0.01 andAx = 0.5.
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Rosenbrock Euler Method Solution of Fisher Equation
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Computed solutions of Fisher equation for different values of time
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Figure 7.15. Computed solutions of Fisher equation féiedent values of time with
At = 0.01 andAx = 0.5.

7.4.3. Semilinear Problem: The Allen Cahn Equation

The second semilinear example is Allen-Cahn equation,wisia well-known equa-
tion from the area of reactionfiusion systems :

U = Duy + u(l—u?), xe[-1,1], (7.26)

whereD = 0.01 with initial and boundary conditions barrowed from (Btbfen & Kassam)

u(0,x) = 0.53x+ 0.47sin(—1.57x), (7.27)
ut,-1) = -1,
ut,1) = 1L

This equation has a stable equilibriatat 1 andu = -1 also has an unstable equilibrium
atu = 0. One of the interesting features of this equation is theaphwenon of metastability.
Regions of the solution that are near1 will be flat, and the interface between such areas
can remain unchanged over a very long timescale before aigsgddenly. (Trefethen &
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Kassam)

In order to solve the equation numerically, we performed ecigp discretization with grid
length parameteax that is get by dividing the interval inthl parts of equal length. As we
defined before, the spatial derivativewgj; is approximated with the central finiteffrence

scheme is

Ut Xi1) — 2u(t, X)) + u(t, Xi-1)

~ 7.2
o0 P ’ (7.28)

uXX

whereAXx is the spatial stepping in space ane 1,...,N + 1. We will solve this equation
by exponential Rosenbrock-Euler method numerically. Tkmoaential Rosenbrock-Euler

method for considered autonomous problem is given by

Un+1 = ethUn + h¢(h~]n)gn(un)’ Uo = U(O, X)’ (729)

whereJ, denotes the Jacobian aggdenotes the nonlinear reminder term evaluategl.aive
calculate the errors by using Richardson extrapolatiorhoeeat timet = 1, which are listed
in Table 7.10. Then, order graphic is presented in Figuré.7.1

AX At L,norm LL,norm L.,norm
0.05 0.1 1.8283e-005 7.4222e-006 4.0037e-006
0.05 4.7878e-006 1.9433e-006 1.0446e-006
0.025 1.2247e-006 4.9704e-007 2.6671e-007

Table 7.10. Comparison of exponential Rosenbrock Eulehaakérror for diferent norms.

Moreover, Figure 7.17 displays the exponential RosenbEatér solution of the Allen
Cahn equation. Finally, Figure 7.18. shows the layer behawf the Allen Cahn equation

for different values of timé
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LOG(ERROR)

ufx,t)

Figure 7.17. Numerical Solution of Allen Cahn equatitin= 0.1 andAx = 0.05.

Accuracy of u for exponential Rosenbrock scheme

Figure 7.16. Order plot for Allen Cahn equation.
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Computed solutions of Allen equation for different values of time
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Figure 7.18. Computed solutions of Allen-Cahn equationdifiierent values of time
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CHAPTER 8

CONCLUSION

In this thesis, we studied various types of exponentialgratrs, namely, expo-
nential Euler method, second order method, exponentigbod method and exponential
Rosenbrock-Euler method. We overviewed the derivatiorhe$é integrators and the error
analysis for exponential Euler method. We derived erromioidior second order method and
exponential midpoint method. In these proofs, we followikanway with (Hochbruck & Os-
termann, 2010). We also consider some class 6fG@DE and PDE problems with a discrete
force. In such problems, we approximate given data pointsdiyg Newton divided dier-
ence polynomials. We embedded the approximated polynoméathe diferential equation.
We obtained the error bounds for these problems. Severaifga are illustrated in order to

confirm our theoretical results.
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APPENDIX A

MATLAB CODES FOR THE APPLICATIONS OF THE
EXPONENTIAL INTEGRATORS

%%EXPONENTIAL METHODS FOR PROTHERO ROBINSON EQUATION
clc clear all close all
format long tic
for e=1:4
A=[1 0; -1042 -1042]; N=10%e; h=1/N; step(e)=N;
t=0:h:1;
fl = [-cos(t)-sin(t); (1042)*(cos(t)+cos(2*t))-2*sin(2*t) 1]
[V,D]=eig(h*A); d=diag(D);
IT(1:2,1)=[1;1]; IT1(1:2,1)=[1;1]; IT2(l1l:2,1)=[1;1];
for i=1:N
IT(:,i+1)=expm(A*h)*IT(:,i)+h*V*diag(phil(d,h, 1)) *inv(V)
*[-cos(t(i))-sin(t(i)); (1022)*(cos(t(i))+cos(2*t(1)))
-2*%sin(2*t(i)) J]%exp.euler
IT1(:,i+1)=expm(A*h)*IT1(:,1i)
+h*V*diag(phil(d,h,1)-phi2(d,h, 1)) *inv(V)
*[-cos(t(i))-sin(t(i)); (1022)*(cos(t(i))+cos(2*t(i)))
-2*sin(2*t(i))]+h*V*diag(phi2(d,h, D) *inv(V) *[-cos(t(i+1))
-sin(t(i+1)); (1022)*(cos(t(i+1))+cos(2*t(i+1)))
-2*sin(2*t(i+1))];%2nd order
IT2(:,i+1)=expm(A*h)*IT2(:,i)+h*V*diag(phil(d,h, 1)) *inv(V)
*[-cos(t(i))-sin(t(i)); (1022)*(cos(t(i))+cos(2*t(i)))
-2%sin(2*t (1)) ]1+0.5% h*2)*V*diag(phil(d,h, 1)) *inv(V)*
[sin(t(i))-cos(t(i)); (1042)*(-sin(t(1))-2*sin(2*t(1)))
-4*cos(2*t(i)) ] ;%midpoint
end
for i=1:N+1
ITex(:,i)=[cos(t(i)) cos(2*t(i))];
end

ITex
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for i=1:N+1

errorex(i)=max(abs(IT(1,1:1)-ITex(1,1:1)));
errorexl(i)=max(abs(IT1(1,1:i)-ITex(1,1:1)));
errorex2(i)=max(abs(IT2(1,1:1)-ITex(1,1:1)));

end

errore=errorex(N+1);

errorel=errorex1(N+1);

errore2=errorex2(N+1);

ull(e)=norm(errore,inf) %%ul icin max. error
u2l(e)=norm(errorel, inf)

u3l(e)=norm(errore2,inf)

for i=1:N+1

errorex(i)=max(abs(IT(2,1:1)-ITex(2,1:1)));
errorexl(i)=max(abs(IT1(2,1:1)-ITex(2,1:1)));
errorex2(i)=max(abs(IT2(2,1:1)-ITex(2,1:1)));

end

errore=errorex(N+1);

errorel=errorex1(N+1);

errore2=errorex2 (N+1);

ul2(e)=norm(errore,inf) %%u2 icin max. error
u22(e)=norm(errorel, inf)

u32(e)=norm(errore2,inf)

IT(1,:); IT(2,:); dt(e)=h;

if e>1
orderll(e)=abs((log(ull(e)/ull(e-1)))/(log(dt(e)/dt(e-1))));
order21(e)=abs((log(u21(e)/u21(e-1)))/(log(dt(e)/dt(e-1))));
order31(e)=abs((log(u3l(e)/u3l(e-1)))/(log(dt(e)/dt(e-1))));
order12(e)=abs((log(ul2(e)/ul2(e-1)))/(log(dt(e)/dt(e-1))));
order22(e)=abs((log(u22(e)/u22(e-1)))/(log(dt(e)/dt(e-1))));
order32(e)=abs((log(u32(e)/u32(e-1)))/(log(dt(e)/dt(e-1))));
else

orderll(e)=0; order21(e)=0; order31(e)=0;

orderl2(e)=0; order22(e)=0; order32(e)=0;

end

end

norm(A)

ordereuler=[orderll;orderl2]
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ordersecond=[order21;order22]
ordermidpoint=[order31;order32]
erroreuler=[(ull); (ul2)]
errorsecond=[(u21); (u22)]
errormidpoint=[(u3l); (u32)]

figure

subplot(1,2,1) ;plot(logl®(step),logl®(ull),’-r’,
... LineWidth’,2)

hold all
plot(logl0®(step),logl®(u21),’-m’,... LineWidth’,2)
hold all
plot(logl®(step),logl®(u3l),’-y’,... LineWidth’,2)
hold all

xlabel (’LOG(N.EVAL)’)

ylabel (’LOG(ERROR) ’)

title(’Accuracy of ul for three schemes’)

hold off

subplot(1,2,2) ;
plot(logl0®(step),logl®(ul2),’-r’,... LineWidth’,2)
hold all

plot(logl0®(step),logl®(u22),’-m’,... LineWidth’,2)
hold all

plot(logl®(step),logl®(u32),’-y’,... LineWidth’,2)
hold all

xlabel (’LOG(N.EVAL)’)

ylabel (’LOG(ERROR) ’)

title(’Accuracy of u2 for three schemes’)

hold off
legend(’Exp.Euler’,’Exp.SecondOrder’,’Exp.Midpoint’)
figure

subplot(1,2,1) ;plot(t,ITex(1,:),’-.r*’,

... LineWidth’,2)

hold all
plot(t,IT(1,:),’--go’,... LineWidth’,2)
hold all
plot(t,IT1(1,:),’-bs’,... LineWidth’,2)
hold all
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plot(t,IT2(1,:), -.m+’,... LineWidth’,2)
xlabel(’t’)

ylabel (’Numerical Solutions of ul’)
title(’Comparison of solutions’)

hold off

subplot(1,2,2) ;plot(t,ITex(2,:),’-.r*’,
... LineWidth’,2)

hold all

plot(t,IT(2,:),’--go’,... LineWidth’,2)
hold all

plot(t,IT1(2,:),’-bs’,... LineWidth’,2)
hold all
plot(t,IT2(2,:), -.m+’,... LineWidth’,2)
xlabel(’t’)

ylabel (’Numerical Solutions of u2’)
title(’Comparison of solutions’)

hold off

legend(’Exact’,’Exp.Euler’, 'Exp.SecondOrder’,’Exp.Midpoint’)
toc
%66767606%6%6767676676606%67676 7676666666066 7676 76.76.76.676.666606 7667676 76.76.6.6.6.66 60676676 76.76.76.6.6.666 676
%%0NE DIMENSIONAL EXAMPLE

%y’ =-50y+50cosx

clc clear all close all

x0=0; X=pi; N=10%pi;

h=(X-x0)/N;

x=x0:h:X;

X1=[0 pi/3 2*(pi/3) pil;

Y1=[1 0.5 -0.5 -1];

x1=0:h:pi;

X2=[0 pi/3 2*(pi/3) pil;

Y2=[0 -0.8660 -0.8660 0];

fl = new_div_diff(X1, Y1, x1);

f2 = new_div_diff(X2, Y2, x1);

A=-50;

[V,D]=eig(h*A);

d=diag(D);

y(1D=0; y1(1)=0; y2(1)=0; y3(1)=0;



for i=1:N
y(A+1D)=(1-h*(-50))\(y (1) +h*50*f1(i)) ;%%imlicit euler
%yl(i+1)=y1(i)+h*((expm(-50*h)-1)/(-50*h))*
(50*cos(x(i))-50*y1(i)) ;%%exp eu
y1([i+1)=y1(i)+h*phil (A*h)*(50*£1(i)-50%y1(i));
%%expeuler with div. diff
%y2(i+1)=expm(A*h)*y2(i)+h*(phil(d,h,1)-phi2(d,h, 1))
*50*cos(x(1))
+h*(phi2(d,h,1)*50%cos(x(i+1))) ;%%2nd order
y2(i+1)=expm(A*h)*y2(i)+h*(phil(d,h,1)-phi2(d,h,1))*50*£f1(i)
+h*(phi2(d,h,1)*50*f1(i+1)) ;%%2nd order with div.dif
%y3(i+1)=expm(A*h) *y3(i)+h*V*diag(phil(A*h))*inv(V)*50*cos(x(i))
-0.5%*(h*2)*(phi1(A*h) *50*sin(x(i+1))) ;%%midpoint
y3(i+1)=expm(A*h)*y3(i)+h*V*diag(phil (A*h))*inv (V) *50*f1(i)
+0.5%(hA2)*(phil (A*h) *50*£f2(i)) ;%%midpoint with div. difference
end
y; y1; y2; y3;
for i=1:N+1
yex(i)=-(2500/2501) *exp(-50*x(1i))+(2500/2501) *cos(x(i))
+(50/2501) *sin(x(1));

end

yex;

for i=1:N+1

errorl(i)=norm(abs(y1(i)-yex(i)),inf); %%%Linf - norm
error2(i)=norm(abs(y2(i)-yex(i)),inf); %%%Linf - norm
error3(i)=norm(abs(y3(i)-yex(i)),inf); %%%Linf - norm
error4(i)=norm(abs(y(i)-yex(i)),inf); %%%Linf - norm
end

ul=max(errorl); u2=max(error2);

u3=max(error3); ud4=max(error4);

plot(x,yex,’-.r*’, ...

’LineWidth’,2)%%% exact and numerical solution

hold all %%%% yl:exponential euler
plot(x,yl,’--go’,... %y2:exponential second order m.
’LineWidth’,2)

hold all

plot(x,y2,’-bs’,...



"LineWidth’,2)

hold all

plot(x,y3,’ -.m+’, ...

"LineWidth’,2) %%y3:exponential midpoint
hold all

plot(x,y,’ -y*’) %%y:implicit euler
xlabel(’ x 7)

ylabel(’ Solutions ’)
title(’Comparison of numerical solutions with exact solution’)
hold off

legend(’Exact Solution’,’Exp.Euler’,
"Exp.Ostermann’, ’Exp.Midpoint’,
"Implicit.Euler’)

%%Explicit Euler

eu(1)=0;

for i=1:N
eu(i+1)=eu(i)+h*(-50*eu(i)+50*£f1(i));
end

eu;

%%Runge Kutta

rk(1)=0;

for j=1:N

a=h*(-50*rk(j)+50*£1(j));
b=h*(-50*(rk(j)+a/2)+50*(£1(j)+h/2));
c=h*(-50*(rk(j)+b/2)+50* (£1(j)+h/2));
d=h*(-50*(rk(j)+c)+50*(£1(j)+h)) ;
s=(a+2*(b+c)+d) /6;

rk(j+1)=rk(j)+s;

end

rk;

for i=1:N+1
erroreu(i)=norm(abs(eu(i)-yex(i)),inf);
errorrk(i)=norm(abs(rk(i)-yex(i)),inf) ;%Linf- norm
end

ereu=max (erroreu)

errk=max (errorrk)

figure
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y=cos(x1) ;Divided Difference and cos

plot(x1,£f1,’y’)

hold all

plot(xl,y,’r’)

legend(’Divided difference of cos(x)’,’cos(x)’)

K6I67676%69676%6 9667676 %669676%6 %6 96967676 %6 0696 6% %6 966676 %6 966 767676 %6 06967676 %6 066 4676 %6 9696 %6 76%6 966 4676 %6 %6 6676
%%Divided Difference Code

function y = new_div_diff(X, Y, x)

n = length(X);

if n ~= length(Y)

error(’X and Y must be the same length.’);

end
y = Y(1);
p=1;

for i = 1:(n-1)
for j = 1:(n-1)
Y(3) = (Y(G+1) - Y(3))/X(G+1) - X(J));

end

for k = 1

p = p.*(x-X(1));
end

y =y + p.*Y(1)

end
%66767606%6%6767676676606%6767676.76.6666660676 7676 76.76.76.66.666606 76676767676 6.6.6.66 60676676 76.76.76.6.6666 676
%%TWO DIMENSIONAL EXAMPLE

for e=1:3

A=[-1 0; 2 -100];

N=5%22(e-1) h=0.3/N; step(e)=N;
t=0:h:0.3;

X1=[0 0.1 0.2 0.3];

Y1=[1 1.1052 1.2214 1.3499];
x1=0:h:0.3;

fl = new_div_diff(X1, Y1, x1);
[V,D]=eig(h*A);

d=diag(D);

IT(1:2,1)=[1;0];
IT1(1:2,1)=[1;0];



IT2(1:2,1)=[1;0];

for i=1:N

% IT(C:,i+1)=expm(A*h)*IT(:,i)+h*V*diag(phil(d,h, 1))

% *inv(V)*([£1(1);0])%%exp.euler with div. dif.

% IT1(:,i+1)=expm(A*h)*IT1(:,i)+h*V*diag(phil(d,h,1)-phi2(d,h,1))

% Finv(V)*[£1(1);0]+h*V*diag(phi2(d,h, 1)) *inv(V)*[£1(i+1);0];

% %¥%second order with div. dif.

% IT2(:,i+1)=expm(A*h)*IT2(:,i)+h*V*diag(phil(d,h, 1)) *inv(V)*

% [£1(1);0]+0.5*Ch*2)*V*diag(phil(d,h,1))*inv(V)*[£1(1);0];

% %¥%midpoint with div. dif.
IT(:,i+1)=expm(A*h)*IT(:,1)
+h*V*diag(phil(d,h, 1)) *inv(V)*([exp(t(1));0]) ;%%euler
IT1(:,i+1)=expm(A*h)*IT1(:,i)+h*V*diag(phil(d,h,1)-phi2(d,h,1))
*inv(V)*[exp(t(i));0]
+h*V*diag(phi2(d,h, 1)) *inv(V) *[exp(t(i+1)) ;0] ;%%2nd order
IT2(:,i+1)=expm(A*h)*IT2(:,1i)
+h*V*diag(phil(d,h, 1)) *inv(V)*[exp(t(i)) ;0]
+0.5%(hA2)*V*diag(phil(d,h, 1)) *inv(V) *[exp(t(i));0];
%%midpoint

end

for i=1:N+1
ITex(:,1)=[0.5%exp(-t(i))+0.5%exp(t(i)) (-200/(99%101))
*exp(-100*t(1))+(1/99) *exp(-t(1))+(1/101) *exp(t(i))];

end

ITex

for i=1:N+1

errorex(i)=max(abs(IT(1,1:i)-ITex(1,1:1)));

errorexl(i)=max(abs(IT1(1,1:1)-ITex(1,1:1)));

errorex2(i)=max(abs(IT2(1,1:i)-ITex(1,1:1)));

end

errore=errorex(N+1);

errorel=errorex1(N+1);

errore2=errorex2(N+1);

ull(e)=norm(errore,inf)%%for ul max. error

u2l(e)=norm(errorel, inf)

u3l(e)=norm(errore2,inf)

for i=1:N+1
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errorex(i)=max(abs(IT(2,1:1)-1Tex(2,1:1)));
errorexl(i)=max(abs(IT1(2,1:1i)-ITex(2,1:1)));
errorex2(i)=max(abs(IT2(2,1:1i)-ITex(2,1:1)));

end

errore=errorex(N+1); errorel=errorexl(N+1);
errore2=errorex2(N+1);

ul2(e)=norm(errore,inf) %%for u2 max. error
u22(e)=norm(errorel,inf) u32(e)=norm(errore2,inf)

IT(1,:); IT(2,:); dt(e)=h;

if e>1
orderll(e)=abs((log(ull(e)/ull(e-1)))/(log(dt(e)/dt(e-1))));
order21(e)=abs((log(u21(e)/u21(e-1)))/(log(dt(e)/dt(e-1))));
order31(e)=abs((log(u3l(e)/u3l(e-1)))/(log(dt(e)/dt(e-1))));
orderl2(e)=abs((log(ul2(e)/ul2(e-1)))/(log(dt(e)/dt(e-1))));
order22(e)=abs((log(u22(e)/u22(e-1)))/(log(dt(e)/dt(e-1))));
order32(e)=abs((log(u32(e)/u32(e-1)))/(log(dt(e)/dt(e-1))));
else

orderll(e)=0; order21(e)=0; order31(e)=0;

order12(e)=0; order22(e)=0; order32(e)=0;

end

end

norm(A)

ordereuler=[orderll;orderl2]

ordersecond=[order21;order22]
ordermidpoint=[order31;order32]

erroreuler=[(ull); (ul2)]

errorsecond=[(u21); (u22)]

errormidpoint=[(u3l); (u32)]

figure

subplot(1,2,1) ;plot(logl®(step),logl®(ull),’-r’,...
’LineWidth’, 2)

hold all

plot(logl®(step),logl®(u21),’-m’, ...

"LineWidth’,2)

hold all

plot(logl®(step),logl®(u3l),’-y’,...

’LineWidth’,2)
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hold all

xlabel (’LOG(N.EVAL)’) ylabel(’LOG(ERROR)’)
title(’Accuracy of yl for three schemes’)
grid on hold off

subplot(1,2,2) ;

plot(logl®(step),logl®(ul2),’-r’,... LineWidth’,2)
hold all
plot(logl®(step),logl®(u22),’-m’,... ' LineWidth’,2)
hold all
plot(logl0®(step),logl®(u32),’-y’,... LineWidth’,2)
hold all

xlabel (’LOG(N.EVAL)’) ylabel(’LOG(ERROR)’)
title(’Accuracy of y2 for three schemes’)

grid on hold off

legend(’Exp.Euler’, ’Exp.SecondOrder’,’Exp.Midpoint’)
figure

subplot(1,2,1) ;plot(t,ITex(l,:),’-.r*’,...
’LineWidth’,2) %%exact and numerical solutions
hold all

plot(t,IT(1,:),’--go’,... LineWidth’,2)

hold all

plot(t,IT1(1,:),’-bs’,... LineWidth’,2)

hold all

plot(t,IT2(1,:),’-.m+’,... LineWWidth’,2)
xlabel(’t’)

ylabel (’Numerical Solutions of y1’)
title(’Comparison of solutions’)

hold off

subplot(1,2,2) ;plot(t,ITex(2,:),’-.r*’,...
"LineWidth’,2) %%exact and numerical solutions
hold all

plot(t,IT(2,:),’--go’,... LineWidth’,2)

hold all

plot(t,IT1(2,:),’-bs’,... LineWidth’,2)

hold all

plot(t,IT2(2,:),’-.m+’,... LineWWidth’,2)
xlabel(’t’)
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ylabel (’Numerical Solutions of y2’)

title(’Comparison of solutions’)

hold off

legend(’Exact’, ’Exp.Euler’, ’Exp.SecondOrder’,’Exp.Midpoint’)
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REACTION-DIFFUSION EQUATIONS

%%LINEAR PROBLEM

for e=1:3

hx=0.01; x1=0; x2=1;

N=(x2-x1) /hx;

x=x1:hx:x2;

t1=0; t2=1; Nt=5*(22(e-1)); ht=(t2-tl)/Nt;

step(e)=Nt;

t=tl:ht:t2;

X1=[0 0.25 0.5 0.75 1];

Y1=[1 1.2840 1.6487 2.117 2.7183];

divd = new_div_diff(X1, Y1,t)

g(1,1:N+1)=x.*(1-x); %%initial value

u(l:N-1,1)=(g(1,2:N))’;

u2f(1:N-1,1)=(g(1,2:N))’;

A=fin(N) %%u_xx in finite difference acilimi

AA=((1/hx)A2)*A;

m(1,1:N+1)=2+x.*(1-x))

£f(1:N-1,1)=(m(1,2:N))’

[V,D]=eig(ht*AA);

d=diag(D);

for i=1:Nt

u(:,i+1)=expm(AA*ht)*u(:,i)+ht*V*diag(phil(d,ht, 1)) *inv(V)
*£(1:N-1,1)*divd(i) ;%%exp.euler divided diff

ull(:,i+1)=expm(AA*ht)*ull(:,i)+ht*V*diag(phil(d,ht,1)
-phi2(d,ht, 1)) *inv(V)*£(1:N-1,1)*divd(i)
+ht*V*diag(phi2(d,ht, 1)) *inv(V)*£(1:N-1,1)*divd(i+1) ;%%2nd order

u22(:,i+1)=expm(AA*ht) *u22(:,i)+ht*V*diag(phil(d,ht, 1)) *inv(V)
*f(1:N-1,1)*divd(i)+0.5*% (htA2)*V*diag(phil(d,ht,1))
*Iinv(V)*£(1:N-1,1)*divd (i) ; %¥midpoint

end

u; ull; u22;
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for i=1:N+1

for j=1:Nt+l
y(d,3)=x(1)*(1-x(1))*exp(t(]j)) ;%%exact
end

end

Y

s=y(:,Nt+1)’; v1(:,1:Nt+1)=0; v2(:,1:Nt+1)=0;
kl=vertcat(vl,u,v2) asl=kl1(:,Nt+1)’
k2=vertcat(vl,ull,v2) as2=k2(:,Nt+1)’
k3=vertcat(vl,u22,v2) as3=k3(:,Nt+1)’
errorinfl=norm(s-asl,inf); errorinf2=norm(s-as2,inf);’
errorinf3=norm(s-as3,inf); '’

ul(e)=max(errorinfl); u2(e)=max(errorinf2);’
u3(e)=max(errorinf3); dt(e)=ht;’

if e>1’
orderl(e)=abs((log(ul(e)/ul(e-1)))/(log(dt(e)/dt(e-1))));’
order2(e)=abs((log(u2(e)/u2(e-1)))/(log(dt(e)/dt(e-1))));’
order3(e)=abs((log(u3(e)/u3(e-1)))/(log(dt(e)/dt(e-1))));’
else’

orderl(e)=0; order2(e)=0; order3(e)=0;’

end’

ht’

end’

erroreuler=ul errorsecond=u2 errormidpoint=u3’
ordereuler=orderl ordersecond=order2 ordermidpoint=order3’
figure’

plot(logl®(step),logl®(ul),’-.m*’,...’

"LineWidth’,2)’

hold all’

plot(logl0®(step),logl®(u2),’-go’,...’

’LineWidth’,2)’

hold all’

plot(logl®(step),logl®(u3),’-bs’,...’

"LineWidth’,2)’

hold all’

grid on’

xlabel (’LOG(N.EVAL)’)’



ylabel (’LOG(ERROR) )’

title(’Accuracy of u for three schemes’)’

hold off’

legend(’Exp.Euler’, ’Exp.SecondOrder’,’Exp.Midpoint’)’

figure’

surf(x, t, k1’, ... ’FaceColor’,’interp’,...
"EdgeColor’,’none’,... ’Facelighting’, ’phong’)
axis tight

view(-50,30) camlight left alpha(0.6);
xlabel(’space’); ylabel(’time’); zlabel(C’u(t,x)’);
title(’Exponential Method Solution’)
figure ; mesh(x,t,y’)’ xlabel(’x’);
ylabel(’time’); zlabel('u(t,x)’);’
title(’ Solution of linear parabolic equation’) '’
s=y(:,Nt+1)’;’
errorl=norm(s-asl,1);’
error2=norm(s-asl,2);’
errorinf=norm(s-asl,inf);’
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%%u_xx in finite difference acgilimi
function A=fin(N)
%A=zeros(N-1,N-1);
for i=1:N-1
for j=1:N-1
if i==j
A(i,3)=-2;
end
if (i-j)==
A(i,J)=1;
end
if (i-j)==-1
A(i,J)=1;
end
end
end
A;
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%%SEMILINEAR PROBLEMS-FISHER EQUATION
clear all close all clc tic
for e=1:5
N=40; hx=20/N; x=-10:hx:10; Nt=20%e;
step(e)=Nt; ht=1/Nt; t=0:ht:1;
A=((1/hx)A2)*fin(N); a=0.1; b=1;
f(1,:)=(sech(x)).*2;%%initial condition
u(l:N-1,D=(£(1,2:N))’; u2(1:N-1,1)=u(l:N-1,1);
for i=1:Nt
J=a*A+b*eye(N-1)-2*b*diag(u(1:N-1,1));
[V,D]=eigCht*]); d=diag(D);
gb(:,i)=a*A*u(l:N-1,1)+b*(u(:,i)-Cu(:,1)).*2)-(a*A*u(l1:N-1,1)
+b*eye(N-1)*u(l:N-1,1)-2*b*u(l:N-1,1).42)
u(l:N-1,i+1)=expm(I*ht)*u(:,1i)
+ht*V*diag(phil(d,ht, 1)) *inv(V)*gb(:,1) ;%%exp.euler
end
v1(:,1:Nt+1)=0; v2(:,1:Nt+1)=0; k3=vertcat(vl,u,v2);
figure ;
mesh(t,x,k3);
xlabel(’t’) ylabel(’x’)
zlabel (’Numerical Solution’)
title(’Rosenbrock Euler Method Solution of Fisher Equation’)
for i=1:Nt/2
u2(1l:N-1,i+1)=u(l1:N-1,2%i+1);
end
N1=Nt/2; v3(:,1:Nt/2+1)=0; v4(:,1:Nt/2+1)=0;
kl=vertcat(v3,u2,v4d);
t=0:2*ht:1; £1(1,1:N+1)=(sech(x)).*2;
ul(:,D=(£1(1,2:N))’;
A=((1/(hx))*2)*£in(N) ;
for i=1:N1
J=a*A+b*eye(N-1)-2*b*diag(ul(1:N-1,1i));
[V,D]=eig(2*ht*]);
d=diag(D);
gl(:,i)=a*A*ul(1l:N-1,i)+b*(ul(:,i)-Cul(:,i)).*2)-
(a*A*ul(1:N-1,i)+b*eye(N-1)*ul(1:N-1,i)-2*b*ul(1:N-1,1).42)
ul(1:N-1,i+1D)=expm(J*2*ht)*ul(:,i)+
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2*ht*V*diag(phil(d,2*ht,1))*inv(V)*gl(:,1i) ;%%exp.euler
end
k2=vertcat(v3,ul,v4d);
ref=(2*k1-k2);
erl=norm(abs(ref(:,N1+1)-k1(:,N1+1)),1)
er2=norm(abs(ref(:,N1+1)-k1(:,N1+1)),2)
erinf=norm(abs(ref(: ,N1+1)-k1(:,N1+1)),inf)
ull(e)=max(erl); u22(e)=max(er2); u33(e)=max(erinf);
dt(e)=ht; if e>1
orderl(e)=abs((log(ull(e)/ull(e-1)))/(log(dt(e)/dt(e-1))));
order2(e)=abs((log(u22(e)/u22(e-1)))/(log(dt(e)/dt(e-1))));
order3(e)=abs((log(u33(e)/u33(e-1)))/(log(dt(e)/dt(e-1))));
else
orderl(e)=0; order2(e)=0; order3(e)=0;
end ht
end
figure
plot(logl®(step),logl®(ull),’-.m*’,... LineWidth’,2)
hold all
plot(logl®(step),logl®(u22),’-.g*’,... LineWidth’,2)
hold all
plot(logl®(step),logl®(u33),’-.r*’,... LineWidth’,2)
grid on
x1label (’LOG(N.EVAL)’) ylabel(’LOG(ERROR)’)
legend(’L-1 norm’,’L-2 norm’,’L-inf norm’)

title(’Accuracy of u for exponential Rosenbrock scheme ’)

figure

plot(x,k3(:,11),’-.m’,... LineWidth’,2)

hold all

plot(x,k3(:,51),’-.g’,... LineWidth’,2)

hold all

plot(x,k3(:,end),’-.r’,... LineWWidth’,2)

xlabel (’x-axis ’)

ylabel (' Computed Solutions’)

title(’Computed solutions of Fisher equation
for different values of time’)

hold off
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legend(’t=0.1","t=0.5","t=1")
erroreulerl=ull erroreuler2=u22 erroreuler3=u33
ordereulerl=orderl ordereuler2=order2 ordereuler3=order3
toc
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%%ALLEN CAHN EQUATION
clear all close all clc
for e=1:3
N=40; hx=(2)/N; x=-1:hx:1; Nt=100*2/(e-1);
step(e)=Nt; ht=10/Nt; t=0:ht:10;
A=((1/hx)A2)*fin(N); a=0.001; b=1;
£(1,1:N+1)=0.53*x+0.47*sin(-1.5*pi*x) ;%%I.C.
u(l:N-1,D=(£(1,2:N))’;
for i=1:Nt
J=a*A+eye(N-1)-3*diag(u(l:N-1,i).42)
[V,D]=eig(Cht*]); d=diag(D);
g(:,i)=a*A*u(:,1)+@(:,1)-u(:,1)).23)-J*ul:,1));
u(l:N-1,i+1)=expm(J*ht)*u(:,1i)
+ht*V*diag(phil(d,ht, 1)) *inv(V)*g(:,1) ;%%exp.euler
end

v1(:,1:Nt+1)=-1; v2(:,1:Nt+1)=1; k3=vertcat(vl,u,v2)

figure
surf(x, t, k3’, ...’ FaceColor’,’interp’,...
"EdgeColor’, ’none’, ... FacelLighting’, ’phong’)

axis tight view(-50,30) camlight left alpha(0.6);
xlabel(’x’); ylabel(’time’); zlabel(C’u(x,t)’);
title(’Rosenbrock Euler Method Solution of Allen Cahn Equation’)
u2(1:N-1,1)=u(l:N-1,1);
for i=1:Nt/2
u2(1:N-1,i+1)=u(l:N-1,2%i+1);

end
v3(:,1:Nt/2+1)=-1; v4(:,1:Nt/2+1)=1;
kl=vertcat(v3,u2,v4) N1=Nt/2; t=0:2*ht:1;
£f1(1,1:N+1)=0.53*x+0.47*sin(-1.5*pi*x);
ul(:,1)=(£1(1,2:N))’; A=((1/Chx))*2)*fin(N)
for i=1:N1

J=a*A+eye(N-1)-3*diag(ul(1l:N-1,i).42)
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[V,D]=eig(2*ht*]); d=diag(D);
gl(:,i)=a*A*ul(:,1)+ul(:,i)-ul(:,i)).A3-J*ul(:,i);
ul(1:N-1,i+1D)=expm(J*2*ht)*ul(:,1i)
+2*ht*V*diag(phil(d,2*ht, 1)) *inv(V) *gl(:,1) ;%%exp.euler
end
v3(:,1:Nt/2+1)=-1; v4(:,1:Nt/2+1)=1;
k2=vertcat(v3,ul,v4) ref=(2*k1-k2)
erl=norm(abs(ref(:,N1+1)-k1(:,N1+1)),1)
er2=norm(abs(ref(:,N1+1)-k1(:,N1+1)),2)
erinf=norm(abs(ref(: ,N1+1)-k1(:,N1+1)),inf)
ull(e)=max(erl); u22(e)=max(er2); u33(e)=max(erinf);
dt(e)=ht;
if e>1
orderl(e)=abs((log(ull(e)/ull(e-1)))/(log(dt(e)/dt(e-1))));
order2(e)=abs((log(u22(e)/u22(e-1)))/(log(dt(e)/dt(e-1))));
order3(e)=abs((log(u33(e)/u33(e-1)))/(log(dt(e)/dt(e-1))));
else
orderl(e)=0; order2(e)=0; order3(e)=0;
end
ht
end
figure
plot(logl®(step),logl®(ull),’-.m*’,... LineWidth’,2)
hold all
plot(logl®(step),logl®(u22),’-.g*’,... LineWidth’,2)
hold all
plot(logl®(step),logl®(u33),’-.r*’,... LineWidth’,2)
grid on
xlabel (’LOG(N.EVAL)’) ylabel(’LOG(ERROR)’)
legend(’L-1 norm’,’L-2 norm’,’L-inf norm’)

title(’Accuracy of u for exponential Rosenbrock scheme ’)

figure

plot(x,k3(:,11),’-.m’,... LineWidth’,2)
hold all

plot(x,k3(:,21),’-.9’,... LineWidth’,2)
hold all

plot(x,k3(:,61),’-.b’,... LineWidth’,2)
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hold all

plot(x,k3(:,end),’-.r’,... LineWWidth’,2)
xlabel(’x-axis ’)

ylabel (’ Computed Solutions’)

title(’Computed solutions of Allen equation
for different values of time’)

hold off

legend(’t=1","t=2","t=6", t=10")
erroreulerl=ull erroreuler2=u22 erroreuler3=u33

ordereulerl=orderl ordereuler2=order2 ordereuler3=order3
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