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ABSTRACT

The main concepts of the soliton theory and infinite dimensional Hamil-
tonian Systems, including AKNS (Ablowitz, Kaup, Newell, Segur) integrable
hierarchy of nonlinear evolution equations are introduced. By integro-differential
recursion operator for this hierarchy, several reductions to KDV, MKdV, mixed
KdV/MKdV and Reaction-Diffusion system are constructed. The stationary re-
duction of the fifth order KdV is related to finite-dimensional integrable system
of Henon-Heiles type. Different integrable extensions of Henon-Heiles model are
found with corresponding separation of variables in Hamilton-Jacobi theory. Us-
ing the second and the third members of AKNS hierarchy, new method to solve
2+1 dimensional Kadomtsev-Petviashvili(KP-II) equation is proposed. By the
Hirota bilinear method, one and two soliton solutions of KP-II are constructed
and the resonance character of their mutual interactions are studied. By our
bilinear form we first time created new four virtual soliton resonance solution for
KPII. Finally, relations of our two soliton solution with degenerate four soliton
solution in canonical Hirota form of KPII are established.
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OZET

Soliton teorisinin ana kavramlar: ve lineer olmayan evrim denklemlerinin
AKNS (Ablowitz, Kaup, Newel, Segur) integrallenebilir hiyerarsisini igeren son-
suz boyutlu hamiltoniyen sistemlerine bir girig yapildi. Bu hiyerarside cegitli in-
dirgemeler yapilarak, integro-differensiyel tekrarlama operatorii yardimi ile, KdV,
MKdAV, ve karigik KdV/MKdV nin ve de reaksiyon-difuzyon denklemleri elde
edildi. Beginci derece KdV nin duragan indirgenmesi, Henon-Heiles tipi sonlu
boyutlu integrallenebilir sistemi ile iligkilidir. Henon-Heiles tipi sonlu boyutlu in-
tegrallenebilir uzantilari, Hamilton-Jacobi teorisindeki ilgili degiskenlerin yardimi
ile bulundu. AKNS hiyerarsisinin ikinci ve {igiincii iiyelerini kullanarak 2-+1
boyutlu Kadomtsev-Petviashivili (KPII) denklemini ¢6zmek igin yeni bir yontem
sunuldu. Hirota bilineer yontemi vasitasiyla KPII nin bir ve iki soliton ¢oztimleri
bulundu ve ayrica bunlarin kargilikli etkilesimlerinin rezonans karakteri ¢aligildi.
Yeni buldugumuz bilineer form ile ilk defa KP i¢in dort sanal soliton rezonans
¢oziimiinii elde ettik. Son olarak Satsuma ve Hirotanin yozlagmig dort soliton
¢oziimii ile bizim iki soliton ¢éziimiimiiz arasindaki iligki kuruldu.
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Chapter 1

INTRODUCTION

In August of 1834, John Scott Russel (1808-1882) was studying the motion of
a small boat in a canal and he observed that when the boat suddenly stopped,
a lump of water formed at the front of the boat, moved forward with constant
speed and shape. He called this phenomenon as the WAVE OF TRANSLATION.
In a number of experiments he determined the shape of a solitary wave to be that
of sech®r function. This was the first recorded observation of a soliton [1]. At
that time there was no equation describing such water waves.

But in 1895 Korteweg and de Vries [2] were studying propagation of waves on
the surface of shallow water and derived the following nonlinear partial differential

equation called the KdV equation,

Uy = Uppe — 6UU, (1.1)
where U; = OU/0t and Uy, = 0°U/0x3. They found the solution of this

equation exactly in the same form as derived by J.Scott Russel. Later this is called
soliton by Kruskal and Zabusky [3], in their study of the KdV as a continuum limit
of the Fermi-Pasta-Ulam chain problem. Two years later the method of solution
of the initial-value problem associated with the KdV equation, for solutions,
rapidly vanishing as * — 400, was found in terms of the spectral problem for
the one-dimensional Schrédinger operator [4]. As it was shown, solutions of the
KdV equation corresponding to a purely continuous spectrum are similar to wave
packets, and disperse as time goes on. Instead, solutions with a purely discrete
spectrum describe the interaction of N solitons with each other. The method
of solving the ”inverse problem” | i.e. reconstruction of a potential from the
given spectral data had been established by the Russian mathematical-physics
community in the early 1950s. This method applied for solving the KdV equation

is known as the ”inverse-scattering method” [5].



It then was found that for the KdV equation infinitely many constants of
the motion exist and are all functionally independent of each other, like in the
definition of Liouville intergability of finite-dimensional systems [6]. This point
was further clarified by showing that the KdV equation can be written in the
Hamiltonian form [7]. Relation between solitons and conservation laws has been
realized by P. Lax in his representation for the soliton equation, associating the
KdV flow with an isospectral change of the linear Schrodinger operator [8]. Later
it was shown that soliton equations include other nonlinear evolution equations
9], [10] with rich and beautiful mathematical structures of Hamiltonian inte-
grable systems|[11]. Several methods were developed to study such equations:
(a) the Hirota bilinear method [12], [13], allowing to construct the N-soliton so-
lutions as an alternative to the spectral method [14], [15], [16]. (b) Béacklund
and Darboux transformations [17], [18]. (c¢) The zero-curvature formulation of
the linear problem [19], [20], [21], [22]. (d) The algebraic-geometric formula-
tion for the class of periodic, finite-gap solutions [23], [24], [25], [26]. (e) The
generalized Wronskian method [15]. (g) The Riemann-Hilbert problem and its
generalization to the so-called DBAR problem [27], [28], [29], [30]. During the
last decades, it has become more widely recognized in many areas of physics [31],
[32], such as hydrodynamics [33], [34], [35], plasma physics [36], solid state and
condensed matter physics [37], [38], [39], [40], [41], [42], biology [38], [43], non-
linear optics [44], [45], [46], general relativity [47], [48] and elementary particle
physics [49], [50], [51] that solitons can result in qualitatively new phenomena
which cannot be constructed by perturbation theory of the linear systems [52],
(53], [54], [55], [56]. In the last 20 years, optical solitons have been discovered
and investigated in different systems like optical fibers [57], [58]. Trans-oceanic
high-rate transmission of information by one soliton in nonlinear herbium-doped
fibers, as well as ultrafast pulse generation by a soliton laser, and a number of
all-optical switching devices, with potential use as integrated components of op-
tical computers, show the influence of quite exotic idea on modern development
in science and technology. Soliton idea has stimulated also development and dis-
coveries in mathematics itself [59], [60], [61], [62]. It becomes interdisciplinary
subject attracting researchers from different fields [63], [64], [65], [66], [67], [68],
and appeared now in some textbooks [69], [70], [71].

In this thesis we study the problem of separation of variables for several
integrable extensions of Henon-Heiles system, relations with AKNS integrable
hierarchy and KP equation, corresponding soliton solutions and their resonance
dynamics.

In the next section we present a brief discussion of the main idea of soliton



theory.

In Chapter 2 we review the current approach to the integrable evolution equa-
tions as Hamiltonian dynamical systems. In section 2.1 the Hamilton theory in
the symplectic geometry approach and basic ingredients of the Liouville theorem
for integrability of finite dimensional models are introduced. In section 2.2 we
discuss separation of variables and canonical transformation to the action-angle
variables. Definitions and examples of evolution equations and dynamical systems
are subject of section 2.3. Then, in section 2.4 we show that an evolution equa-
tion can be considered as an infinite dimensional dynamical system. For soliton
equations these dynamical systems are Hamiltonian systems. The Hamiltonian
structure of the KdV equation, with the Faddeev-Zakharov Poisson bracket and
infinite set of integrals of motion in involution are given in section 2.5. The idea
of spectral transform is illustrated for the linear equations in section 2.6, while
for the nonlinear equations in section 2.7. The Lax representation, isospectrality
conditions and the zero-curvature representation of a nonlinear integrable system
are exposed in section 2.8.

In the third chapter we introduce the AKNS hierarchy of evolution equations
and its reductions. We show that every integral of motion generates the Hamil-
tonian flow from infinite hierarchy (section 3.1). The AKNS hierarchy, recursion
operator and first members of the hierarchy are studied in details in section 3.2.
In section 3.3 we obtain two important reductions of AKNS hierarchy to the
KdV, MKdV equations, corresponding recursion operators and reduced hierar-
chies. In section 3.4 we found new reduction to the mixed KdV-MKdV equation,
corresponding recursion operator and generated by it an infinite hierarchy.

Chapter 4 is devoted to the Henon-Heiles model which is the subject of recent
intensive studies in integrability and chaos. Formulation of the Henon-Heiles
model and its integrable cases are given in section 4.1. Then, in the next section,
following results of A. Fordy we show how these integrable cases appear from the
stationary reductions of the fifth order soliton equations, namely, the KdV, the
Sawada-Kotera and the Kaup-Kupershmidt equations. For solving Henon-Heiles
model we use the Hamilton-Jacobi theory and separation of variable technique
from this theory, which we introduce in section 4.4

Separation of variables in the Henon-Heiles model and its integrable exten-
sions are considered in Chapter 5. First, we are discussing an additional integral
of motion, Liouville integrability and separation of variables for the Hamiltonian
characteristic function. Then, in section 5.1 we show that the second integral
can be considered as an additional, second Hamiltonian of the Henon-Heiles

system. This type of systems with two Hamiltonians structure are called the



bi-Hamiltonian systems. They are subject of recent studies on algebraic for-
mulation of integrability. Separation of variables in the extended Henon-Heiles
model we present in section 5.2. Extension with the constant C term and corre-
sponding bi-Hamiltonian formulation, in the subsection 5.2.1, extension with the
inverse cubic term of strength D, in subsection 5.2.2, harmonic term extension in
subsection 5.2.3, and mixed harmonic C and harmonic D extensions in subsec-
tions 5.2.4, 5.2.5. Separation of variables and bi-Hamiltonian formulation in the
general extension with harmonic terms and C, D terms, is given in subsection
5.2.6.

In the Chapter 6 we deal with exact one and two soliton solutions of the first
two nonlinear systems from the AKNS hierarchy, and their resonance dynamics.
In section 6.1 we introduce the main ingredients of the Hirota bilinear method
to solve soliton equations. Bilinear representation and one and two dissipative
soliton solutions for the Reaction-Diffusion equations are given in section 6.2.
The resonance character of soliton interactions in this case illustrates section 6.3.
Beautiful geometrical interpretation of equations as a constant curvature surface
in pseudo-Riemannian space we demonstrate in section 6.4. One soliton metric in
this case develops the so called causal singularity, similar to black hole horizons
in the General Relativity Theory. New dissipative solitons for the third flow of
AKNS we construct in section 6.5; one soliton solution in subsection 6.5.1 and
two-soliton solution in subsection 6.5.2. Reductions of bilinear equations and
corresponding soliton solutions to the MKdV equation and mixed KdV-MKdV
equations are found in subsections 6.5.3 and 6.5.4 respectively.

In Chapter 7 we propose a new method to generate solutions of 241 dimen-
sional extension of KAV equation, known as the KP equation. In section 7.1 we
show that if one considers a simultaneous solution of the second and the third
flows from the AKNS hierarchy, then the product ete™ satisfies the KPII equa-
tion (Theorem 7.1.1). Using this theorem and results of Chapter 6 we construct
new bilinear representation of KPII equation. Then, by our method we construct
one soliton solution (section 7.2) and two soliton solution (section 7.3.). In sec-
tion 7.4 we compare our two soliton solution of KPII with the one of the known
before bilinear Hirota representation. As a result we find that our two-soliton so-
lution corresponds to the degenerate four soliton solution in the standard Hirota
form. Resonance character of our soliton interactions is studied in section 7.5

In Chapter 8 we discuss main results of this thesis and conclusions. In Ap-
pendix we remained basic formulas of the Hirota bilinear method explored in our

work.



1.1 Basic idea of Soliton Theory

To characterize the main property of solitons, we will start from KdV equation
(1.1), considering two different limits. The first one is given by the dispersive

linear equation

The particular solution of this equation is U(z,t) = Upe**=“"  with the disper-
sion relation w = k3. Then, the phase velocity of this elementary wave 2= k?
depends on k. Due to linearity of the equation any superposition of these waves
U=, ape’®*=+*) is also a solution of equation(1.2). But since each component
of this "wave packet” will travel with different velocity (they are dispersive), the
wave will change shape during propagation, and, in general,will spread out.

In another (non-dispersive) limit, nonlinear equation (1.1) has the form
U +UU, =0. (1.3)

To understand the behaviour of a solution of this equation, we will consider first

the simple linear wave equation
Ut -+ CUx = 0, (14)

describing wave, propagating with velocity ¢, with shape given in terms of an

arbitrary smooth function
Uz, t) =U(x — ct).

Then, a solution of nonlinear equation (1.3) has to appear in unexplicit form,

simply replacing ¢ by function U(x,t), as follows
U(x,t) =U(z — Uz, t)t).

As easy to see, at finite time, the form of U, becomes infinite and it indicates an
appearance of the shock wave.

But in the KdV equation (1.1) both terms (dispersion and nonlinearity) ap-
pear simultaneously. Therefore, their effects are opposite in character, exactly
compensate one another and provide the stable structure.

In general, solitons are defined to be special solutions of some nonlinear partial

differential equations with the following properties
e Solitons are traveling waves

e The energy of the wave is finite. It is continuous, bounded and localized in

space.



e They are stable

e They possesses an elastic collision and keep their identities after pairwise

collisions.

e An initial wave will asymptotically decompose into one or more solitons

depending on amplitude and other properties.



Chapter 2

EVOLUTION EQUATIONS AND HAMILTONIAN SYSTEMS

2.1 Hamiltonian Dynamical Systems

The Hamiltonian theory is an important tool in the classical mechanics [79]
and plays crucial role in the soliton theory [11]. Hamilton’s canonical equations

for a system with n degrees of freedom, defined in 2n dimensional phase space,

_ _8H(pi,qi) . O0H (pi, ¢;)

Pi = Y Gi oy where = (1,2,...,n) (2.1)

represent special case of finite dimensional dynamical systems generated by one
Hamiltonian function H(g;, p;) where ¢, ..., q, are generalized coordinates and
Pi, .., Pn are generalized momenta. In this phase space the Poisson bracket of
two functions with respect to canonical variables (g, p) is defined as the following

skew-symmetric bilinear form

" OF 0G  OF 0G
F .G} = — 2.2
G} ;(‘9%0% Op; 0g;’ (22)
that satisfies the following properties:
1. Skew-Symmetry
{F,G} =—{G,F}, {F,F}=0 (2.3)
2. Linearity
{\F| + pFy, G} = M F1,G} + u{F>, G} (2.4)
where \ and p are arbitrary constant
3. Leibnitz Rule
{FlFQ,G} :Fl{FQ,G}+F2{F1,G} (25)



4. The Jacobi Identity

{F A F, By} + {Fo, {Fs, Py} + {Fs, {Fy, o) =0 (2.6)

The Poisson brackets can be written in a compact form as follows

" OF oG
F.G} = (VF)TJ(VG) = — i, 2.7
(FG} = (VFYTI(6) = 3 gy (27)
where generalized gradients and symplectic metric are defined as
oF e}
0X1 0X1
0 I,
VF = ) , VG = ) , I = (2.8)
-1, 0
2nx2n
oF oG
6X2n 8X2n
where
Xi = (QquQ7"'7qn7p17p27"'7pn)' (29)

Then, the Hamilton equations(2.1) take the form of 2n dimensional dynamical
system (the gradient system) as
oOH

X = Jjp——. 2.10
"oX, (2.10)

Definition 2.1.0.1 A function F(q;, p;) is a first integral of Hamiltonian system
with Hamiltonian function H(q;, p;) if and only if the Poisson bracket {H, F'} = 0.

Definition 2.1.0.2 Two functions Fi(q;,p;) and Fy(q;,p;) are in involution if
their Poisson bracket is equal zero, {Fy, Fy} = 0.

Theorem 2.1.0.3 (Liouville) If a system with n degrees of freedom (in 2n di-
mensional phase space)admits n independent first integrals of motion in involu-
tion then the system is integrable by quadratures.

2.2 Separation of Variables

An integrable system admits separation of variables by canonical transforma-

tion to the action-angle variables. We can represent this by the following diagram

(i, pi) Canonical Transformation A, In)

ai;---;Q4n D1y -y Pn

D1y, Pn Iy, ... I,
Canonical variables Action — angle variables



OH (I
G = G i = al(i) = wi({)
r OH(I

One uses canonical transformation from (g, p) to (¢, I) variables, called the
action-angle variables [79], such that Hamiltonian H is a function of only ac-
tion variables I;. Then, equations of motion in these variables show that action
variables (Ii, ..., I,) are independent integrals of motion, while angle variables

©1, ..., pn are linear functions of time

Using these canonical transformations we can solve Hamiltonian’s dynamics

according to diagram

q(0), p(0) Direct OT 1(0), »(0)
! !

q(t), p(t) rverse OT I(t), ¢(t)

2.3 Evolution Equations and Dynamical Systems

Definition 2.3.0.4 Partial differential equation for function U(z,t) in the form
U =FU,U,,, U, ...)

18 called the evolution equation.
Ezxample: The KdV equation

Definition 2.3.0.5 The first order system of equations in the form

N
Cil = Z En(al, ey CLN)
n=1

where a;(t), (I = 1,..,N) is a vector field in N-dimensional space, is called the
dynamical system.

Example:The Henon-Heiles system

) 1

g1 = pr1, P =—3q; — §q§

Go = D2, P2 = —q14G2.

10



2.4 Infinite Dimensional Dynamical Systems

An evolution equation can be considered as a dynamical system in infinite
dimensional space. For example, if function U(z,t) is given in the interval z €

[0, 27], then we can expand it to the Fourier series

o0

Ulz,t) = Y an(t)e™, (2.11)

n=—oo

Substituting this expansion to the KdV equation (1.1),then multiplying this
equality by e " taking integral and using definition of the Dirac delta func-

tion (0(1 —m) = 5= [77 e~ =™dz) we obtain the following system of equations

for the Fourier components of U(x,t)

iy = (il)*a +6 Y (in)ana,,  where (1=0,+1,42,..). (2.12)

n=—oo

It represents an infinite dimensional nonlinear dynamical system. Moreover, this

dynamical system is the Hamiltonian dynamical system in the form of Eq. (2.10).

2.5 KdV as a Hamiltonian System

The KdV equation can be written as the Hamiltonian system

oBU? —U,,) 0 6H

Uoy=———= — —— 2.13
! ox Oz 0U ()’ (2.13)
where the Hamiltonian functional H is
00 U2
H[U] = —/ (790 + U?)d, (2.14)

and symbol §/dU denotes variational derivative. The Poisson bracket in this

case, called the Faddeev-Zakharov [7] bracket, is defined as follows

(SR} = / o5 ;xé(i?)d (2.15)

where 0/0x is the skew symmetric operator.

If 68 631({ ] is expressed as
o 0H
/ Sz —vy >5U( )dy—{U H}, (2.16)

then equation (2.13) becomes in Hamiltonian form,

oU
= ={v.H}. (2.17)

11



Thus the KdV can be considered as the Hamiltonian dynamical system. Moreover

it admits the second Hamiltonian structure

5 [®1
_ (A3 _ _ _ U3
U, = (8° — 2U0, 2&JD§U@)/1 JU%dr, (2.18)

with Magri bracket [130] and this shows bi-Hamiltonian nature of KdV equation.

[e.9]

Furthermore, it is integrable Hamiltonian system. But to discuss infinite
dimensional dynamical integrable systems we need an infinite number of integrals
of motion (/y,...,1,) in involution. Then, according to Liouville theorem the
system is formally integrable.

For the KdV equation following functionals

L = /OO U(z)dz (2.19)

—00

b:/wW@m (2.20)

oo_ OOU2
ng‘/) (?f—%ﬁﬂ)dr (2.21)
Q:/ (f—U%+WMx (2.22)

are integrals of motion, which are in involution according to the Faddeev-Zakharov
bracket (2.15), {I,, I,} = 0. So the system is integrable.

2.6 Spectral Transform for Linear equations

For separation of variables in this system most powerful method is the Inverse
Scattering Method(ISM) [5] or the Nonlinear Fourier transform [19].

To illustrate the idea let us consider Fourier transform for the linear equation
(1.2)(Initial Value Problem)

Ui = Upgu, U(z,0) = F(x); (2.23)
1 RSN
Uz, t) = 2—/ ek U (k, t)dk FourierTransform (2.24)
™ —0o0
Uk, t) = / e MU (x, t)dx InverseFourier Transform (2.25)
Then,the Initial Value Problem is solved by the following diagram
U, 0) Fourier Transform Uk, 0)
l l Linear time evolution
Uz, t) Ul(k,t)

Inverse Fourier Transform

12



2.7 Nonlinear Fourier Transform

Similarly works the nonlinear Fourier transform for KdV equation [15]

U, 0) Direct Spectral Transform 5(0)
| |
U(z,t) S(t)

Inverse Spectral Transform

where S(t) is Nonlinear Fourier image.

2.8 Linearization of Nonlinear Problem

To develop the spectral transform to a Nonlinear evolution equation one needs
the so called linear representation. This auxiliary linear problem is known as the
Lax pair representation [8]. For the KdV equation it can be represented by the

following linear system

—¢:—4@+3U¢ + U0+ ¢,.U (2.27)
t 83)3 T T A .

where ¢ = ¢(x, A\, t) and A is a spectral parameter.

Let L be the Schrodinger operator

82
L=—— 2.2
pye +U, (2.28)
and A be
A——48—3+3(UQ+QU) (2.29)
- on? oxr  Ox '
If we write equations (2.26) and (2.27) in terms of these operators we get the
system
Lo = \?¢, (2.30)
¢y = Ao, (2.31)

which is called the Lax representation. If isospectrality condition satisfies (which

means that OA/0t = 0), then KdV equation is equivalent to the operator equation
L, =[A, L] (2.32)

In general many nonlinear partial differential equations which are integrable are
related to existence of the Lax pair [16].
Another form of linear representation relates to commutativity (compatibil-
ity) condition
U -V, +[UV]=0, (2.33)
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for the following linear system of equations

oy
o = Uv, (2.34)
U
- =V (2.35)

This form of the linear problem is known as the zero-curvature representation

[5], [20]. And integrable hierarchy can be naturally developed in this approach
[19].
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Chapter 3

AKNS INTEGRABLE HIERARCHY

3.1 Hierarchy of Integrable Evolutions

The hierarchy of integrals of motion ( 2.19- 2.22) for the KdV equation, gen-

erates hierarchy of nonlinear evolution equations in the form
U, ={U, 1.}, (3.1)

with Faddeev-Zakharov bracket (2.15). I, can be considered as Hamiltonians
of corresponding evolution equations in times tq, ..., t,, ... The hierarchy of these

equations is related to the hierarchy of corresponding linear problems.

3.2 AKNS Hierarchy

In 1974 American mathematicians (Ablowitz, Kaup, Newell, Segur) introduced
the AKNS Hierarchy of nonlinear evolution equations [19]. This hierarchy in-
cludes several nonlinear evolution equations as the Nonlinear Schrédinger equa-
tion, and Modified KdV equation, as special cases of equations of degree two and
three respectively.

The AKNS hierarchy arises from a sequence of linear evolutions

oy B
o =Vt (n=0,1,2,..) (3.2)

and the Zakharov-Shabat spectral problem

0w _ A

= b = U (3.3)

r

The ) is a vector (¢1,12)T and ¢, r are potentials. Differentiating these equations

o oy

%(8—%) = (Vo)o¥ 4+ Vathy = (Vo) utb + VU, (3.4)
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o o, _
aTn(%) = U, v + Uy, = U, + UV, (3.5)

we get compatibility condition for the system (3.2),(3.3) in the form

o ov,
Ot,, ox
Similarly, by the compatibility of ¢, and t,, evolutions (3.2)

+ UV, —V,U =0, (3.6)

04, Ot = 0y, O, 0 (3.7)
we have
av,, oV, B

To construct AKNS hierarchy let us suppose that U,V in equations(2.34),(2.35)

have the form

v a(A\)  b(A) CU- A q | (3.9)
c(N) —a()), ro—=A

Then substituting in equation (2.33)
U —V,+[U, V] =0, (3.10)

we can find the following restrictions on functions a, b, c,

a, = qc—rb,
by — 2M\b = q; — 2qa, - (3.11)
Ce + 2Xe¢ = 1 + 2ra.

We assume Vi as a polynomial in spectral parameter A degree N. It implies

the following equations

N N N
a=> Na, b= Nb, c=Y N, (3.12)
n=0 n=0 n=0

Substituting a, b, ¢ to the equation (3.11) we have the recurrence relations as

bOx =q — 261@07
Cop = Tt — 27 ag, (3.13)

(o, = qco — 7 bo;
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bnx - 2bn—1 = _2qan7
Cny +2Ch_1 =27 ay, (3.14)
Upg = qCy —1by. (n=1,2,...,N)

Solving the last equation as a,, = [*(g ¢, —r b,) and substituting it to first couple

of equations (3.13) we get

q: = bo, +2€Ifx(q00—7’bo)a

N (3.15)
Tt:COZ—Q’/’f (qgco — o).
These equations can be written in the matrix form as
b
Y =r( T, (3.16)
T . Co
where integro-differential matrix operator R is
Oy —2q [“r 2q¢ [
R af'r 2a)a (3.17)
2r [r 0, —2r ["q
The first couple of equations (3.14) in terms of R is
bn—l 1 bn
=—03R , n=1..,N, (3.18)
Cn—1 2 Cn
and recursively we have
b b
Cl=wv [ Y, (3.19)
Co CN
where R = %O’gR is called the recursion operator. This recursion operator
generates the hierarchy of evolutions
1 b b
S I (R B e Ee (3.20)
2 r Co CN
tn

To have equations in a closed form let us fix by, ¢y in the simplest form

by q

CN T

17



Then we find the hierarchy of evolution equations

1
508 E —gpve [ 1) (3.21)

T T
tN

For particular values of N we have equations;

for N=0
Gty Gz, (322>
Tto = Tg;
for N=1
qu, = %qxx q2 Ty (3 23)
Ty = _%Tmm + ,,,2 q,
for N=2
dt, = %lqgcxx - %((f’f’)x + %q2rx - %qTCI:w (3 24>
112 12, _ 1 '
Tty = 4rmmm 2(T Q>m + 2T Gz qurgc-
By the following identification
_ =+
q= = ¢
i (3.25)
5\
r=4/7% €,
the recursion operator # (integro differential ) becomes
A T _ A T
po [ oAl e e (3.26)

—2e” [Tem O, +32e [Tet
Then the first three members of AKNS hierarchy (3.22), (3.23), (3.24) in terms

of e™ and e~ appear as

O™ = Ope™; (3.27)
e o A4y
+0,er = Ole +Z€ e e (3.28)
g A Lo
O, e = dye +Z€ e 0ye”. (3.29)

The first couple of equations (3.27) are the linear wave equations. The second
system (3.28) is called the Reaction-Diffusion system [20]. It is connected with
low dimensional gravity, constant curvature surfaces and quantum theory and

has been studied in [76]. The last system with cubic dispersion has reductions
to KdV, MKdV and mixed KdV-MKdV equations.
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3.3 KdV and MKdAV reductions

The third member of hierarchy (3.29) admits following reductions [20].
1) The first reduction et = U, e~ = 1, leads to the KdV equation

o, U = 02U + %U@mU. (3.30)

Under this reduction the reduced hierarchy (3.21) becomes

U U
9 = RE O, N (3.31)

O \ 0
or in the scalar form, the KdV hierarchy
O U = Riay (9,U), (3.32)
with the recursion operator of the KdV hierarchy given by [130]
Riav = (0% + %U + 281U/m). (3.33)

2) Under the second reduction, et = e~ = U, we obtain MKdV equation

3\
O,U = 02U + IUzﬁxU, (3.34)
and the corresponding reduced hierarchy
0 U U
tag U U

In the scalar form it gives MKdV hierarchy
at%U = R%KdV(amU% (336>

with the recursion operator
2 Ao A ‘
RMKdV = (81 + §U + 581[] U) (337)

3.4 The mixed KdV-MKdV hierarchy

We will consider here also a new reduction of system (3.29) in the form

et =(a+ /U
e =aU+pf

(3.38)
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where «, 3 are arbitrary real constants.
For this mixed case, the reduced equation is of the form of mixed KdV-MKdV

equation

o, U = 93U + %(a+ﬁ)(a U?0,U + pU3U). (3.39)

Then, the corresponding hierarchy (3.21)can be reduced to

+ BYU + YU
o (o) g, [@rov ) 510,
Do, —alU —aU
or
+ +
lat0) ) 0 U= (a+5) RF. 0,U (3.41)
—Q atgk —Q
and in scalar form
atQkU = ani:vaxU (3.42)

The recursion operator corresponding to this mixed KdV and MKdV hierar-

chy is

B~ >

Rpiz = (35 + %(a + B)U(aU + B) + —(a + ﬁ)alU/m 2aU + ). (3.43)

In particular cases it reduces to recursion operators

a)a=0, =1 = MKdIV

(3.44)
Da=1, =0 = KdV
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Chapter 4

GENERALIZED HENON-HEILES SYSTEM

4.1 Henon-Heiles system

One of the most popular model to study integrability and chaos is called the
Henon-Heiles system. Introduced by Henon and Heiles in 1964 [83], this system
describes the motion of a star in the gravitational field of a galaxy. The model
describes two one-dimensional harmonic oscillators with a cubic interaction and
has been discussed in applications to the cosmic rays [101] , for the oscillations
of atoms in a three-atomic molecule [86], for geodesic flows on SO(4) [84] and
three-particle Toda lattice theory [85].

The generalized form of the Henon-Heiles system is

G+ g = bgi — ag3, (41)

G2 + C2q2 = —2aq1qa,

and its energy is given as

1. . 1
E = (§Q12 + q22 —+ clq% + CQQ;) + aqlqg — %qf (42)

This model is an example of Hamiltonian system with a mixed phase space
structure, i.e., partially ordered and partially chaotic. For generic parameters
a, b, c, the system possesses chaotic orbits and the energy (4.2) is the only con-
served quantity. By increasing the total energy, a transition from an integrable
to an ergodic system is induced. This model, firstly introduced to describe the
chaotic motion of stars in a galaxy, it later became an important milestone in
the development of the theory of chaos [100], partly because of the conceptual
simplicity of the model.

On the other hand, the system was found to have a second independent
integral of motion and to be integrable only for some fixed values of parameters

[94]. The integrable cases of the Henon-Heiles system (4.1)are
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a/b=—1 ,C1 = C2; (4.3)

2.
a/b=—-1/6 , ¢1, 2 arbitrary; (4.4)

3.
a/b=-1/16 , 1 = 1605. (4.5)

At the end of 1970’s, very important discovery was made. Bogoyavlenskii and
Novikov [91] showed that each of the stationary reductions of the KdV hierar-
chy constitutes a completely integrable, finite dimensional Hamiltonian system.
Then Fordy [98] has observed that the above integrable cases of the Henon-Heiles
system are closely related to stationary flows [90], [99] of integrable fifth-order

nonlinear evolution equations, including the higher KdV equation.

4.2 Stationary reductions from Soliton Equations

The above integrable cases of Henon-Heiles system can be reduced from soliton
equations as 5-th KdV, Sawada-Kotera and Kaup-Kupershmidt equations. To
illustrate this relation we consider equations (4.1), where for simplicity we take
c1 = co = 0. Differentiating twice the first equation of the Henon-Heiles system
(4.1) and eliminating go variable by the use of the second equation of the system,

and the energy equation (4.2), we get for ¢; the fourth order equation
¢ =2(a+b)@ — 4aF + ?abq% + (2a — 8b)q1 ). (4.6)
This equation by following identification
U=q,Us =G, Upz = G1; .. (4.7)
has form of the fourth-order ordinary differential equation for U(x):
Uz — 2(a + b)UZ — 2—30abU3 + (8a — 2b)UU,, = —4aE. (4.8)
The last one is the stationary reduction of the general evolution equation
Uy = (Upgaw — 2(a+ b)U? — ?abU?’ + (8a — 20)UU,y).- (4.9)
The known integrable reductions of the last equation are:

1. the Sawada-Kotera equation (a = 1/2,b = —1/2)

5
Ui = (Upgze + D5UU,, + §U3)x (4.10)
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2. the fifth-order KdV equation (a =1/2,b = —3)

Ur = (Upgaw + 10UU,, + 5U2 + 10U?), (4.11)

3. the Kaup-Kupershmidt equation (a = 1/4,b = —4)

1 2
U; = (Upeaw + 10UU,, + ?5U§ + ?OUg’)x (4.12)

The stationary reductions of these three equations coincide with corresponding
integrable cases (4.3)-(4.5) of the Henon-Heiles model (5.1).

4.3 The Hamilton-Jacobi theory

In the Hamilton-Jacobi theory canonical transformations may be used to pro-
vide a general procedure for solving mechanical problems [79]. If we consider
a canonical transformation from coordinate and momenta (q(t),p(t)) at time t
to new set of constant quantities (Q(t),P(t)) which may be 2n initial values
@ = qo, P = po at time t=0, then equations of transformation relating the old

and the new canonical variables give desired solution of the mechanical problem:

q = q(qo, o, t) (4.13)
p = p(q,Po,1t) (4.14)

Since new variables are constant in time, it requires the transformed Hamiltonian

H to be identically zero

oH

3P, =Q; =0 (4.15)
oH .
o P =0 (4.16)

If the generating function S(g, P, t) is a function of old coordinates ¢ and new

momenta P, canonical transformations are given by formulas

oS oS
Pi= g Qi = ~ap (4.17)
- 08
H=H+ 5 (4.18)

Since H = 0, from the last equation, after substituting old momenta according
to the first Eq. (4.17), we have the Hamilton-Jacobi equation
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This equation is the first order partial differential equation (PDE) in (n + 1)
variables ¢, ..., ¢,, t. Solution of this equation, function S, is Hamilton’s Principal
function. Complete solution of Eq.(4.19) as the first order PDE, depends on

(n + 1) constants of integration aq, ..., y41:

S:S(ql,...,qn,Oél,...,Oén+1,t). (420)

But since only derivatives of S (but not S itself )are involved in the Hamilton-
Jacobi equation, one constant is irrelevant. Indeed, if S is some solution of the
equation, then S+ « is also solution, where « is an arbitrary constant. It appears
as an additive constant. Therefore complete solution with non-additive constants

can be written in the form
S =5(q1, s G, 01,y ...y i, T). (4.21)

We can take n constants of integration to be new (constant)momenta

P, =« i=1,..,n. (4.22)
At time tg o5 y
_ q,«,
p’l - aql Y

these constitute n-equations relating n a’s with initial q and p. Other half of

equations of transformation

8S(q, v, t
Qz:ﬁz:%>
Q;

provides new constant coordinates [; at time tg which can be obtained from

initial conditions with known initial values of ¢;. Then, expressions

Qj = q]'(Oé, ﬁ, t), (423)
bi = pi(a> ﬁv t)? (424)

solves the problem giving coordinates and momenta as functions of time and
initial conditions. Hamilton’s Principal function as the generator of a canonical
transformation to constant coordinates and momenta has physical meaning of

the action.
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4.4 Separation of Variables

Separation of variables is an efficient method of solving Hamilton-Jacobi equa-
tions [79].

Separation of Time Variable

If Hamiltonian H is not an explicit function of t

OH
5 =0 (4.25)

the time variable can be separated in the Hamilton-Jacobi equation. Assuming

solution in the form

S(q,t) = W(q) — ant. (4.26)
we have reduced equation
ow

From this equation, one constant of integration in .S, namely «aq, is thus equal to
the constant value of H. Here time independent function W is Hamilton’s charac-
teristic function. This function generates canonical transformation in which all

new coordinates are cyclic
o
0Q;

Because the new Hamiltonian depends on only one of the momenta P; = ay, the

p =

equations of motion are

. )il 1, i=1
Qi = Of _ ' (4.29)
da; 0, i#£1
Then we have solution oW
Qi=t+p = 90, (4.30)
ow; .
Qi= 0= i # 1. (4.31)

It shows that the only coordinate that is not simply a constant of motion is ).
Generalizing, instead of a; and constants of integration as a new momenta,
one can choose new momenta as an independent functions 1, ..., v,: P = vi(u, ..., ).
Then, characteristic function W can be expressed in terms of ¢; and ; as inde-

pendent variables:
W =Wi(g,)
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Thus, equations of motion become

Qi = gz = 1;(7), (4.32)

and in this case all new coordinates are linear functions of time
Qi = vit + [ (4.33)

Separable Hamilton-Jacobi Equation

If the Hamilton-Jacobi equation admit a separating variable then solution can

be reduced to quadratures.

Definition 4.4.0.6 Coordinate ¢ is said to be separable in Hamilton-Jacobi
equation, when Hamilton’s principal function can be split into two additive parts

S(q1y ooy Gy 1y ooy Ay 1) = S1(qu, a1y oy Ay ) + S (G, ooy Gy Ly ooy i, 1), (4.34)

In this case the Hamilton-Jacobi equation can be split in two equations, the first
for S; and the second for 5.

Definition 4.4.0.7 Hamilton-Jacobi equation is completely separable if all co-
ordinates in problem are separable. Hamilton’s Characteristic function for com-
pletely separable problem has the form

W(q1, s Gy Q1 ooy i) = Z Wi(qi, a1, .y i) (4.35)
i=1

For this solution the Hamilton-Jacobi equation will split into n equations

ow

Hi iy Ty
(q 0

L, ) = L (i=1,...,n) (4.36)

where «; are separation constants. This set of first order ordinary differential
equations is always reducible to quadratures. We solve it first for 05/d¢; and

then integrate over g;.
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Chapter 5

SEPARATION OF VARIABLES IN H-H SYSTEM

The Henon-Heiles model (4.1) in the integrable case 2, Eq. (4.4), where a =

1/2,b = —3,¢1 = c3 = 0, is two dimensional Hamiltonian dynamical system

G = —3q7 — 345,

(5.1)
2 = —qQ1Q2-
The Hamiltonian function H
2 2 2
b1 | Pi q19> 3
H=="4+"=4 == 2
5 + 5 + 5 + q; (5 )

is the first integral of motion of the system. The system admits in addition the

second integral of motion F as

1
F = —2¢sp1ps + 2q1p3 — qu — 416 (5.3)

According to Liouville theorem for integrability of this system one needs two
independent integrals of motion H and F. Then choosing these integrals as a
new momenta and performing corresponding canonical transformation one can
represent the system in the action-angle variables. But explicit realization of this
program can be done only in some particular cases. The first step in this real-
ization is separation of variables in the Hamilton-Jacobi equation [77], [80], [89],
[92]. For this separation we need to find proper canonical transformation from
original coordinates ¢;,qo to new coordinates ()1, with generating function

F(p,Q), where py,py are old momenta. Then using

oOF oF .
E_@> q2_8p27(2_172)

one can derive the old momenta py, ps in terms of the new coordinates 01, ()> and

conjugate momenta P;, P,. Rewriting conserved functions hy = H and hy = F'in
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terms of new coordinates and new momenta, we have to solve the corresponding

Hamilton-Jacobi equations

oW;

for Hamilton’s characteristic functions W; (i = 1,2). Our problem is separable

) =a;, (1=1,2)

in new coordinates if one can represent W; as

Wy = Wi (Q1, C1, Ca) + Wia(Q2, C1, Cy)
Wy = Wa(Q1, C1, Ca) + Waa(Q2, C1, Co)

(5.4)

where C', Cy are constants, and reduce problem to find W, as solution of ordinary

differential equation.

5.1 Bi-Hamiltonian Formulation

The Hamilton equations (2.1) in the matrix form(2.10) for the Henon-Heiles
system (5.1) are

b1
i=| " | = nvn, (5.5)
q
2 /.
where Jj is a constant symplectic matrix
0 0 10
0 0 01
Jo = (5.6)
-1 0 0 0
0 -1 0 0

For the Henon-Heiles model we have the second integral of motion F given by
Eq.(5.3). The similar form satisfies for F’

b
i=| " | =nvr (5.7)
q1

q2
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where J; is a skew symmetric matrix

0 0 T

1 0 0 22 0
Jl - ) 1 2 1 5 (58)
% - —3¢2 0 5p
-3¢ 0 —ipy O
so that F is also Hamiltonian and this can be rewritten as
J\VF = J,VH = Z. (5.9)

The system having two Hamiltonians and satisfying this equality is called bi-
Hamiltonian [80]. This shows that the Henon-Heiles model is bihamiltonian
dynamical system [72], [95]. Since F is integral of motion, according to the first
Hamiltonian structure it is in involution with Hamiltonian H. Then the Henon-
Heiles system is integrable by the Liouville theorem. Bi-Hamiltonian structure
means in addition that evolutions generated by two integrals of motions as inde-

pendent momenta, with corresponding Poisson structures, are the same.

5.2 Integrable Extensions

Now we consider several new integrable extensions of the generalized Henon-

Heiles system 5.1 and corresponding separation of variables.

5.2.1 C-Extended Henon-Heiles System

For the case 2 (a/b = —1/6) in equation 5.1 let ¢; = co = 0,b = 3,a = —1/2.

Then the first extended version with an additional constant term C' is

¢ = —3¢1 — 505 + C,

(5.10)
G2 = —q1G2.
The corresponding Hamiltonian is
2 2 2
g=0 B 0% s o (5.11)
2 2 2
while additional integral of motion F'is given by
1
F = =2qp1ps + 20195 — <> — 4165 + C3.- (5.12)

4

Hamiltonian form of these equations with Hamiltonian function H is defined

in extended five dimensional phase space, where C' is considered as an extra
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dynamical variable, and are given in the form

a1 b1
a2 P2
| = | Bd-38+C | =
D2 —q142
C . 0
0 0 100 3¢t + 305 — C
0 0 010 7192
= | -1 0 000 o : (5.13)
0 -1 0 00 D2
0 0 000 —¢1
I3 a o7 ’
while the form with F as a Hamiltonian
¢ 0 0 ¢ %qg 0
q2 0 0 %qg 0 0
D1 = ql_% - —3¢2 0 3pp O
P2 —3¢ 0 —3py 0 0
C . . 0 0 0 0 0 )
J1

505 + 30145
Ipipe + 13 + 2qdqe — 1goC
X 302D2 : (5.14)

%Chpl — q1P2

1.2
—19
NS S/
'

VF

We notice that due to the odd dimension of our extended phase space the skew-
symmetric matrices Jy and J; are degenerate. Both systems (5.2.1), (5.14) can
be rewritten as

JoVH = J;VF = Z. (5.15)

which means the system (5.10) is bi-Hamiltonian system.
To separate variables in our system we consider Hamilton’s characteristic

function F(p1, p2, Q1, Q2) in the form
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F =p1(Q1 + Q2) + 2pay/ —Q1Q2. (5.16)

The canonical transformations generated by this function can be written as

=Q1+ Q2 p1= %, (5.17)
@ =2v—-01Q2, p2= W- (5.18)

Then Hamiltonian H and the second integral of motion F in terms of new

coordinates and momenta are

1

h= 50—y

s A (5@ — PIQ1) + (@1 + Q2)(QF + @Q3) — C(Q1 + Q2), (5.19)

F= . (P} = P})Q1Q2 + 4Q1Q2(Q1 + Q1Q2 + Q5 — C).  (5.20)
Q- Q)

The Hamilton-Jacobi equation for the first Hamiltonian H is

1 ((8W1 oW1 5
2(Q2 — Q1) Qs €1

where W function is denoted as W;. For the second Hamiltonian F the Hamilton-

Q2 — (—)’Q1) + (@1 + @Q2)(QT+ Q53— C) =y (5.21)

Jacobi equation is
B 2 ((8W2)2_(8W2
(Q2 — Q1) " Oy Q2

In this case W function is denoted as W5. We try to separate solution of these

)))Q1Q2+4Q1Q2(QT+Q1Q2+ Q5 —C) = ay (5.22)

equations simultaneously by substitution

Wy = Wi (Q1, C1, Cy) + Wia(Qo, C1, Cy),

(5.23)
Wy = Wa1(Q1, C1, Co) + Waa(Q2,Cy, Cs).
Then, it is obvious that new momenta are given by
ow; .
P=— (1=1,2). .24
Sa (i=1.2) (5:24)
So we have separated solution in quadratures
1
T =g 200t 20+ 2mQ0), =12, (6)
Qs Qr
0W2k . 1 9 4 (6D) .
90, \/Qk(QKsz +20Q; — 20, 5 ), (k=1,2). (5.26)
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5.2.2 D-Extended Henon-Heiles System

The second extension of model(5.1),(4.4)(c; = 0, co = 0)is

G = =3¢} — 343

42 = —q1q2 + q%
2

(5.27)

where D is an arbitrary constant. The corresponding Hamiltonian H and integral

F are

Bi-Hamiltonian representation of system (5.27) in extended phase space is

and

41
a2
P1
P2

H =

2

2

b1 Pl 0d

F = —=2qpip: + 2(11173 -

b as sy D
1 2Dql
qu—Q%quF?-

q1 b1
qz b2
P = | 3¢ —-38 | =
P2 —hg+ g
D) 0
0 0 100 3¢ + 343
0 0 010 qlq2—q£’g
-1 0 00 0 p1 ;
0 -1 00 0 p2
0 0 000 A ﬁ ’
Jo VH
0 0 0 e —f
0 0 e —g —h
= —2—;% 0 —e 0 1 —k
—e g —i 0 l
f h k =1 0
7
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—3D5 + 30145
ipips + 163 + 13 qs — 1O
X S q2p2 (5.31)

%Chpl —q1p2

—i%
VF
where
1 2
e=—, [ =2qps, g= q;, h = (2q2p1 — 4q1p2), (5.32)
(o)) q5
. 2D 4Dq,
i=2 k= (=2q13+2p3+ ), = 2pipo+ @ +2¢2 o+ =L (5.33)
43 43 612
and
JoVH = J;VF = Z. (5.34)

Now we will do the canonical transformation that is given in the form (5.16),
(5.17), (5.18) as for the first extension. After transformation, the Hamiltonians

H and F become as

. 1

D
H= m(Png — PPQ1) + (Q1 + Q2)(QF + Q3) — 10,05 (5.35)
F= 2 ((PZ_P2)Q Q )+4Q Q ( 2—|—Q Q +Q2)_£_£ (5 36)
(Q2 Q) ' P e Pzl Tl e 20, 2Q,

The Hamilton-Jacobi equation defined by these two Hamiltonians are separable

in the form (5.23). We find the separated equations as

%Ig;k - \/Q;k (25, - ng +2Q1 +201Qy), (k=1,2), (5.37)
M _ /2 1 2 Dy
90, \/Qk(QKsz 2Qp — 4Qk)’ (k=1,2). (5.38)

5.2.3 The Harmonic Extension

The third extension of the system (5.1),(4.4) with arbitrary ¢; # 0 and ¢ # 0

constants, which we denote as ¢c; = a and co = b is

¢+ aq = =3¢} — 343, (5.30)

G + b2 = —q1¢a.
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The corresponding Hamiltonians

2 2 ~ 9 7.2 2

pI P, aqi | bgy | gy | 3

H =28 )
5 + 7 + 5 + 9 + 9 +q7;

and

1 - - -
~qy — ¢3q3 — 2bgaqy — (4b — @) (p3 + bg3),

F = —2gp1ps + 2Q1p§ )

determine bi-Hamiltonian systems respectively

y4!
q1
D2
q2 -
= | -3¢ dz—am | =
y4! -
—q192 — bga
b2
t 0
0 0 10 3¢t + 3¢5 + aq
B 0 0 0 1 Q1Q2[~?Q2
1 0 00 n ’
0O -1 0 0 P2
Jo v
q1 0 0 k [
q2 1 0 0 ) 0
P1 26 | —k =1 0 m
P2 ), -1 0 —-m 0
T

202 — 2q1¢2 — 2bqg?
—2p1p2 — @ — 263y — Abgagqy — 2b(4b — @) gy

Y

—2¢2p2
—2¢9p1 + 41y — 2(4b — @)py

'

VF

where

k=-2q — (4b—a), [ =—q, m = —pa2.

(5.40)

(5.41)

(5.42)

(5.43)

(5.44)

Canonical transformation and the characteristic function in this case includes

additional terms depending on @ and b.

34



F=pi(Q1 + Qo+ 4b — a) + 2p2/—Q1Q, , (5.45)

Q=1+ Qy+(4b—a), p=LL=D®, (5.46)
G2 = 2¢/—01Q2, p2= %&)—Z- (5.47)
Hamiltonians in terms of new variables are
o 1 2 2 . (Q1+Q2)
H = 20 = Q1)<P Q1 — PyQ2) + [(4b a)(12b a)|———= 1 (5.48)
4b — a)2

O - )@+ Q)+ Q)+ Q1+ Q@+ @) + 2

F= & ———(P P} — P22)Q1Q2 + 4@1@2(@% +Q1Q2 + Q%) (5.49)
(Q2— Q1)

(4D — @) (12b — @)Q1Qs + 4(6b — @)(Q1 + Q2)Q1Qs.

Then, the Hamilton-Jacobi equations determined by these Hamiltonians are sep-

arated in the next form

Wi 1 - o
0Qr \/; (4K1 — (4b— a)(12b — &)Q5 — 4(6

2201 — b(4h — 2&)2)Qk> ,

a)Q; —4Q;  (5.50)

6%)

ik A 4b—a), -

where (k

(5.51)

=12

5.2.4 The Harmonic C-Extension
The fourth generalization is an arbitrary mixture of the first and the third

extensions (5.10),(5.39) with arbitrary constants a, b, C
(5.52)

G +aq = -3¢} — 163 + C,

G+ bga = —q1qo.

35



Hamiltoninans for this case are

p1 Pl Q1CI2 C]1 b2
H="7"+4+—=4+ ===+ —l——+——C 5.53
2 2 2 q 2 2 a ( )

1 I .
F = —2¢p1ps + 2q1p% — 4q2 0lqs — 2bgiqr — (4b — a)(p3 + bg3) + Cq3. (5.54)

Bi-Hamiltonian form determined by the first Hamiltonian is given by the

following system

q1 P
q2 P2
| = | 8@ -an+C | =
b2 —q14q2 — BCI2
c ). 0
0 0 100 3¢+ 25 +ag — C
0 0 010 Q12 + bgs

=1 -1 0 000 D : (5.55)
0 —1 00 0 D2
0 0 000 —q

N ~ , ~- _

while the form determined by the second Hamiltonian is

Q1 0O 0 k& O

72 o 0 [ 00

D1 = 217% -k =l 0 m O

D2 -1 0 —-m 0 0

C . A o 0 0 0 0 ’
J1
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203 — 2q143 — 2bg>

—2p1p2 — 4§ — 2¢3qa — 4bgaqy + 2[C — b(4b — @)]ge

—2¢2p2 , (5.56)
—2qop1 + 4qip2 — 2(4(} — a)ps

75

VF

where
k=—2q — (4b—a), | = —qo, m = —ps. (5.57)

Canonical transformation and characteristic function of the form (5.45),(5.46),(5.47)
gives for Hamiltonians the next expressions

7Y (po, _p? b—al12b — a) — M
7= i gy (PR = FiQ) + b= (12— ) —4c1 22 .59

0~ )% + @3+ Qi) + (@1 + @@+ Q)+ (T

and

)[(4b —a) - C,

. 2
e —

(@2 — Q1) (P} — P3)Q1Qs + 4Q1Q2(Q7 + Q1Q2 + Q3) (5.59)

[(45 - d)(l% — —a) — 401Q:1Q2 + 4(65 —a)(Q1 + Q2)Q1Qo.

Then, separation of Hamilton-Jacobi equations appear as following ODEs

Wi

20, _V Qégk <4K1 — [(4b — @)(12b — a) — 4C)Q} — 4(6b — a)Q}  (5.60)

=

—4Q;, + (41 — E)Qy)

OWoy, 1 o
0Qr \/QQk (45204 — 10} — 4(6b — @)@} (5.61)

~[(4b — @)(12 — @) - C1Q} — @

N=

where (k= 1,2),



5.2.5 The Harmonic D-Extension

The fifth generalization is a mixture of the second and the third one

¢+ aq = =3¢} — 343,

. (5.62)
G+ b = —qigo + q—%
In this case we have the Hamiltonians
2 2 2 Ga> [; 2 D
g=0 B 0h o s MO 2 (5.63)

2 2 2 2 2 T 2g%

and

1 . I .
F = =2¢p1p> + 20105 — ~ 4¢3 — 4145 — 2bg5q1 — (4b— a)(p3 + bg;)  (5.64)

4
2D D, -
+—2Q1 — —2(4b — CL),
q5 2
the first Hamiltonian form
q1 P1
q2 D2
2 = | B¢i-38—aq | =
P2 ~nge —baz + &
D 0
t
0 0 100 3¢i + 245 + aq
0 0 010 q1q2+6q2—%
=1 -1 0 000 P : (5.65)
0 -1 000 D2
1
A 0O 0 00O g 53 ;
To VH
the second Hamiltonian form
q1 0 0 0 k£ I
q2 0 0 kK m n
1
D1 = @ 0O -k 0 r s
Do -k -m —r 0 t
D . —!l -n —-s —t O
b
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205 — 20145 — 2bg3 + 2
—2p1p2 — G5 — 2q3q2 — 4bgaq1 — 2bAgy — 4%;*? +22
X —2QQp2 s (566)

—2¢op1 + 4qip2 — 2Ap,
21 A

a3 a3 )
vF
where
k=—q, I =2¢p;, m=2q — A, (5.67)
n = 2¢3p1 — Aqigaps + 2Aqpa, T = —pa, (5.68)
= —2q1q5 + 2p3¢5 + 2D — 2bg3, (5.69)
4D 2DA - 5
t=—2p1pads — G5 — 2475 — qfl T 4bgigs + 2bAg;, (5.70)
with
A= (4b — a).

Canonically transformed (see Eqs.(5.45),(5.46),(5.47)) first Hamiltonian

1 1 + Q2)

7 2 p2 i~ RN

H = 20, = Q2)(P1 Qi — P7Qs) +[(4b—a)(12b — @)= (5.71)

i N2 4 2 2 | 2 D - 4b—a.,
+(60 — a)(QF + Q3 + Q1Q2) + (Q1 + Q2)(Q7 + @3) — 0.0, 2b(—5—)"

and the second Hamiltonian

F= ’ (P} — P})Q1Q2 + 4Q1Q2(QF + Q1Q2 + Q3) (5.72)
(Q2—Qn)
[(4b — @) (12b — a@)]Q1Q2 + 4(6b — @)(Q1 + Q2) Q1 Q2 — %7

determine the first couple of separated equations

oW 1 = ~ 7
S0 = \ag; (461 - @b - 8120 - 8)Q} - a(6h - )@} 4@} (573
+(40é1 )Qk - %]) ’ )

and the second couple of separated equations
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oWu [T -
o oo (10~ 40t - 160~ )]

. ~ D \2
(b — 8)(12D— $)Q? — g — @]) ,

correspondingly, where
E =2b(4b—a)?, (k=1,2).

5.2.6 The Harmonic C-D Extension

(5.74)

As a sixth generalization we have a mixture of the first, the second and the

third generalizations considered above

G +aq = —3¢f — 3¢5 + C,
Go+bga = —qugo + %;
Two Hamiltonians

2 2 2 a2
g= B BB T TE S oy
2 "2 2 .

and

1 N . N
F = =2¢sp1p2 + 2q1p5 — ~¢5 — ¢i65 — 2bgzq1 — (4b — @) (p3 + bg3)

4
2D D -
+—q — —4b—a)+ Cq%;
45 q5

generate following equations; for the first Hamiltonian

q1 Y41

a2 D2

mo| | 8E -6 -an+C |
P2 ~quge —baz +

C 0

D 0

40
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(5.77)



0 0 1000 3¢+ i3 +aq — C
0 0 0100 4z +bax — 3
| -1 0 0000 D1
|l 0o —1 0000 " ’
0 0 0O0O0O0 —q
0 0 0O0O0O0 ) %
Jo VH
and for the second one
Q1 0O 0 0 k 01
42 0 0 k£ m 0 n
D1 1 0O -k 0 r 0 s
D2 _@ -k —m —r 0 0 t
C 0O 0 0 0 0O
D . \ - —.n —-s —t 0 0 )
J1

205 — 20105 — 2bg3 + 22
~2p1ps — 63 — 2742 — 4bapqy — 26Aqz — A%F + 22 4 20,

—2q2p2
X )
—2gop1 + 4qip2 — 2Aps
7
2q1 _ A
- 3 & g
vF
where

k=—q, 1 =2¢p; m=2q — A,
n = 2¢3p1 — A @ps + 2A¢ps, T = —po,

S = —2611Q§ + 2p§q§ + 2D — 2(~)q§,

t=—2p1pags — @ — 24345 — o

q - 45(]1Q3 + QEAQS’ + 2Cq,
2

and
A= (4b—a).
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By canonical transformation ((5.45),(5.46),(5.47)) we find expressions for Hamil-

tonian H,

T 1 2 _ p2 b— aV(12h — &) — (Q1+ Qo)

H= 30r = o) (PFCQ1 — PyQo) + [(4b—a)(12b — a) 46’]74 (5.84)
D db—a ., -

_8Q1Q2+[( 5 )[(4b—a)b—C]]

+(6b—a)(QI+ Q3+ Q1Q2)+(Q1+Q2)(QI+Q3)

F= i (P} — P)Q1Q2 + 4Q1Q2(Q7 + Q1Q2 + Q3) (5.85)
(Q2 — Q1)
D(Q1 + Q2)
20:1Q2

Corresponding Hamilton-Jacobi equations are separated in the form

%ng _ ] 222k <4K1 —[(4b — @)(12h — @) — 4C)Q? (5.86)

+[(4b — a)(12b — &) — 4C)Q1 Qs + 4(6b — a)(Q1 + Q2) 1 Qs —

_4(66— 3)Q} — 4Q} + (4w — E)Qs — 2%) y

OWoy, 1 o
0Qr \/QQk (45204 — 10} - 4(6b — @)@} (5.87)

(b — @)(125 — &) — CIQ2 — ay %) |

where

E =2b(4b—a)?, (k=1,2).

It is worth to note that in all above extensions, except Extension 3, the
arbitrary constants C',(and/or)D determining additional terms, appears in the

Hamiltonian formulation as independent canonical variables.
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Chapter 6

RESONANCE SOLITONS IN AKNS HIERARCHY

In this section we construct one and two soliton solutions of the second and

third members of AKNS hierarchy with resonance soliton dynamics.

6.1 Hirota Bilinear Method in Soliton Theory

In 1971 Hirota introduced a new direct method for constructing soliton so-
lutions to integrable nonlinear evolution equations [13]. The idea is to make
transformation to new variables, so that in these variables a nonlinear evolution
equation become represented in the bilinear form , and multisoliton solutions
appear in particularly simple form. Multisoliton solutions can, of course de-
rived by many other methods, by the inverse scattering transform , dressing
method, Backlund and Darboux transformations, and so on. Particularly, the
Inverse Scattering Method(ISM) is very powerful, but at the same time it is
most complicated and needs information about analytic behaviour of scattering
data. Comparing with this, the advantage of Hirota’s method is its algebraic
rather than analytic structure [12], [74], [114]. It allows one to construct soliton
solution in a simple algebraic form avoiding analytic difficulties of ISM [73], [111],
[112], [113].

6.2 Bilinear Representation of Reaction-Diffusion System

The second member of the AKNS (6.1)is called the Reaction-Diffusion Equa-

tion

Oyet = dlet + Jeteet,

, R (6.1)
—0ye” = Ofe” + jefee.

For Hirota representation of this equation [20] we substitute

L [-8GF(x,0)
er = \/;m, (6.2)
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Then, partial derivatives of the ratio of two functions in the Hirota method [12]
can be represented in terms of so called Hirota derivatives (see Appendix I)
defined as

Di(f - g) = (Ony — O0uy)" f(21)9(22) |2y =21 =2 (6.3)
In explicit form we have
Dy(f-9)=1rf9-4dF
Di(f-9)=[f"9-2fd+4"f,

(6.4)
D(f-g9)=f"g—-3f"g +39"f —3g"f,
Then we have
de* F’~ F? ’ ’
2 G* DfE(Gi~F) G* ch(FF)
w T E e T F e ) (66)

For bilinear representation of the system (6.1) we need the next derivatives

—8D,(G*- F
63: = T—y( 2 ), (67)
—8D,(G* - F
R (©.8)
[—8 DX(G*.F) G*DF-F)
+ _ _ [Tz — z A

Substituting to the Reaction-Diffusion system (6.1) we can split the last one to

the couple of bilinear equations

(£D, — D2)(G* - F) =0,

(6.10)
D2(F - F) = —2G*G~.

Then any solution of this system determines a solution of the Reaction-Diffusion
system (6.1). Simplest solution of bilinear system (6.10) has been derived in the
form [76]

e +ny)

Gr=4e™, Felq4 —
(k) + kp)?

(6.11)

where nf = kffz £ (kF)%y + nli © This solution determines soliton-like solution

of the Reaction-Diffusion system called the dissipaton [20], with exponentially
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growing and decaying amplitudes. But for the product ete™ one have perfect

one-soliton shape

b 8k?
e = - , (6.12)
A cosh?[k(z — vy — x0)]
of the amplitude k¥ = (ki + k;)/2, propagating with velocity v = —(kj —
k7), where the initial position zo = —In(k} + k)2 + 0 + 07 For two-

soliton(dissipaton) solution we have

+ + + - + + — +
GE =%(eM +e™ +afel Tt 4 afeth Tt (6.13)

et em e emtm emy tmy

F=ld o+ e b e b e+ T T (6.14)
(ki )? (k) (B )? (kay )

where
ne = kix+ (k)% + 0, (0)

kG =k + K, (6,5 =1,2), (a,b = +-)
e (kP L (W k)
b (kR ) t(kh k)

(ki — k3 )2 (ki — k3)?
(ki ks k3 k3, )?

b=

6.3 Resonance Dynamics of Dissipatons

The degenerate case of this solution, when k" = ki = py, ki = k;, = po, can

be simplified in the form

et = j:\/E p1 cosh B¢t + p, cosh 0 e3¢ (6.15)
N\ P+P- p* cosh 0 + p2 cosh O_ + 4pyps cosh(pip_t)’ :

where py = p1 £ po,0+ = 61 £ 05, 0; = p;j(x — o;), (¢ = 1,2). In this solution we
have substituted ¢ instead of y variable. It allows us to interpret it dynamically in
terms of time evolution ¢ = y. Then, reduced solution (6.15) describes a collision
of two dissipatons with identical amplitudes p, /2, moving in opposite directions
with equal velocities ||v|| = ||p—||, and creating the resonance bound state [76].
The lifetime of this state, AT & 2pyd/p,p_, linearly depends on the relative
distance d, where xg; = 0, xgo = d.

In a more general case, tractable analytically, when k:li > 0,(i = 1,2), and
ki —ky >0, ki —ky >0,k —k; >0, ky —k; < 0, solution (6.13), (6.14)
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describes collision of solitons with velocities v1o = — (ki — k5 ) and vy, = —(ky —
ki), correspondingly. Depending on the relative position’s shift, also in this
general case the resonance states can be created [76].

As a simplest example we consider conditions for decay of a dissipaton at
rest (v = 0) on two dissipatons with parameters (k1,v;) and (ks,vs). From the
conservation laws one obtains the following relations v = 4k2, v? = 4k? leading

to two possibilities :

(a)||v1]] = ||v2]]. In this case ||ki|| = ||k2||, and both dissipatons have equal
masses M; = M, = M/2 and velocities, satisfying the critical values v? =
4k? (i =1,2)

(b)|lv1]] > ||ve]|(without lose of generality). In this case v¥ > 4k? and v3 > 4k3
so that the initial dissipaton decays on a couple non-equal mass dissipatons.

The process of creation of resonant dissipaton is illustrated in Fig. 1.

40[
30}
20|

10+

1 s

Figure 6.1: Resonant dissipaton creation
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o
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Figure 2 shows interaction of two dissipatons by exchange of a third dissipa-

ton.

-10¢

-20¢+t

-30¢t

-40!

-50¢+t

-60| ‘ ‘ ‘ ‘ B
20 30 40 50 60 70

Figure 6.2: Exchange interactions of dissipatons

6.4 Geometrical Interpretation

Reaction-Diffusion system has a geometrical interpretation in a language of
constant curvature surfaces [76]. We define two-dimensional metric tensor in

terms of etand e~

G = el = 3(efes +efey), (6.16)
where e =€) + e}, = (eg, €1), Ny = diag(—1,1),
er = i—gei, ef = e, (6.17)
Ox
such that
Joo = —%%7 gu=c¢ce, g = %(%6_ - 6+%), (6.18)

implying identification zq = t(y), z1 = x. It follows that when e* satisfy the
Reaction-Diffusion equations (6.1), this metric describes two-dimensional pseudo-

Riemannian space-time with constant curvature A:
R=g¢"R,, =A. (6.19)
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If we calculate the metric (6.16) for one soliton solution

—8k?
s* = 5 (6.20)
A cosh” k(z — vt — xg)
1
x[(k* tanh? k(z — vt) — sz)(dt)Q — (d)? — vdxdt]
then for ||v|| < 2||k]] = ||vmaz||, it shows a singularity (sign changing) at
v
tanh k(x — vt) = £=—. 21
anh k(z — vt) oF (6.21)

It was shown [76], that this singularity (called the casual singularity )has phys-
ical interpretation in terms of black hole physics [106], [107] and relates with

resonance properties of solitons.

6.5 Dissipative solitons for the Third Flow
For the third flow of AKNS hierarchy we have the qubic dispersion system

et = Oet + LeTe et

(6.22)
de” = Oje” + Rete dre,

For the bilinear representation of this system first of all we represent functions
e®)(x,t) satisfying Eqs.(6.22) in terms of three real functions G*, F. Hirota’s
derivatives are defined as before (6.3)(6.4). But for the third derivative term we

need also following expressions

o3 f - f2 f2 f2 )
and
[—8 D3(G* - F) D}(G*-F)D*(F-F)
+ x T x
Then, we have the bilinear form of Eqs.(6.22)
D; + D3)(G* - F) =0,
(D + DY)(G* - F) 62
D:(F-F)=-2G"G".
From the last equation we have for the product
*G- 4DAF-F 2
U=eHel) = 8 GTGT 4D ) _ §a—lnF. (6.25)

TN F2 X F2 )\0a?
As in the canonical Hirota approach, we search solution of this bilinear system

in the form
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G* =eGE + 3G + ... , F=Fy+ R+ e*Fy+ ..., (6.26)

where ¢ is a parameter which is not small. If we substitute G* and F to the

system 6.24 we get a sequence of equations in ¢,

(Dy+ D) (eGE +3GE +..) - (Fy +2F +e*Fy +...) = 0,
Di(Fy+e*F+e'Fy+...) - (Fy +e*Fy +&'Fy + ..) (6.27)
= —2(eGT +3GT + ..)(eG] + 3G5 + ...).

In the zero order approximation £° we have equation D2(Fy - Fy) = 0, with
an arbitrary constant solution Fy = constant. Without loss of generality we can
put this constant to the one. Indeed, the Hirota substitution is invariant under

multiplication of functions G and F' with arbitrary function h(x,t):

L _ G+ _ hG* h(eGE + 3G + ..)

= 2
CTF T T WEy Rttt (6.28)
so that we can always choose h = 1/ Fy.
1. For £! we have the system
(D; + D2)(Gy - Fy) =0, (6.29)
with solution
GE = L, (6.30)
where
= ke = (k). (6.31)
2. Then &2 equation
2D%(1- Fy) = —2G1 G, (6.32)
provides solution
e +ny)
Fy=——7—. (6.33)
(k1 + k)
3. For &3 the system is
(D + D) (GY - F,+G5-1)=0 (6.34)
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6.5.1 One Dissipative Soliton Solution

Simplest solution of this system G3 = 0 implies to take all higher order
terms G, =0, n=3,5,7,... and F,, =0, n = 4,6,8,.... It is easy to check

that this truncated solution is an exact solution of our system,

el +n1)
G* = :I:e’ﬁt, F=1+ W’ (635)

where " = kifx — (k)3 + nli © It defines one dissipative soliton solution
of the system (6.22) in the form

8 |k et3 (il —n7)

+ _
et =+ ) cosh"1++’g+¢“ , (6.36)
n 0 = (k7 + k) [r — o — 2], (6.37)
where
+(0) +(0)
2 2 n A o1 1
'U:(k’f_ —k‘f—kl ‘l’kl ), xozw,TZHLﬁ
6.5.2 Two Dissipative Soliton Solution
Another, nontrivial choice for G3 we find as
GE = e, (6.38)
where
ny = kyr — (ky)°t + 0y (0). (6.39)
4. In this case for e* we have the equation
2D%(1- Fy) + DX(Fy - Fy) = —2(G{ G5 + G GY), (6.40)
with following solution
. e +n3) e +n7) -
= + . .
R AR TS, o4
5. For &° for the system
(Di+ D) Gs - 1+G5 - F, +Gf - F) =0 (6.42)
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and we find solution

Gy = ialie”fJ’"fJ’”gc, (6.43)

where coefficients

L (k)
N G RETE (6.44)

. At the next level €% equation
2D2(1- Fg) + 2D2%(Fy - Fy) = —2(G{ G5 + G§G5 + GEGY),  (6.45)

admits solution

o3 +13)
Fo=——. (6.46)
(ks + k)
. For €7 it is
(D + D3 (G7 -1+ G5 -+ Gy - Fy+ Gy - F) =0, (6.47)
and we find
GE = taptelms +m ), (6.48)
where
-+ +£12
o (b —ky)
= 0= 6.49
At (049
. Next level €% gives equation
2D2(1 - Fy) + 2D2(Fy - Fs) + DX(Fy - Fy) (6.50)
= —2(GYG; + G5 G5 + G G5 + GIGY)
with solution
Fy = Bem i +m+ny), (6.51)
where
ki — kD)2 (k7 — ky)?
3= (5, — i)_ (+1_ +_22) . (6.52)
(ki1 ks kay ksy)
. For higher order terms in € we can choose G, = 0, with index n =

9,11,13,... and F,, = 0, with index n = 10,12,14,.... Then, by direct
substitution we checked that with this choice, bilinear equations are satis-

fied in all orders of . Therefore we have an exact solution.
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This solution is the two soliton solution in the form

+ + + - + + — +
GE =4(eM +e™ +afen Tt 4 afet T2t (6.53)

en ety et ns iy

n 0y g 40y 6.54
G AR - (659

F=1+

where
it =kw = (k)P4

2 Y

ab a b .o
kzy — kl +kj,(z,] = 172)7(a’b: _{__)’

(ki k)2 (k3 kiz")?’
(ki — k3)*(ky —ky)?
(kv Ky 3y kgy )

3= (6.56)

6.5.3 The MKdV Reduction

From Section 5.3,we know that the third order of AKNS flow under special

reduction

et =e =U (6.57)

reduces to MKdV equation (3.34). For the bilinear equation (6.24), it means the
following reduction
Gt=G-=a, (6.58)

under this reduction
(Dy+D3)(G-F)=0

(6.59)
D3(F - F) = —2G?
we have
a—— (6.60)
=k =k nt© =", (6.61)

and for one-soliton solution of MKdV

8 1
et=e =U= \ =kl (6.62)
—A" “cosh(n + %)

_ /8 ||
Ula, ) = —A cosh k(z — k27 — ) (6.63)
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where

B 77(0)+% ¢ 1
2=~

, — =Iln——0-.
2 ki
For two soliton solution we find the reduction

0 — 0
@ =0 @ =n?,

+0) _ =0 (0)

Ny " =Ty " =T, (6.64)
ki = ki =k,
ki =ky = ko,
and
G = (™ + ™ + q M 4 e, (6.65)
o e 5 em=+n2 e2n2 5 o2 (6.66)
=1+ + + + Be , .
4/{}12 (/{51 + kz)z 4]{712
where ) )
_ (k1 — k9) = (k1 — ko)
Aki® (K + ko)® Ako® (ko + ko)?’
5= (k1 — ko)

16k1%ko? (k1 + ko)t

It gives 2-soliton solution of MKdV equation in the form

6771 + ™ 4 a162771+772 + 04262772'“71) (6 67)
arSnghgsE e O
or
U— 8 2k ko|k? — k3|[ko coshjy + Ky cosh 1] (6.68)

_A (k‘l — k2)2 COSh(ﬁl + 77~2) + (k‘l + k‘g)z COSh(ﬁl — 77~2) + 4]{31]{32
where

Mm=m4++é=kx—kEr—X), X!-= n<0+1n‘k%|l Ln4k2,

=+ + 6y =ko(z —kr - X3), X3 =Em® +In P2 — L Indid.

6.5.4 The MKdV-KdV Mixed Reduction

As it was shown in Section 5.3, the third order of AKNS flow under the special
reduction (3.38) gives the mixed KdV-MKdV equation (3.39)

0, U = 92U + %(owﬁ)(a U?0,U + pU3U). (6.69)
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To produce bilinear representation for such mixed equation, this reduction

can be imposed on the bilinear equations (6.24)

(Dy + D3)(GF - F) = 0,
D2(F-F)=—2G*G~,

in the form
et = (a+ U = &,
e =aU+p3= %,
or

GT = (a+0)G,
G~ =aG + (F.

(6.70)

(6.71)

(6.72)

Under this reduction we get bilinear representation for Eq.(6.69) as follows

(D: + D3)(G - F) =0,

I1DX(F - F) = (a+ fB)aG? + (a + B)BGF.

Solution of this system provides solution of Eq(6.69) according formula

1 DX(F-F)

(a+p5) F? (a+0)

Then, for one-soliton solution we have

G 6771

or
6_¢

- = o o 2132 9
F 1+ ﬁ%?mem + ﬁ[(a + ﬂ)ﬁ + ﬁL}f%i]e%n

U= :
2 cosh(n + ¢) + (a—:?ﬁeqﬁ

where
1

6=31

i

o4

n
2 a0+ 7)5 +

(6.73)

(6.74)

(6.75)

(6.76)

(6.77)



Chapter 7

THE KADOMTSEV-PETVIASHVILI MODEL

7.1 241 Dimensional Reduction of AKNS

AKNS hierarchy allows us to develop also a new method to find solution
for (2+1) and higher dimensional integrable systems, namely the Kadomtsev-
Petviashvili (KP)equation. Kadomtsev-Petviashvili equation is one of a few soli-
ton equations which describes physical phenomena in two-dimensional space [27].
The equation was presented by Kadomtsev and Petviashvili to discuss the sta-
bility of one-dimensional soliton in a nonlinear media with weak dispersion. It
has been explored recently in plasma physics, hydrodynamics, string theory and
low-dimensional gravity [120], [121], [122], [123], [124]. The hierarchy of KP
equations [104], [131] has a reach mathematical structure related with complex
analysis and Riemann surfaces, pseudo-differential operators and algebraic ge-
ometry [105], [125], [127], [128], [28].

Depending on sign of dispersion, two types of the KP equations are known.
The minus sign in the right side of the KP corresponds to the case of negative
dispersion and called KPII. Now we describe a new relation of KPII with AKNS
hierarchy [117] discussed in Chapter 6 and construct corresponding solutions.
Let us consider the pair of functions e*(x,y,t), e”(z,y,t) satisfies the following
second (7.1) and third (7.2) equations of the hierarchy.

+ _ ot Aot o=t
€y = €, T 3ETE €T, (7.1)
- = A+, - — '
—€, =€, tjere e,
+ _ o+ A o+ o= ot
€ = €y T yETE €L, (7.2)

_ _ N _
e = €p + reteTey.

Differentiating according to t and y, Eqs. (7.1) and (7.2) correspondingly, we can

see that they are compatible.
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Theorem 7.1.0.1 Let the functions et (x,y,t) and e” (z,y,t) are simultaneously
solutions of the equations (7.1) and (7.2). Then the function U(x,y,t) = ete”

satisfies the Kadomtsev-Petviashvili (KPII) equation
3\
(4U; + Z(UZ):C + Upaz)w = —3Uyy.
Proof: We take the derivative of U according to y variable
Uy=¢efe” +ete,
and substituting e, and e, from the system (7.1) we have
U,=(efe” —e e,

A
Uy = (€56 +eet —(efe)).) + =UU.

rxrxr xT 2

In a similar way Uy is

e
U =e'e +e'eg

and after substitution of e and e; we get

3\ 3\
Uy =—(ef e + IUe_e; +e e+ ZUe;eJr),

and

A
Uy = —(ef e +e, e+ 3—UU:(;):C.

Txrxr Txrxr 4

Combining above formulas together

rxrxr TrxT

3A
QU 43U,y = [—et ™ — e et — TUUm = 3(eg ey )ales

and using

Upse = €5 " +e et +3et e” +3ele

rxrxr rxrxr rxr T T Txx)?

we get KPIT (7.3)

3\
4Umt + 3Uyy = _Z(U2>mm - Umcmc

(7.3)

(7.4)

(7.10)

(7.11)

(7.12)

Like the KdV equation, KPII is an infinite dimensional Hamiltonian system
admitting (2+1) dimensional soliton solution [127], [128], [28]. Each soliton is

a planar wave similar to (1+1) KdV type soliton, but traveling in an arbitrary

direction in the x-y plane. We can use the above Theorem to generate solutions

of KPII in terms of solutions of equations (7.1) and (7.2).
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7.2 Bilinear Representation of KPII and AKNS flows

Using bilinear representations for systems (7.1) and (7.2) and Theorem 7.1.0.1
we can find bilinear representation for KPII. The Reaction-Diffusion system (7.1)

can be represented in Hirota bilinear form as

(D, — D3)(G* - F) =0,
(7.13)
D2(F-F) = —2G*+G~.

In a similar way the system of the third flow equations (6.22) has the following

bilinear form

(Dy + D3)(G* - F) = 0, (7.14)
D(F-F) = —2G*G~.

Any solution G*(z,y), F(z,y) of bilinear equations (7.13) satisfies the system of
equations (7.1) for e (x,y), while any solution G*(z,t), F(z,t), of Eqs.(7.14)
satisfies the system (6.22) for e™®)(z,t). Now we consider G* and F as functions
of three variables G®*) = G®)(z,y,t), F = F(x,y,t), and require for these
functions to be solution of both bilinear systems (7.13), (7.14) simultaneously.
Since the second equation in both systems (7.13),(7.14)is the same, it is sufficient

to consider the next bilinear system [135]

(£D, — D3)(G* - F) =0,
(Dy + D2)(G* - F) =0, (7.15)
D:(F-F)=-2GTG".
Then, according to Theorem 7.1.0.1, any solution of this system generates solu-
tion of KPIIL.

From the last equation we can derive expression for solution of KPII (7.3),

directly in terms of function F' only

8 GG~ 4DYF-F) 8 &

U=ePel) = 2 = = In F’ 7.16
CCTINTR TR Aoz (7.16)
As in the canonical Hirota approach we search solution of this bilinear system

in the form
G* =eGE + 3G+ ..., F=Fy+eF+e'Fy+ ..., (7.17)

where ¢ is a parameter which is not small. If we substitute this expansion to

system (7.15) we get a sequence of equations
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(D, — D¥)(eGF + &3G5 + ..).(Fp + e2Fy + e*'Fy + ...) = 0,
(Dy 4+ D) (eGE +3GE + ). (Fy + 2F +e*Fy + ..) = 0,
D21+ 2R +e'Fy+ ..).(Fy +2F +&'Fy + ..)

= —2(eGT + 3G +..)(eG] + 3G5 + ...).

(7.18)

In the zero order level we have equation D?(Fy.F,) = 0 with an arbitrary con-
stant solution Fy = const. Like before, without lose of generality, we can put this
constant to one, since the Hirota substitution is invariant under multiplication

of functions G and F with an arbitrary function h(x,t):

G hGT h(eGT + 3G + ...)

U _ _ 7.19
F hF h(F0+€2F2+€4F4+...) ( )
which we choose as h = 1/ Fy.
1. For e! we have the system
+D, — D) (GT - F,) =0,
(+D, - D2)(GT - Fy) o
(D, + D)(GY - Fy) =0,
with solution
GE = e, (7.21)
where
it = kiw & (k)% — (k)% + ;" (7.22)
2. For €% equation
2D%(1- Fy) = Gf Gy (7.23)
after integration
e +n1)
Fy=—— (7.24)
(ki + k1)
3. For &3 the system is
+D, — D?)(Gy - F» + G5 - 1) =0,
(+D, — D2)(GE - Fy +GF 1) o

(Dy + D3)(GE - Fy + G5 - 1) = 0.
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Simplest solution of this system G3 = 0, implies to take all higher order
terms G, =0, n=3,5,7,... and F,, =0, n =4,6,8,.... It is easy to check

that this truncated solution is an exact solution of our system,

e +ny)

GE=te, F=14
‘ K+ k

(7.26)

where nf = kiz + (k)2 — (k)% 4 07", defining one-soliton solution of
KPII according to Eq.(7.16)

2(ki + k7)?

U= . (7.27)
Acosh? L(kf + kD)x + (k" — k7 )y — (k7> 4+ k70)t 49
where v = —In(kf +k7)2 + 0 @ + 9, ©
Another, nontrivial choice for GG3 we find as
GE = £, (7.28)
where
ny = kyek (k) — (k)% + " (7.:29)
. In this case for €* we have the equation
2D2(1- Fy) + Di(Fy - Fy) = —2(G7 G5 + GFGY), (7.30)
and solution
. e(m +nz) ey +n7) (7.31)
pu— — + — .
R AR (R k)
. For &° it gives
(£D, — D?)(Gz -1+ G5 - F, + Gy - F,) =0, (732)
(Dy+ D3)(GE -1+ GE - Fy + GE - Fy) =0, '
and we find
GE = Loyt tm i (7.33)
where
k:l: _ k:l: 2
af = (ki = hy) (7.34)

(ki k)2
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6. At the next level €% a single equation is
2D%(1- Fs) +2D%(Fy - Fy) = —2(Gf G5 + GIG; + GEGY)

and solution L
6(772 +772 )

BT
7. For &7 it is

(D, — D2)(G57 -1+ G5 - F, + Gy - Fy+ Gy - Fy) =0,
(Di+ D3 (GF -1+ G7 - +Gy - i+ Gy - F) =0,

:l: :l: 7). +7] +7]
G - j:(lfg 6( 2 2 1),

where

Uk
T R

8. Next level €® gives
2D%(1 - Fy) + 2D*(Fy - Fy) + D*(Fy - F))

= -2(GYG7 + GIG5 + GEG; + GFGY),

and
I S
— Ny N1ty +n
Iy = 66( 1y T2 T )7

where

(ki — k)2 (ky — k3)?
(ki kiy k3 ks )?

0=

(7.35)

(7.36)

(7.37)

(7.38)

(7.39)

(7.40)

(7.41)

(7.42)

9. For higher order in € we can choose GG,, = 0, with indexn = 9,11, 13, ..., and
F, =0, with index n = 10, 12, 14, .... By direct substitution we checked that

with this choice bilinear equations are satisfied in all orders of €. Therefore

we have an exact solution.

7.3 Two Soliton Solutions

This solution is two soliton solution in the form [135]
- -+
GE = (M + e + aFen T | qEen T ),
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e T ety et oty

F—1 n 0y g 40y 7 44
T Ty T T TP - (149

where
+ g+ +12 4+13 +(0)
ni = kx££ (k)Y — (k)t+n;

kb =k + kb (4,5 = 1,2), (a,b = +-),

b (kR 2 T k)2
(K — k)2 (ky — ky)?

(kK Ky )?

According to Eq.(7.16) it provides two-soliton solution of KPII

0=

U=ete = ——IF. (7.45)

7.4 Degenerate Four-Soliton Solution

For KPII another bilinear form, only in terms of one function F, is known [74]

(DD + Dy £ D2)(F-F)=0 (7.46)
where
82

Thus it is natural to compare soliton solutions of our bilinear equations (7.15)
with the ones given by above bilinear equation [135]. To solve equation (7.46)we
consider

F=1+eF +&F+ ... (7.48)

1. For ! we have the equation

(D:Dy + Dy + D2)(1- Fy) =0, (7.49)
with the solution
F=en (7.50)
where
m = kix + Qy —wit + 1, (7.51)
and dispersion
kiw + ki +QF = 0. (7.52)
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2. For €2 we have equation
(DyDy+ Dy + D2)(1-2F, + Fy - Fy) = 0. (7.53)
The simplest solution of this equation is the trivial one
£, =0. (7.54)

Then, truncating the series by putting all higher order terms in ¢ to zero,
F, =0, (n =2.3,...), we have one soliton solution of KPII (7.3):

ki

U= 9 21 42 _2 +3 -3
cosh® S[(kx + (k{" — ki )y — (k7" + k77t + 1]

(7.55)

If we consider one soliton solution of equation (7.46), we realize that it

coincides with our one soliton solution (7.27)

2(ki +ky)?

_ (7.56)
Acosh® H(kf + k7 )z + (k7 — k7 )y — (67 + k)t + 9]
where v = —In(kt + kD)2 + 07 + 07 @, But two soliton solution of

equation (7.46)doesn’t correspond to our two-soliton solution (7.43),(7.44).
Appearance of four different terms e in equations (7.43),(7.44), sug-
gest that our two-soliton solution should correspond to some degenerate
case of four soliton solution of Eq(7.46)(We thank Prof. J. Hietarinta for
this suggestion).

To construct two soliton solution we choose another solution of bilinear
equation (7.46)

Fy=¢e™ (7.57)

where
N = kot + Qoy — wot + 13 (7.58)

3. For € we have the equation
(D.Dy + Dy + D2)(1-2F5 4 2F, - ) = 0, (7.59)
with the solution

F3 = a12€771+772’ (760)

where
gy = — (k‘l - kfz)(wl - WQ) + (k‘l - k2)4 + (Ql - 92)2 (761)

(/{71 + ]fg)(wl + CUQ) + (/{71 + /{72)4 + (Ql + 92)2 .
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4. For e* equation
(DyDy+ Dy + D2)(1-2F, + Fy - 2F3 + Fy - F3) = 0

has solution

— 3
F4—€77,

where

N3 = ]{735(7 -+ ng — u)3t —+ ﬁg
5. For &° equation
(DeDy+ Dy + D2)(1-2F5 + Fy - 2F, + Fy - 2F3) = 0

admits

_ m+n3
Fs = aqze )
where

(k‘l — k‘g)(&)l — wg) + (k‘l — ]{?3)4 + (Ql — Qg)2
(/{51 + k’g)(wl + w;;) + (k‘l + k3)4 + (Ql + Qg)z‘

Q13 = —

6. For €5 equation is

(DyDy+ Dy + D2)(1-2Fs + Fy - 2F5 + Fy - 2F, + F3 - F3) = 0,

with solution

_ m-+n3
Fs = anze )
where

(]{72 — /{33)(w2 — W3) -+ (/{32 — /{33)4 + (QQ — 93)2
(k‘z + k’g)((x)g + w;;) + (k‘g + k3)4 + (QQ + Qg)z‘

Qg3 = —

Now we will do the special parameterizations of our solution

ki =k kD, wr= =4k + ), Q= VB(kT? - k?),
ko =Ky + kg, wo=—4(k3° +k37%), Qo= V3(k37 - k),
ks =k +ky, wy=—4(K"+k7°), Q= V3K -k?)
ks =k + ki, wi= -4k +E73), Q= V3724 k?),
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(7.64)

(7.65)

(7.66)

(7.67)

(7.68)

(7.69)

(7.70)

(7.71)



Then, substituting these parameterizations we find that

a3=0 = F5=0 (772)

(o3 = 0 = F6 =0 (773)

7. For 7 we have the equation

(DuDy+ Dy + D2)(1-2F; + Fy - 2F + Fy - 2F5 + Fy - 2F,) =0, (7.74)

with the solution

F7 = 6774, (775)

where
Ny = kyx + Quy — wat + 1. (7.76)

8. For % the system

(DyDy+Dy+D2)(1-2Fs+ Fy - 2F; 4 Fy - 2Fg+ Fy - 2F5 + Fy - Fy) = 0, (7.77)

gives solution

Fg = a14€771+774’ (778)
where
o (k‘l — k4)(w1 — W4) + (k‘l — k4)4 + (Ql — 94)2
= — I 5 (7.79)
(/{31 + k4)(w1 + W4) + (/{31 + /{34) + (Ql + Q4)
After the parameterizations given above, we also get
au=0 = =0 (780)

9. For Y we have equation

(DyDy+ Dy+D2)(1-2Fy+ Fy - 2Fs+ Fy - 2F; + F3 - 2Fg+ Fy - 2F5) = 0, (7.81)
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with solution

Fg = 0624€n2+n4, (782)
where
o (k‘g — k:4)(w2 — W4) + (k‘g — k4)4 + (Qg — 94)2
Aoy — — 1 3 (783)
(/{72 + k4)(w2 + w4) + (/{72 + /{74) + (Qg + Q4)
which also leads to
=0 = Fg=0. (784)
10. For €'Y equation
(DoDy+ Dy + D2)(1-2Fy + Fy - Fy + F - 2F5 (7.85)
+F3-2F; + Fy - 2Fs + F5 - F5) = 0,
is satisfied by solution
Fiy=0. (7.86)
11. For e'' we have the equation
(DyDy+ Dy + D2)(1-2Fyy + Fy - 2Fyg + Fy - 2F (7.87)
+F5-2Fg+ Fy - 2F; + F, - 2F7) =0,
and corresponding solution
Fiy = agqe™™M, (7.88)

gy = — (k‘g — ]{54)(003 — W4) + (k‘g — k4)i + (Qg — 94)2 (789)
(k‘g + k’4)(0<)3 + w4) + (k’g + k‘4) + (Qg + Q4)

When it is checked for higher order terms we find that

Fio=F3=..=0. (7.90)
Thus, we have degenerate four-soliton solution of equations ( 7.46 )
F=14+e"4+e"+e®4e™ 4 qjpe™™ 4 qgue™T™, (7.91)

The above consideration shows that our two-soliton solution of KP-II corresponds
to the degenerate four soliton solution in the canonical Hirota form (7.46). More-

over, it allows us to find new four virtual soliton resonance for KPII.
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7.5 Resonance Interaction of Planar Solitons

In section 7.3 we constructed two soliton solution of the KPII equation. Choos-
ing different values of parameters we find resonance character of our soliton inter-
action. For the next choice of parameters ki = 2,k; = 1,k = 1,k; = 0.3, and
vanishing value of the position shift constants, we obtained two soliton solution
moving in the plane with constant velocity, with creation of the four, so called

virtual solitons (solitons without asymptotic states at infinity [115]).

20},

10}

-10

-20! : : - |
-20 -10 0 10 20

Figure 7.1: Resonance KP soliton dynamics

Fig. 7.1-7.5 illustrates that at the negative time, the four virtual solitons are
decreasing in the size and at time zero collapse and disappear completely. Then,

when time positively growing, they start to grow in the size.
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Figure 7.2: Resonance KP soliton dynamics
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Figure 7.3: Resonance KP soliton dynamics
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Figure 7.4: Resonance KP soliton dynamics
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Figure 7.5: Resonance KP soliton dynamics
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-15 -10 -5 0 5 10 15

Figure 7.6: One Virtual Soliton Solution

On Fig 7.6 we show two soliton solution with parameters k;” = 2, k; = 1, ky =
0.001, %k, = 0.001 which includes only one virtual soliton. This virtual soliton
can be considered as created from the pair of real solitons and is decaying into a
pair of real solitons.

The resonance character of our planar soliton interactions is related with
resonance nature of dissipatons considered in Chapter 6, section 6.3. It has
been reported also in several systems like the Sawada-Kotera equation [118] |
the Boussinesq [116] type equation, the KP equation [75]. But the four virtual
soliton resonance does not seem to have been done for KPII [134] prior our work
[135]. Experimentally, the soliton resonance of ion-acoustic solitons [119] has
been observed.

In Fig. 7.7 we show two solitons observed in the ocean with similar to the

KP structure.
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Figure 7.7: Solitons in the ocean
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Chapter 8

CONCLUSIONS

In the last decades, it has been a very exciting time of developing the soliton
theory, and quickly expanding wide field of applications to nonlinear phenomena
of this abstract concept of integrable Hamiltonian systems with a specific struc-
ture of the phase space. Now it is difficult to find the subject of natural sciences
where solitons and other non-perturbative approaches have not been applied yet.
From microscale of the elementary particle physics and quantum theory until
macroscale of the cosmology, solitons create a new paradigma of the nonlinear
world, similar to the role of the harmonic oscillator in the linear world.

In the present thesis we considered some aspects of integrability in finite di-
mensional Hamiltonian systems, their relations with soliton equations and new
type of resonance soliton dynamics. We found new hierarchy, mixing two famous
soliton equations as the KAV and MKdV equations, corresponding recursion op-
erator and soliton solution. The finite dimensional reduction of soliton equations
for the stationary flows in the form of the Henon-Heiles system we extended with
several terms and found corresponding separation of variables in the Hamilton-
Jacobi formalism and the bi-Hamiltonian structure.

We constructed the Hirota bilinear representation for some systems of soliton
equations with third order dispersion and one and two soliton solutions. We
applied these bilinear representations to integrate 241 dimensional KdV model
known as KPII, and found new resonance character of its soliton interactions.
We hope that finite dimensional models considered in this thesis due to the
exact solvability can help one to understand better the nature of transition from
integrability to the chaos. The idea to use couple of equations from the AKNS
hierarchy, which we explored in our study, can be applied also to multidimensional
sytems with zero curvature structure. These type of systems are known as non-
Maxwell gauge theories, or the Chern-Simons theories and have applications in

many areas of physics and mathematics.
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APPENDIX A

HIROTA DERIVATIVES AND ITS PROPERTIES

In this Appendix we list some properties of the Hirota derivative operators D;,D,

defined by equation

D3(f - g) = (Ony — Ouy)" f(21)9(22) | 2y=21 = (A1)

or in more general form

o (DO (D 0N
Do) = (5 - a) (590 ) SO0 e (22)

From the definition above we can find the general expression for n-th Hirota

derivative
i n
Dg(fg) = (8961 - 8x2)nf(x1)g(x2)|x2=x1=x = 2 8518§Z‘k)f(x)g(x),
k=0
(A.3)
or
Difg) =3 | ) S @)W (@) (-1 (A4)
k=0 \ K

For the first few derivatives we have explicitly

D.(fg9)=1f9g-4df,
Di(f.9)=f"9—=2f9 +4"f,
D3(f.9)=f"g—3f"g +3¢"f —g"f , (A.5)
Di(f.9) = fTVg—af"g +6f"g" —4f'g" + fg"V),

The following properties are easily seen from the definition
L DP(f1) = (z)"f
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

Dy (f.9) = (=1)"D7(g.f)

D(f.f) =0 for odd m.

DI(f-f)=2f"f —2f"

D.Di(f.f) =2D.(fi.f) = 2D(fs.f) for even m.
Dgl(eplx.epzx) — (p1 _ pz)me(m—l—pz):c
Dm(eﬂlt—f—plx'eﬂzt-f—pgx) — (p1 o pz)m6(91+ﬂz)t+(p1+p2)x

D;L(eﬂﬂ-i—mx'eﬂzt-l—mu’v) — (Ql _ Qz>ne(ﬂ1+ﬂ2)t+(p1+p2)x

Let P(Dy, D,) be a polynomial of D; and D,, we have
P(Dy, D,)(e?ttpie oR2tp22) — P(Qy — Qy, py — py)e( 1220t P1tp2)e

CP(f().g(x) = X320 7 DE(F.9) = i 51 Yoo : (=D (@)% ()

n! m)!

© ) () gm) (g
S 005 )

m=0

where k = m+n. As a result we get that this is equal to
= [z +e)glr—e)

Dy(fg.h) = (5L)gh+ fDu(g.h)

D(fg-h) = (5)gh +2(85) Dulg-h) + FD2(g.h)

D ((erf).(e?*g)) = e** D (f.g)
The following formulas are useful for transforming nonlinear differential

equations into bilinear forms.

oz f2.

i(g) _ Di(g.f) _ gDi(g.f)

w2\ f) T f2 2

ﬁ(a) _ Di(g.f) _ 3[D%£g~f2 Di{f-f)]
Ox3 f - f2 2 f2

4 2
gr(logf) = P52 — 6[25FEDP
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