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ABSTRACT

BORN - INFELD - RIEMANN GRAVITY

The Universe we live in has started with a bang, a very big bang. Its evolution
and global structure are controlled by gravitation and its matter and radiation content.
Gravitation, curving of spacetime, formulated in minimal or extended versions, provides
different layers of understanding about the Universe. Einstein’s General Relativity (GR)
gives a description of gravity, and there are various reasons for extending it. One such
extension refers to unifying the other forces in Nature with gravity in the framework of
GR. The very first approach in this direction was due to Born and Infeld who have tried
to unify electromagnetism with gravity. It is a generalization of metric tensor to have
both symmetric and antisymmetric parts gives rise to a merging of Maxwell’s theory with
Einstein’s theory. In later decades, attempts have been made to unify the other forces as
well.

In this thesis study, we extend Born-Infeld gravity to unify gravity with non-
Abelian forces in a natural way. This, which we call Born-Infeld-Riemann gravity, is
accomplished by devising a gravity theory based on Riemann tensor itself and subse-
quently generalizing this tensor to naturally involve gauge degrees of freedom. With this
method, preserving the successes of Born-Infeld gravity, we are able to combine Yang-
Mills fields (W, Z bosons as well as gluons) with gravity. We perform a phenomenological

test of our approach by analyzing cosmic inflation generated by non-Abelian gauge fields.
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OZET

BORN - INFELD - RIEMANN CEKIM KURAMI

Evrenimiz biiyiik patlamayla olustu. Bilim insanlan tarafindan olusturulan teo-
riler temelde evrenimizin olusumunu anlamaya yoneliktir. Bu amag i¢in olusturulmus
teoriler cok cesitlidir ve farkli farkli ele aldigimizda ¢6zmeye calistigimiz bazi problem-
lere ancak cevap verebildikleri goriilmektedir. A. Einstein da dahil olmak uzere ortak
amag bu teorileri tek bir teori altinda toplayabilmek ve bu teori ile evrenimizin olugumu,
ivmelenmesi, kara madde gibi bir ¢cok problem icin ¢6ziim sunabilmektir. Ancak bugiine
kadar tam anlamiyla bir teori olusturulamamustir. Esas problem ¢ekim kuvvetini diger
temel kuvvetlerle birlestiremememiz ve tum temel kuvvetleri tek bir teori altinda toplaya-
mamamizdir. Cekimi diger temel kuvvetlerle birlestirme ¢cabalarindan en 6nemlisi Born-
Infeld ¢ekim teorisidir. Bu teoride cekim ve elektromanyetizma bir araya getirilmeye
calistimistir. Yalnizca metrik tensorii modifiye edilerek basarilabilmistir. Metrik tensorii
hem simetrik hem de antisimetrik parcalardan olusturulmus ve antisimetrik parca elektro-
manyetizma ile bagdastirilmistir. Teoriye W-Z alanlarini veya gluonu katmak istedigimizde
ne olur? Born-Infeld tipi ¢ekim bunun i¢in yeterli midir? Eldeki teoriler bunun icin
yeterli degildir. Bu ylizden tezimizde yeni bir teori olusturduk ve bu teoriyi yalnizca Rie-
mann tensorii simetrilerini kullanarak gelistirdik. Teorimiz, 4. dereceden tensorleri icinde

barindirdigi i¢in non-Abelian alanlara izin verir ve kozmik patlamay1 da saglar.
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CHAPTER 1

INTRODUCTION

Our Universe, which has started with a ultra high-energy bang, has its entire his-
tory controlled by gravitation. Gravitation, as we understand it after Einstein, shows itself
as the curving of the spacetime[13, 15, 26, 28]. The spacetime may also twirl or have tor-
sion. All such properties, minimal or extended, provides different layers of understanding
about the Universe. It is with astrophysical and cosmological observations that a correct
picture of the Universe will eventually emerge.

Since the very first phases of Einstein’s General Relativity (GR), unification of
gravity and other forces has always been something desired. The problem is to find a
natural way of embedding other forces in the realm of gravitation. To this end, the very
first approach was due to Born and Infeld [10] who generalized metric tensor to have both
symmetric and antisymmetric parts, and identified its antisymmetric part with the field
strength tensor of electromagnetism. This way, one finds a way of combining Maxwell’s
theory with Einstein’s theory in a single pot. This gives a complete description of electro-
magnetic phenomena in a way covering weak and strong field limits together.

One may wonder, if it is possible to unify other theories with gravity. For example,
can one unify the W and Z bosons with gravity? How about the gluon which holds
quarks together in nucleus? In Born-Infeld gravity as well as Born-Infeld-Einstein [25]
gravity this is not possible. The reason is that these theories involve determinants of
the generalized metrics of the form C\g.5 + C2F, 3, and if the field strength tensor of
the vector field carries an index (like F7; with a being the index of generators) then the
argument of the determinant breaks the gauge symmetry. The determinant over the group
generators, on the other hand, does not bring any improvement. Hence, it is simply not
possible to unify Yang-Mills fields with gravitational theory.

What can be done? The first observation to make is that, gravitational dynamics
can be written in terms of the determinant of the Ricci tensor. This is Eddington’s ap-
proach [29]. However, it is not necessary to limit ourselves to Ricci tensor. The Riemann
tensor itself can be used as well. Giving all the necessary details of such a formalism in
Appendix A, we switch from a two-index tensor theory to four-index tensor theory by
bringing the Riemann tensor in the game. This approach opens up a host of phenomena to

be explored. One application, pertaining to the main topic of this thesis work, is the uni-



fication of non-Abelian gauge fields with gravity. The point is that, now theory includes
double-determinant of a four-index tensor having the symmetries of Riemann tensor, and
one readily finds that F{j;FJj, is such a tensor field constructed from non-Abelian gauge
fields. We can this formalism as Born-Infeld-Riemann gravity as it involves the Riemann
tensor[24, 60].

Apart from this very feature of unification, the non-Abelian fields, in homoge-
neous and isotropic geometries like the Universe itself, possess the crucial aspect that
they can facilitate cosmic inflation [15, 67]. To this end, the Born-Infeld-Riemann for-
malism provides a natural framework to analyze gauge inflation [44].

In Chapter 2, we give an overview of the GR and its known extensions [27, 31,
53, 54, 56, 58, 59]. We review there GR, metric-affine and scalar-vector-tensor theories.
This material proves important in further chapters of the thesis.

In Chapter 3, we discuss inflationary cosmology [2, 13, 15, 37, 52, 54, 67], in
brief. We give here main properties of the Universe, and the need to cosmic inflation.

After the cosmological background, we try to examine the main idea of combining
gravity and electromagnetism with Born-Infeld(BI) Gravity in Chapter 4. In Chapter 5,
we discuss how determinant of Ricci tensor can be used for obtaining gravitational field
equations. It is Born-Infeld-Einstein gravity. The main idea is to construct a new theory
including both Eddington and BI approach.

In Chapter 6 we discuss Born-Infeld-Riemann gravity and gauge inflation in detail.
There we find how rich the model to yield the requisite dynamics for inflation.

Finally, in Chapter 7 we conclude the thesis.



CHAPTER 2

THEORIES OF GRAVITATION

Gravitation or dynamical spacetime has been formulated in different contexts with
different purposes. Since Einstein’s 1916 formulation of General Relativity (GR), there

has arisen different generalizations. In this Chapter we briefly summarize them.

2.1. Metric Theory of Gravity

According to Einstein’s formulation of GR, spacetime is a differentiable manifold,
and metric tensor g,z governs curving and twirling of the spacetime. It is the sole field on
the manifold [13]. In general, on a smooth manifold, there are two independent dynamical
objects: metric tensor (a collection of clocks and rulers needed for measuring distances
and angles) and connection (a guiding force for geodesic motion). In GR, connection is

not an independent variable; it depends on the metric tensor via

1
Tas = 59 (9agsp + O9pn — Opfas) @.1)

which is known as the Levi-Civita connection. It is symmetric in lower indices since
metric tensor is symmetric [13, 67]. Since Levi-Civita connection is expressed in terms
of the metric tensor, GR is described by a single variable; the metric tensor. The field

equations of GR are obtained by varying the Einstein-Hilbert action

Slol = / d'z |—g|'? {%MﬁR(g) + Lonar (g,w)} (22)

with respect to the metric tensor (See Appendix B for more general features.). Here,
Mp; = (87G N)‘l/ 2 is the Planck scale or the fundamental scale of gravity. The action

density depends on the curvature scalar

R(9) = ¢"" Ry (L) (2.3)



where

RHV(F) = Rzau<r> (24)
is the Ricci tensor, and
« a « a A a A
RMBV(F) - aﬁruy — a,,ruﬁ + FBAFMV - FVAFHB (2.5)

is the Riemann curvature tensor. The spacetime manifold is perfectly flat in the close

vicinity of 1:2 if all the components of Riemann tensor vanishes at that point;
v (D(2°)) = 0.

upBv
Variation of the action (2.2) gives the Einstein equations of gravitation [4, 13, 15,

28,41, 46, 49, 51, 52, 53, 54, 66, 67] (Appendix B for details.)

1
R — ERgW = 871G NT (2.6)
whose right-hand side
5£mat
Tuy - _QW + guwcmat (ga ¢> (27)

is the energy-momentum tensor of matter and radiation. Here,

Sumat [6] = / a2 | g2 Lot (9, ) 2.8)

is the action of the matter and radiation fields ¢). The curvature scalar and matter La-
grangian L, both involve the same metric tensor g,,, .

It is important that the field equations (2.6) arises from the gravitational action
(2.2) by adding an extrinsic curvature term. The reason is that, curvature scalar R(g)
involves second derivatives of the metric tensor, and in applying the variational equations
it is not sufficient to specify dg,, at the boundary. One must also specify its derivatives

0049, at the boundary. This additional piece does not admit construction of the Einstein-



Hilbert action directly; one adds a term (extrinsic curvature) to cancel the excess term.
The metric formalism is the most common approach to gravitation because equiva-
lence principle is automatic, geodesic equation is simple, and tensor algebra is simplified
(metric tensor is covariantly constant). Equivalence principle means that gravitational
force acting on a point mass can be altered by choosing an accelerated (non-inertial) co-
ordinate system. In other words, there is always a frame where connection can be set to
zero. This point corresponds to a locally-flat coordinate system. The curvature tensor
involves both Levi-Civita connection and its derivatives, and making the connection to

vanish does not mean that curvature vanishes.

2.2. Metric-Affine Theory of Gravity

As we mentioned in the previous section, in metrical theories of gravity, the metric
tensor and connection are not independent variables. However, connection does not have
to be symmetric. It can be antisymmetric in lower indices, or it can have no symmetry
condition which means that it has both symmetric and antisymmetric parts. Such a theory
that has metric tensor and affine connection as a priori independent variables is called the
Metric-Affine theory of gravitation [8]. Indeed, when the field equations are formed for
Einsten- Hilbert action by taking metric tensor and connection as a priori independent
dynamical quantities, it is obviously shown that the resulting connection turns out to be
the same as the Levi- Civita connection. This aspect, known as Palatini formalism, over-
comes the difficulties of metrical theory by eliminating the need to extrinsic curvature.
This dynamical equivalence between GR and Metric-Affine approach holds when matter
sector keeps involving only the Levi-Civita connection. Indeed, if the matter Lagrangian
only couples to the Levi-Civita connection i.e. it does not couple to general connection,
Metric-Affine formulation always reduces to metric formulation [17]. For pure Einstein-
Hilbert action the Palatini and Metric-Affine formulations are the same while for the other
theories they split as explained.

Metric-Affine theory of gravity ( we do not refer to Palatini formulation) involves
the metric tensor g,, and a general connection fz‘y where fij # I',. Itis a non-
Riemannian gravitational theory. Indeed, generality of connection enables one to define
the new geometro-dynamical structures which are obtained by using general connection
definition. These new geometro-dynamical structures are called torsion and non-metricity
tensors. Torsion tensor arises from the antisymmetric part of connection. The non-

metricity tensor, conversely to the metric theory of gravity which is metric-compatible, is



the covariant derivative of metric tensor according to the general connection fl‘jy. Mathe-

matically,
Ty, =15, -1y, and Qo = —Vagu - (2.9)

As a dynamical theory, Metric-Affine gravity is a non-trivial theory (does not reduce to
GR dynamically) if the matter Lagrangian involves the general connection fl‘jy explicitly.

The Metric-Affine gravity has one more branch in addition to the Palatini formal-
ism: It is the Einstein-Cartan theory [39]. This theory is metric-compatible and torsion
tensor is non-vanishing. The geometry which Einstein-Cartan theory defined is called the

Riemann-Cartan geometry.

2.3. Scalar-Vector-Tensor Theory of Gravity

As we mentioned in Introduction, GR is a gravitational theory which has mag-
nificent success to explain the universe. In this section, we are going to examine such
theories whose aim is to answer some contradictions that could not be explained by GR.

Gravitational force is mediated by a spin-2 tensor field (coming from metric tensor
in a given background) in the GR. However, the gravitational sector can be expanded to
include other spin multiplets as well [17]. Those other fields can be a scalar (spin 0)
field, a vector (spin 1) field or both. From this point of view, one figures out that there
are extended gravitational theories which include additional spin multiplets and hence
additional degrees of freedom. The first type of extended theories, which are well-studied
alternative theories of GR, are scalar-and-tensor theories. These theories consist a scalar

field ¢ in addition to the metric tensor [16, 17], and their general action is given by

S= / d'e| - g2 {R - (w(cb) + ;) + 6™ Lonar (U,67'9) (2.10)

where g, is Einstein metric because the action given in (2.2) is written in Einstein frame
(theory has well-defined Newton’s constant). In fact, the equation (2.10) stands like in ad-
dition to Einstein-Hilbert action there are some additional terms referring to scalar fields
[16, 43]. Einstein frame is useful to discuss general characteristic of such theories. How-

ever, it is easily shown that scalar-tensor theory which is defined in Einstein frame is not a



metrical theory since its’ Matter Lagrangian couple to ¢! in addition to the metric tensor.
To work on metrical theory one can define Einstein metric in terms of physical metric as

in the given form [43];

g,u,u - gbguu (211)

and then the action (2.10) takes the form [43].
S = /d4aj]g]1/2 [Rgb — %ﬁé)g’“’@@&@ + Lonat (¥, 9) (2.12)

This action of the scalar-tensor theory is a metrical theory, and its frame is called Jordan
frame (the theory needs a well-defined Newton’s constant).

A well-known example of scalar-tensor theories is Brans-Dicke theory [43]. If w
in the action (2.10) does not depend on ¢, then the action takes the form of Brans- Dicke
theory

S = / d*z|g|*/? {qu — %’ 9" 0,00,) 4 Lopar (¥, 9) (2.13)

As a metrical theory of gravity, the Brans-Dicke theory is a purely dynamical one since
the field equations for the metric tensor involve scalar fields and vice versa [16].

The second type of extended theories constructed by using additional fields are
vector-tensor theories. In this kind of theory, there is a dynamical 4-vector field u* in

addition to metric tensor. General action of these theories given as [16]
S = (167G) ™" /d"‘as|g|1/2 [R (1 + wu,ut) — Kggvuu“vyuﬁ + A (1 + u,ut)
+£mat (\Pa g)
(2.14)

where

Kﬁ.fg = 19" gap + 20405 + 035‘5‘52 — cau"u” gop (2.15)



If the vector field is time-like i.e (ds? < 0), vector tensor theories become a constrained
theory where u*u,, = —1 and vector field has unit norm. If there is no condition on vector
fields, it is unconstrained theory. The well-known vector tensor theory is Einsten-Aether
theory which is constrained one i.e. u* is time-like, u"u, = —1 and has unit norm [16].
vector-tensor theory with given action is also a metrical theory since matter Lagrangian
only couples to metric tensor.

The last type is the scalar-vector-tensor theory (TeVeS). TeVeS is the relativis-
tic generalization of Modified Newtonian Dynamics (MOND) [9, 45]. It is proposed to
eliminate the dark matter paradigm by explaining galaxy rotational curves via modified
Newtonian dynamics. Even if it could not replace dark matter paradigm without any un-
known matter, it has a great success to explain galaxy rotational curves [17]. The action

for the TeVeS theory is given as
S=8+81+8,+S, (2.16)
where g is called as Bekenstein metric
G = e‘wgw — sinh(2¢9)A,A, (2.17)
which is time-like for
g ALA, = 1. (2.18)
The various parts of the action (2.16) are given by

S; = (167TG)_1/d4x]—§|1/2R (2.19)

Sy = (—327G)7" / d'z| — §|"2 [KF*™F,, — 2M(A,A* +1)]  (2.20)



Sy = (—167G)7" /d4zv| — GI"? | gV oV 6 + V(1) (2.21)
where [17]
g =g" — ArAY. (2.22)

There is one more way to obtain extended gravitational theories. As we know,
general relativity has at most second order derivatives. Therefore, we can obtain another
type of extended theory by using higher derivatives. The well-known theory is f(R)
gravity. f(R) is the function of scalar curvature R thus this theory generalizes Einstein’s

GR. Their action is given as [17, 63].

S = /d4x| —g"2f(R). (2.23)

Finally, as another extended gravitational theory we recall the Born-Infeld the-
ory of gravitation. In Born-Infeld gravity, the main idea is that in constructing invariant
actions all we need is determinant of a tensor (see Appendix A) and this tensor does not
need to be the metric tensor (as in all the gravitational theories we have mentioned above).
Any other rank-2 tensor, for example, the very Ricci curvature tensor, can well do the job.
Since this theory is the main topic of this thesis work, it will be detailed in the following

chapters.



CHAPTER 3

INFLATIONARY COSMOLOGY

What is cosmology and why is cosmology so important? Can one explain some
problems which are unsolved from the viewpoint of GR ? People have asked these type of
questions for years. When Einstein discovered the field equations (2.6), which equates the
curvature of space-time to directly the energy-momentum source of matter and radiation,
he thought that the universe must be static. In other words, it was necessary to add an

extra term to have static solutions of

G = (=81GnN) T, (3.1)

That extra term is a constant curvature source known as the cosmological constant (CC),
(A) [21, 23]. This additional A term is also a geometrical modification to the field equa-

tions. To balance the gravitational attraction this term must yield a repulsive effect.

G + Mg = (—81GN) T, (3.2)

where A denotes vacuum energy which means that it is a constant energy density and
has negative pressure. At this point we should discuss the meaning of negative pressure.
Why does vacuum energy have negative pressure? There is a basic physical explanation
to the notion of negative pressure. For a particular conserved system, energy per unit
volume is constant [66]. When the energy of the system is changed, volume changes
directly in proportion to the rate of energy change. This actually means that the balance
between the attraction by gravity and the needed repulsion is supplied by vacuum energy.
Considering a universe without CC means that the universe is empty. On the other hand, if
we consider vacuum state, it corresponds to a vanishing energy-momentum tensor 7}, =

0. Rearranging equation (3.2)

Gy = —Aguy = (—87GN) T, (3.3)

10



Here Tlfy is energy-momentum tensor of the vacuum state and CC becomes a new source
term.

Actually, when we interpret gravity theoretically, a static universe seems impossi-
ble. Because of the fact that not only relativistic gravity but also non-relativistic gravity
is attractive. Therefore, because of the attraction stationarity of the universe can not be
attained.

At the beginning of the twentieth century, with the help of new generation tele-
scopes lots of galaxies and galaxy sets began to be discovered in the visible universe [53].
As a conclusion of the discoveries, the distribution of the galaxies was interpreted and it
is understood that the universe is homogeneous and isotropic. Homogeneity means that
the universe looks the same from every point. Isotropy also means that there is no centre
of the universe. We are going to examine these notions, homogeneity and isotropy, with
Friedmann equations [2, 13, 15], again.

In 1929, with Hubble’s great discovery it’s understood that the universe is not
static. On the contrary, the universe is expanding. The main clue was the red-shifting of
the light spread by nearby galaxies which concludes that the galaxies are moving away
from us radially -and of course from each other-. One may expect that the expansion
slows down because the galaxies attract each other due to gravitation. But against the
expectation, expansion accelerates. Magically the observed acceleration is compatible
with the vacuum state energy density idea which was not even liked by Einstein at first.

How can the dynamics of a spatially homogeneous and isotropic universe be de-
termined? Are Einstein’s field equations sufficient for explanation? We are going to try
to answer these questions. As a consequence of isotropy one may write a metric that is

spherically symmetric. Beside this, generally the metric can take the form as;

ds* = —dt* +a*(t) ( dr® + T2dQ2) (3.4)

(1 — kr2)

which is the Friedmann-Robertson-Walker (FRW) metric [15, 66, 67]. In equation (3.4)
dr is radial part and df) is azimuthal part of spherically symmetric spaces. There k de-
notes constant spatial curvature. Due to the geometry of space-time values of £ differs:
k € {—1,0,+1} corresponds to open, flat and closed geometries, respectively. Hyper-
boloid geometries, k = —1, which corresponds constant negative curvature expand for-
ever(open). Flat geometries, & = (0, which causes the curvature term to vanish expand

forever. Spherical geometries, & = +1, which corresponds constant positive curvature

11



expansion will be ceased and it turns into a singular state. In our thesis work we are going
to assume k£ = 0 and modify the field equations as flat space. Then our metric takes the

form

ds® = —dt* + a*(t) (dr® + r*dQ?) (3.5)

or in cartesian coordinate system

ds® = —dt* + a*(t) (da® + dy* + dz°) . (3.6)

The matrix form of the metric tensor

—1 0 0 0
0 a2(t) 0 0
Gu= 9 (3.7)
0 0 a*(t) O
0 0 0 a?(t)

eases the identification of the pressure and energy densities for a given cosmological
fluid. In the above, the function a(t) is the scale factor that depends only on time. In
other words a(t) is a function that is responsible for time evolution and the expansion
of the universe. (It is the radius of the evolving sphere.) To construct the dynamics
of the homogeneous and isotropic universe we should substitute our chosen metric into
Einstein’s field equations.

To do that we should calculate the Ricci Tensor components and Ricci Scalar: As
seen in equation (3.7) gy = —1, gi = 0, g;; = a*(t)d;;. Inserting these components into

Levi-Civita connection, surviving terms are

F’;;j = addij

12



from which the Ricci tensor can be directly calculated:

n - ()
a

Ry =
. 2
) (9) (3.9)
a

Contracting with metric tensor one gets the Ricci scalar:

. . 2
a5 (9) ] (3.10)
a a

Here, we should interpret the meaning of % Assume that there are two isotropic observers

Rij =

R: _Rtt+3Rij - 6

any time ¢ and the distance between these observers is D). The rate of changing of D is

dD dD da D da D .
S T dadi —ad = a" .11

SO one can write % = H D where we defined
=12 (3.12)
a

as the Hubble parameters. Hubble parameter (having the dimension of inverse time or

mass) measures the fractional growth rate of the Universe’s size.

3.1. Energy-Momentum Tensor

First of all let us examine the meaning of electromagnetic current and its compo-
nents. One may consider 4-electromagnetic current; j* = (p, j) where p is electric charge
density and j’is current density. As we know electric charge density is the electric charge

per volume, we can demonstrate mathematically as p = and current density is

Aq
AxzAyAz
charge flow per unit time and per area, we can demonstrate mathematically as j = ﬁ;‘z.
Aq

If we combine them as 4-vector electromagnetic current; j# = %= where AV* is vol-

13



ume. With the help of definition of 4-vector electromagnetic current one can construct
energy momentum tensor of space-time via 4-momentum which is p* = (p°, p) = (E, p).

Mathematically,

ApH

T =
AV,

(3.13)

As seen directly in Einstein’s field equations (2.6), energy momentum tensor is the source
of gravity. One of the important features of energy momentum tensor for a conservative
system is its conservation. If there is an additional source, then energy momentum tensor
does not conserve.

What is the physical meaning of the components of energy momentum tensor?
One can directly calculate them from the general definition of energy momentum tensor

(3.13) as the following:

Ap° AFE
T = = 3.14
AVy  AzAyAz 3-14)
which means that energy per unit volume=- energy density.
- Ap° AFE
T = = 3.15
AV, AtAyAz (3-15)
which means that energy per unit time per area=- energy flux.
, Ap' Ap'
70 = 2P b (3.16)

T AV,  AzAyAz

With a little help of algebra of relativity one can easily see that equation (3.15) and equa-
tion (3.16) are equal to each other 7% = T, It means that energy momentum tensor 7"

is a symmetrical rank (2,0) tensor. For diagonal components of energy momentum tensor;

o Apt Ap? normal force
T = = = 3.17
AV, At AyAz area G-17)
~——

area
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According to equation (3.17) above momentum flux is directly proportional to pressure.
The off-diagonal terms does not supply this feature. In the presence of this section we
can say that the energy momentum tensor of a particular system includes all the features
of the system such as energy density, momentum flux, energy flux etc.

We can classify particles according to their energy or momentum flux. The sim-
plest type is dust. Dust includes non-interacting particles. If the particles do not interact
with each other, pressure is not mentioned for this kind of systems. Such systems have

the energy momentum tensor as the following form;

TH = (3.18)

o O O
o O O O
o O O O
o O O O

and 4-velocity is of the form; U* = (¢, 0)

To examine the systems which have a huge number of particles, for simplicity, we
try to analyse these type of systems as doing approximations. One of the useful approx-
imation is perfect fluid approximation. In our work we also use perfect fluid approxima-
tion. It’s a continuous system whose elements interact only through a normal force. As
mentioned above interacting through normal force allows energy momentum tensor only

has diagonal components.

p 00 0
. 0p 00 5 y
"= - . =(p+p) UrU" +g"p (3.19)
p

000 p

For an arbitrary coordinate frame we can use the expression (3.19)

3.2. Friedmann Equations

We examined energy momentum tensor and perfect fluid form in Section 1 in

detail. Now, we have sufficient background to derive the Friedmann Equations.

15



Inserting 4-velocity U = 1 and U; = —1 U? = 0 and U; = 0 in (3.19) time component

takes the form as;

Tw=(p+p)UUi+ gup = p

Gtt = 87TGNP (320)
and spatial components take the form as;

Ti; = (p+p) UU; + gijp = pdi;

Gij = 87TGN(SZ‘jp (321)
Combining (3.20), (3.21) and Einstein field equations for empty space together,

1 a\’
Gtt = Rtt - §gttR =3 (5) = 87TGNp (322)

and
1 i [a\’
Gij = Rij — QQUR = —25 — a = 87TGN5ijp (323)

From equation (3.22);

3 a\?
el (3.24)



From equation (3.23);
3% — —4nGy (3p+ p) (3.25)
a

The equations (3.24) and (3.25) are called Friedmann Equations.

One can extract important information from Friedmann Equations. First of all
equation (3.25) indicates that ¢ < 0 which is an exact proof of non-stationary of the
universe. In an other words the universe either expands (¢ > 0) or contracts (a < 0).
Hubble’s discovery about redshift shows that the universe expands (¢ > 0) which means
that the universe expands faster and faster. Under the homogeneous and isotropic uni-
verse assumption, GR predicts that at a time approximately less than H ! (when a=0) the
universe was in a singular state. The zero size space is a conclusion of homogeneity. In
an other words at this t time the distance between the points in the space was zero and the
curvature of spacetime was infinite. Essentially, this is the definition of -Big Bang-. The
extension of space-time manifold beyond the big bang makes no sense. This interpreta-
tion of GR concludes that the universe began with the big bang. These interpretations is
compatible with cosmological solutions since the singularities come from the cosmology.

For the mass density evolution, multiplying equation (3.24) by a?and derivating

with respect to t, one finds that
p+g(2+p+3p):0 (3.26)
For dust (p = 0);
@+ =0

pa3 = constant

poxa® (3.27)
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For radiation (p = £);

.a
pa4 = constant

poca? (3.28)

These ratios show that when a increases, energy density of radiation decreases faster
than energy density of dust. Hence, the radiation content of the present universe may
be neglected. But as a(t) goes to zero (for the past process) radiation should have been

dominated over the ordinary matter.

3.3. Inflation

As seen in Section 3.2, although the early universe is radiation dominated; the
present universe is matter dominated [67]. In Friedmann equation vacuum energy does not
exist that is called flatness problem. Beside that for FRW cosmologies horizon problem
exists[15]. Actually, the motivation comes from the Spontaneously Symmetry Breaking
(SSB) for the inflationary models. Basically, the question is that how did the expansion
begin? If it is caused by the CC, A, then which sort of physics causes this large energy?
People have tried to interpret this inflationary phase in the early universe for years. The
most common view is that the huge vacuum energy A is caused by the potential of a
scalar field which is called inflaton. Suppose that a theory which includes a scalar field
is constructed. Then, one may derive the dynamical equation for this scalar field in FRW

metric as follows
¢+ 3HO+V'(¢) =0 (3.29)

where V’(¢) is derivative of potential with respect to ¢ and

H?>=N (%q‘s? + V(¢)) (3.30)

18



For inflation models at the early universe potential energy dominates kinetic energy. So

the second derivative of ¢ is very small. It’shown mathematically as the following;

» < V(o) (3.31)

6] < [3HQ|,|V'(¢)] (3.32)

In the presence of that one may define parameters which are called slow-roll parameters

that yield conditions of inflation:

Vi 2
(V) (3.33)

and
n=-— (3.34)

We can also define the parameters in terms of the Hubble parameter. The only difference
between these two notations is that 3.33 and 3.34 cause rolling slowly for a while. If we
define the parameters via Hubble constant it causes the field to roll slower. The main point
is that, the Universe must start with an exceedingly flat inflaton potential, evolve slowly,
and finally land to a minimum of the potential where its oscillations reheat the universe to

give today’s structure.

19



CHAPTER 4

BORN - INFELD GRAVITY

In 1934 Born and Infeld [10] extended Maxwell’s theory of electrodynamics from
a linear nature to a non-linear nature. For the weak field limit, Maxwell’s Theory works
well but for strong field limit it fails. The main idea of B-I Gravity is to modify Lagrangian
density. New terms would be added, if one ensures that Lagrangian is still a scalar density
with all of the terms in it. (See Appendix A)

To modify Lagrangian density, we consider a rank-2 tensor field which is neither
symmetric nor antisymmetric called a,g. As we know from Appendix A, the Lagrangian

density is of the form
L= (—|au|)"? (4.1)

where |a,, | is the determinant of the tensor field a,, .

An arbitrary tensor field is formed of a symmetrical field and an anti-symmetrical
field. According to this let a,,, = g, + f... It means that the symmetrical part of a,,, is
metric tensor and the anti-symmetrical part of a,,, is totally antisymmetric (an it is taken to
be proportional to the field strength tensor of electromagnetic field F' ﬁM =0,A,—0,A)).
With this identification,

L3 (=lgu + fwl)" (4.2)
where for the purpose of constructing the Maxwell action we write
£ = (=lguw + L)' = (~lgu )" (4.3)

as the complete action. We are going to expand our expression for small f,,:

5= / D~ |gua V2165 + F01)2 (4.4)
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by using the identity (See Appendix D)
1/2 1 1 2 1 2 3
(114 A= = 1+§T7’A+§(T7’A) — ZTrKA) |+ O(A%). 4.5)
Then the second term in action (4.4) expands as

(Z+ F2D2 =1+ 5Trf + (Trf)? = {Trl(FV) + O 6

Since f¢ is totally anti- symmetric tensor, both T'r(f) and (T'r(f))? give vanishing con-

tribution to the expansion. Only one term survives:

Tr((f)*) = Trlfo f5) = [0 = 1" fiu 4.7)

Then, our action takes the form

1
§= [ d'al=lgaal) = ) @)

which is known action for electromagnetic field. From this action we are able to derive
Maxwell’s equations for electromagnetic field.

Since its proposal by Born and Infeld, this theory of electromagnetism has been
developed and applied to different problems. As a consequence there occured different
type of theories with different properties. These theories are called Born-Infeld type the-
ories [5, 6, 11, 19, 20, 33, 36, 40, 47, 68]. The common point of Born-Infeld gravity
theories are that when we examine the action (4.4) functional, we realize that it seems
impossible to embed non-Abelian gauge fields into the theory. If we force to embed them
into the theory, gauge invariance of theory is broken.

The main topic of this thesis work is Born-Infeld-Riemann gravity, and it will be

discussed in Chapter 6.
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CHAPTER 5

BORN - INFELD - EINSTEIN GRAVITY

Deser and Gibbons [25] suggested to modify BI gravity. Instead of adding field
strength tensor of electromagnetic field, it is also a good idea to add Eddington term in
action. In other words, the action can contain the curvature tensor and the metric tensor.

It makes action purely gravitational and geometrical:

Sp_g = /d4x(—|agm,+bR,w|)1/2 (5.1)

where a and b are constants. Applying the procedure in Chapter 4, one gets:

b
So-c = [ dlal-laguals + LRV

b
= [ | —lagaly 20z + 2]

b
= [ |- g0+ LR 52
Now, the second term above can be expanded as
0w b, 12 10b 10b , 10 9 3
|07 + aRy| =1+ 2aTrR+ 8a(TrR) 4@TT[(R> |+ O(R?) (5.3)

in the small curvature limit.
As we know (T'rR)? and T'r(R)? terms cause ghosts. To break away ghosty terms
we should add an arbitrary tensor field X, to our theory. In the presence of that, action

takes the form;

Sp_g= /d4x(—|ag,u, + bR, + CXW|)1/2 (5.4)
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Here, a, b and c are coupling constants. The same expansion procedure gives now:

b c
So-c = [ dla(~lagua(6 + ZRS + SX2))2

a b (e ¢ a
= [ate [Hagul (5 + Srg - Exeyp]

= [ g+

b
e I I

whose second term in radical sign is expanded as (See Appendix D)

b
69+ “RE 4 SXOP2 =1 4
a a

1b 1 1/b 2
2R+ 28T X 4 = (—TrR 4 ETTX)
a a

2a 2a 8

1 b . ¢, 2

-Tr{-Ry+-X ] +0(3) (5.6)
4 a a

Inserting expansion (5.6) in the action (5.5), we get:

1b
Spc = /d4x[a2(| - gm)|1/2(1 + - 2TrR+ §—TTX

+ g <b2 (TrR)> +

1 b?
4

2a
1

Z(TTX)2> + Z%(TTR)(TTX)

w w0 2
- —Tr<?RWR + SXW X+ X RW> )]

a [ 2 1/2 Lb 1v? 2
Sp-¢ = d x[a (| = gua)l <1 + §—TTR-|- ——TrX + ——(TTR)

2a 8 a?

1¢2 1 be 1%

& i _ -2 nz
+ 8a2<T X) —1—84 2(TTR)<TTX) 1a TT[RWR ]

c? 1 be

+ STrX, X" = ST [X””RW])]

1b

1
Sp_g = /d4x [a (| — gw)|1/2 (1 + §ETTR+ §§TTX

1b2<1
4a2\2
1¢2 /1
TrX
iz (2( rX)”
12

— S STIXR,))|

2 a?

To cancel out the ghost term (77 R)*

(TrR)? Tr[RWRW])

— Tr[X,, X"+ ;—:2 (TrR) (TT‘X))

(5.7)

—T'r[R,, R"| we make use of the tensor field X,
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to set

1% (1 9 Y le
or
Trx — -1 i 1(T R)? — Tr[R,, R"] (5.9)
T Towe YT Tt '
Letting X, = }L JuwX§ we get
b2 1 2 aﬁ
X = 3 §(T7“R) —Tr[RopR™] | gy (5.10)

Since X, is order of R2, the terms which have X * R, mixed terms cancel out. Because

these terms are in cubic or higher contributions. Then our action takes the form;

1b
Sp-c = / d*2a*(| = gu)|'? (1 + 553) (5.11)

This theory is nothing but the GR action with cosmological constant. It is important to
note that, if we are to construct a consistent theory we need to introduce some extra tensor
field X, to cancel the ghost-giving higher curvature terms.

The main advantage of the Born-Infeld-Einstein gravity is that it provides us with
a clear rationale for Einstein-Hilbert term. That term arises as the small curvature limit of
a general determinant theory. The Eddington theory [7, 29] corresponds to taking a = 0,
that is, killing the metric tensor. That theory resides in a complete affine space where
there is no notion of distance. (One recalls here that, the Ricci tensor does not involve the
metric tensor but Ricci scalar does.)

The disadvantage of the Born-Infeld-Einstein gravity is that it does not allow us
to embed non-Abelian gauge fields into the theory due to the action functional (5.1).
Otherwise the gauge symmetry is broken.

Although the disadvantage of the theory, it is an accomplished theory for Abelian
gauge fields included [48, 64, 65].
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CHAPTER 6

BORN - INFELD - RIEMANN GRAVITY

In this chapter we give a generalization of Born-Infeld-Einstein gravity. We try to
construct a theory which includes directly the Riemann tensor i. e. a rank (0,4) tensor field
(not a (0,2) one). We are going to see that, constructing theory from rank - (0,4) tensors
allows us to expand the determinant to include non-Abelian gauge fields in addition to
the electromagnetic field. This method has not been discovered before, and proves highly
important in unifying non-Abelian gauge fields and gravity [24]. Also important is that, in
this theory vector inflation comes out naturally [60]. This happens with no need to extra
degrees of freedom. All these features are going to be the subject matter of this chapter.

From Appendix A, we know that the notion of determinant can be generalized to
higher-rank tensors. For instance, if 7;,3 and F,,3,,, are two tensor fields, one can form an
invariant volume as d*x |Ta5|1/ ?oras diz (DDet(FaﬂW))l/ * where D Det stands double-
determinant as needed by a rank-4 tensor [61, 62]. The details can be found in Appendix

A. Also the reference [22] gives a more general description.

6.1. Born - Infeld - Riemann Gravity

For D dimensions we write the effective action as

Sepp=— / APz Mo [ — DDet(F;?gWﬁ + NgRyaws + NpFraws + ApFo Fly

1/4
n Xwﬂ)] 6.1)

where Mp is mass parameter. The parameter x is curvature constant which has mass

dimension 2. Constant curvature term g,,,3 €quals

Guowp = (Guw9op — GupYor) (6.2)
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which is nothing but the curvature tensor of a spacetime with constant scalar curvature
(proportional to x2). This term has a different importance. When we expand the double-
determinant, it is going to be expanded around this constant-curvature spacetime config-
uration. In (6.1) Ag is a dimensionless constant and the mass dimensions of . and A F
are [\;] = [\r] = —2. Finally, the field X,,,,5 is an arbitrary tensor field introduced for
canceling ghosts.

Now, let us discuss the term Fua,,g which has the same symmetries as (g, 905 —
9u390) and the Riemann Curvature Tensor R, 5. It is easy to see that, for electromag-
netic field, this tensor field attains the unique form

Frovs = FuaFyg. (6.3)
This term unifies Maxwell theory and gravitation in the way Born-Infeld gravity does. In
other words, instead of generalizing metric to g, — g, + F},, as in Born-Infeld gravity,
we can construct the tensor field (6.3) which has the same symmetries as the Riemann
tensor. The results of the two approaches will be the same.

However, the main novelty is not the inclusion of Maxwell theory; the novelty is

that the Yang-Mills theories can be unified with gravity [24]. Indeed, the tensor field (6.3)

directly generalizes to

Frovs = Fi F (6.4)
where a runs over the adjoint of the group. For SUN) a = 1, ..., N? — 1. The main nov-

elty is that the non-Abelian gauge fields cannot be included in the Born-Infeld formalism
which is not gauge invariant because of £, appearing with index a not contracted. Here,
in the Born-Infeld-Riemann formalism, as we call it, it is automatic. This generalization
of Born-Infeld theory thus opens a new avenue where one can embed the Yang-Mills
dynamics in gravitational dynamics, which was not possible before.

As usual, the dual of £ is defined as

=€, " FC (6.5)

v

In Born-Infeld-Riemann gravity, gauge fields enter the double-determinant in a
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gauge-invariant way, and hence, both Abelian (electromagnetism) and non-Abelian (
Yang-Mills theories like electroweak theory and chromo-dynamics) theories are naturally
included in the formalism [24]. In our work we examine our theory for a homogeneous
and isotropic Universe (FRW background) which is explained in Chapter 3, in detail. We
rewrite the effective action for FRW background and calculate the equations of motion.

Specializing to D = 4 we get,

Seff T /d433M%[ N DDet(K“QgﬂaVﬁ + AR/RﬂaVﬁ + XMOWB + )‘%‘F#al’ﬁ
~ 0 Za 1/4
+ARELE Vﬂ)]
Seff == /d4$M12)|: - DDet(’%Q(g,quaﬁ - guﬁQau) + /\R’Ruauﬁ

~ ~ = 1/4
+ x%Wﬁ+A;ﬂmﬁ+AFFaFaﬂ 6.6)

pa™ vB

Now, applying the same procedure we did in Born-Infeld and Born-Infeld-Einstein grav-

ities we get

1/4
Seff = — /d4ng%< — DDet(KvQ(guu’gaB’ — guﬁ’gau’)))

xpmﬁgxﬁ—%ﬁ)
* éqnv)“’“’”’ﬁ’xmﬁ

Let us first compute the first factor in the integral. Using the notion of double-determinant
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(See Appendix A) we obtain

1/4
(DDet (Ii2<guy/ga5’ - guﬁ’gau’))) /

1/4
= K (DDet ((g/w’gaﬁ’ - guﬁ’gau’») /
= K/2 (DDet (#6“1#2“0[6#1“21,“3/))1/4

= /12 2% (DDet (€Mm2ua€u1#2’/ﬁ') ) v

1,,1 2 .2
_ .2 1/2 1 [i1fiofi3fia Oy GotuzOuy VS VA VALY B BLBLBY H1H2 KIS
= K (‘ — gpg|) / > [6u1u2u3u45 102830 (V1 VaV3Vy 0182838, ¢ € fiadia

:| 1/4

=

133 i 1/
i g iyt 6.8)

For simplicity let us call the coefficient of the term x%(| — g,,|)/? as Cpp. It reads

explicitly
B 1,1 2,2 1/4
Cpp = 1 6#1#2#3#4€Oé1a2a3a4€l’ilfél/§l’f;65{%%526“1“2~ e
21 f1é1 fi2G2
3,3 4,4 1/4
31 ) o
X [6 fisdis m&fﬂ%u?%ﬁieu%u?'/éﬂéEu‘fuévzéﬁéﬁu‘%ué‘%ﬁi] (6.9)
As aresult, we get:
—DDet (k( - MY = Copr2(] = gpo )2 (6.10)
el \K \Guv'Gap’ 9up' Gou! = UpbDkK 9po .

Hence, we have calculated the first part of (6.8). It is expected that the double-determinant
of the Riemann curvature tensor of a constant-curvature spacetime yields the square of the
determinant of the metric tensor.

Now, we proceed with the remaining calculation. First of all, (I nv)“’o"”lﬁl is
nothing but the 4-index identity tensor. Its explicit expression as well as various other
details are given in Appendix B.

With the calculated pieces replaced in, the effective action takes the form

1 / ! ’ ’ )\ / 1 Q!
Spp= — /d4chDMl2),§2(| _g,)l/z<DDet(§(5g 55 — 4 55) A
1 /3l / o 5\ A 1/4
v'B F rav' B 1oa F rav'p TK 170
-+ ?X V8 + ?F FVB + ?F Eyﬁ FTH>> (611)
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which is of the form
Spp = — [ d@CppMpr2(| — g)'/? (DDet (I + A))"* (6.12)

From Appendix D, we know the expansion of the term D Det (I + A). Let us now apply

the expansion to our tensor fields.

AR/ V/B/ 1 V/,B/
DDel(I+4) =1 + 577 E Vﬁ]+?T7~ x|

>\/F Y S\F Y
av' B’ ha av'p TK 17a
+ FTT [F yﬁ] + ?TT [f Eyﬁ FTR:|

1
— =Tr
2

)\R/ /B/ 1 /B/ /I;‘ a 1l
1% i v P v'B a
<K2R vt X et

Ar

2
'3 TK
ﬁFaV 61/,6’ F;_IH>

L]
2

)\R/ 18! 1 18! /F av' B
14 YV P V'8 a
Tr(KQR ot X SR

2

+ —FW’ﬂ’eVﬂmen) (6.13)

where each of the pieces of which can be calculated as follows:
. 2
, a4 V'8’ N ¥y -
Tr {(%R %ot B X7 g+ B F P Foy 4 S Fe e, TR ) }
- T ﬁRV'ﬁ' Rp’cr’ + ﬁFau’B’Fa oo’ pb
= AT e vf po P v po
22 1l /! !
—l—i—iF“” B EVBWFT“HFZ”’ v epJT K Ff?,,_i/]
1 v' B! et ARt A pr V'3 ’
AP SA CLOER £V SN A g 8
Apr pv' B! o’ A A 130 - ’ ot
+Tr (228 R, X774 22ee P Fo P9 TR EY,
At /8! pla’
+225 P8 Fa X0 |
+Tr X7 Fov's eVBT“FgK]
(6.14)
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A2, /8! 5! A2, 130 ’t
=Ty (R R 4 ST [P Fay P R
22

v
+22 7y [F‘“”ﬁ/eyﬁmeﬁFW“/epUT'“'Ff,H,}
+ 5T (X7, X7 |+ 2degey R, Fere
TRVRLY o [R”/ﬁ/VﬁF‘LP'”/epJT/”'FT“,R,]

P ! 3/ ! 5/ A /5\ V'8 /! !
+228 Ty (R, XP7, | 4+ 22e0e T [Fo/d P e, 7 B, ]

—|—2>\11/ T [FGV'ﬁ' gBXp/g/p ] i /;\i_iTT [Xp/g/pUFay/B/Eyﬁranﬂ} (6.15)

K

Calculation of the last term;
Y 131 / /3l Y 131 2
[TT <%Ryﬁuﬁ + Xy S F Y Fly - S P evﬂmeﬁ)]
A2, V' B 2 A2, av' B Ta 2
=2 [1r (R7,,)| + 3 [Tr (F¥ Fay)
5\2 7l Tk 2 1 V//B/ 2
_'_H_ir |:T7’ (Falfﬁ 61,5 F;;)] —+ P |:T7“ (X Vﬁ)]

+22ugery (R, ) Tr (Fo' Fy,)

w22y (RY7 ) Tr (sFo'% e, e, )

+2 )\HIZ/ TT' <R1/ﬁ/yﬁ> T'/“ (Xp/glpa>
o (P ) Ty (P07, 7, )
22T (7 ) T (07

22y (Poe, 7B, Tr (X)) (6.16)
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With all off the calculated terms equation (6.13) takes the form;

AR/ V//Bl 1 Vlﬁ/ A,Fv CLV//BI a
DDet(I+A) =1 + “5Tr [R7, |+ ST X7, ] + e |77 Fyy|
S\FT Faylﬁ/ THFa )\%%/ T Rulﬁ/ Rp/o./
+ ? r EVB T —2—1%4 r VB P
A%‘/ i //3/ b// b
- SErr [P E e R
5\2 I ’6/ b /! ! b
— SETr [P TR, FT,H,}
X%‘ I /ﬂ/ b / ! /1,1 b
— SETr [P, TP P, Fm,}
1 M Y ’ A /)\ ’ Y o
- v'p po _ AR'AF v' B ap'c’ a
— T [X x| - SRR R e
)\RIS\F V/B/ ao'o! k! a
- STy [R F e, F]
. ET Rulﬁl Xp/o./
K4 r vB po
)\F'S\F av' B’ ha bp'c’ . TR b
- Ty [F Fopee FT,R,}
AF/ CLI//IB/ a p/o./ XF plO'/ (ll/lﬁ/ TK a
A s 7 G S S v D G el Y
K v, po Ii4 po v TK
/\%2’ v' B 2 /\%" av' B a 2
g [T (B70)] 4 g [T (P )
5\%‘ av' B’ TK 1a 2 1 V' B! 2
g [ (P e )| g (1 (X70))
AR’AF’ V/IB/ a lo_/ a
+ STy (R Vﬁ)TT (FP Fpa>
ArAp ‘ol a'B . Tha
+ ST (RY,) T (Fe )
AR/ V/,Bl p/o_/
+ T (R w) Tr (X W)
)\ /5\ 1 ) !
+ AR, (FW Fgﬁ) Ty (Fb””epoT”Ff,n,)
K
)\F’ (IV’B/ a /0./
+ SR (PR ) T (X7
X2 /! !l !l
+ 2Ly (be’“ep;“Ff%,) Tr (X”%) 6.17)
K

Taking care of binomial expansion;

3
(1+2)V = 1+£— o+ 0(3) 6.18)
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Applying binomial expansion to (6.17);

(DDet (I+ ) = 14 38Tr [R7, ] + e [ ]
)\2 , l//ﬂ’ p/o_/
wrr (R R7]

T8kt

N 73l Y 131
35Ty [F'9 Fy) + 25Tr [F'% e, Fa|
AZ / !/l /! ~2 !l /! ! !
Ty [ Fa P B ] — S5 Tr (/¥ e, o P e, "W BY, |
N2 =1 /! !
3Ty [P e, R e, Y

1 18! ot Ao A 18! ;o
—Tr [ X7, X0 | = dadery (R, P |
P Vg oo’
e R, X7, |

AR/S‘F y’ﬁ/ ap’a’ k! Ta
—==Tr [R WL R S Bl ver
_)\F/;\F av' B ra rbp'o’ . 'K b Y av'B' pa yve'ol
ey [ pr piee PR, | < dmy [Pl X

2 [ X7 FP e, ] 4+ i [T (R i
e oo v Lk 3261 VB
g [T (P B gk [ (P07, m, )|
ik [T (X7,)] QEEEYEYT (R7,) Tr (P FS,)
ey (R7,,) T (X77,)

AprA /o' 13l r
+ 1%”4FTT <Rp pa> Tr (chﬁ €5 HF&) + o

42Ty (Fa'8 Fa) Ty (FW'o'e 7' F, )
3T (P ) Tr (X7,

5\2 5! ! '8’
+16£4TT (Fbp Epo’ H Fﬁ/ﬁl) T?“ <X ﬁyﬁ)

(6.19)
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In the presence of these, our effective action (6.7) takes the form;
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We should cancel out the ghosty terms as in previous chapter via our rank-4 arbitrary



tensor field X, 3.

]_ V/Bl 1/5 R2
x=4 (R By (6.21)
Assume that;
!l A / !/l R2 ! ! ! /
V' B . R v'B vp v o B v
X%, = AL (R iRy — T) (5,, 58 — o 55) (6.22)

The trace of X,,,.3;

_ 1Lyv'p v V%
X =1X Vﬁ(ayaﬁ—afaﬁ)

X = 1AM (R“’B’ R, - RT) (5;’55’ - 55’55/) (55,55, - 5g,5f,)

2772k v B
D=4 = A = . Hence,
1! A ! !l R2
V'3 _ R v'B vB
X vB T 942 <R VﬁRu’ﬁ/ o Z) (6.24)

After inserting equation (6.24) into effective action (6.20) and cutting our expansion at
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second order, the effective action takes the form as;
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There are two possibilities of gravitational constant and constant curvature. When they

are equal to each other Mp = k;
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When they do not equal to each other Mp # k;
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We are going to consider (6.27) in our work.
6.2. Relation to Vector Inflation

Our goal is to derive dynamical equations for homogeneous and isotropic universe,
for FRW background and to demonstrate inflation comes naturally from our effective

action. To do that we should calculate traces of tensor fields in FRW background [44] as
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a second step.
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Calculation of the first term;
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Calculation of the second term;
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Calculation of the third term;
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Calculation of the fourth term;
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Calculation of the fifth term;
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Calculation of the sixth term;
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Calculation of the seventh term;
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Inserting the terms into the equation (6.28);
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We can rearrange the action;

Sepr = — [ d'ConM3(| — )2 [ + 5 (2 40 (2)°)
+5E —a ! (a2 + g0 ) + Bhrgdota
55 [mag (6" — a2?)" — ga (46" - a%z's?ﬂ
_ 2k [48618 (420" - a2¢2)2 - 144a1292$2¢4}
g [36a‘69¢¢2 (- + 2—) 3646 goo? ( —)}
2858 | =360 0gde?g?0t — a*?| | (6.37)

4K2

Action takes the form as;
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To find the dynamics;
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According to equation (6.39);
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As mentioned in Chapter 3; to determine inflation conditions we should derive slow-roll

parameters. First step is to write down the Hubble Constant H, Hand H?;
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To supply inflation conditions, we should interpret the ratio of Hand H? since

H
‘T TH
H
I <1 (6.45)
Then in view of absolute value;
‘ﬁ > 1 (6.46)

The Friedmann equations above may seem too complicated to draw a conclusion about
slow roll behavior. However, their a(¢) dependence already gives some clues on their
evolutionary character. Both H? and H have two pieces; one piece that depends on ¢(t)
and another piece that does not. By simply examining those terms up to O(a~?) one
sees that H /H? > 1. Though a numerical computation might give better view of the
solutions, still one concludes that the slow-roll conditions are satisfied for a wide range of

parameter values.
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CHAPTER 7

CONCLUSION

In this work, we have established a new gravitational theory that we name as Born-
Infeld-Riemann gravity. This theory is based on the Riemann tensor in the action. Among
other features, it has the important property that, it allows for unification of Yang-Mills
fields and gravity in one single formalism. This feature is completely new, and has not
been found in other gravitational theories.

For both extracting the physics implications of the model and performing an appli-
cation to a physical phenomenon, we have discussed, after building the model, the gauge
field inflation. In this scenario, cosmic inflation is caused by a non-Abelian gauge field in
homogeneous and isotropic background.

This thesis work, supplemented by a number of appendices, concludes that Born-
Infeld-Riemann gravity is a physically consistent extension of the GR, and it brings strik-
ing novelty in the treatment of non-Abelian gauge fields. Moreover, it covers inflationary
epoch for a wide range of parameters.

This theory is an extension of the Born-Infeld theory to non-Abelian fields, and it

can explain a number of cosmological phenomena.
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APPENDIX A

INVARIANT VOLUME AND DETERMINANT OF
TENSORS

Einstein’s Special Relativity Theory shows that we live in a four dimensional
world which is called space-time. With the Theory of General Relativity, space-time
is considered in a geometrical nature. Basically the theory is based on a geometrical
structure which is called manifold. A manifold is smooth and locally flat [13, 66, 67].
Because of its smoothness, manifolds are differentiable. We are going to mention about
tensor fields which are defined on manifold, briefly.

First of all is the metric tensor. Metric tensor is a purely mathematical object and benefits
to measure space-time intervals. Coordinates can be choosed as z# = [2°, 2!, 22 23]

Here Greek indices label space-time coordinates. For any point of space-time we can find

a point that locally inertial: ¢* = [¢°, (!, (2, (?]. The line element is;

ds® = n,,d¢"dc” (A.1)

where 7, 1s Minkowski metric of flat space-time.

d¢t d¢”
ds® =n,,——
§ (e dx™ dxP

da"dzPds? = Grpdx” dz? (A.2)

As seen from equation (2) g-, is n X n diagonal, symmetric matrix. The symmetric part of
the metric tensor is different from zero so that norm can be measured. If the metric tensor
is defined in a theory, it is also used for raising or lowering indices. .The discussions still
go on about metric tensor: Should a theory include metric tensor, is it necessity? We are
going to explain these type of theories in Chapter 2.

In curved space-time how can we parallel transport [13, 41, 53, 67] a vector along

a curve? Clearly the transportation is not going to be the same with flat space. Riemann
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Curvature Tensor comes from this argument.

ng:an,—%mg+P;ma—rgng (A.3)

Riemann curvature tensor [46] contains everything about the curvature of space-time. We
mention flat space if and only if curvature tensor equals zero.

The last structure is connection. It appears in geodesic equation which means
that the path of moving object is determined by connection. It is not a tensorial structure
that changes with respect to the chosen coordinate system. The symmetrization or anti-
symmetrization in lower indices of connection gives us torsion of the space-time. As
mathematically we know that the difference between two non-tensorial structure gives
a tensorial structure that means torsion is a tensorial structure. Therefore if determined

connection is anti-symmetric in its lower indices;

A A QA
I — T3, =S (A4)

«

If determined connection is symmetric in its lower indices, torsion of the curved space-
time is zero.

In classical mechanical systems [41] we use action functional, in general. To un-
derstand features of a motion, we take the variation of the action with respect to dynamical
variables of motion. In General Relativty(GR) Theory action plays an important role, too.
We construct our theories upon Lagrangian Density which is symbolically called L. Be-
side the great success of GR, it is unfortunately an incomplete theory. It can not explain
such big problems that cosmological constant problem, inflation etc. Because of that for
years people have tried to modify Einstein’s GR Theory in several ways. An appropriate
action functional is constructed due to our theory and then equations of motion are de-
rived. Finally due to the equations of motion the results are interpreted. One way to check
a theory whether it survives or not, it should be examined that does the theory include GR
for limiting cases. The other way, for limiting cases, is to search the results are compatible
with the cosmological observations.

First of all the question is that how we can form an invariant action. Basically we define
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the action;

S:/&Mﬂ (A.5)

where L is called Lagrange function. If it is applied on a space-time manifold for four

dimensions;

S:/&w@n@¢) (A.6)

Here L is called Lagrangian density and ¢ is metric tensor, " is connection, ¢ is an arbi-
trary scalar field, gzﬁ is the derivation of scalar field with respect to time. As long as we
obey some basic rules, we can add inifinite number of terms to Lagrangian density. Now
we are going to mention about these basic rules. As we know action is called a scalar-
quantity which means it is an invariant under all of the changes. For example; action
should be an invariant under coordinate transformations, gauge transformations, confor-
mal transformations.. etc. It makes sense because we don’t want the equations of motion
to change when the system is in a different frame.

Our primary aim is to make action Lorentz invariant. Suppose that Lagrangian
depends only on connection and partial differentiation of connection. On a D dimensional

space-time manifold;
S:/ﬁ%ﬁ@ﬁm (A7)
where
dPz = d*ox AdMgz A - AdFP-1g (A.8)

Changing coordinate system x — z’ [3, 13, 67];

dx

da’

dPz =

dPa/ (A.9)
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Since d”x # dPa’;dPx is not a tensor! We call these type of quantities as tensor density.

dx

47| 18 called the Jacobian.

The coefficient of transformation in the form of determinant‘
According to power of the Jacobian the weight of tensor density is defined. dPx is a
tensor density of weight ”+1”. In this situation action is obviously not an invariant. To
persist invariance of action, Lagrangian must involve a tensor density of weight ”-1”. The
best way of succeeding that is to use the notion of determinant.

Lorentz coordinate transformation of an arbitrary rank (0,2) tensor field R ,,;

Oxt Ox”
RM/V/ - WW v (AlO)
ozt oz’
Jar o o = R (A1)
Taking determinant of both sides;
oz’ |
Rl = | 50| 1R (A12)

where |R .| = Det [R,,]. Since the coefficient of |R /| is ‘%—g . then the determinant

of arank (0,2) tensor field is a tensor density of weight ”-2”.
In the same way Lorentz coordinate transformation of an arbitrary rank (1,3) ten-

sor field Q,,0.5;

/ ozt Ox® dx¥ OxP

K — Iz
< VB e Jxe’ OV D Q" avs (A.13)
Azt 9z dxv' dx” y i
S Do Dt 9pf 2 vy =< avs (A.14)
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Taking determinant of both sides;

714
’ (A.15)

ox
o _
HQ aVBH_lgx

o
) Q a/V/lB/

where HQ“ auBH = DDet [Q“ OWB}. Then the determinant of a rank (1,3) tensor field
is a tensor density of weight ”-4”.(Double Determinant is going to be called DDet in the
rest of thesis). As we see in equation, the notion of determinant differs from rank(0,2)

tensor field. The reason lies under the definition of determinant.
1 Mo B2 i3 ~VOV1V2V3
|RMV| = ﬁ S € RHOVOR/—LIVIRNQVQR/—LSVS (A16)

and

HQM auﬁH = # 6#0#1#2#3Gaoalo{zagGVOV1V2V3G/BO/BLBQB3

Q" 00 D v s D s e D s (A.17)

where €, o, 18 totally anti-symmetric Levi-Civita Symbol [3, 13]. It’s not a tensor
or a tensor density. Because under the coordinate transformations, components stay the
same.

In any coordinate system;

If pig o1 o3 1s an even permutation of 0,1,2,3; then €1, iops = 1

If p10401 p1opi3 1s an odd permutation of 0,1,2,3; then €, yopy= —1

Otherwise €0, juops= 0

Using the definition of determinant [61, 62];
1/2
Cpopr...pp = |R| / Shoprpp (A.18)
or

1/4
€popr...pp = 19| / Cpopr (A.19)
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and

6y0u1...uD — ‘R‘—l/Q ENOMI--#D (AZO)

or

Euoul...up — ||Q||71/4 GMONI-"MD (A.21)

Since eto#1#D g no longer a symbol, indices can be raised or lowered.
Our aim was to make action stay invariant. As mentioned before according to equation

(5) £ > “a tensor density of weight ”-1”. After all these discussions;

L3[R, ]|Ql (A22)

In our work, we use these fundamental concepts and construct our theory based on
determinant of rank (0,4) tensor fields and our metric convention is (-+++). Finally, here
are some properties used in this work of completely anti-symmetric Levi-Civita Tensor

which are exemplified for 3D:

52 8¢ 89
Vel =1 g 5 8| =6 (A.23)
A
& o8 69
eaijegji & o o | =265 (A.24)
o 9 4
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and some of them are examplified for 4D:

0i ki
€ € 0i

ab0i Ekl 6abOz

Gokgvl€ 0 = €ab0i

5k oF ok oF 3 oF
6 6 & o | |4, 3
50 8 80 | |0 o
5.6 0 Ol Y
GiaGrmb ab0i elmkj — (aboi €abhj

S o, oL o 3
T N
5 0o oy oY 0
& o, a0 0 5

oS = O O

S = O O

(A.25)

(A.20)
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APPENDIX B

VARIATIONAL APPROACH

In the previous chapter, we explained the meaning of gravity, and the fundamental
notions. By using knowledge obtained from introduction, let us continue with explaining
variational procedures, to obtain field equations, and extended theories of gravity. Firstly
we explain variational method [1, 13, 39, 41, 43, 49].

In classical field theory, the way of finding equations of motion is called varia-
tional method. To understand what this method is, let us consider a Lagrangian density

L(¢, ¢) and the action is given as;

S = /dtL = /d‘{w (¢",0,9") (B.1)

By considering small variation in this field;

0,0" = 0,9" + 6(0,9") = 0,0 + 0,,(6¢") (B.2)
Lagrangian Density varies;
L(¢',0,0") = L(¢" + 0¢",0,0" + 0,(6¢")) (B.3)

thus action varies by virtue of this small variation S — S 4+ dS. Hence;

(oL oLr
i5— [ atusa |2 -, (2L)] ©

We assume that ¢’ is the same at the end points of the integral. Thus, by using this assump-

tion, we conclude that 9.5 should be zero. This leads to field equations [13]. Therefore,

by using variational principle, we obtain the eqaution of motion for a Lagrangian which
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has one dynamical variable.

In general relativity, we use the same procedure to obtain field equations. How-
ever, there are some different methods according to dynamical variable in the Lagrangian.
We examined these methods in three parts in Chapter 2: Metric formulation, Metric Affine

formulation and Affine formulation [7, 12, 13, 15, 30, 43, 51].
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APPENDIX C

FIELD-STRENGTH TENSOR

Field Strength Tensor which is an antisymmetric, traceless rank (0,2) tensor field
depends on the electromagnetic field of particles. For a 4 dimensional space-time mani-

fold covariant field strength tensor takes the form as;

0 —-E, —-E, —E,
.| B2 0 -B. B,
F,= (C.1)
E, B, 0 -B

E. =B, B, 0

and contravariant field strength tensor which is constructed via two contractions of field

strength tensor by metric takes the form as

0O E, E, E.
~E, 0 -B. B,
~E, B. 0 =B,
—E. =B, B, 0

(C.2)

Field strength tensor includes all the information about electromagnetic fields.
Since it is an antisymmetric tensor, there are six independent components. The other

important notion is the dual of Field Strength Tensor which is;

0 —-B, —B, —B.
B, 0 —E. BE,
Y z 0 _EJ:
B. —-E, E, 0

(C.3)

Dual field strength tensor is an atisymmetric tensor field, too. One may associate the

duality with rotation. Electric field and Magnetic field are transformative quantities. Dual
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field strength tensor is a good way to show this transformation. We obtain dual field

strength tensor with the help of totally antisymmetric tensor field.

1
Fr, = éewﬁFQﬁ (C.4)

As seen in Appendix A, it is also important to construct invariant volume elements
in GR. Dual field strength tensor is one of the ways to construct. Both F*F),, and F*" F],
are Lorentz invariant quantities. With this analysis we understand the field strength tensor
and its dual.

The next step is to examine Field Strength Tensor in the view of Particle Physics.
Field Strength Tensor is built up from the four-potential which is A* = (A°, ff) Here,
AV is electric potential andA is 3D vector potential. Under Gauge Transformation field

strength tensor remains unchanged. For abelian theories field strength tensor is
F,=0,A,—0,A, (C.5)

If we consider consider non-abelian theories, what does field strength tensor re-
acts? Would it be remain unchanged? To answer this question, from (C.5) under local

gauge transformation A* — éA“ﬁeld strength tensor takes the form as;

F, = GF,G!

O (GAVG"l + E(GVG)G‘1> — 0, (GAMG‘l + 5(@0)0*)

= G(9,A, —0,A,)G T+ ((0,G)A, — (9,G)A,) G

G (Au(8,G7Y) + A (0,67 + 5 ((0,6)(0,G7) = (0.G)(0,G7))
GF,G™* (C.6)

W +

Field Strength Tensor changes under local gauge transformations. It means that an addi-
tional term should be added to field strength tensor. This term comes from the non-abelian

group structure. Since F,, = - [D,, D, ] with D,, = 0, + igA,, Consequently for non-

1
iq
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abelian group structures, Field Strength Tensor takes the form as;

F.,=0,A,—0,A,+iqlA, A (C.7)

Field strength tensor is no longer changable in local gauge transformations. If we rear-

range equation(C.8), considering group index,

Fy, = 0,45 — 0, A5 — gep A A (C.3)

In our work, we choose the condition [44] A = 0 and

p=i= A% = (1)

“w
p=0=A;=0

Then inflation is caused only by spatial terms which depend only on t. In the

precense of that Field Sterngth Tensor components are;

Fi =0 (C.9)
= 02 (C.10)
Fo% = _g2h (C.11)
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APPENDIX D

EXPANSION

In this appendix, we are going to examine the expansion of Determinant expres-

sion. It is going to be concluded that the expansion of determinant and the expansion of

double determinant expressions are the same. The best way is to examine determinant

expression, firstly [3, 67].

DetM = eTrini (D.1)
Det(@+A) =3 = |- 3 E i)
k! : J
k=0 j=1
= (—1)
:exp[ Z T’I“(AJ)
7j=1
1
= exp T( (= >TT(A])> = exp[Tr(in(Z + A))] (D.2)
J
7=1
We are going to express the terms of summation on j;
Det(Z + A) = Zk—[ Z Tr A7)
k= J=1
=1 1 L 1 1 g
=Y — |TrA— =Tr(A?) + =Tr(A%) — =Tr(A*) + =Tr(A%) + ... D.
> g [T TN+ gAY A £ T 5
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Now we are going to express the terms of summation on k;

1
Det(Z+A) = _1 +TTA—§TT(A2)
k=0 N ~
k=1
L1
2

k=2

If we cut the expansion in the order of cubic level;

1 1
Det(T+A)=1+TrA— 5Tr(AQ) + §(T7"A)2 + O(4%)

We know binomial series expansion (Arfken, )

(1+2)" = i (Z)xk

1/2

(Det(ZT+A)'*=|1+TrA— %TT(AQ) - %(TTA)Q

J/
-~
x

Due to expansion in equation (D.6), one can expand equation (D.7);

(Det(T + A)Y? =14 1 (TrA — LTr(A%) + L(TrA)?)

— L(TrA = ITr(A2) + L(TrA)?)?
(Det(Z + A)'? =1+ 1TrA — 170 (A2) + Y(TrA)? + O(2?)

(TrA) — (TrA)Tr(A2) + i(Tr(/P))Q o

(D.4)

(D.5)

(D.6)

(D.7)

(D.8)

Since Double Determinant expression is the same with Determinant expression as in equa-
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tion (D.1), the form of expansion must be the same. According to (D.2);

> E)

-1
=1+TrA—1Tr(A?) + J(TrA)?*+... (D.9)

=1
DDet(T + A) = Zk—
k=0

Due to equation (D.6);

13
(1+z)Y4 =1+ i 3—2:c2 +O(2%) (D.10)

and arranging equation (D.11)

1/4
1 1
[DDet(Z + A)]Y* = |1+ TrA - §TT(A2) + é(TrA)2
[DDet(Z + A" =1+ 1TrA — LTr(A%) + L(TrA)? (D.11)

We are going to use these expansions during our work.



APPENDIX E

TRACE OF A MATRIX

In this thesis, we try to construct a new theory. Expansions make us to calculate
traces of the rank-4 tensors. In this Appendix, we try to formulate what trace is [3, 50].
Basicly, trace of a matrix is the sum of diagonal elements of matrix. Consider an

arbitrary matrix M. Trace of M;
Tr(M)= M* (E.1)
Mathematically we use some features of trace such as:
Tr(M —N)=Tr(M)—Tr(N) (E.2)
and
Tr(MN) # Tr(M)Tr(N) (E.3)

On the contrary, it should be pointed that

= Z Z njiMmi; = Z (MN)].J.

J J

= Tr(NM) (E.4)

It indicates that we should displace the matrices wit each other in this way.

For tensorial structures, the contraction is caused by metric tensor. For example,

65



trace of an arbitrary rank-2 tensor field, Auv , is

Tr(A) = A", (E.5)
It should be used either metric tensor g,,,, or (especially for affine theories) 0~
Tr(A)= A", =g" A, (E.6)
or
Tr(A) =d,A", (E.7)
In this thesis, we write down the traces of terms in this way:
Tr(F"PFl) = I, 5,F“V 'F2y
1 !l
_ av' B ra
= ( — 500 ) F g
1 al/ﬁ a aBv 1ra
= 3 Fjg F Fjs
_FaV,B
= Tr(F*°F}, (E.8)
and

Tr(F™e, °Fo) = I, F*" ¢, T*F,

ﬁ B 12l
(605 — 500 ) F'%e, 7,

F*P¢,"Fa — F* ¢, "F2
,Fauﬂ

= F"Pe, JUFL (E.9)



