EXACTLY SOLVABLE Q-EXTENDED NONLINEAR
CLASSICAL AND QUANTUM MODELS

A Thesis Submitted to
the Graduate School of Engineering and Sciences of
Izmir Institute of Technology
in Partial Fulfillment of the Requirements for the Degree of

MASTER OF SCIENCE

in Mathematics

by
Sengiil NALCI

June 2011
IZMIR



We approve the thesis of Sengiil NALCI

Prof. Dr. Oktay PASHAEV
Supervisor

Prof. Dr. Ismail Hakki DURU
Committee Member

Prof. Dr. Ugur TIRNAKLI
Committee Member

17 June 2011

Prof. Dr. Oguz YILMAZ
Head of the Department of
Mathematics

Prof. Dr. Durmus Ali DEMIR
Dean of the Graduate School of
Engineering and Sciences



ACKNOWLEDGMENTS

I would like to express my deepest gratitude to my advisor, Prof. Dr. Oktay
Pashaev, for his academic guidance, motivating talks, help and patience throughout my
graduate education, especially during preparation of this thesis. I sincerely thank Prof.
Dr. Ugur Tirnakli for being a member of my thesis committee. I would like to thank
TUBITAK for graduate students scholarship, supporting my master programme studies.
I also want to thank my colleague and close friend, Neslihan Eti, for her encouragement,
support and help.

Finally, I am very grateful to my family for their support, understanding and love

during my education.



ABSTRACT

EXACTLY SOLVABLE Q-EXTENDED NONLINEAR CLASSICAL AND
QUANTUM MODELS

In the present thesis we study g-extended exactly solvable nonlinear classical and
quantum models. In these models the derivative operator is replaced by g-derivative, in
the form of finite difference dilatation operator. It requires introducing g-numbers instead
of standard numbers, and ¢-calculus instead of standard calculus. We start with classical
g-damped oscillator and g-difference heat equation. Exact solutions are constructed as
g-Hermite and Kampe-de Feriet polynomials and Jackson g-exponential functions. By
g-Cole-Hopf transformation we obtain g-nonlinear heat equation in the form of Burg-
ers equation. IVP for this equation is solved in operator form and g-shock soliton so-
lutions are found. Results are extended to linear g-Schrodinger equation and nonlinear
g-Maddelung fluid. Motivated by physical applications, then we introduce the multi-
ple g-calculus. In addition to non-symmetrical and symmetrical g-calculus it includes
the new Fibonacci calculus, based on Binet-Fibonacci formula. We show that multiple
g-calculus naturally appears in construction of ()-commutative g-binomial formula, gen-
eralizing all well-known formulas as Newton, Gauss, and noncommutative ones. As an-
other application we study quantum two parametric deformations of harmonic oscillator
and corresponding g-deformed quantum angular momentum. A new type of g-function
of two variables is introduced as g-holomorphic function, satisfying ¢g-Cauchy-Riemann
equations. In spite of that g-holomorphic function is not analytic in the usual sense, it
represents the so-called generalized analytic function. The g-traveling waves as solutions
of g-wave equation are derived. To solve the g-BVP we introduce ¢-Bernoulli numbers,

and their relation with zeros of ¢-Sine function.
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OZET

TAM COZUMLENEBILEN DOGRUSAL OLMAYAN Q-GENISLETILMIS KLASIK
VE KUANTUM MODELLERI

Bu tezde, tam ¢6ziimlenebilen dogrusal olmayan g-genisletilmis klasik ve kuan-
tum modelleri calisilmistir. Modellerde tiirev operatorii sonlu fark dilasyon operator for-
munda tanimlanan g-tiirev operatorii ile degistirilmistir. Bu calisma, standart sayilarin
g-sayilar1 ve standart hesaplamanin g-hesaplama ile degistirilmesini gerektirmistir. Ilk
olarak klasik g-soniimlii osilasyon modeli ve g-fark 1s1 denklemi ile ¢alisildi ve kesin
coziimleri q-Hermite ve Kampe-de Feriet polinomlar ve Jackson g-iistel fonksiyonlar
cinsinden bulundu. g-Cole-Hopf doniisiimii kullanilarak dogrusal olmayan g-1s1 den-
klemi Burgers denklemi formunda elde edildi. Burgers denklemi i¢in baslangic deger
problemini operator cinsinden ¢ozdiik ve g-sok soliton ¢oziimleri bulduk. Elde edilen
sonuclar, dogrusal g-Schrédinger denklemi ve dogrusal olmayan q-Maddelung akiskanlar
icin genigletilmistir. Fiziksel uygulamalardan yola ¢ikarak ¢oklu g-hesaplama tanimladik.
Bu coklu hesaplama simetrik ve simetrik olmayan g-hesaplamalara ek olarak, Binet-
Fibonacci formiiliine dayanan yeni Fibonacci hesaplamayi da igerir. Coklu g-hesaplama-
nin, bilinen Newton, Gauss ve degismeli olmayan binom formiillerinin genel hali olan
Q-degismeli g-binom formiiliiniin yapilandirilmas: sirasinda ortaya ¢iktigi gosterildi. Bu
hesaplamanin diger bir uygulamasi olarak iki parametrik deformasyonlu kuantum har-
monik osilasyon modeli ve ilgili q-deforme olmus kuantum acisal momentum ¢aligilmistir.
g-Cauchy-Riemann denklemlerini saglayan iki degiskenli q-holomorfik olan yeni bir g-
fonksiyon tanitilmistir. g-holomorfik fonksiyon alisilmis anlamda analitik olmamasina
ragmen genellestirilmis analitik fonksiyon olarak gosterildi. g-Dalga denkleminin ¢6ziimii
olan g-hareket eden dalgalar bulunmustur. g-Sinir deger problemini ¢6zmek icin gerekli
olan g-Bernoulli sayilar1 ve bunlarin g-siniis fonksiyonunun sifirlar ile iliskisi hesap-

landi.
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CHAPTER 1

INTRODUCTION

”Here we encounter with one of that mysterious parallelism in development of
mathematics and physics, when one have seen it involuntarily the thought creep in on
pre-established harmony (Harmonia praestabilita) of Mind and Nature > H. Weyl

The ancient concept of beauty in music, sculpture, architecture building etc. is
connected with idea that beauty is an attribute of composite objects. And the composition
is beautiful when its components have appropriate proportions. Then exact mathematical
relations existing in geometry and in number fractions are realized in beautiful construc-
tions: tone of a string depends on its length and beautiful combination of sounds corre-
sponds to simple proportions of string lengths; architecture beauty depends on proportion
of its parts. The most important proportion in architecture is the Golden Section or the
Golden Ratio. Leonardo’s Vitruvian man shows that the Golden Ration is hidden in pro-
portion of the human body. By projecting human body to the World-Cosmos, the last one
becomes the Cosmic Man-Antropos. And proportions of a human body become creative
method and unit for measurement in the space (Pashaeva & Pashaev, 2008).

Growing from child to adult the humans change size and this change modify our
impressions of external world and forms internal, perceptive space in our mind. Differ-
ence in the size of object is one of the method to measure distance to an object. Bigger
size corresponds to close distance and smaller size to far object. This relations between
size and distance became part of technic of linear and inverse perspective explored to rep-
resent images in art (Panofsky, 1993). The feelings of size re-scaling becomes subject
of several famous novels, like ”Alice in Wonderland” by Lewis Carroll (drink me ¢ > 1
and eat me ¢ < 1 as tools) and ”Gulliver’s Travels” by J.Swift (First voyage to Lilliput
country q = % and another voyage to Brobdingnag country with ¢ = 12). In mathematics
scale transformation is part of affine conformal transformations of Euclidean space.

Calculus as invented by Newton and Leibnitz deals with smooth curves and sur-
faces and is based on concept of limit. The concept of limit implies that the world at
least in our thought can be divided up to infinity. However, the modern science based
on observation shows that the world is organized in a different way depending on size of
objects: from galaxy and structure of universe as a macro-world to elementary particles as

micro-world. This composite structure of the world returns us back to the ancient concept



of beauty as a harmonic proportion. This becomes the origin of developing new type of
calculus based on finite difference principle, or calculus without limit. One of the pop-
ular finite difference calculus is h-calculus, intensively developed and used in numerical
analysis and computer modeling.

Another type of calculus, the g-calculus, is based on finite difference re-scaling.
First results in g-calculus belong to Euler, who discovered Euler’s Identities for q-exponen-
tial functions and Gauss, who discovered g-binomial formula. These results lead to inten-
sive research on g-Calculus in XIX century. Discovery of Heine’s formula (Heine, 1846)
for a q-Hypergeomertic function as a generalization of the hypergeometric series and re-
lation with the Ramanujan product formula; relation between Euler’s identities and the
Jacobi Triple product identity, are just few of the remarkable results obtained in this field.
Euler’s infinite product for the classical partition function, Gauss formula for number of
sums of 2 squares, Jacobi’s formula for the number of sums of 4 squares are natural out-
comes of g-calculus. The systematic development of g-calculus begins from F.H.Jackson
who 1908 reintroduced the Euler Jackson g-difference operator (Jackson, 1908). Integral
as a sum of finite geometric series has been considered by Archimedes, Fermat and Pas-
cal (Andrews et al., 1999). Fermat introduced the first g-integral of the particular function
f(z) = x*, by introducing the Fermat measure at g-lattice points * = aq™. Then Thomae
in 1869 and Jackson in 1910 defined general g-integral on finite interval (Ernst, 2001).
Subjects involved in modern g-calculus include combinatorics, number theory, quantum
theory, statistical mechanics. In the last 30 years g-calculus becomes as a bridge between
mathematics and physics and is intensively used by physicist.

A g-periodic functions as a solution of the functional equation f(qz) = f(x)
or D,f(z) = 0 plays in the theory of the g-difference equations the role similar to an
arbitrary constant in the differential equations. The famous Weierstrass function, which
is continues but nowhere differentiable, is an example of g-periodic function. In XX
century it becomes connected with structure of fractal sets discovered by Mandelbrot
(Mandelbrot, 1982). This why g-calculus is considered as one of the tools to work with
fractals.

One of the early attempts to unify gravity and electromagnetism belongs to Her-
rman Weyl who formulated electromagnetic theory as the relativity theory of magnitude
(Weyl, 1952). This work initiated creation of Quantum Gauge Field Theory as unified the-
ory of all fundamental forces in the nature. It also becomes part of the modern conformal
field theory, the string theory and physics of critical phenomena.

One of the modern directions in which g-calculus plays key role - is related with



quantum algebras and quantum groups (Ernst, 2001). These are deformed versions of the
usual Lie algebras with deformation parameter q. When q is set equal to unity, quantum
algebras reduce to Lie algebras. They are known also in mathematics as Hopf algebras.
As a physical origin, we should mention quantum spin chains, anyons, conformal field
theory. Extension of the inverse spectral method, as a tool to solve integrable nonlinear
evolution eqiuations, to quantum domain directly leads to the quantum algebras as the
symmetry of quantum exactly solvable models. In nineteen’s of twenty century, a big
interest to quantum symmetries initiated large amount of work devoted to application of
quantum symmetries to problems of quantum physics. Q-harmonic oscillator (Bieden-
harn, 1989), (Macfarlane, 1989), (Arik & Coon, 1976), g-hydrogen atom (Song & Liao,
1992), (Chan & Finkelstein, 1994), (Finkelstein, 1996), boson realization of the quantum
algebra su,(2) (Biedenharn, 1989), (Macfarlane, 1989), quantum optics (Chaichian et al.,
1990), rotational and vibrational nuclear and molecular spectra (Bonatsos & Daskaloyan-
nis, 1999). Construction of representation theory of quantum groups leads to developing
special part of mathematical physics as g-special functions and g-difference equations
(Ismail, 2005). Q-extensions of many special functions of classical mathematical physics
are known (Andrews et al., 1999). These functions also have applications in classical
mathematics. As an example: g-gamma function and g-beta integral have applications in
number theory, combinatorics, and partition theory. The g-deformation of nonlinear in-
tegrable evolution equations started from E. Frenkel (Frenkel, 1996), by introducing a g-
deformation of KdV hierarchy, a q-Toda equations (Tsuboi & Kuniba, 1996), g-deformed
KP hierarchy (Iliev, 1998), the g-Calogero-Moser equations (Iliev, 1998).

Moyal’s quantization (Moyal, 1949), and non-commutative geometry of A. Connes
are related with g-calculus (Connes, 1994). Non-commutative Burgers equation, shock
solitons and g-calculus were solved in (Martina & Pashaev, 2003). Problem of hydro-
dynamic images in annular domain was solved in terms of g-elementary functions in
(Pashaev & Yilmaz, 2008). AKNS hierarchy and relativistic nonlinear Schrédinger equa-
tion have been studied in terms of g-calculus with integro-differential g-operator as a
recursion operator in (Pashaev, 2009).

Tsallis nonextensive statistical mechanics is related with g-deformation of differ-
ent type, by modifying the logarithm function for entropy (Tsallis, 1988).

The goal of the present thesis is to study exactly solvable g-extended nonlinear
classical and quantum models.

In Chapter 2 we introduce basic notations of g-calculus : as g-number, g-derivative,

g-integral and etc. Notations are very important in g-calculus, and in our study we follow



notations from book of Kac and Cheung.

In Chapter 3 the classical model of q-damped oscillator is introduced. Solution of
this model in three cases: Under-damping, Over-damping case and critical case are de-
rived. In the critical case with degenerate roots the second, linearly independent solution
is derived by application of logarithmic derivative operator. In the limit ¢ — 1 it reduces
to the well known second solution of differential equation for degenerate roots (Section
3.3). In Section (3.4), we extend our result to n degenerate roots by constructing linearly
independent set of n solutions.

In Chapter 4 we introduce g-space and time modified difference heat equation. To
solve this equation, by using Jackson g-exponential function as generating function, we
introduce new set of q-Hermite polynomials and related g-Kampe de Feriet polynomials.
It allows us to find operator representation for initial value problem and find set of exact
solutions with n moving zeros. By using q-Cole-Hopf transformation we construct new
nonlinear g-heat equation in the form of g-Burgers equation (Chapter 5). IVP is solved
and exact solutions in the form of g-shock solitons are obtained. Due to zeros of g-
exponential function our g-shock solitons become singular at finite time.

In Chapter 6 we formulate continuous time and g-space difference heat equation.
Special set of g-Hermite polynomials an g-Kampe-de Feriet polynomials, related with
this equation are derived. In contrast to three-terms recurrence relations from previous
chapter, now we found n-terms recurrence relations for the polynomials.

In Chapter 7 we introduce related g-Burgers equation and solved corresponding
initial value problem. Multi g-shock soliton solutions in this case shows regular time
evolution.

In Chapter 8 we extended the previous results to the linear q-Schrodinger equation
and g-Maddelung nonlinear fluid.

Motivated by physical applications in Chapter 9, we introduce g-calculus with
multiple bases ¢, ..., gn. Multiple g-numbers as N x N as matrices and multiple g-
derivatives as /N x N matrix g-difference-differential operator are derived. Special re-
ductions to non-symmetrical and symmetrical case are considered. In addition to these
well-known cases, we define a special Fibonacci case, based on Binet-Fibonacci formula,
treated as a g-number where the base of number is given by Golden ratio. All necessary
attributes of multiple g-calculus as Leibnitz rule, Taylor formula, integral formula, are
studied in details. Class of g-periodic functions and its relation with the Euler equation is
obtained.

As a first application of our multiple g-calculus in Chapter 10, we derive new



general g-binomial formula for non-commutative (Q-commutative) operators. Expansion
coefficients in this formula are given by binomial coefficients with two bases (g, @)). Our
formula is generalization of known binomial formulas in the form of Newton’s, Gauss’
and non-commutative binomials.

Another important application of two parametric q-calculus in the form of g-
quantum harmonic oscillator is described in Chapter 11. Generic (g;, ¢;) quantum har-
monic oscillator and its reductions to non-symmetrical and symmetrical cases are dis-
cussed. Special case the so called Golden oscillator is derived and studied in details. It
is shown that spectrum of this oscillator is given by Fibonacci numbers. Ratio of succes-
sive energy levels is found as the Golden sequence and for asymptotic states it appears
as Golden ratio. By double g-bosons, the g-quantum angular momentum constructed
and its representation is found. Reductions to non-symmetrical, symmetrical and Binet-
Fibonacci cases are described. In Fibonacci case, the Casimir operator eigenvalues are
determined by successive product of Fibonacci numbers.

In Chapter 12 the g-function of one variable as a special form of two variables
is introduced. Addition formulas for g-exponential, g-trigonometric and g-hyperbolic
functions are derived. Then, we introduce new type of g-holomorphic function and corre-
sponding g-Cauchy-Riemann equations. Real and imaginary parts of our g-holomorphic
function are g-harmonic functions. We emphasize that our g-analytic functions are dif-
ferent from the ones introduced by (Ernst, 2008) on the basis of so called q-addition. We
show that despite lack of standard analyticity, our g-analytic functions satisfy Dbar equa-
tion and represent class of generalized analytic functions. The g-function of one variable
in the form of g-traveling wave is obtained. Using these waves we found solution of the
IVP for g-wave equation in the D’ Alembert form. To solve baundary value problem, we
introduce new set of g-Bernoulli numbers. Then we find their relation with zeros of g-sin
function. Approximate formula for zeros of g-sin function is proposed and shows good
precision with numerical calculations. The last results we apply to solve the q-Shrodinger
equation for a particle in a potential well.

In Conclusion we summarize main results obtained in this thesis. Details of proofs

and some definitions are given in Appendices.



CHAPTER 2

BASIC Q-CALCULUS

2.1. ¢-Numbers

2.1.1. Non-symmetrical g-Numbers

The non-symmetrical g-number (quantum number) [n], corresponding to the nat-

ural number 7 is defined as (Kac & Cheung, 2002),

-1
n], = g =14+qg+¢@F+..¢" 1 2.1

which is polynomial in ¢ with degree n — 1. Here ¢ is a deformation parameter which
may be a real or complex number. It is clear that in the limit ¢ — 1, g-numbers become

. —1 .
ordinary numbers, so that, [n], = n. A few examples of g-numbers are given here:

[O]q =0, [1]«; =1, [2]61 =1+gq, [S]q =1l+q+ q2-

[a]y = : 2.2)

As an example if we consider o = % the non-polynomial ¢g-number is

-1 1 1 1
=1—-q2+q* —q3+ ...

If we replace &« — —a, then we obtain



[—als = —¢"[aly = ——[al:. 23)

For the real set of all g-numbers is a subset of real numbers. For complex ¢ it is a subset
of complex numbers.
The properties of g-numbers are different from the numbers in standard calculus.

For example, we have the addition rule for g-numbers

[z +ylg = ¢"[7]g + [lg = ¢"[Ylq + 7]y, (2.4)

the substraction formula

[z —ylg = ¢ Y([7]y — [Y]e) = —¢" Y [ylq + 7]y, (2.5)

the product rule

and the division rule

m - e _ ’ (2.6)

where z, y are real or complex numbers.
We can extend the definition of g-number (2.2) to complex numbers. For complex

g-number z = x + 1y, we get

¢t — 1 q*cos(ylng) — 1 n q*sin(ylng) — 1
= 1

)

which is also complex number. This why a complex g-number can be considered as a



complex function of the complex argument z. Moreover, it is clear that this function is

holomorphic function. Indeed,

()" »n is analytic in whole complex

. : Bk R | 1 00
This function [z], = “ = = — 5+ G2 nt0
plane z, so it is an entire function of z. As any analytic function it provides conformal

mapping from domain to domain in Figure 2.1.

7R

N/
2

=il il
SRS

Figure 2.1. Conformal mapping of complex g-number z

Due to entire character of [z], function we can extend definition of ¢g-number to

g-operator. As an example we consider g-operator of x% operator, by using the definition

d i1 M, —1
{dﬂf] =% = =Dy,
q

q—1 q—1

where
J— X i



and

1
D =

¢ = <q_—1>$(Mq —1).

2.1.2. Symmetrical g-Numbers

Another definition of ¢g-numbers can be given as

_ qn _q—n

—, 2.7)
q—q

[n]g

called the symmetrical ¢ number, where ¢ is a parameter, so that number n is the limit of
[n]; as ¢ — 1. This definition can be extended to any real or complex numbers, and to

operators. A few examples of symmetrical g-numbers are given here:
[O]li =0, [1]6 =1, [2]6 =q+ q_lv [3]6 = C]2 +1+ q_Q'

We should notice that these g-numbers are invariant under the substitution g < ¢~
Therefore, we called these numbers as symmetrical numbers. In contrast, the ¢ numbers

1

(2.1) are not invariant under the substitution ¢ < ¢, and we call them as the non-

symmetrical of g-numbers.

2.2. g-Derivative

The g-derivative of function f(z) is defined as

flgz) — f(z)

(2.8)

If f(z) is differentiable function, it reduces to the standard derivative when ¢ — 1

lim DZ f(x) = tim £ 00 =@ _ 5 27(a0)

q—1 q—1 (q — 1)1} q—1 X

= ['(z).



Using the definition of g-derivative one can easily see that

The g- derivative can also be written in terms of dilatation operator ),

D7 f(a) = ﬁ(% - 1),

where
M, f(z) = f(qx).

If f(z) is smooth function, the operator definition of ¢- derivative is

where

In symmetrical g calculus, the g-derivative definition is given as

Dy fa) = L)

which may also be written by using the ), operator (2.10) in the following form

- 1
qu(x) = m(Mq - M%)f(@ =
- q’«“% — q*’f% emaefs _ o—(ng)z i B lsinh(ln qx%)

" (¢g—q Yz  wz(emi—e ™)z sinh(Ing)

(2.9)

(2.10)

2.11)



The g-derivative is a linear operator

Dg(af(x) + by(x)) = aDg f(x) + bDgg(x),

where a and b are arbitrary constants. By using the definition (2.8) we obtain the following

q- Leibnitz formulas, (which are equivalent)

Dy (f(z)g(x)) = flgr)Deg(x) + g(x)Dyf(x) (2.12)
= J(@)Dyg(x) + g(qx) Dy f (). (2.13)

The g-derivative of the quotient of f(x) and g(z) is

F@))  9@)Dyf(x) — f(2)Dyg()
Do (g<x>)

where g(z) # 0 and g(qz) # 0.
In ¢ calculus, there is no general chain rule for g-derivatives. We have the chain

rule, just for function of the following form f(u(x)), where u(z) = az® with a, b being

constants,

Do f(u(z)) = (Dg f)(u(x)) - Dgu(z).
2.3. g-Taylor’s Formula and Binomial Formulas

For any polynomial f(x) of degree N the following g-Taylor expansion is valid
(Kac & Cheung, 2002)

fla) = Z(D;’f)(c)w, (2.14)

=0 []4!

11



where

(x— )] = (x —¢)(z —qc)(z — ¢c)..(z — ¢ o)

is g-binomial, and [j],! = [1],[2]4---[1]4-
Expanding f(z) = (v + a)] about x = 0 by using g-Taylor’s formula we get

Gauss’s Binomial formula

(z+a) = m il (2.15)
q

mq - L 2.16)

For noncommutative x and y, satisfying
YT = qry,

which means that x and y are g-commutative, we have noncommutative binomial formula

@ty =Y m iy 2.17)
q

2.4. g-Pascal Triangle

The g-Pascal rules for g-binomial coefficients (2.16) are given by

e
J1q ]_1q J 1y

12



and

IR 2.19)
Jl, J—1], J 1,

where 1 < 7 < n — 1. The above rules determine the ¢g-analogue of Pascal triangle:

Figure 2.2. g-Pascal Triangle

2.5. q-Integral

Definition 2.5.0.1 The function F'(z) is a q-antiderivative of f(z) if D, F(z) = f(z) and
is denoted by

F(x):/f(x)dqx. (2.20)

13



In g-calculus we should note that
D,f(z)=0 < F(x)=C constant
or

& F(qx) = F(x) q — periodic function

Definition 2.5.0.2 The Jackson Integral of function f(x) is defined as
JEC e ) (221)
§=0

Definition 2.5.0.3 Given 0 < a < b the definite q-integral is defined as

b 00
/0 F()dgr = (1— b S ¢ f(g'h) (2.22)
=0
and
b b a
d.x = d,x — d,x. 2.23
/a f(@)dy / f(2)dye / f(2)dyz (2.23)

Theorem 2.5.0.4 (Fundamental theorem of q-calculus) (Kac & Cheung, 2002) If F'(z)

is an antiderivative of f(x) and F(x) is continuous at x = 0, we have

b
/ f(z)d,x = F(b) — F(a), (2.24)

where 0 < a < b < 0.

14



2.6. g-Elementary Functions

Definition 2.6.0.5 In terms of q-numbers, the Jackson q-exponential function e,(x), (Jack-
son) is defined by

n

eqlz) = [s]q!, (2.25)

n=0

where [n),! = [1],]2]4---[n]4

For ¢ > 1 it is an entire function of z and for ¢ < 1 it is converges for |z| < Flu' When
q — 1 it reduces to the standard exponential function e”.

The g-exponential function can be expressed in terms of the infinite product

1 1
eo(x) =] = = (2.26)

when ¢ < 1 and

eq(z) = ﬁ (1 +(1— 1)ingl:) — (1 +(1— 1);;5)0o , (2.27)

n=0 a4 q 1/q
when ¢ > 1. Thus, for ¢ < 1 it has the infinite set of simple poles
! 0,1 (2.28)
Tp=—-—"—, n=01,. .
¢"(1—q)
and for ¢ > 1 the infinite set of simple zeros
anrl
Ty = — , n=20,1,.. (2.29)
(¢—1)

Definition 2.6.0.6 In addition to q-exponential function e, (), there is another q-exponential

15



function E,(z) defined as

n

]!

E,(x) = iq"("{” = (14 (1 o) (2.30)
n=0
The ¢-differentiation for two g-analogues of exponential function are
Dye,(x) = ey(x),  D,E,(x) = E,(qz).
For g-exponential functions the product formula is not always valid

eq(x)eq(y) # eq(x +y).
It is valid if x and y are g-commutative operators yx = qxy. But in this case
eq(x)eq(y) + eq(y>eq(x)'

Two g-exponential functions are related by next formulas

and

16



CHAPTER 3

Q-DAMPED OSCILLATOR

3.1. Damped Oscillator

We know that in reality, a spring never oscillates forever. Frictional forces will
diminish the amplitude of oscillation until eventually the system is at rest. Now we will
add frictional forces to the mass of spring. For example, the mass is in a liquid or oscillates
in air before it comes to rest. In many situations the frictional force is proportional to the
velocity of the mass as follows f, = —~yv, where v > 0 is the damping constant, which
depends on the kind of liquid. Therefore, by adding this frictional force we have the

following equation for a spring
d*x  dx
md_t2 + vd—t + kx = 0. 3.1
Solution of this equation we look in the form
x(t) = eM
and substituting to (3.1), we obtain the characteristic equation

mA? + Y\ + k= 0. (3.2)

The roots of this quadratic equation are

2 om ’

\ —y + /7?2 —4dmk \ —y — /72— 4dmk
1= ’ =
2m

Then according to value of damping constant we have three cases :

i- Under-damping Case: When 72 < 4mk, which means that friction is sufficiently

17



weak, we have two complex conjugate roots

Mo = — -1 + iw, (3.3)
2m

where w = 4/ % — %. Then the general solution of (3.1) is

2(t) = e ' (Acoswt + Bsinwt) . (3.4)

If v = 0, there is no decay and the spring oscillates forever. If v is big, the amplitude of
oscillations decays very fast (the exponential decay).
ii - Over-damping Case: When 7> > 4mk, which means that friction is sufficiently

strong. In this case both roots are real, this why the solution decays exponentially

() = A | g, a9

This case is called as over-damping because there is no any oscillation.

iii - Critical Case: For * = 4mk, we have two degenerate roots

f)/
A =X =——
1 2 m )
then the general solution is
x(t) = Ae"3m' + Bte ', (3.6)

3.2. g-Harmonic Oscillator

Here we introduce the g-harmonic oscillator. Equation of g-deformed classical

harmonic oscillator is defined as

D2x(t) + w?z(t) = 0. (3.7)

q

18



Using the power series method (or the g-exponential form x(t) = e,(At)), we find the

general solution of g-harmonic oscillator in the following form
x(t) = A(t) cos, wt + B(t) sin, wt, (3.8)
where
D,A(t) = D,B(t) =0,

means A(t), B(t) in general are g-periodic functions, and particularly could be arbitrary
constants.

In Figure 3.1 we plot particular cos, ¢ solution of g-deformed classical harmonic
oscillator. In contrast to standard sint¢ and cost functions, sin, ¢ and cos, ¢ functions
are not bounded and also have no periodicity. In Figure 3.2 we plot modulation of the
same solution with g-periodic function A(t) = sin <li—7rq In t) cos, t, which gives micro

oscillations to the solution.

Out[25]= -4

—o05|

—10f

Figure 3.1. g-Harmonic oscillator solution cos, ¢
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Figure 3.2. g-Harmonic oscillator solution sin (li—’; In t) cosgt

3.3. g-Damped q-Harmonic Oscillator

We define equation for g-analogue of damped oscillator in the form (Nalci &

Pashaev, 2011c¢)
D2x(t) + TDya(t) + w’a(t) = 0, (3.9)

where

&

Il
S
=
Il
3=

By substituting x(t) = ¢,(At) into equation (3.9), we obtain

eq(At) [N +TA +w?] = 0. (3.10)

For ¢ > 1, e,(At) is an entire function defined for any ¢ and has an infinite set of zeros

(no poles). Then, for characteristic equation we choose

M ATA+w?=0.

20



The roots of this characteristic equation are

3.3.1. Under-Damping Case

For I'? < 4w?, we have two complex conjugate roots
r r
)\1:—§—|—ZQ, )\QZ—E—ZQ,

where

Then the general solution of equation (3.9) is

z(t) = Ae, K—gﬂg) t} + Be, K—%—M) t}. 3.11)

In Figure 3.3 and Figure 3.4 we plot particular solutions with constant (A = B = 1) and

with g-Periodic modulation, respectively.

3.3.2. Over-Damping Case

For I'? > 4w?, we have two distinct real roots A1,2 and solution is

z(t) = A(t)eg [(—g + FZQ —w2> t| + B(t)e, [(—g — FZQ —w2> t] , (3.12)

21
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Out[22]=

-10+

Figure 3.3. Under-damping case A = B =1

10fF

a1

Out[28]=

- %AVGVA\/\S

Figure 3.4. Under-damping case with g-periodic function

==

where A(t), B(t) are g-periodic functions (or could be arbitrary constants). In Figure
3.5 and Figure 3.6 we plot particular solutions with constant (A = B = 1) and with

g-Periodic modulation, respectively.

3.3.3. Ciritical Case

For I'> = 4w?, we have degenerate roots Ao = —g. The first obvious solution
is e,(—wt). However if we try the second linearly independent solution in the usual form

teq(—wt), it doesn’t work. This why we follow the next method:

22



Out[45]=

—02kF

Figure 3.5. Over-damping case A = B =1

We suppose that the system is very close to the critical case so that g = w + €, where

e 1.

Then the roots of characteristic equation are

Al = —w + V2we, Ao = —w — V2we, (3.13)
and the solution is
x(t) = Ae, ((—w + V2we) ) + Be, ((—w - 2we)t> . (3.14)

Expanding this solution in terms of €,

o(t) = AZ((—wmn(ﬂ;ﬁ ot )tn
n Bio(<—w>"—n< 2[;)]6! W )tn

- (A+B)x1(t)+(B—A)\Ex2(t)+..., (3.15)

23
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Figure 3.6. Over-damping case with g-periodic function

in zero approximation we get the first solution
21(t) = eq(—wt). (3.16)
In the linear approximation we obtain the second solution in the form

d
xo(t) = taeq(—wt). (3.17)

In Appendix A, we show that solutions x4 (t) and x(t) are linearly independent. We can
also rewrite this in terms of g-logarithm, which instead of linear in ¢ term for ¢ = 1 case,

now includes infinite set of arbitrary powers of ¢,

nit) = = 3 ——e(w)

=1
1 1
= 1= anq (1 — (1 — 5) wt) eq(—wt). (3.18)

It is easy to check that for ¢ — 1 our solution reduces to the standard second solution

te—wt

Combining the above results we find the general solution in the degenerate case

24



as

d
x(t) = Aey(—wt) + Bt%

eq(—wt). (3.19)
In Figure 3.7 and Figure 3.8 we plot particular solutions with constant (A = B = 1) and
with g-Periodic modulation, respectively.

In Figures 3.9 and 3.10 we plot solution with g-Periodic function modulation at
different small scales. Comparing these figures we find very close similarity, this why

g-periodic function modulation leads to the self-similarity property of the solution.

10k

05F

ou3sl= - a
-10f

-15F

Figure 3.7. Critical case

MJOMMAAAA
; Vvvv

-15

[

[

Figure 3.8. Critical case with periodic function
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Figure 3.9. Self-similar micro structure at scale 0.5

3.4. Degenerate Roots for Equation Degree N

The result for degenerate roots obtained in previous section can be generalized
to equation of an arbitrary order (Nalci & Pashaev, 2011c). The constant coefficients

g-difference equation of order N is

N

> apDFa(t) =0, (3.20)

k=0

where a;, are constants. By substitution

r = eg( ) (3.21)
we get the characteristic equation
N
> apF =0
k=1

26
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0.5

-1.0

Figure 3.10. Self-similar micro structure at scale 0.05

It has N roots. Suppose (A1, Az, ..., Ay) are distinct numbers. Then, the general solution

of (3.20) is found in the form

N
2(t) =) creg(Art). (3.22)

k=1

In case, when we have n-degenerate roots
(D +w)"z =0,
by substituting (3.21), characteristic equation is found as
(A +w)" =0.

Then the linearly independent solutions for these degenerate roots we can obtain in the

27



following form :

ni(t) = ey(=wi),

d
zo(t) = taeq(—wt):

w3(t) = (t%)Q eq(—wt),

1
q—1

Ln, (1 (- %)wt) eq(~wt),

or by using the commutation relation [t, %} = —1, up to linearly dependent solution, it

can be written as

x3(t) = t2d—e (—wt),

a2
- dn—l
CCn(t) =t 1weq(—wt).
From the following commutation relation
t d D =-D (3.23)
e’ | '
we obtain
t—D"=D"(t— —
dt ( dt n)
and

t%(w + D) = (w+ D)”t% —n(w+ D)"'D. (3.24)

Using the operator identity (3.24) we can show that if z is solution of

(D + w)xo =0,

then it is solution of

(D + W)nllf() = 0.

28



Then,

is solution of

and as follows

e.t.c. And then,

is solution of

It provides us with n linearly independent solutions xg, x1,

with n-degenerate roots

(D +w)"zy =0,

n—1

Tp1 =t——2x
P g

(D+w)"xy,—q =0.

(D +w)"z = 0.

..., Tn—1 Of N-degree equation

29



CHAPTER 4

(Q-SPACE-TIME DIFFERENCE HEAT EQUATION

Here we introduce g-analogue of heat equation in one space dimension (Nalci &
Pashaev, 2010)

Dyp(z,t) = vD2g(x, t). 4.1)

In the limit ¢ — 1 it reduces to the standard heat equation

¢t = V¢zx'

We will construct exact solutions of this equation in the form of polynomials.

4.1. -Hermite Polynomials

We introduce the g-analogue of Hermite polynomials (Nalci & Pashaev, 2010) by

the generating function

tn

[n]g!

eq(—t*)eq([2gtx) = Hu(x:q) (4.2)

From the defining identity (4.2) it is not hard to derive for the q-Hermite polynomials an

explicit sum formula

/2 VR
Hn(w;0) = Z %(pw—% 4.3)

This explicit sum makes it transparent in which way our polynomials H,(z;q),

g-extend the H,(z) and how they are different from the known ones in literature. By

30



g-differentiating the generating function (4.2) with respect to x and ¢t we derive two-term

and three-term recurrence relations correspondingly

D, Hy(x;q) = [2]4[n]Hn1 (75 q), (4.4)
Hyi1(zq) = [2lqzH,(x;q) — [n]q Ha-1(g2;q)
— [nlyq"F Hua(v/G159). 4.5)

From this generating function we have the special values

Hon(05q) = (=1)" -, (4.6)
[n]g!
Hsn11(0;¢) = 0, 4.7
and the parity relation
H,\(=x;q) = (=1)"Hn(; ). (4.8)

To write the three-term recurrence relation in the local form, for the same argument z, we

use dilatation operator

M, = q"a=, 4.9)

so that

My f(z) = f(qz), (4.10)
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and relation (4.5) can be rewritten as

Ho(z:q) = [2lgwHn(7;9)

n+1

[n],(M, + q 2 Mg)H, 1(z;q). 4.11)

Substituting (4.4) into (4.11) we get

n+1

M, +qg=2 M
¢ T4 \/ﬁDx
2],

Hyp1(z;q) = ([Z]qx - > H,(z;9). (4.12)

By the recursion, starting from n = 0 and Hy(x) = 1 we have next representation for the

q-Hermite polynomials

H,(z;:9) =[] ([2]qx - W@) 1. (4.13)
k=1 4

We notice that the generating function and the form of our g-Hermite polynomials are
different from the known ones in the literature, (Exton, 1983), (Cigler & Zeng, 2009),
(Rajkovic & Marinkovic, 2001), (Negro, 1996). Moreover, the three-term recurrence
relation (4.5) is g-nonlocal and different from the known ones for orthogonal polynomial
sets (Ismail, 2005).

In the above expression the operator
n n 3,.4d 1 d
M, +q2M 4 =2q+q+"a cosh[(lnq4)(x% —n)] (4.14)
is expressible in terms of the g-spherical means as

cosh{(ln ) 7] (2) = 5 (F(a) + 1) @.15)
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By notation for the g-shifted product, (Kac & Cheung, 2002),

which now we apply to the noncommutative operators, so that we should distinguish the

direction of multiplication, we have two cases

(x—a)i.=(x—a)(x—qa) - (z—q" "a), (4.16)

and

(z—a)is =(x—q¢" "a)- - (z—qa)(z — a). (4.17)

Then, we can rewrite (4.13) shortly as

(@), - MaLey _ 1My D\
a(eia) = (P = T2~ TE)
First few polynomials are

Ho(z;q) = 1,

Hi(z;q) = [2gz,

Hy(z;q) = [2g2" - (2,

Hy(w;q) = [2;2° = [213]¢ 2,

Hy(z;q) = [2]3354 - [2]3[3]q[4]qx2 + [2]q[3]q[2]q2

When ¢ — 1 these polynomials reduce to the standard Hermite polynomials.
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4.1.1. ¢-Difference Equation

Applying D, to both sides of (4.12) and using recurrence formula (4.4) we get the

g-difference equation for the g-Hermite polynomials

1 n+1
— D, (M,
[Q]q ( q + q 2

4.2. Operator Representation

Proposition 4.2.0.1

e (—ﬁD) ea([2aat) = g —)ey(12get).

Proof 4.2.0.2 By g- differentiating the g-exponential function with respect to x

Die,([2]gwt) = ([2]t)"eq([2]42),

and combining then to the sum

(e8] a” . oo [Q]Znanth
Z D2 eq([2]qzt) = Z q—| eq([2]qz1),
n=0 q n=0 [n]q

we have relation

eq(aDz)eq([2gat) = eq([2]gat™)eq([2]q2t).

By choosing a = —1/(2]2 we get the result (4.18).

M\/ﬁ)Dan(xQ q) — [2l4q2 Do H, (5 q) + [2]4[n]qHn (75 q) = 0.

(4.18)

(4.19)

(4.20)

4.21)
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Proposition 4.2.0.3
n 1 2 n
H,(7;q) = [2]eq ——[ sD; ) 2" (4.22)

Proof 4.2.0.4 The right hand side of (4.18) is the generating function for the q-Hermite
polynomials (4.2). Hence, equating the coefficients of t" on both sides gives the result. B

Proposition 4.2.0.5

e (— [%%) 2 = ﬁ ([Q]Q;p R ngMﬁ)Dm> e (— [%”2;) . (4.23)

q q

Proof 4.2.0.6 We use (4.22) and relation (4.12) .

(e 9]

Corollary 4.2.0.7 If function f(x) is expandable to the power series f(x) =Y >, a,z",

then we have the next formal q-Hermite series representation

eq (—#Di) f(z) = Zan% (4.24)

4.3. q- Kampe-de Feriet Polynomials
We define the g-Kampe-de Feriet polynomials as
H,(z,vt;q) = (—yt)%Hn ({L, q) , (4.25)
so that from (4.12) we obtain the next recursion formula

H,1(z,vt;q) = (m + (M, + anHM\/a)VtDQC) H,(z,vt;q).
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By the recursion it gives

Hy(x,vt;q) =[] <:1: (M, +q5M ﬁ)mDm) 1, (4.26)
k=1

or by notation (4.17)

Hn(ac,l/t;q):((m+MthD)—|—q2M\/l/tD> - 1.
V>

Then the first few polynomials are

4.4. q-Heat Equation

We introduce the g-heat equation
(Dy — vD2)¢(x,t) =0, (4.27)

with partial g-derivatives with respect to ¢t and x. Solution of this equation expanded in
terms of parameter k&

o0 n

o(z,t) = e,(VE*t)e, (k) Z k (z,vt;q), (4.28)

n=0

gives the set of q-Kampe-de Feriet polynomial solutions for the equation. Then we find

the time evolution of zeroes () for these polynomials in terms of zeroes z(n, q) of the
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g-Hermite polynomials,
H,(zk(n,q),q) =0, (4.29)
so that
2k (t) = [2z1(n, @)V —vt. (4.30)
For n=2 we have two zeros determined by q-numbers,
() = RV aa(t) = -V,

and moving in opposite directions according to (4.30). For n=3 we have zeros determined

by g-numbers,
() = BV ) =0, m) = BV
two of which are moving in opposite direction according to (4.30) and one is in the rest.
4.5. Evolution Operator
Following similar calculations as in Proposition I we have the next relation
eq (VD) eq(kx) = eq(vtk?)eq (k). (4.31)

The right hand side of this expression is the plane wave type solution (4.28) of the g-heat
equation (4.27). Equating the coefficients of k™ on both sides we get the g-Kampe de

Feriet polynomial solutions of this equation

H,(z,vt;q) = e, (vtD3) 2™ (4.32)

37



Consider an arbitrary, expandable to the power series function f(z) = Y, a,z”, then

the formal series

f(z,t) = e, (vtD2) f(z) = Z aneq (vtD2) 2" (4.33)
n=0

- aan(CL’, Vt7 q>7 (434)
n=0

represents a time dependent solution of the g-heat equation (4.27). Domain of conver-
gency for this series is determined by asymptotic properties of our g-Kampe-de Feriet
polynomials for n — oo and requires additional study.

According to this we have the evolution operator for the g-heat equation as

U(t) = e, (vtD?). (4.35)

It allows us to solve the initial value problem

(D; —vD*)p(z,t) = 0, (4.36)
o(x,07) = f(x), 4.37)

in the form
¢(z,t) = e, (1tD2) P(2,07) = e, (vD?2) f(2), (4.38)

where we imply the base ¢ > 1 so that e () is an entire function.
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CHAPTER 5

Q-SPACE-TIME DIFFERENCE BURGERS’ EQUATION

5.1. Burger’s Equation and Cole-Hopf Transformation

Nonlinear Heat equation which is also known as Burger’s equation is

U + Uy = VUgy- (5.1

By using the Cole-Hopf transformation

¢z (7, 1)

u(z,t) = —2v R

(5.2)

it reduces to Linear heat equation

Ot = Vg (5.3)

Shock soliton solutions are the particular solutions of this equation.

5.2. g-Burger’s Equation as nonlinear ¢-Heat Equation

We introduce the q-Cole-Hopf transformation

Dyg(z,t)

u(z,t) = —2v o)

(5.4)
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where ¢(x,t) is solution of the g-heat equation (4.27), we find that u(z,t) satisfies the
q-Burgers’ type Equation with cubic nonlinearity (Nalci & Pashaev, 2010)

Dou(x,t) — vD>u(x,t) = % [(u(x, qt) — u(x,t) M) Dyu(x,t)]
- % D, (u(gx, t)u(z,t))] + i [u(qPz, t) — u(z, qt)] u(gz, t)u(z,t). (5.5)

When ¢ — 1 it reduces to the standards Burgers’ Equation

Up + Uy = Vigy. (5.6)

5.2.1. LV.P. for q-Burgers’ Type Equation

Substituting the operator solution (4.38) to (5.4), we find operator solution for the

g-Burgers type equation in the form

eq (WtD?) D, f(x)
t) = —2v-2 L 5.7
u(, t) = =2 e, WtD2) f(z) 67
This solution corresponds to the initial function
D, f(x)
u(z,0") = —2v . (5.8)
I

Thus, for arbitrary initial value u(z,0%) = F(x) for the g-Burgers equation we need to
solve the initial value problem for the g-heat equation (4.27) with initial function f(z)

satisfying the first order g-difference equation

(Ds+ 5 F(x)f(x) = 0. (5.9)
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5.3. q-Shock Soliton

As a particular solution of the g-heat equation we choose first
P(z,t) = ey (K*t) eq (k) (5.10)
then we find solution of the q-Burgers equation as a constant
u(z,t) = —2vk. (5.11)

We notice that for this solution of the g-heat equation, we have an infinite set of zeros, and
the space position of zeros is fixed during time evolution at points z,, = —¢" "1 /(q — 1)k,
n=20,1,...

If we choose the linear superposition
o(z,t) = ey (k7t) eq (ki) + eq (k3t) eq (ko) (5.12)

then we have the g-shock soliton solution

kre, (k2t) e (kix) + kaey (K3t) g (kax)

ul ) = =20 ) ey (hva) + eq (K30) cq (o)

(5.13)

This expression is the g-analogue of the Burgers shock soliton and for ¢ — 1 it reduces
to the last one. However, in contrast to the standard Burgers case, due to zeroes of the
g-exponential function this expression admits singularities for some values of parameters
ky and k.

In Figure 5.1 we plot the singular g-shock soliton for £ = 1 and k; = 10 at time
t = 0 with base ¢ = 10.
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Figure 5.1. Singular g-shock soliton

It turns out that for some specific values of parameters we can find the regular

g-shock soliton solution. We introduce the cosine g-hyperbolic function

cosh, (z) — &) +26q(_x), (5.14)

or

2 e1(x)

1
q

cosh,(z) = 1 (eq(x) + ! > : (5.15)

then by using the infinite product representation (2.27) for the g-exponential function we

have

coshy (x) = % ((1 (1 - én)jq + (1 - én)j) |

From (2.28),(2.29) we find that zeroes of the first product are located on negative axis x,
while for the second product on the positive axis x. Therefore the function has no zeros
for real  and cosh,(0) = 1.

If we choose k; = 1, and ky = —1, the time dependent factors in nominator and

42



the denominator of (5.13) cancel each other and we have the stationary shock soliton

= —2vtanh,(z). (5.16)

Due to the above consideration this function has no singularity on real axis and we have
regular everywhere g-shock soliton solution. In the limit ¢ — 1 it reduces to the kink-
soliton.

In Figure 5.2, 5.3 and 5.4 we plot the regular g-shock soliton for k&, = 1 and
ko = —1 at different ranges of x and ¢ = 10. It is a remarkable fact that the structure
of our shock soliton shows self-similarity property in space coordinate x. Indeed at the

ranges of parameter x = 50, 5000, 500000 the structure of shock looks almost the same.

Out[3]= —

Figure 5.2. The regular g-shock soliton for k; = 1, ko = —1, at range (-50, 50)
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Figure 5.3. The regular g-shock soliton for k1 = 1, ko = —1 at range (-5000, 5000)

out[5]= — P R P R P : . P R L .
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Figure 5.4. The regular g-shock soliton for k; = 1, ky = —1 at range (-500000, 500000)
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Figure 5.5. g-Shock soliton
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Figure 5.6. g-Shock soliton with g-periodic modulation
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Figure 5.7. Self-similar g-shock soliton micro structure at scale 0.3
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Figure 5.8. Self-similar g-shock soliton micro structure at scale 0.03
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For the set of arbitrary numbers k£, ..., ky

N
o(x,t) = Z eq (k2t) eq (k) (5.17)

n=1

we have multi-shock soliton solution in the form

9 Zﬁll kneq (kr%t) €q (knx)
SN e (K2t) eq (k)

u(z,t) = — (5.18)

In general this solution admits several singularities. To have regular multi-shock solution
we can consider the even number of terms N = 2k with opposite wave numbers. When

N =4and k; =1, ky = —1,k3 = 10,k4 = —10 we have g-multi-shock soliton solution,

(t) sinh,(z) + 10e,(100t) sinh,(10x)

e
t) = —2v-2 . 5.19

u(z,t) Y eq(t) coshy(x) + €,(100t) cosh,(10z) (5.19)

In Figure 5.9 we plot N = 4 case with values of the wave numbers k; = 1,

ko = —1, ks =10, ky, = —10 att = 0 and ¢ = 10. To have regular solution for any time ¢
and given base ¢, we should choose proper numbers k; which are not in the form of power

of q.

outfdls ——— v v v e e b0 )

Figure 5.9. Multi g-shock regular for ky = 1, ky = —1, k3 = 10, k4, = —10att =0
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CHAPTER 6

()-SPACE DIFFERENCE AND TIME DIFFERENTIAL
HEAT EQUATION

6.1. gq-Hermite Polynomials

We define the g-analog of Hermite polynomials by the generating function with
the Jackson’s g-exponential function and standard exponential function as (Pashaev &
Nalci, 2010)

> - tN
e "eg([2gtr) = E HN(f)?;CI)W7 (6.1)
N=0 7

where the Jackson’s g-exponential function is defined by

n

W) =3 oo

n=0

[n],! = [1]4[2]4---[n], and q-number

From the defining identity (6.1) it is not difficult to derive for the q-Hermite poly-

nomials an explicit sum formula

2 L1k ([2],2) VRN,
i = 2 1y o

This explicit sum makes it transparent in which way our polynomials Hy (x; ¢) q-extended

the H y(x) and how they are different from the known ones in literature. By ¢-differentiating

48



the generating function (6.1) with respect to x we derive two-term recurrence relation cor-

respondingly
DqHN(x;Q) = [Z]q[N]qHNfl(x;q)a (6.3)

where definition of g-derivative is

flaz) = f(x)

Dxf(x): (q—l).CE

(6.4)

By standard differentiating the generating function (6.1) with respect to t and using

the equality

d d q:ct
taeq(p]qxt) =1-—e 2] xt) = Z n-———
we obtain the two-term recurrence relation

(m% — N)Hn(z;q) = 2[N],[N — 1],Hn_2(z; q). (6.5)

By standard differentiating the generating function (6.1) with respect to t and using defi-
nition of g-logarithmic function (Pashaev & Yilmaz, 2008)

Lny(1+2) = i

N=1

where ¢ > 1,0 < |z| < ¢ and the property
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we derive the N-term (instead of 3-term) recurrence relation formula

Hyalwia) = S0 eHin(wia)
- 2[N]H 1(93, q) — (q — 1)[2]4[N]y2® Hy-1 (23 q)
¢RIV = (D)2 — )N kN (g 9y

[Klg'[N =k + 1],

k=0

When ¢ — 1 this multiple term recurrence relation for q-Hermite polynomials reduces to

the three-term recurrence relation for Hermite polynomials

Hyyi(x) =2eHy(z) —2NHy_1(z).

Substituting (6.3) into N-term recurrence relation formula we get

Hy (x5 q) =
L+l
[]vailﬂq ([2]q:c—([22]q (¢ —1)2*)D, +Z i 1z+1i] D;) Hy(;q),
or
[N +1]! Hy_, Nog (1 — )Nk ([2)z)NF+
S (_Q[N—l]!+; TN k1 )
N _ )Nk (9] p) Nk
- <_2[N]HN_1+[N“;Hk(l[k]ﬁzv_ﬁ i] : ) (00

By the recursion, starting from n = 0 and Hy(z;¢) = 1 we have next representa-

tion for the g-Hermite polynomials

HN+1<x; Q) =
Nk + 1), 2 ) N (—1)F(g? — 1)kak
;Eo % <[2]qx (g t@=Da9)Ds+ kz:; ( [;]’q“(ql[k‘ +)1]q Dg) N
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In the limit ¢ — 1 case this product formula is reduced to

We note that the generating function and the form of our g-Hermite polynomials are dif-
ferent from the known ones in the literature, (Exton, 1983), (Negro, 1996), (Rajkovic &
Marinkovic, 2001), (Cigler & Zeng, 2009). Moreover, instead of three-term recurrence
relation we have multiple term recurrence relation which shows our q-Hermite polynomi-
als are different from the known ones for orthogonal polynomials sets (Ismail, 2005).

Then first few g-Hermite polynomials are

Ho(z;q9) = 1,

Hyziq) = [,

Hyziq) = [222°—[2),.

Hy(z;q) = [2;2° — [2]2[3],

Hiwg) = [Rlio' MB35 + 14,

Hy(wiq) = [ — 840205 + (8l (6.7)

When ¢ — 1 these polynomials reduce to the standard Hermite polynomials.

6.1.1. ¢-Difference Equation

Applying D, to both sides of (6.3) and using recurrence formula (6.5) we get the

g-difference-differential equation for the g-Hermite polynomials

212 ¢ 2]2
%$%HN($§Q) + &NHN(JJ; q) =0. (6.8)

DZHy(z;q) — 5

In ¢ — 1 limit it reduces to the second order linear differential equation for Her-
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mite polynomials

d? d

6.2. q-Kampe-de Feriet Polynomials

We define the g-Kampe-de Feriet polynomials as

Hy(z,vt;q) = (—vt)* Hy (ﬁ q) , (6.9)

so that from N-term recurrence relation for q-Hermite polynomial we obtain N-term re-

currence relation formula for g-Kampe-de Feriet polynomials

Hyy(z,vt;q) = []X,Tl [tHy(z,vt; q) + 2vt[N],Hn-1(x, vt; q)

_L o 2 . ' N2(1N k(Z 1)Nka+lHk(1‘th)
[Q]q (q 1)[N]Q'T HN_l(ﬁL', Vta q) [ ] Z [k‘]q'[N k—‘rl] [2](11\7 k ]

or

N 1 1 N—k, .N k’+1H
HN+1<x7V; Q) = [Nil] <2yt[N]HN1 +Z< [l{}?')[N—k‘i‘l] k) .

This can also be written in terms of D, operator form correspondingly

Hy i (z,vt;q) =
[N +1],

1
2wt
N1 [Tt

N — 1)l
7,2 Dx—l—z D' | Hy(z,vt; q).
[2]‘1 1=2 q ]q
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By the recursion, starting from n = 0 and Hy(x, vt;q) = 1 we have next representation

for the g-Kampe-de Feriet polynomials

Hyyi(z, vt q) =

Mk, 1—q , M (kg2 - 1)k
,g—kﬂ T+ (2wt + o :L')Dz—l—; BAG} DF| 1.

In ¢ — 1 case we have
d. .y
Hy(z) = (x4 2vt—)" - 1.

dx

Then the first few q-Kampe-de Feriet polynomials are

]
2
5 3, [Blg! 2
Hy(z,vt;q) = x°+ [4],[5],vta” + — Y t°x.
When ¢ — 1 these polynomials reduce to the standard Kampe-de Feriet polynomials.
6.3. q-Heat Equation
We introduce the g-Heat equation

(0 —vD)o(x,t) = 0 (6.10)



with partial g-derivative with respect to x and with partial standard derivative in time t.

One can easily see that
or(x,t) = e”k2teq(kx)

is a plane wave solution of (6.10). By expanding this in terms of parameter k

6.11)

2 = kN
dp(z,t) = e* eq(kx) = ];)HN(l', vt; q)[N—]q!

we get the set of g-Kampe-de Feriet polynomial solutions for the gq-Heat equation (6.10).
From the defining identity (6.11) is not difficult to derive an explicit sum formula for the

g-Kampe de Feriet polynomials

Hy(x,vt;q) = [Zj (VQEC;N__Z; 5:, o (6.12)
6.3.1. Operator Representation
Proposition 6.3.1.1
e R e ([2]t) = e ey (2 t). 6.13)
Proof 6.3.1.2 By g- differentiating the g-exponential function with respect to x
DZe,([2]42t) = ([2]t)"eq([2]42t), (6.14)
and combining then to the sum
i Z—TD? eq([2]g2t) = i mg;ﬂ eq([2]gat), (6.15)
n=0 n=0 )
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we have relation
"% e ([2)qat) = ¥l ¢ ([2],xt). (6.16)

By choosing a = —1/[2]% we get the result (10.31).

Proposition 6.3.1.3
Hy(z;q) = [2]Ye 7 "N, (6.17)

Proof 6.3.1.4 The right hand side of (10.31) is the generating function for the q-Hermite
polynomials (6.1). Hence, equating the coefficients of t" on both sides gives the result.

Corollary 6.3.1.5 If function f(x) is expandable to the formal power series f(x) =

> Neoanz” then we have next q-Hermite series

o0

o Eg Pk Z J[VQ( . (6.18)

6.4. Evolution Operator
Following similar calculations as in Proposition I we have the next relation
e/tD: e,(kx) = e”tk2eq(kx). (6.19)

The right hand side of this expression is the plane wave type solution of the g-heat equa-
tion (6.10). Expanding both sides in power series in k and equating the coefficients of £

on both sides we get q-Kampe de Feriet polynomial solutions of this equation

Hy(z,vt;q) = eVt N (6.20)
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Consider an arbitrary, expandable to the power series function f(x) = >

then the formal series

f(l’,t) _ €Vthf(.fL') _ Zaneuthxn

o n
n=0 4nT",

6.21)

(6.22)

represents a time dependent solution of the g-heat equation (6.10). The domain of con-

vergency for this series is determined by asymptotic properties of our q-Kampe-de Feriet

polynomials for n — oo and requires additional study.

According to this we have the evolution operator for the g-heat equation as

It allows us to solve the initial value problem

0

(5 —vD2)o(wt) = O,

o(x,07) = f(a),
in the form
$x,t) = e"Prp(x,07) = P f(x),

where we imply the base ¢ > 1 so that e () is an entire function.

(6.23)

(6.24)
(6.25)

(6.26)
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CHAPTER 7

()-SPACE DIFFERENCE AND TIME DIFFERENTIAL
BURGER’S EQUATION

7.1. q-Cole-Hopf Transfomation and q-Burger’s Equation

We use the gq-Cole-Hopf transformation (Nalci & Pashaev, 2010)

Dx¢(x7 t)
olx,t)

u(x,t) = —2v (7.1)

where ¢(x,t) is solution of the g-heat equation (6.10). Then u(z,t) satisfies the g-

Burgers’ type Equation with cubic nonlinearity

Su(z,t) — vD2u(z,t) = § [(1 — MP)u(z, t)Dyu(w, t)] —

1D, (ulg, tyu(z, 1)) + £ [ulg*e, 1) — u(z, qt)] ulge, Hu(, ).

N[ =

When ¢ — 1 it reduces to the standards Burgers’ Equation

U + Uy = VUgy. (7.2)

7.1.1. LV.P. for q-Burgers’ Type Equation

Substituting the operator solution (6.26) to (7.1) we find operator solution for the

g-Burgers type equation in the form

e’'PiD, f(x)

u(x,t) = —2v T ()

(7.3)
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This solution corresponds to the initial function

u(z,07) = —2v @)

(7.4)

Thus, for arbitrary initial value u(z,0%) = F(x) for the g-Burgers equation we need to
solve the initial value problem for the g-heat equation (6.10) with initial function f(z)

satisfying the first order g-difference equation

(D, + %F(w))f(x) =0. (7.5)

7.2. q-Shock Soliton
As a particular solution of the g-heat equation we choose first
oz, t) = e"te, (kz), (7.6)
then we find solution of the q-Burgers equation as a constant
u(z,t) = —2vk. (7.7)

We notice that for this solution of the g-heat equation, we have an infinite set of zeros, and
the space position of zeros is fixed during time evolution at points z,, = —¢" " /(¢ — 1)k,
n=20,1,...

If we choose the linear superposition

oz, t) = Mle, (ki) + e, (ko) | (7.8)
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then we have the g-Shock soliton solution

kieFtte, (kyx) + koek3te, (ko)
efitte, (kiz) + eFte, (kox)

u(x,t) = —2v (7.9)

This expression is the g-analog of the Burgers shock soliton and for ¢ — 1 it reduces to
the last one. However, in contrast to the standard Burgers case, due to zeroes of the g-
exponential function this expression admits singularities coming from x for some values
of parameters k£, and k2. To have regular solution we can follow similar approach from

(Nalci & Pashaev, 2010) for ko = —k; we have the stationary shock soliton

_ eq(k12) — eq(—h12)
W) = 2R 52 T eol )

= —2vk; tanh, (k). (7.10)

This function has no singularity on the real axis and everywhere we have regular g-shock
soliton. If we plot the regular g-shock soliton evolution for k&; = 1 and £k, = —1 at
different ranges of z and with ¢ = 10, it is remarkable fact that the structure of our g-
shock soliton shows self-similar property in the space coordinate x. Indeed at the range
of parameter —50 < x < 50,and —5000 < x < 5000, structure of shock looks almost the
same (Figures 5.2, 5.3 and 5.4).

However time evolution of shock solitons in (Nalci & Pashaev, 2010) produce
singularity at finite time. Here we like to find regular in x shock soliton which is regular
at any time.

We can choose solution of g-Heat equation (6.10) as

¢(x,t) =10+ 6k%teq (k1z) + ekgteq (ko) ,

then for £y = 1 and k; = —1 we get the g-shock soliton

o) — eql—)
10et + ey(x) + ey(—x)

u(z,t) = —2v

This solution describes evolution of shock soliton, so that at t — —oo, u(z,t) — 0, and
for t — oo, u(x,t) — —2vtanh,z. In Figures 7.1, 7.2 and 7.3 we plot the regular g-
shock soliton for £y = 1 and ko = —1 at different time ¢ = —2, 0, 5 with base ¢ = 10. In
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Figure 7.4 we show 3D plot of this g-shock evolution at space range —50 < = < 50 time
—20 <t < 20 and ]{31 =1, ]{32 = —1,]{3 =2, k’4 = —2.

outfgls ————t v 1 e S R
-40 -20 3 20 40

Figure 7.1. g-Shock evolution for v = 1, ky = 1, ks = —1,t = —2 at range (-50, 50)

oufAls e e e

Figure 7.2. g-Shock evolution for v = 1, ky = 1, ko = —1, ¢t = 0 at range (-50, 50)
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Figure 7.3. g-Shock evolution for v = 1, k; = 1, ks = —1, ¢ = 5 at range (-50, 50)

For the set of arbitrary numbers £y, ..., ky

N
oz, t) = Z ek’%teq (knx), (7.11)
n=1

we have multi-shock solution in the form

27]:[:1 knek’%teq (kn)

u(x,t) = —2v :
o >y eFitey ()

(7.12)

In general this solution admits several singularities. To have a regular multi-shock
solution we can consider the even number of terms N = 2k with opposite wave numbers.
When N = 4and ky = 1, ky = —1,ks = 2,ky = —2 we have g-multi-shock soliton

solution,

sinh, () + 2€* sinh, (2z)
cosh,(z) + €3 cosh,(2z)

u(z,t) = —2v (7.13)
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Out[8]=

Figure 7.4. 3D plot of g-shock evolution for ky = 1, ky = —1,k3 = 2, ky, = —2 and at
range (-50, 50)

In Figures 7.5, 7.6 and 7.7 we plot N = 4 case with values of the wave numbers
ky =1,ky=—1,ks =2,ky = —2att = —10,0,7 and with ¢ = 10. In Figure 7.8 we
show 3D plot of of this multiple g-shock evolution. This multi-shock soliton is regular
everywhere in x for arbitrary time ¢. This result takes place due to absence of zeros for

the standard exponential function Mt
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Figure 7.5. Multi g-shock evolution for ky = 1, kg = —1,k3 = 2, k4 = —2,t = —10

and at range (-50, 50)

outfagjs ———L |

Figure 7.6. Multi g-shock evolution for &y = 1, ks = —1,ks = 2, ky, = —2,¢t = 0 and

at range (-50, 50)

63



out[31]

-20

k3:2,/~c4:—2,t=7and
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shock evolution for k;
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Figure 7.8. 3D plot of multiple g-shock evolution for k;

—2, and at range (-50, 50)
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CHAPTER 8

(Q-SCHRODINGER EQUATION AND (Q-MADDELUNG
FLUID

8.1. Standard Time-Dependent q-Schrodinger Equation

The above consideration can be extended to the time dependent Schodinger equa-
tion with g-deformed dispersion. We consider the standard time-dependent g-Schodinger

equation
(55— 2m02) vtt) = @D

where v(z, t) is complex wave function (Pashaev & Nalci, 2010).

One can easily see that

we get the set of complex g-Kampe-de Feriet polynomial solutions

N/2] it \k 1.,.N—2k

(s) N (%) [N]qw

HN (x,zt,q)— kz [N—Qk’]qk?'
=0

for (8.1).
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Let us consider the complex q-Cole-Hopf transformation

_ih Dyi(x, 1)

u(zx,t) = o)

then complex velocity function u(x, t) satisfies the complex q-Burgers Madelung equation

ih2u(z,t) + 2 D2u(z,t) = Du(x, ¢)[1 — M) Dyu(x,t)—

% (D, (u(qz, t)u(z,t))] + F [u(q?z, t) — u(z, t)] u(qz, t)u(z, t).

If we write u = u; + ‘us and separate it into real and complex parts , we get two fluid
model representation.

For the real part we have

—hZuy(z,t) + %Dgul(gg, t) = 2{(ur(¢Px, t) — ur (@, t)) (ur (@, t)us (g, t)—
ua(x, t)ua (g, 1)) — (ua(q?z, 1) — ua(, 1)) (ua (2, H)ua(q, ) + ua(x, thur (g, 1))]
—2uy (z,t)[1 = MZ]Dyus(z, t) 4 ug(z, t)[1 — MZ]Dyuy (, t)]

h

+5 D, [ua(qr, t)uy (2, t) + ui(qo, t)us(z, 1)),

and for imaginary part

hduy (2, t) + 22 D2ug (2, t) = 2[(ur(¢?a, t) — ur (2, t))

(ur (z, t)ua(qr, t) + ua(x, t)us (g, t))+

(u2(q*x, 1) — ua(, 1)) (ua(x, s (qz, 1) — ua (@, tuz (g, 1))+
Bluy (2, 8)[1 — MZ)Dyus (2, t) — us(z, 8)[1 — MZ]Dyus(x, t)]—
BD,ui (g, t)u (2, t) — ua(qa, tyus(z, 1))
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When ¢ — 1, the real part reduces to the Continuity equation

—(ug): + %(ul)mc = (u1u2)s,

and imaginary part reduces to the Quantum Hamilton-Jacobi equation

h 1
(u1); + %(u2)m = _§(U% - u%)x

For uy = v and us = —3-(In p),, where p = |1|? the continuity equation is
Pt + (p’l))m = 07

and the Euler equation is

vt+vvx—(
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CHAPTER 9

MULTIPLE (Q-CALCULUS

In previous chapters we deal with ¢- calculus with one base ¢. In general, if we
consider function of several variables, every independent variable can be re-scaled by
different base parameters q1, g, .... This why even from this general consideration, emer-
gency of multiple g-calculus becomes evident. Moreover, several physical and mathemat-
ical problems lead to necessity of multiple g-calculus. We will mention some of them.
Extension of quantum groups to two parameters (Chakrabarti & Jagannathan, 1991),
formulation of hierarchy of integrable systems in terms of recursion operator (Pashaev,

2009), discover of ()-commutative g-binomial expansion (Nalci & Pashaev, 2011d).

9.1. Multiple g- Numbers

Let us consider basis vector ¢ with coordinates g, ¢s, ..., ¢x so that the matrix

g-number can be defined as

4 —q;
qi — gj

= [n]qy',fm 9.1

[n] 46,95

which is symmetric. Hence, we can define N x /N matrix with g-numbers elements in the

following form

Maa  [Mae - [Plaa
([n]qhqj) _ [n] 42.q1 [Mesiae - [Masian ' 9.2)
[n]qN,ql [n]QN:‘D [n]QN:‘IN

Diagonal terms of this matrix are defined in the limit ¢; — g; as

lim [n]g, 4, =
q;—qi =% (; — q;
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So this symmetric matrix can be also written as

”q?il (7] g1,42 ("] g1.an
Wl P o [l
(Inlgig;) = gz T2 N 9.3)
[n]qth [n]QQ:QN N

ngy

As for standard numbers we may determine addition formula for g-numbers in the form

[n + m]qz-,qg' =q [m]qi,qj + q;n [n]qi,qj'

9.4)

The substraction formula can be obtained by changing m — —m as

[n - m]qth = qzn[_m]qz',%‘ + qj_m[n]%vqw

9.5)
or by using the equality

[_n]qqu

= —(q:5) " ["grq;0

it can be also written

We can easily prove by definition, the multiplication rule are given by next formula

[nm]qi,qj = [n](h»%’ [m](Qin)n = [m](h’ﬂj [n] (qig)™>

where (¢;q;)" = ¢ - q;" in the standard product, and the division rule is

nl & &
4] - Hes e 96
T n n
mdq;,q; m g 74]" m qﬁ vqj%
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9.1.1. Multiple ¢-Derivative

In our multi-variable g-calculus we define g-derivative with base ¢;, ¢; as

flgx) — f (qg‘x).

(@ —2)e 9.7

D%qj' f(l’) -

It represents N x N matrix of g-derivative operators D = (D, ,,) which is symmetric :

Dy, q; = Dy;.q; Where i, 5 = 1,2, ..., N.

Dl]hlh DQ17Q2 Dl]hQN
D D .. D
D= (qu'7(Ij) _ q2,91 q2,92 q92,4N ] (9.8)
L quv,q1 qu\uqz ‘DQNHN i

If f(x) is analytic function, g-multiple derivative operator is written as follows

d d
M, —M, ¢=—q¢* 1 d
' (¢ — Qj)$ (¢ — Qj)x r dr

To determine diagonal terms of this matrix D-operator (D, ,.)

where ¢ = 1,2, ..., N, we consider its action on analytic function f(z) in the form

f(x) = Z anx"
n=0

so that

© qn — qn
1. D o _ 1 1 J n—1
qjlgtlh q“qff(x) nz_:l n qjlgflﬁ i — qj !
- n—1 ! d
= S anlg)™ = Fla) = My f)
n=1

where M, f(z) = f(qz) = ¢“i= f(z). Therefore, the matrix of D-operator can be rewrit-

ten in the following form
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u -
Tz d
"7 D Dy, qn
D vz d D

B o ava2 92 G 92,9N

D = (Dy,q,;) = : 9.9)
d
Tz d
L DQMIN Df]27(1N qu@ |

Example of application the g-multiple derivative of function z" is calculated by using the
(9.7) as follows

n—1

D
(¢ — gj)x ¢ — qj

X

qi,q; = [n] 4,q; %

9.1.2. N=1 Case

For N = 1 case, ¢ = ¢o = q we have [n],, = n¢" ' and D,, = Mqé where
M, = qx%. If in addition ¢ = 1, then we get the standard number [n];; = n and

derivative Dy; = .

9.1.3. N =2 Cases

For N = 2 case, we have

1 @ — 1
Mga =nd’™ s [ngge = Mlga = - [Mgaige = N5~

d M, — M d
th,th = M(h %7 Dql,(h = DQQ:QI = ﬁ? DQQ,QQ = MQZ%'
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9.1.3.1. Non-symmetrical Case

Choosing ¢; = 1 and ¢» = ¢ we obtain,

nlii=n, [nlig=[nlg1 =[nly  [nlgq=ng""
d 1-M d
D= — D.=D ,=—"9_—_D" D,,=M,—.
1,1 d[L‘7 1,9 q,1 (1 o (])f q> q,9 qdl’

In this case, for (1,1)-elements we have standard number and derivative. For non-diagonal

element we have g-number [n], = q;%ll, and g-derivative Dj f(x) = f((g)_—_lfx(x) which

corresponds to non-symmetrical g-calculus with base q.

9.1.3.2. Symmetrical Case

When we choose ¢; = g and ¢, = %, we get

rh =™l =il bl =n (3)

q
d M= My d
Dq’q:Mq%7 Dq’%:D%ﬂ: <q_l)x :D¢77 D%V%:M%E

In this particular case we obtain symmetrical g-calculus with symmetrical g-number with

__q"—q _ flgx)—f(g"'x)
[n]g = a—q - (¢—¢Hz

We can give geometrical meaning for choosing this reduction of (g;, ¢;)- generic

—-n

and symmetrical g-derivative D f(z)

case to the symmetrical one. If we consider unit circle in complex plane, then two real

points ¢; = q and g; = % are symmetrical points according to the unit circle. So in sym-

metrical calculus we are comparing value of function at two symmetrical points. If we

extend this reduction to the complex domain so that ¢ is complex number, then symmet-

rical point in the unit circle would be %. It implies complexification of symmetrical case
1

in the form ¢; = ¢, ¢; = 7
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9.1.3.3. Fibonacci Case

<
S

1+v5

2

1- =

By choosing ¢; = 5 é

(Koshy, 2001)

=yand g = which are the roots of equation

PP =p+1

we have ¢- Binet-Fibonacci numbers with bases ¢ and —é in the following form

n— 1 n—1
[n]%@ =ney 1, [n]%_i = Fn, [n]_%’_é =n (_E>
(21 wdx’ ‘P:fé o 7%790 ((,0 + é)m ) 7;77i — 7édx

From this particular choices of basis, we obtain the Fibonacci sequence in Binet’s repre-

sentation as a g-number (Pashaev & Nalci, 2011a)

and Golden derivative ((-derivative)

flgz) = f(—o™a)

Dofla) = (p+9 Dz

Geometrical meaning for Fibonacci case is that point ¢ on real axis outside of
unit circle (¢ > 1) determines the symmetrical point % inside of circle, and the inverse
symmetrical point ¢’ = —é. This why, in Fibonacci case we compare function at point ¢

and inverse symmetrical point —é.

9.1.3.4. Symmetrical Golden Case

The Golden ratio ¢ satisfies algebraic relation

Yr=p+1.
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If we like to construct symmetrical calculus with base ¢ as a Golden Ratio ¢ : ¢ = ¢,

then we choose ¢; = ¢, q; = é’

1
i

.

Another option is pure imaginary Golden ratio ¢; = 7¢ and symmetrical point ¢; =

[lip, s =" [nlg
9.1.4. g-Leibnitz Rule
We derive the g-analogue of Leibnitz formula
Dy, (f(2)g(2)) = Doy, f(2)9(qi) + f(q;7) Dy, 4,9()- (9.10)

By symmetry, we can interchange ¢ < j and the second form of the Leibnitz rule can be

derived as

Dquqi(f@)g(x)) = in,qu(x)g(%x) + f(Qix)in,qjg(x)a (9.11)

which is equivalent to (9.10). These formulas can be rewritten in explicitly symmetrical

form :

2

© Dy () (f(qix) JQr f(quﬂ)) |

Dy, (f(2)g(2)) = Dy, g, f(2) (g(qi$) + g(qjx))

(9.12)
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More general form of the g-analogue of Leibnitz formula is given with arbitrary o ,

qu‘#]j (f(l‘)g(.’l?)) = (af<%'x) + (1 - O‘)f(qzx)) qu'7qg'g($)
+ (ag(qz) + (1 — a)g(g;x)) Dy g, f ().

If we choose o = 1, we have (9.10) and (9.11), and for o = %, (9.12) is obtained.
Now we may compute the g-multiple derivative of the quotient of f(x) and g(x).
From (9.10) we have

Dq . (f(x)) _ in,qu(x>g(Qix) - qung'g(x)f(%x)‘ (913)
"\ g(2) 9(a:z)g(q;)
However, if we use (9.11), we get
Dq~ . (f(l’)) _ in,qu(x)g(quc) - DQ¢,11jg(x)f(QJx) . (914)
"\ g(x) 9(gix)g(g;)

In addition to the formulas (9.13) and (9.14) one may determine one more repre-

sentation in symmetrical form

in7qj (f(@) _ qui,qu(@(g(CIja:) + g(qiz)) — DQi,qjg(x)<f(qu) + f(qr)) 9.15)

g(z) 2 g9(qix)g(g;x)

In particular application one of these forms could be more useful than others.

9.1.5. Generalized Taylor Formula

In developing g-analogue of the Taylor expansion the next theorem play the central
role (Kac & Cheung, 2002):

Theorem 9.1.5.1 Let a be a number, D be a linear operator on the space of polynomials,
and { Py(x), Py(z), Py(x), ...} be a sequence of polynomials satisfying three conditions :
(i) Py(a) = 1 and P,(a) =0 foranyn > 1;

(ii) deg P, =n ;
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(iii) DP,(x) = P,_1(x) foranyn > 1, and D(1) = 0 Then, for any polynomial f(x) of

degree N, one has the following generalized Taylor formula :

N

fz) = (D" f)(a)Pu(z).

n=0

Here we will construct the sequence of polynomials { Py(x), Py (z), Py(z), ...} sat-
isfying the three above mentioned conditions of the theorem with respect to operator
D = Dy, q;-

a) First we consider the case a = 0. Then we can choose

x
Pn(x) = )
[]g:.q,!
where [n]g, o' = [1]g,.4,[2lg1.q; - [M]g1.q; 3 Since as easy to see
(i) Py(0) = 1, P,(0) = 0 forn > 1,
(i1) degP,, = n,
(iii) forn > 1,
D, .. gt n—l
in,qun(x) %qjll’ _ [n]ql,qjx _ xr _ Pn71<x)
[]4:.q,! ["]4:.q;! [n = guq,

b) In more general case, when a # 0, to find proper polynomials P,(x) is not
simple task. To do this we construct the first few P, (x) and then deduce a general form

for P,(z). We have

Py(xz) =1.

In order that D, ,. Pi(z) = 1 and Pi(a) = 0, we choose

Pi(z) =z —a.
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For the next polynomial, Dy, . P>(7) = x — a and P,(a) = 0, we have

[Q]Qizlb"
Similarly,
T — gla)(z — qiq;a)(x — ¢?a
o) = (£ e = agie)(a = gf0)
[0,
and

(x — gja)(z — ¢iq;0)(x — gigja)(x — gja)
[4c.0,' '

qi5q;°

}ﬂ(x)::

Then we guess

v —aa)(z —a™a)...(x — a™a
ey = (2= a0~ ). ol

oo, | o
where
0 = q; g,
and
1 n—1 n—2 n—2 n—1
P.(z) = 7 (@ =g a)(@— ¢ 7 ga). (v — qiqf"a)(x —¢fa).  (9.17)
qi,q5°
This polynomial can also be written in the following form
Pr) = &= ¢ 'a)(x — q; ' Qa)(x — ¢/ ' Q%a)..(x — ¢/ T'Q"'a)
[n]gi.q;!
n—1_\n
_ (z —q; a)Q (9.18)
R '

where () = %
K2

7



If we denote ¢/ 'a = bg”fl) ,then (9.18) may be written as

(ZL‘ . bgn_l))(l’ . le(n—l)xx N Qngn_l))...(:E . anlbgn—l))

[n] 46,95 !

P(r) =

)

where n = 1,2, ... We can prove that these P,(x) polynomials satisfy the condition (iii)

for the above Theorem. Below we follow the next definition:

Definition 9.1.5.2 The multiple g-analogue of (x — a)" is the polynomial
" 1 ifn=20,
(J" - a)Qi#Ij = n—1 n—2 n—2 n—1 .
(x—q; a)(z—q qja)...(a:—qiqj a)(x—qj a) ifn>1

These polynomials have several properties. Factorization of symmetrical multiple g-

binomial formula is

(3:' - a)‘Zi7Qj = (l’ B qima)gqu' (.1' - q?a)Qiﬂj

= (m - q‘;‘na)givqj (I - q?a)g;vqﬂ"

(x—a)y o= (x—q "a)y .. (x —qja) ],

and it gives

1

(x B q;na)(TJLth

—-n

(33 o q?a)%qg' =

for any positive integer n.

In Appendix B, we give two different proofs of the relation Dy, o P,(v) = P, _1(7):
first by reduction to the non-symmetrical calculus case and second, by mathematical in-
duction.

However, in generic case ¢;, ¢;, P,(x) polynomial do not satisfy condition (i) of
the theorem. Indeed, P,(a) # O for arbitrary ¢;, ¢;; it could be satisfied only in special

cases of ¢;, ¢; and n. If ¢;, ¢; are such that P,(a) = 0, then we have the ¢- analogue of
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Taylor’s formula :

N (x — c)’;
f(z) = zk:(D';f)(C) Mo

Special Cases :
a) Non-symmetrical case :

If we choose ¢; = 1 and ¢; = ¢ we obtain

P,(x) = W(m —a)y, 9.19)

1
|
g
which is called non-symmetrical ¢g-analogue of (x — a)". In this case P,(a) = 0 and
Taylor’s formula is valid.
b) Symmetrical case :

If we choose ¢; = g and ¢; = %, we get

1

P,(z) = Ol (x—¢"ta)(z — ¢"a)...(x — 73 a)(r — —a), (9.20)
which is symmetrical g-analogue of (x — a)".
It should be noted that for even and odd n we have
Pi(z) = (z—a);=(v—a)
T —a)? — —q !
Pr) = ‘)q (@ qa)(x' 'a)
[2]4! 214!
e — @ -l g
[3]4! 34!
Ifa #0, P,(z) = % is not zero at x* = a when n is even,and thus these polynomials

P,(x) do not satisfy all the conditions for the generalized Taylor formula. For a = 0, the

Taylor expansion of a formal power series is

flz) = §<D§f><o>[j—M.
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c¢) Fibonacci case: By choosing ¢; = ¢ and ¢; = —i, we obtain

(2 — ") + ¢"a) . (x — (~ 1)) (o — (~1)" )
(7]t |

73

P,(x) =

(9.21)

By using the properties of Fibonacci numbers

SOnZSOFn—i_Fn—I

and
F.,=(-1)""FE,
we get
P.(a) = (x — (pFo1 + Fog)a)...(x — (pF—3 — Fu2)a)(z + (pFy-1 — F})a)

Fy,
(9.22)

If a # 0, P,(z) # 0 for n # 1 so these polynomials also do not satisfy the condition (i)

of the Theorem. For ¢ = 0 we have

> k

flw) =3 (DEFO)) 57 9.23)

k=0
where F.! = F1 F...F},.
9.1.6. g-Polynomial Expansion

As we have seen polynomials P,(z) in general are not satisfying all requirements

for the Taylor Theorem. However, if we consider arbitrary polynomial degree [V, it can
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be expanded in terms of our g-polynomials P,(z) as

N

f(z) = enPila).

k=0

Applying N times D,, ,.-derivative to this expansion at point a, we get the linear system

of N + 1 algebraic equations:

N
D, fa)=Y aPula), k=012..N.
k=l

Determinant of this system is 1, so that it has solution in the form of superposition of

l . .
Dg s f(a), but expansion formula looks more complicated than the Taylor one.

9.1.7. Multiple ¢-Binomial Formula

Here we are going to derive multiple ¢g-binomial formula.First let us remind Gauss’s

Binomial formula

(z+a)! = m g"ED gk gnk, (9.24)
q

To find similar formula for our P, (x) polynomial, we write

Pi(x) = (z—a)y, =@@—q o)z —q ?ga).(x — agfa)(z — ¢} "a)
n(n— X X x n— X n—
= (F _a> (qn‘l _Qa) (qﬂ‘l ¢ 2a) (qn‘l ¢ 1a>
= gV ( — a> 7 (9.25)
q; Q
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where () = %. By using the Gauss’s binomial formula then we get

n n—k
n . n k=) (T
('T - a’)qi,qj = Q’L ! |:k:| Q 2 ( nl) (_a)ky (926)
q,
k=0 Q@ i
where [Z] o are non-symmetric ()-binomial coefficients. ()-numbers are related (g;, ¢;)-
numbers by
Mo, = @ [Ple
and

ST gl (9.27)

By substituting (9.27) into (9.26), we obtain the multiple (¢;, ¢;) Gauss Binomial formula

for commutative z and a (za = azx),

n = n k(k=1) . _
(f’f—a)qi,quZ{k} (@) = 2" "(=a)" (9.28)
k=0 4i,4;
and
n B n k(k=1)
(+a)g = M (qiq;) 7 """ (9.29)
k=0 4,45

As is well known n — oo limit of Gauss’ Binomial formula produces the Euler infinite
product identity for g— exponential function. Here we like to study n — oo limit for
our (g;, ¢;)-binomials. By using the Binomial coefficients (9.27) expression (9.29) can be

written as
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To consider the limiting case n — 0o, we choose x = 1 and a = v,

n k(k—1)
n n q; 2 n
(1 _'_ y)Qi,q]' = |:k:| ]k(k+1) (yqz )k7 (930)
k=0 Q q; 2
or
Yy " u n k=1 [y k
L+~ = L@ () 9.31)
G/ giaj k=0 Q 4
To find the limit

n n k
lim <1+ %) = lim » m Q"5 (2)
n—oo qz 4,05 n—00 P Q qz

first we calculate the limit

= (9.32)

where Q = % <1

Hence,

lim (1 + %) — L'Q'“““{” (L)
n—oo q’L qi,q; k=0 [k]Q ql(]‘ - Q)

- i) rta) o

In addition to this case () < 1, we can consider () > 1 case by simple interchanging g¢;
and ¢;. However, we like to derive () > 1 case explicitly to see some useful relations.

Writing
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so that
we have

It is easy to write

ny o Ak(n—k) |
1] -es ). 534

Combining the above expression with (9.27), we get

i, =l

k qi,q5 ' k Q
n
k

(9.35)

" k(k—1)
n nl g’ n
(1 + y)qwg = |:k:| T k(L) (yQJ )k7 (9.36)
k=0 % q; 2
or
" n k(k—1)
Y n q °
(1 + _n) = {k:| T RGD yk- (9.37)
4 qi,q; k=0 ,% ; 2

lim <1+%) :Eqi< ! >:eqj< Y ) (9.38)
00 q; . %5 \q; — ¢ % \q; — 4
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As an application let us denote 7 yq, = z, then

¥ 7

lim <1+L:w> =FEau(x)=eqy(x),

4

which is the generalization of

In particular case x = 1,

lim (1+qf;nq" = Eu(1) = eq (1)

q;

This formula in the limiting case ¢; —¢; = %, so that lim,, . ¢; = ¢;, and ¢; — 1 reduces

to the well known limit

1 n
lim (1 + —) =e.
n—oo n

Definition 9.1.7.1 (q¢;, q;) -Exponential functions are defined in the following form

oo 1 .
eqz',q]‘(x) = Z .$>

I
(]
—_
—
R
&
~—
2
N7
8
S

By () (9.39)

Proposition 9.1.7.2 For commutative x and y, (yx = xy) we have the addition formula

e%qj' (ZE + y)qiqu = eqz',q]' <I>E¢Ii7qj' (y) (940)
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Proof 9.1.7.3

(4 Y,
€4i.q; (z + y)qmqg‘ = Z ] o
n=0 qi,95

> 1 n E(k—1)
= —_— (gig;) = a"FyF
Z (74,4, Z {k} wists J

(n—k=s)= = > > W@%)MQ_UW’“

qi59q; *

> 1 e 1 k(k=1)
- (Z H') (Z ) )
().

(9.41)

9.2. q-Multiple Pascal Triangle

The g-multiple binomial coefficients are defined as

n
= : (9.42)
|:k1 Q3,45 [n - k]qiyqj![k]qi7qj!

with n and k being nonnegative integers and n > k. Using the addition formula for ¢-

multiple numbers (9.4)
[n]Qi,Qj - [n —k + k]qz',qg' = Qf[n - k]%‘#}j + qgl_k[k]qz‘»qg"

With the above relation (9.42), we have

{n} _ Qﬂn - 1](]1',[]]'! X Q?_k[n - I]Qi,qg'!
Py [k]qi,qj'![n —k— ]']Qiyfb" [n — k]qwh‘![kj - 1]%‘1]'!
n—1 L n—=1
_ qf{ N ] + " {k J (9.43)
.45 - aing
—1 —1
. . } +qr {Z J . (9.44)
4,4 T g

These two rules determine the multiple ¢ Pascal triangle, where 1 < & < n — 1. The
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qi, g;-symmetrical Pascal triangle has the form:

Figure 9.1. (¢;, ¢;)-Pascal Triangle

9.3. ¢-Multiple Antiderivative

Definition 9.3.0.4 The function I'(x) is (q;, q;)-antiderivative of f(x) if Dg, 4, F(x) =
f(z), and it is denoted by

F(z) = /f(x)dqi,qjx. (9.45)
It implies solution of ¢-difference equation in the form
Dy, ¢, F(x) = 0= F(x) = C — constant.
In more general case, solution is
Dy, ¢, F(x) =0 = F(qx) = F(q;z).

In g;

Itis called (g;, ¢;)-periodic function for given 4, j. By writing ¢; = €% and z = e™® = ¢V

we can write F'(z) = F(e¥) = G(y) and

F(giz) = Gy +Ing).
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Using condition of (g;, g;)-periodicity of F'(z), we have
G(y+Ing) =Gy +Ing)

and if we denote y + In ¢; = z, then we obtain
G(z) =G(z+1n %),
which means that GG(z) is standard periodic function

G(2) = G(z +1)

with period ¢ = In .

Example: If we consider GG(z) in the form of sin function, then for (g;, ¢;)-

periodic function we get

2 2
F(x) =sin 7; Inz | =sin | ————
In o Ing; —Ing;

Applying D, ,.-operator to this function, we obtain

2
D, 4. sin <—7rlnx) =0,
’J Ing; —Ing;

which proves that

2
F(z) = sin (é In ac)

is (gi, q;) periodic function.

lnx) .

Suppose f(z) is an analytic function expandable to power series f(z) = Y ;7 apz”,
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then f(z) has (¢;, ¢;)- antiderivative in the following form

% k1
f(@)dy, g2 =) arm—"—+C,
/ e % [k + 1g..q,

where C-constant.

9.3.1. -Periodic Functions and Euler Equation

The Euler differential equation

*y  dy
2 2
< < — 0
T I +x . + wy ,
by substitution z = €' and

d d

de  dt’

transforms to harmonic oscillator equation

d2y 2
ﬁ—ﬂuy:O.

Solution of the last equation

implies solution of the Euler equation

(9.46)

(9.47)
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This function is g-periodic function y(qz) = y(x) with ¢ = e . So the above results we

can summaries as : The Euler differential equation
nq

has the general solution

2 2
y(r) = Acos (1—7T lnx) + Bsin <1—7rlnx) :

nqg nq

or
y(z) = Acos (27 log, z) 4 Bsin (27 log, ),
which is g-periodic (y(¢x) = y(z)), and as follows D y(z) = 0.

9.4. -Multiple Jackson Integral

Here we construct the g-multiple Jackson integral which gives us g-antiderivative
F(z) of an arbitrary function f(z). For this we write the derivative operator Dy, . in
terms of M, -operator defined by M, F'(z) = F(g;z). From the definition of ¢ derivative

we have

1
Dy, q, F(x) = (4 — qj)l,(MCIi Mgy, F(z) = f(z), (9.49)
then the g-antiderivative is
F(z) = (Mg, — My,)" (g — q5)2f (2). (9.50)
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Now we find the inverse of (M,, — M,,). We have

M (@) = f(a) = My,

therefore M ! is inverse operator of M,,. Then

Mqi_qu - qu‘

1—qu), (9.51)

and

—1
(Mg, — My,)™" = (1—qu) qul

= (14 My, + My Y’ +. | M
- M, \M,) ")
= Mi—i-Mﬁ—i—MqZ—'—....

2

qa; q;

Q
ST

Substituting into (9.50), we obtain the ¢ — multiple Jackson integral of f(z)

ok k
F(z) :/f<f) dox=(g—q) 2 f (%) 9.52)



CHAPTER 10

NON-COMMUTATIVE Q-BINOMIAL FORMULAS

10.1. Gauss’s Binomial Formula

The Newton’s Binomial Formula for positive integer n is given in the following

form
n - n n—k_ k
(x+y)" = ( )x y", (10.1)

where

denotes the corresponding binomial coefficients. And these binomial coefficients appear
as the entries of Pascal’s Triangle.

To obtain the g-analogue of Binomial formula (Kac & Cheung, 2002), one con-
siders function f(x) = (z + a)7, and expand it around x = 0 to ¢-Taylor’s series . By

using notation
(z+a)! = (z+a)(z+qa)(r+¢a)...(z+¢"'a), n=12,. (10.2)

and next calculations

(n—k)(n—k—1) n—k

(x + a);“k |(z=0)= ¢ 2 a" ",

(DEf)(z) = [n]yn — 14 [n — k+ 1) (z + a)"7F, (10.3)

q q
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we get the ¢- Taylor’s formula as

(z+a)! = m g R (10.4)
q

From the symmetry of ¢- binomial coefficients [Z] - [nﬁ k] . the above expression may

be rewritten as
(r+a)y = m ¢ (10.5)
q

which is called Gauss’s Binomial formula for commutative = and a (za = ax).

Here we propose alternative way to obtain the above result, without using ¢-Taylor
formula (In the next section we apply the same method for new case of ()-commutative ¢-
binomial formula). It is based on solving the first order linear partial difference equation.
Suppose the Gauss’s Binomial formula (10.5) can be written in the following polynomial

form

(z+a); = {n} xla™ (10.6)
q

with unknown coefficients {’;} . So, by induction
q

(x + a)g”rl = (z+a)j(r+q"a)

- zn: {Z‘} 2 a" I (z + ¢"a)

j=0 q

{n} xj+1anj+2{@} Pt
q —o Wy

M-

Jj=0 J

By shifting j — 7 — 1 in the first sum, we obtain

n+1 n+1 n
1 ) ) ) ) ) )
Z {n—l— } x]an7]+1 — z : { . n } m]anf]Jrl 4 § {n} $]qnanf]+l. (107)
q i—1), —o WJyg

j=1
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From the above equalities we have

R WALt
0 q 0 q7
1
- e {0 -0
n+1j, nJ),
1
j = k= {”Z } :{knl} +qn{Z}, l<k<n  (10.8)
q 7 q

It is convenient to put

{Z} =01if b<0 and b>n.
q

Therefore we have the following equalities
{n +1 } " {n}
= q 5
0 q 0 q
{n +1 } B n}
n+1j), nj,
By recalling the known ¢-Pascal rule in terms of g-combinatorial coefficients

n—i—l} _{ n ] N k[n}
[ BT =1, T Lk,

we try to find the unknown combinatorial coefficients {Z}q in terms of known ¢- combi-

natorial coefficients [Z] . with multiplying factor ¢ in power of unknown function S(n, k)

Nl _ Sk {”}
=gq ) (10.10)
e,

Substituting the above Ansatz into the recursion formula (10.8) and using the ¢-Pascal
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rule (10.9), we obtain the following relation

n n _ n nkvan| T
S+ 4 SRR _ Smk-1) 4 S+ .
k—1], k], k—1], k—1],

By equating coefficients with the same power of ¢, we obtain the system of the first order

linear partial difference equations (h = 1)

S(n+1,k) =S(n,k—1) =  D,S(n,k)=—-DpS(n,k—1),
Sn+1,k)=Sn,k)+n—k =  D,S(n,k)=n—k,

with initial conditions
S(0,0) = S(1,0) = S(1,1) =0, (k=0,1,...,n),
where
Dl f(x,y) = f(x+hy) = f(x,y),  Dyf(e,y) = flx,y+h)— f(z,y).

Solution of the above system is found in the form (see Appendix C)

n—k)(n—Fk—1)
5 .

S(n, k) = (
Hence,

{Z} _ oty m . (10.11)
q q

Then, by substituting into expansion (10.6), we come to Gauss’s Binomial formula for

commutative x and a (za = ax).

95



10.2. Non-commutative Binomial Formula

For g-commutative x and y (yz = gzy), where ¢ is a number, commutating with

x and y; xq = qx and yq = qy, we have the non-commutative Binomial formula

n - n k, n—k
= . 10.12
(x+y)" =) { k;] ql' Y ( )
It can be proved by mathematical induction (see for example Kac & Chung, 2002).

10.3. Q-commutative q-Binomial Formula

In this section we construct the g- Binomial formula for non-commutative x and ,
in the special case when they are ()-commutative (yx = Qzy) (Pashaev & Nalci, 2011d).

Firstly, we note that in notation of g-binomial we have the product
(z+y)y=(@+y) e+ (e+dy).(c+7y), n=12,. (10.13)

which we now apply to the noncommutative operators = and ¥, so that we should distin-

guish the direction of multiplication. So we have following notation for two cases

(z+y)t, =@ +y)(z+a)(z+y).(a+q""y) (10.14)

and

(z+y)2 =@+ y)(z+qy)(z+y). (10.15)

Now we like to find expansion of these g-polynomials in terms of = and y powers. Sup-
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pose we have the following expansion

i n
(x+y), = { k} "Ry (10.16)
k=0 Q.9

where

(z+y)t, = @+y)(z+aq)(z+y)..(x+7"y),

and {}} o, denote unknown coefficients, depending on &, n, ¢ and Q. Then,

(x4 )it = (x+y)i(x+q"y).

Expanding both sides

n+1 n
Z {nzl} R
Q.q

From the above equality we have the following recursion formulas :

PN {n—i—l} _ {n} |
0 Q.q 0 Q.q

1
kentl— {n—i—l} _ q”{n} |
n+ Q.q ") Qq

1
1<k<n= {"Z } - Q’“{Z} +q”{k" } . (10.17)
Q. Q. -1 Q.
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where convenient to choose

{n} =0if b<0 and b > n.
b Q,q

Suppose the unknown binomial coefficient factor {Z} Q.q CA0 be written in terms of the

known combinatorial coefficient m . with multiplication factor as

Q?

n _ tnk) m
=q ) (10.18)
{k}Q,q k Q,q

n n
—q

where [}] 0.q 1 (¢, Q)- combinatorial coefficient with [n]g, = QQ_q

Substituting this relation to (10.17) and using (9.43), (9.44) we have following expression

(see section 9.2).

qut(n+1,k) B{j 4 qn+1fk+t(n+1,k) {k n J _ qut(n,k) {Z}
Q. T Qg Q.q
mn n,KR— n
o e 7]
Q.q

By equating terms with the same power of ¢ and (), we obtain two difference equations

ttn+1,k) = t(n,k)
Hnk) = tlnk—1)+k—1 (10.19)

with the initial conditions

£(0,0) = (1,0) = t(1,1) = 0. (10.20)

Solution of this first order system of linear difference equations gives (see Appendix C)

Kk —1)

Hn k) = =——. (10.21)
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Hence,we obtain the ¢- Binomial formula for ()-commutative x and y in the form

" [n B
@+, = M ¢ T " hyk, (10.22)
k=0 Q.q
where yr = Qxy, and
I e e O
k Q.q [n = klgq![Klgq! X Q—q

Figure 10.1. Q-commutative g-Pascal triangle

It is instructive now to prove this Binomial formula by using mathematical induc-

tion. We have

(+y)itt = (x+y)i(z+q"y)

“ [n ROy n
= ZM g 7 2" e+ q'y)
Q.q

n
n k(k—1) n k(k—1)
B m ¢ ey lk] ¢ gy
Q.q k=0 Q

q

From the ()— commutativity relation yz = Quzy, we get y*z = QFxy* and the above
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expression is written as follows

n n k(k—1) n n k(k—1)
(I‘ +y)g+1 _ Z |:k‘| q 2 Qkxnfk+1yk + Z |:k1 q = qnxnfk:yk+1
Q.9 Q.9

k=0 ; k=0 ,
n n k(k—1) ntl n (k—1)(k—2)
_ q 2 Qkxnfk+1yk + Z qfqnxnflwrlyk
k k—1
k=0 Q.q k=1 Q.q
n n n(n+1)
Q,q n Q,q
- n k(k—1) n (k=1)(k—2)
+ (M q ° Q’“+{k J q¢ 2 q”) 2"y (10.23)
k=1 Q.q T Qg

In Pascal rule for binomial coefficients (9.44) by choosing ¢; = () and ¢; = ¢ we have the

following relation

n n+1 n
S T P T S Y O
qu k Q.q k_qu

) ) )

By substituting this relation into equation (10.23)we have desired result

" n n n n(nty) " n k(k=1)
(+y)y™ = M 1‘“+M g’ y+1+ZM g 7 a" My
Q.q Q.q k=1 Q.q
n+1
n+1 (k=1)
=2 | } ¢ Ty (10.24)
k=0 Q.q
|
Example: Consider the (- derivative operator Dy = % with ()-dilatation

operator Mg = Q“"”% operators. These operators are (-commutative

DoMg = QMgDq.
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Then we have expansion

(Mg + Dq)%, = (Mg+ Dg)(Mq+ qDo)(Mg + ¢°Dg)...(Mg + ¢" ' Dg)

_ Zm P “Mg—’fpg. (10.25)
Q.q

The above result shows that ()-commutative ¢-binomials are expressed in terms
of our (¢, @) numbers, introduced in Section 9. Then we have next generalization of this

formula. Let operators = and y are ¢; commutative yz = g;xy, then

- n k(k—1)
(z+y)Z, = { k] g T 2"yt (10.26)
k=0 qi,q5

where [Z] g AT€ combinatorial coefficients .
395
Example: The unitary operator D(a) = e ~%¢ for Heisenberg-Weyl group is

generating operator for Coherent states
| >= D(a)[0),
where « 1s complex parameter. These operators satisfy relation
D(a)D(B) = e***P D(B)D(a),

2iS(af)

hence they are ()-commutative with () = e . Then we have next operator ¢g-Binomial

expansion

“2 D"*(B)D*(a). (10.27)
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If we apply this expansion to vacuum state |0), then we get

(D(B) + D(a))Z,10) = Z mQ q@m—k(ﬁ)\ka)

_ m ¢ (= k) +ka),  (10.28)
Q.q
where
6 =25 [(n — k)kafp] .

Proposition 10.3.0.1 Above we have derived (Q-commutative (10.14) q-binomial formula
for ordered product < q. Now we like to construct similar formula for opposite ordered

product > q (10.15). The following relation for two different ordered products is valid

N N
[[@+d"y)< = []@+ QY )=, (10.29)
k=0 k=0
where yxr = Qxy and

N

[[@+d"y)< = @+ )@ +a) @+ y). (2 +¢Vy) = (z+ )2,

k=0

N

[T+ QY ¢ y)sg = (x+ )@ + ¢V 'y)..(x + qy) (z + ).

k=0

Proof 10.3.0.2 This formula can be proved by the method of mathematical induction.

N=1= [J@+dv = @+y)@+q) =2"+9Q 'yz + Quy + ¢y’

1

= (@+Q ')+ Qy) = [[(=+ Q" *¢"y)>,

k=0
and we suppose that the formula is true for some N. Let us show that it is also valid for
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N+1:

N+1 N
[[e+dv< = [[@+d )@+ y)
k=0 k=0
N
= [+ QY *¢y)sg(x+ ¢ y)
k=0

= @+ Q Ng"y)..(z + QN Vqy)(z + QVy)(z + ¢V y).

By using equality

(z+q"y)(z + ¢*y) = (x + Q' ¢"y)(z + Q¢™y),

we move the last term to the left-end by commutating with every term of the product

N+1

[[e+dvw = @E+Q Ny (2 + Q™ gy)(x+Q '¢"y)(z + Q" y)
k=0

= (2+QV¢"y) ..z + Q2" Yz + QN Vgy)(x + QN Ty)

= (e +Q MV ) (@ + Q"N IgNy).(z + QYY)
N+1

_ H(m+QN+172quy)>q.

k=0

Proposition 10.3.0.3 For ¢ = 1 we have the following relation

(z+y)" =(x+y)ls (10.30)

where
(z+y)ly=(z+ Q " )z + QD). (z + QU Dy) (z + QM Vy)
is non-commutative binomial in symmetrical calculus case.
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Proof 10.3.0.4 By mathematical induction, for n = 1, it is obvious. Suppose we have

(x+y)" =(x+y)ls
for arbitrary n. Then for n + 1 we have

(z+y)"™ = (@+y) (@ +y) =@ +y) sl +y)

= (@+Q " N+ Q") (z+ Q" )z + Q" V) (z +y)
(@ +Q " Na+Q ") (z+ Q" )z +Q'y)(x+ Q™)
(2 +Q "N (@ +Q " ).(z+ Q%) (x+ Q") (x+ Q™)

= @+QM@+Q ")z +Q" )z +Q") = (z+y)T5

We summarize our results in the next g-binomial formula for ()-commutative op-

erators x and y:

N-1
@+, = []@+dy=(@+y)+a)(e+dy)..(+d" 'y
k=0
N
N —1
=2 M 0Ty (10.31)
k=0 7,Q

where yr = Quxy.

Proposition 10.3.0.5 Two opposite ordered q-binomials are related by formula

(z+y)¥, =+ QN‘ly)iVé, (10.32)

where yxr = Qxy.
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Proof 10.3.0.6 From equation (10.29) we have

N N N
H(x + qky)<q = H(x + QN72qu3/>>q = H( (QQ) "Ny )>q = (z + Qy )]>VJ221’
k=0 k=0 k=0 ¢

(z+y)2 " =(+Qy );V;zf = @4y, =@@+Q 'yl

Q2

Proposition 10.3.0.7 For yxr = Qxy we obtain the following relation

N k(k—1 k
e+, = [[@+d s =) [k] (qQ?) TN+ (ng) . (10.33)
k=0 k=0 1Q*,Q

Proof 10.3.0.8 We start from relation between direction of two multiplication rules (10.29)

N-1 N-1

H (z+d"y) ey = H (x + QN-1-2hghy)
k=0 k=0
1
= J[@+ <é)’“QN‘1y)>q- (10.34)
k=0

By choosing QN "1y =2 =y = ﬁ, the above equation becomes

N-1 k N-1 .
H (z—l—(é) z) = H (x—iquQN_l)
k=0 >q <q

k=0

Let us call é = q1, then according to Proposition 10.3.05

N-1

N— N
z z

1_[(.7c+q’fz)>q1 = (x+2) >q1 H (x+ (1 Q*)* or 1) = (x+—QN_1>
k=0 = <q1Q?

N k

N k(k—1) B z
gl o)
k=0 q1Q*,
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Relation yr = Qxy implies zx = Qxz, this is why, if we replace ¢ — q and z — y, we

obtain the required result. |

Finally, ¢g-Binomial formulas for ()-commutative operators x and y with different order
are summarized in equations (10.31) and (10.33).
In the next section we show that all known binomial formulas like Gauss Binomial

formula etc. are particular cases of our non-commutative binomial formula.

10.3.1. Special Cases

Let us consider some particular cases of this generalized () commutative ¢- Bino-
mial formula:
(1) for Q = 1, which means commutative x and y, this formula becomes the

Gauss Binomial formula

where yxr = zy.
(i1) for Q- commutative x and y (yx = Qzy) and ¢ = 1 we have Non-commutative

Binomial formula

where yz = _ay.

1

(iv) for ¢ = Q = limg_4[n],, = n¢" ', and the formula transforms to the
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following one

where (7)) = #k'),k,— standard Newton binomials.
(v) By choosing ¢ = —i and () = ¢, where ¢ is the Golden ratio, we obtain the
Binet-Fibonacci Binomial formula for Golden Ratio non-commutative plane (yz = pzy)

(Pashaev and Nalci, 2011a)

n 1 _
(z+y)", = m (= =) gnhyk
® k=0 QO,*% ()0
n Jox 1 k(k—1)
2
n: n—k_ k
= Bl [ 10.36)
T ( Y (
0 Fk-Fn—k- Y2

where F;, are Fibonacci numbers, and ¢-binomial coefficients become Fibonomial.

10.3.2. ¢, Q- Binomial Formula

The above formulas we can compare with the one appearing from general com-
mutative multiple binomial formula. If we choose ¢; = ¢ and ¢; = @ in (g;, ¢;) multiple

binomial formula (9.29), the following formula may obtained

n

" n Rk=1)
(z + y)an - Z [k} Q) = k?/k7
q,Q

k=0

where yxr = ry.
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10.3.3. ¢-Function of Non-commutative Variables

In Chapter 12 we introduce g-function of two variables. If

f(z) = Z ",
n=0

then g-function of two variables x and y is defined as

fl@+y)g=> calz+y)p (10.37)
n=0

We use these functions for definition of g-analytic functions and g-traveling waves. If
we take into account non-commutative binomial formulas derived in this section we
can extend our results from the Chapter 12 to the g-function of non-commutative (Q)-
commutative) variables x and y. This why non-commutative g- analytic functions and
non-commutative g-traveling waves could be derived.

As an example below we briefly consider case of g-exponential function.

Definition 10.3.3.1 (¢, Q) analogues of exponential function are defined as

[
<
2
=
1
Nk
—_
S
93

n=0 n]‘]vQ
> ]_ n(n—1) n

E,o(z) = Z[n] g 7w (10.38)
n=0 q7Q

Proposition 10.3.3.2 For QQ-commutative operators v and y, (yr = Qxy), we have the

following factorization for q— exponential function e, g,

eq,Q(x + y)<q = eq,Q(x)Eq,Q(yL

where
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Proof 10.3.3.3

€q.0(T + Y)<q

By choosing N — k = s,

€q,Q(T +Y)<q

eq,0(7)Eqq(y)- (10.39)
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CHAPTER 11

(Q-QUANTUM HARMONIC OSCILLATOR

As an application of multiple ¢ calculus developed in Chapter 9, here we study
quantum oscillator, deformed by two parameters ¢ and (). Different types of q-deformation
for quantum oscillator where intensively studied in a several papers. We will mention
here only most important papers: for non-symmetric oscillator (Arik & Coon, 1976),
for the symmetrical one (Biedenharn, 1989), (Macfarlane, 1989), and for generic (p,q)
(Chakrabarti & Jagannathan, 1991) and in (Arik et al., 1992).

11.1. Quantum Harmonic Oscillator

We consider simple harmonic oscillator with mass m and with spring constant k.

The motion is governed by Hooke’s law and Newton’s equation

Az
F=—-kxr=m—
rT=m TR
which can be written as
d2
d—tf+w2x=0, (11.1)

where w = \/% is the angular frequency of oscillator.

The general solution is
z(t) = Asin(wt) + B cos(wt)

and the potential energy stored in a simple Harmonic oscillator at position x is
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For quantum oscillator in Schrodinger picture we have to solve the Schrodinger equation
with potential

1
V(z) = §mw2x2.

Then the time-independent Schrédinger equation for harmonic oscillator is written as

————— + —mwlstp = E. (11.2)

The above equation in terms of the momentum operator p = %% and the position operator

T 1S

%[p2 + (mwx)*]p = Ep. (11.3)

These operators satisfy the canonical commutation relation [z, p| = ih, where the com-

mutator of operators A and B is [A, B] = AB — BA. The basic Hamiltonian

_ 1o 2
H= 2m[p + (mwz)?]. (11.4)

in terms of annihilation and creation operators

=\ g i )
N 2hmw P T )

1 . .
— ST (—zp + mwx), (11.5)

can be written as

1
H = hw(a*a + 5)

The commutation relation [z, p] = % in terms of @ and a™ becomes

la,a™] = 1. (11.6)

The number operator
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which is obviously Hermitian, satisfies the following commutation relations
la,a™] =1, [N,a]=—a, [N,a*]=a". (11.7)
From (11.6) it is easy to get
aat = N + 1.

Then Hamiltonian expressed in terms of NV is

The Schrodinger equation (11.2) for the Harmonic oscillator can also be written in terms

of a and a* in the form
Lo
hw|aTa+ 5 ¢ = E@b
For eigenstates N|n) = n|n), we get the energy levels as

1
E, = (n—|—§) hw, (n=0,1,2,3,...).

As a result of commutation relations, we have

Na*|n) = ([N,a']+a"N)n) =a*|n) +a*Nn) = (n+1)a*|n) (11.8)
Naln) = ([N,a]+ aN)|n) = —aln) +aN|n) = (n — 1)aln) (11.9)
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and

atln) = Vn+1n+1) (11.10)
aln) = Vnln—1). (11.11)

The vacuum state is defined by
al0) =0,

which is the minimum energy state with eigenvalue
EO - —hw .

Applying the creation operator a™ n times to the ground state |0), we obtain all

eigenstates of the Hamiltonian in the form

(a®)"

In) = (W) 10). (11.12)

The energy eigenfuctions in position space are found by starting with the ground

state a|0) = 0

1
(x]|al0) = (x|ip + mwz|0)
2hmw
1 h od ,
= _— 0 —
2hmw (mw dx +x) 107
h d¥
— =24 2V, =0
mw dx
\I/() = Ae_%xz

By normalizing ¥,

© mw .2
1= |A|2/ e n ¥dx,
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we obtain

A= |2
mh

So the ground state of the quantum harmonic oscillator is

Wo(z) = (%) e~ (11.13)

Hence, the excited states, increasing the energy by /Aw with each step, are constructed by

applying the creation operator repeatedly to the ground state as follows :

AV — (TN L (R d T e
W, (2) = Ay (a™ )" Wo(z) = (m> = s ) € (11.14)

with the energy spectrum

E, = (n—i—l)hw (11.15)
wheren =0,1,2, ...
11.2. (g, ¢;)-Quantum Harmonic Oscillator

In this section, we consider the general (g;, ¢;)-analogue of quantum harmonic
oscillator for N = 2. Such type of oscillators for two basis ¢, p were constructed by
(Chakrabarti & Jagannathan, 1991) and ¢y, ¢» basis by (Arik et al., 1992). Then, we
consider the special cases of this harmonic oscillator as non-symmetrical, symmetrical
and Fibonacci cases.

Firstly, we define the ¢-bosonic creation operator a., its hermitian conjugate the ¢-
bosonic annihilation operator a, and the boson vacuum state |0); ; defined by a,|0); ; = 0.

(in following we skip indices ¢, j for operators aq*, agq.)

114



Instead of the Heisenberg (Lie) algebra ,we postulate the algebraic relation

aga; — qiafag=q, (11.16)

or by using the symmetry property of the (¢;, ¢;)-number under the exchange ¢; < gq; we

have another algebraic relation

aqa;r — qja;“aq = qZN, (11.17)

where N is the hermitian number operator and ¢;, ¢; are deformation parameters. The
bosonic g-oscillator is defined by three operators a;“, a, and N which satisfy the commu-

tation relations:

[N,af] = a} [N, a,) = —a,. (11.18)

) q q

The algebra (11.16)-(11.18) is the (g¢;, ¢;)-analogue generalization of the Heisenberg al-
gebra. In the limiting case ¢; — 1 and ¢; — 1, these algebraic relations reduce to the
standard Heisenberg algebraic relations .

By using definition of (g;, ¢;)-number operator

N _ N
q; —4;
[N = —=
4 —4qj
for ¢; # ¢;, we find following equalities
[N +1]i; — @[Nlij = ¢}, (11.19)
[N + 15 — q;[N]i; = ¢ (11.20)

If we choose ¢; = ¢;, then the g-number operator is [N],, ,. = N¢»' . By com-

qi,q;
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parison the above operator relations with algebraic relations (11.16) and (11.17) we have

agaq =[Nlij,  aqaq =[N +1];;.

Here we should note that the number operator N is not equal to a; a, as in ordinary case.
The basis of the Fock space is defined by repeated action of the creation operator

a; on the vacuum state |0); ;, which is annihilated by a,|0); ; = 0
[n)iy; = —L=—=". (11.21)
And the action of the operators on this basis is given by
Nln)i; = nln)i;,
[Nlijln)ig = [nlijlndis,
ag n)ij =/ [0+ Uigln + )iy,

ag|n)i; = 1/ [n]ijln — 1)i;.

(Proofs of these actions are in Appendix D)

Proposition 11.2.0.4
[N”,a;] ={N"— (N — 1)”}@3. (11.22)

Proof 11.2.0.5 It is easy to prove by induction. (See Appendix D)

Proposition 11.2.0.6

[N]ij,af] = {[N)i; — [N —1]i;}a)
= G {IN + 1, — [N} (11.23)
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Proof 11.2.0.7 For the first equality we use definition of q—number operator.

N N
i 45 1
[N]i; = u = —— (eNlnqi _ elenqj)
4i q] q; QJ
- Loy (el el
% =95 = k! k!
= Z(nCZ) (n%) Nk, (11.24)
% =49 = k!
+ I = (Ing)* — (Ingy)* . N
[(Nlijoag] = ——>_ X [N, af]
&= 95 = :
1 X (Ing)* — (Ing;)*
ST D e L O A
&~ 95 3= :
= L (eNIHQi _ e(N*l)lnqi o eNlnqj + e(Nfl)lnq]') aJr
q;i — g q
1

= —— (@ = =@ =) a}
4 — 4

= {[Nlij = [N = 1] }a; .

For second equality 11.23,we use the commutator properties :

[[N]z'maﬂ = [a;aq,aﬂ = a; [aqvaﬂ = a; (aqa;zF - “;aq)

= a {[N +1];; — [N]i;}.

|
Proposition 11.2.0.8 We have following equality forn = 0,1, 2, ..
([N, ag ] = {[N]?; = [N = 1], }ay (11.25)

Proof 11.2.0.9 By using mathematical induction to show the above equality is not diffi-
cult.

Forn =1 case : It is obviously true due to (11.23).
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Suppose this equality is true for n

[[N125,aq] = {INT2; = [N = 117 }ag

4,J g VA ]

we should prove it forn + 1,

[V af) = [N

J 07 1,J

[[Nlij,af] + [[N]3), af ] [Niy

q 5,50 g

= [NIZAIN]; — [N = 1i }a; + {[N]}; — [N — 1]} }a [N,

Using a [N];; = [N — 1] ja;, we obtain the desired result

[V af] = (VI — IV = 102 oy

J 1 7q ,J ,J q

Corollary 11.2.0.10
N'af =af(N+1)"
and
agN" = (N + 1)"q,
Proof 11.2.0.11 By using the commutation relation and the equality (11.22)
[N",af] = N"a —a; N" = {N" — (N — 1)"}a/

we obtain

n_ + _ _+ n
N"a; =a, (N +1)".

(11.26)

(11.27)

(11.28)
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And by taking the hermitian conjugate of this equation, we write

agN" = (N + 1)"a,.

Corollary 11.2.0.12 For any function expandable to power series (analytic) F(x) =

Yo o cnx™ we have the following relation

[F([N]iy) ag] = {F([Nliy) = F(IN = 1]ij)}ag
= a,{F([N + i) — F([Nl:;)} (11.29)
and
af F(IN +1];;) = F(IN];j)a} (11.30)
F(N)a; =afF(N +1) (11.31)
Proof 11.2.0.13

[F([N]ij),a)] = [ch[N]Zj,ail :ch [N, a7]

n=0 n=0
= D ead VI = [N = 125 }a;
n=0

(11.32)
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As a result, we obtain

g

=

s
I

F(n)n)i;
F(N)af|n)i; =/In+1i;F(N)|n+1)i; = \/[n+ 1]i;F(n+1)|n+ 1),

and

then we have equality

in a weak sense, i.e. it is valid on eigenstates |n); ; of number operator N. According to
above,we postulate that the relation (11.31) is valid for any function £

Example: For negative power it gives

N~ af =alf(N+1)7".

Indeed,

N*N"Faf = NFaf(N+1)7F
_ k -k _
ay = af(N+D¥N+1)"=a].
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Now we find the normalization of (g;, ¢;)-boson state (11.21):

)iy = —==", (11.33)
[n];.;!
wg{nn)i; = [n]li,j! 15(0lag (ag)"[0);; = ! 1,5 (0lal agal (al)"1|0)s,
= [n]li,j! i,j<0‘G272aq[N + 1]i7ja;r(a;r)"*2|0>i7j
= G 01 N+ 20y
— [n]li’j! i (0lalag[N + 1]; ;[N + 2]; jat (a))"*10); ;
B [n]li,j! i’j<0|a2_3aq[N + 1]%]'@; [N + 3]i,j(a;)n_3|0>i,j
= [n]lij! i (0lalaqal [N + 2; ;[N + 3i;(a))" %10 ;
= [n]1i7jl a5 I[N 4+ 1]3,[N + 2Jij[N + 3]ij...[N + ni4|0)s
= Bty =1 134

By introducing the position and momentum operators related to the (g;, ¢;)-bosonic

creation and annihilation operators

h
X, = ST (af +aq)
. [mhw
P, =1 5 (ag — aq) (11.35)
we find Hamiltonian of the g-Harmonic Oscillator
P2 1
_ 4 2%2
H, = %—kﬁmw X, (11.36)
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which can also be written as
hw
H, = —(aqa; + a; ay). (11.37)

Its eigenvalues

hew
Hyln)i; = T(an; +a;aq)
hw
= 7([N]zy + [N +1]i)|n)i
hw
= 7([”]21 + n+1];;)|n)i; (11.38)
give the energy spectrum
hw
En = —([nij + [n+1ig), (11.39)

where n = 0, 1,2, ... We note that these energy levels are not equally spaced for ¢ # 1,

hw

but the ground state energy still is the same =*°.

Finally, we notice that the (g;, ¢;)-deformed boson operators aq+ , G4 can be ex-

pressed in the form

+ + [N_'_ 1]i,j o \/[N}l}j + 11.4

a, = a \/ Ni1l N a’, (11.40)
N+ 1, [N,

Qg = le a=a Tj, (1141)

where a™ and a are the creation and annihilation operators for quantum harmonic oscil-
lator. As a result of these relations, we can obtain the commutation relation between a;r

and a, as

[anL;] = aqa; - a;aq = [N +1];; — [N]i;.
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To compare n-particle states for both oscillators we consider next relations. From
(11.40)-(11.41) we have

N RSN
()" = ( N—+1>

_ a+\/[N+1]z',j a+\/[N+1]z',j ot IV Ui
N+1 N+1 7 N +1

_ (a+)2\/[N+2]i,j\/[N+1]i,j L
N +2 N+1 N+1 7 N+1

(a+)n\/[N +nli; [N +2]i; [N+1]i

N+n [N+2] [N+1]
o +\n [N+n]m' N!
= (a") \/ N (V) (11.42)

And by taking the hermitian conjugate of this result we obtain

n = : " 11.43
“ \/ M| (V) (11.43)

Our next step is to show that the same set of eigenvectors |n) expands the whole Hilbert
space both for the standard harmonic oscillator and for its g—analogue. Firstly, we con-
sider the vacuum state |0) for ordinary quantum harmonic oscillator satisfies a|0) = 0,
and the vacuum state |0); ; for generic quantum harmonic oscillator satisfies a,|0); ; = 0.

From the relation (11.41) we write

[N +1];
aq|0>i,j == le a|0>i,j == 07
which gives that
a|0)z~7j = 0.

From another side , if a|0); ; = 0, it implies a,|0); ; = 0.
Therefore, the vacuum state |0) for ordinary oscillator is exactly the same for ¢— deformed

oscillator vacuum state |0) = |0); ;. By applying the (a;")" to the vacuum state |0); ; and
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using the N|n); ; = n|n);

()10 = <a+>“\/ T T

_ [n}l,ﬂ +\n
which implies that
[n)ij = In).

As a result we found that both the standard and ¢g— deformed harmonic oscillators have
the same set of eigenstates, but with different energy eigenvalues. If for standard oscillator
¢i,; = 1 eigenstates are determined by positive integer numbers n; E,, = hw (n + ) , then
for deformed oscillator they are given by g-deformed number [n, 4.; E, = %([n);; +

2
[n+1]i).
11.2.1. Binet-Fibonacci Golden Oscillator and Fibonacci Sequence

As a new and interesting example of the (¢;, ¢;) generic quantum harmonic oscil-
lator with N = 2, we consider the Binet-Fibonacci Golden harmonic oscillator (Pashaev
& Nalci, 2011a). Our Golden Harmonic oscillator is a particular case of so called gen-
eralized Fibonacci oscillator considered by (Arik et al., 1992) for arbitrary base ¢, go.
However Binet formula for Fibonacci numbers can be interpreted as a ¢g-number with
base in the form of the Golden Ratio, and this base has many interesting properties. Due
to this and importance of the Golden Ratio in many phenomena, we will treat this special
case in all details.

To obtain the Golden harmonic oscillator, we choose (g¢;, ¢;) as roots of equation
2 —x—1=0,whichg, =5 =pandg; = 155 = ¢/ = —é = 1 — . The number
@ is called the Golden ratio (section).

Then, the Fibonacci sequence in Binet’s representation is the g-number

n __ m
il

o — 90/ [n]%%” = [n]Fv

and due to addition rule the sequence F;, of Fibonacci numbers satisfies recurrence rela-
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tion

Fn:Fn—l+Fn—27

with F, = 0 and F; = 1. First few Fibonacci numbers are

1,1,2,3,5,8,13,21, ...

In the limit

lim ———— = lim ——F =¢;, = = ¢~ 1,6180339887,

which is the Golden ratio.
For Binet-Fibonacci case, the algebraic relations (11.16) and (11.17) transform

into following form

bbt — pbTh = (—l)N, (11.45)
©

1
bbt 4+ —bth = V. (11.46)
¥
By using eigenvalues of the Number operator N |n)r = n|n)p,
[N]pIn)r = Fnln)r = [nlpln)r = Fuln)r

we get Fibonacci numbers as eigenvalues of operator [ N](or Fibonacci number operator).
The basis of the Fock space is defined by repeated action of the creation operator

b™ on the vacuum state, which is annihilated by b0)» = 0

B (b+)"
e =

10) p, (11.47)
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where [n|p! = Fy - Fy - .. F),.
The number operator N for Fibonacci case is written for two different forms ac-

cording to even or odd eigenstates N |n)r = n|n)p. For n = 2k, we get

5 /5

and forn = 2k + 1,

5 5
N =log, (\/T_FN ~ /3 - 1) , (11.49)

where Fibonacci number operator is defined as

As aresult, the Fibonacci numbers are the example of (g;, ¢;) numbers with two basis and
one of the base is Golden Ratio. This is why we called the corresponding ¢g— oscillator as
a Golden oscillator or Binet-Fibonacci Oscillator. The Hamiltonian for Golden oscillator

is written as a Fibonacci number operator

hw
H= %(zﬁb +0bY) = T Fivaa,

where bb™ = [N + 1] = Fny1, bTb=[N]r = Fy. According to the Hamiltonian, the

energy spectrum of this oscillator is written in terms of Fibonacci numbers sequence,

I, hw hw
En:7 7<Fn+Fn+1):_Fn+2;

(inlr + [+ 1) = :

B, = —F, .. (11.50)
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Figure 11.1. Fibonacci tree for spectrum of Golden Oscillator

and satisfies the Fibonacci property
En+1 =FE,+ Ey1.
A first energy eigenvalue is

Ey=——F, =

)

hw hw
2 2

which is exactly the same ground state as in the ordinary case. The higher energy excited
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states are given by Fibonacci sequence

hw hw hw
E1:7F3:ﬁw, EQZgT, E3:5T,

The difference between two consecutive energy levels of our oscillator is found as

hw
AEn = En—H —E, = 7Fn+1-

Then the ratio of two successive energy levels Zntt L gives the Golden sequence, and for

the limiting case of higher excited states n — oo it becomes the Golden ratio

N . Fis . n+3las 1+ V5
lim = lim = lim =
n—oo ETL n—oo n+2 n—oo [TL —'— Q]Q,ﬁ

~ 1,6180339887.

This property of asymptotic states to relate each other by a Golden ratio, leads us to call
this oscillator as a Golden oscillator.
For this case we have the following relation between g- creation and annihilation

operators and standard creation and annihilation operators

b Fny FN ot
N+1

B FN+1
=\ ,/ (11.51)

where [a,a™] = 1.

11.2.2. Symmetrical ¢-Oscillator

For completeness here we review the important for quantum groups applications,
the symmetrical case (Biedenharn, 1989), (Macfarlane, 1989) as the special cases of
(gi, ¢;)— quantum harmonic oscillator.

For symmetrical case ¢; = g and ¢; = é the algebraic relations (11.16) and (11.17)
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transform into following form

aga; —qafag=q ", (11.52)
or by using the invariance of the g-number under the exchange ¢ «+ ¢~! we have another

algebraic relation

aqa;r — q_la;“aq = ¢", (11.53)

where N is the Hermitian number operator and ¢ is the deformation parameter. The
commutation relations satisfied by three operators a;, a, and N are the same (11.18). By

using the definition of symmetric g-number operator we write following equalities

[N +1]—q[Nlg=q"", (11.54)
[N + 1] — ¢ *[N]; = ¢V, (11.55)

—x

where [z]; = q:__qq,l . By comparison the above operator relations with algebraic relations

(11.52) and (11.53) we have

In this special case, we find the number operator N in terms of [N]; = a;"a, operator as

follows (Appendix D)

_ 1 -1\ 2
N =log, | [N; 11 +\/([N]aq d )+1 (11.56)

or in the following form,

arcsinh([N], sinh(In q)) .

N —
Inq

(11.57)

129



Like we did for generic case, the basis of the Fock space is defined by repeated

action of the creation operator a; on the vacuum state, which is annihilated by a,|0); = 0

a;)"0)4
)y = oS0 (11.58)
[n]3!
And the action of the operators on the basis are given by
N|n)g = n|n); (11.59)
[Nlgln)g = [n]gln)q (11.60)
aq+|n>q~ =/[n+1)zn+ 1); (11.61)

aqln)g = /[nlgln — 1)g. (11.62)

The energy spectrum £,,, is written as
hw
E, = —-([nlg + [n + ), (11.63)

where n = 0,1,2,.. We notice that they are not equally spaced for ¢ # 1 case. For
real ¢ the energy spectrums increase more rapidly than the ordinary equidistant case. In

particular, for ¢ = e the energy spectrum is written in the following form

o hw sinh(a(n + 1))
T2 sinh(§)

For complex g where (¢ = €') is the phase factor and « is real, the eigenvalues of the

energy increase less rapidly than the ordinary case

_ Twsin(a(n + 1)

2 sin($§) ’

Ey,

but the ground state still gives the same value 1/2.

In these two particular cases, in the limit ¢ — 1 (o« = 0) the ordinary expression for
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energy spectrum

is obtained.

11.2.3. Non-symmetrical ¢-Oscillator

For non-symmetrical case ¢; = ¢ and ¢; = 1 (Arik & Coon, 1976) we have the

following two algebraic relations

J’_

+, —
aqga, —qa,a, =1

and

+ +, _ N
Ay, — A ag =q .

By using definition of non-symmetrical g— number we obtain

where [z], = %. And we have

a;raq = [N]q, aqa; =[N +1],

The basis of the Fock space is

(11.64)
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And the action of the operators on the basis is given by

Ny = nin), (11.65)
[N]q|n>q = [n]q|n>q (11.66)

af|n)g = \/In+1gn + 1), (11.67)
agln)g = 1/[nlgln — 1), (11.68)

The eigenvalues of energy are written in non-symmetrical g basis as follows
hw
E,=—(n],+[n+1],) (11.69)

wheren =0,1,2, ..
From the values of energy spectrum we can note that for ¢ > 1, the spectrum increases
more rapidly than the ordinary equidistant spectrum. In contrast, for 0 < ¢ < 1 the

spectrum is increasing less rapidly than the ordinary equidistant case.

11.3. g-Deformed Quantum Angular Momentum

It is well known that algebra of angular momentum su(2) may be described in
terms of double oscillator representation, also known as the Schwinger representation
(Mattis, 1965). The pair of bosonic operators [a;, a;] = d;;, (i,j = 1,2) generates su(2)
algebra [J;, J;] = €;jpJi, where J, = Jy +iJy = afas, J- = J; —iJy = aja; and
J3 = 1(afar — a3 as).

Now by using pair of g— bosons we derive g— deformed quantum angular mo-
mentum algebra su,(2), such that for ¢ — 1 it reduces to su(2) (Biedenharn, 1989),
(Macfarlane, 1989):

lim su,(2) = su(2).

g—1
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11.3.1. Double ¢-Boson Algebra Representation

In order to find this representation we consider two uncoupled ¢g— oscillator sys-
tems : the g— creation and ¢— annihilation operators, denoted by b;” and b, for the first

system and b; and b, for second one. We consider the algebraic relations among b;", b,
and N,

bibf — b1 = ;" or bibi — q;bfbi =g, (11.70)
and
+ + _ Ny + + _ N2
baby — qiby by = q;" or baby — qjby b2 = q; 2, (11.71)
[Na, b(ﬂ = b,
[Naa ba] = _bm

where a = 1,2, N; is the hermitian number operator for the first quantum harmonic

system and NNV, is also hermitian number operator for the second one which are defined by

— a7t — 4t
Nl—alal, NQ—CLQCLQ,

where [a,, a; ] = O
In addition to these relations, any pair of operators between different oscillators

commute

[baabz_] = [baabb] = [NaaNb] - Oa

where a # b.
Commutativity of Ny and N,, implies that they have common eigenvector |n1, 12); ;

with eigenvalues n; and ns respectively. So, we can write the following eigenvalue equa-
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tions for Ny, Ny

Nl’nlan2>i,j = nl‘nl>n2>i7j

Nolny,ne)i; = nelni,na)ij

and from the above equations we also write

" —q" @ —q
[Nl]i,j|nlan2>i,j = ¥’n1,n2>i,j = z—j|n1>n2>i,j = [nl]i,j’nlan2>i,j-
q; — g, q; — gq;
Similarly,
[Nalijlna, ne)i; = [nalijlng, ne)ij,
where

[Nl]i,j == b;rbl, [Nl + 1]i,j - blbf, [NQ]%"J‘ = b;er, [NQ + 1]i,j == bgb;r

As a result of the commutation relations, we have

N, (bﬂnl,nz%,j) = (bTNl + bT) |n17n2>i,j = nlbﬂnb n?)i,j + bi_|nl7n2>i7j

= (m+1) (bﬂnl, n2>i,j) . (11.72)

According to the above relation, vector by |ny, ns); ; is also eigenket of N; with eigenvalue
increased by one.Then, Equation (11.72) implies that b |ny, n2); ; and |ny + 1,ns); ; are

the same vectors with only difference in a complex constant

bﬂnhnzﬁ,j = c|ny + 17n2>i,j
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fixed value of ¢ is a constant. Then, from normalization condition we can find

(n1,na|bibf |ny,na)i; = |c[2<n1 + 1, n9|n1 + 1, n2);

(n1,mo|[N1 + 1]; jIn1,no)i; = [ +1];; = |c|?,

so taking c to be real and positive, we eventually obtain

bﬂnl,ng)m =4/ [m -+ 1]i,j]n1 —+ 1,712)1'0‘. (1173)

+

For the ¢-creation and annihilation operators by, b5 and by, b, correspondingly, action on

states|ny, ny), ; can be found as follows :

bilni,na)i; = /[ + 1y [n1 + 1,n2)i (11.74)
by |na,na)i; = [na +1];5 [n1,n2 + 1), (11.75)
bilni,na)ij; = \/m |n1 —1,1n9); (11.76)
bo|ni,ne)i; = [nalij |n1,ne — 1), ;. (11.77)

The vacuum ket is defined by

b110,0);; = 0,
b2’0,0>i7]’ - 0

By applying b] and b3 creation operators to the vacuum state |0, 0); ; we obtain the gen-

eral eigenvectors of Ny, N,

[0, 0),,. (11.78)

By using the (g;, ¢;)- boson state, we can prove the normalization of state |1, ny); ; in the
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following way

_ (0,0[(b2)" (ba)™ (b )™ (b3 )"0, 0)
@, <n17 nQ‘nla n2>z,j — [nl]@j![nQ]i,j! .

And applying the relation (11.30), we calculate

(0.0 00" o 1)1 10.0)
<o,o<bz>n2<bl>n[?l2]zﬁ[§f]f{ ih@(bf)”l—?(b;)m\o, 0)

0, 0|<bz>"2<61>m—3bl[§vﬂfi[ﬁfffvl 2,7 (6726510, 0)
(0,0(52) [N, + Uiy [Ny ! %wn['f]v; i (63)™10,0)
b s GO 0,0)

(0, 0[N, + 1][721[]]\;2'[1122]]2'[]\[2 1 na)i |0, 0)

ny [z]m...[n2]i,j<o,[gyzt])i,’ﬁ>

p— p— 1‘
[12]; !

11.3.2. su(,q,)(2) Angular Momentum Algebra

Now, by using operators by, by, by, by we construct su, 4,1(2) algebra, which is
the (¢;, ¢j)-multiple deformation of su(2). Firstly, we define (g;, ¢;) angular momentum
operators and corresponding algebra. Then from this algebra we construct the set of
eigenstates and eigenvalues for this angular momentum.

We define the following angular momentum operators :

JL = b by (11.79)

J9 = Rhbll (11.80)
h h

Tio= (= Ny) = §(bf51 —bybs) = J., (11.81)
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where by, by are g-bosonic operators satisfying commutation relations (11.70), (11.71).

These operators satisfy the deformed angular momentum commutation relations :

where [.J.];

(., J{] = hJ{ (11.82)
[J., Ji] = —hJ? (11.83)
2 2
[J2, J9) = h*(qiq;)™" |:ﬁc]z:| = —h*(qiq;)™ {_ﬁ z:| (11.84)
,J i,j
q/*—q}*
4i—q;

The proves are as follows

1) [J9,J% = B{bF by bl by — b by bF by}

where

= B{)?b] by + @by b b by — g5 by — qib b b} b1}
= I (qjv2 [Nilij — q;vl [N2]i,j)

_ ¢ —
qi — g

Nl*NQ N1*N2
= 1| (qig)™ | = ’
( ]) qi — gj
qN2—N1 _ o N2—M
= 1 (@g)™ |~ :
( ’ qi — g

= 1*(qig;)"* [Ny — Nalij = —h*(qiq;) M [Na — N1

9 _
= (g™ {71‘]2] = —h*(qiq;)™ __Jz:| ,
i,J L i3

[Nl - N2]i,j = —(Qz‘Qj)leNQ [NQ - Nl]i,j'
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hQ

2) [, J]] = E[Nl — Ny, by by
hQ
D) ([N1, b by] — [Na, b b))
h2
= 5 (N1, bf b — 0 [Na, bu]) = hJ1. (11.85)

Hermitian conjugate of this relation gives

3 ([, JI) =172, 0. = =[J., JY] = hJ?

so that we have

[J, J.] = —hJY.

|
Now we construct eigenvalue problem for this (g¢;, ¢;) angular momentum operator

algebra. We have next proposition.

Proposition 11.3.2.1

[T, J9] = (JP = (J, — 1)) J2. (11.86)

In more general case,

where [ is function expandable to power series. We suppose that it is valid also for

arbitrary function f.

(Proof of this proposition is given in Appendix F)
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The Casimir operator for this generic algebra (11.82)-(11.84) case is written as

Cl = (qq;)" ([Jz]i,j[Jz + 1], + (C]iij)_NQJgJi)
(0:9) " (@) [J:)is = = Uiy + (i)~ "2 JLT7)

where for simplicity we choose i = 1.

Due to this proposition, we can prove that [C?, JI] = 0 and [C?, JI] = 0. For
details of proof see (Appendix F). Commutativity of C'? and JZ, implies that they have
common eigenvector |\, m); ; with eigenvalues m and A respectively. This why the eigen-

value equations for C'? and J? are

JIAm) = m|A,m)
ClA,m)y = XA m).

The eigenvalues m and A, belonging to same eigenvector, satisfy the inequality A >
(gig;)~™[m]; ;lm + 1]; ;. For a given value of A, the above inequality restricts the value of
m.

Suppose Maz(m) = j, for any given A. Then, J{ |\, j) = 0, implies that
JLILNG) = 0
(0:9;)™* {(qiq;)* C = [L]ig[T. + Ui} Aj) = 0
{aig)’ X = [l + ighAg) = 0, (11.87)

so for Max(m) = j we obtain,

A= (qiq;) 7 liligli + iy (11.88)
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And for Min(m) = j', we have J|), j’) = 0. From the Casimir operator we write

TN ) = 0
(0:0;){(2:4;)"=C* — (q3q))[J-)is[J- — UigHA, 7)) = 0
{(@0;)" X = (@a) i[5 — UigHA, 5y = 0, (11.89)

so we have

/

A= (qq;) 7 [7')i il — Uiy (11.90)

For Min(m) = j' from the equalities of (11.88) and (11.90) we choose j' = —.
So, j must be either a nonnegative integer or a half integer (j = 0,1/2,1,3/2,2,...)

As a result of commutation relations (11.82) and (11.83) we have

JUAm) = (m+ 1)JLA m) (11.91)
JIJLN,m) = (m—1)JL|A\ m). (11.92)

Hence, J.|\,m) is also an eigenket of J? with eigenvalues m + 1. Equation (11.91)

implies that J¢ |\, m) and |\, m + 1) are the same up to a constant
Jj_’)\’m> =Ci[]A,m+1),
where (', is a constant.

CL = OumlJOIe A, m)
= (A ml(qgy) ™ {(qiq;) = C* = [L)i 1], + i A, m)
ligld + Uiy — (@)™ mlijlm + ;5 (A, m|x, m)

= [j—mlilj +m+ 1

C, = \/[j —mliilj +m+ 1y,
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where we use j = 21882 7 = M=N2 and jI\ m) = j|A, m).

The equation (11.92) implies that

J_IA,m)y = C\A\,m —1),

where C_ is a constant. By using the same procedure we obtain

C_ = \/[j +mlijlj —m+ 1],

Finally, we find the action of operators J{, J%, JZ, C on states |\, m) = |7, m)

z)

Jilj,m) = \/[j —mi;lj +m A+ 1il5,m + 1), (11.93)
J2lj,m) = \/[J' +mligli —m+1iglj,m—1), (11.94)
Siljsm) = mlj,m), (11.95)
Clljym) = (aigy) 7 [ligli + il m), (11.96)

where A = (Qin)_j ligld + iy
The (¢;, g;) deformed angular momentum operators may be written in terms of

standard angular momentum operators as follows

Ni+1]i; [[Nali [Nilij [[No+1]i;
gt = gy |t L = L 1] 11.97
* +\/ Ny +1 \/N2 Ny Ny+1 °F (1197
Nilij [[N2+1]i [Ny +1]55 [[Na]i
Ji=J_ V)i ) = s L 11.98
a \/ Ny \/ Ny +1 N +1 Ny ( )
where J, = afay, J_ = aja,. This representation shows that eigenvectors for J and

J? operators are the same. And the only difference is in eigenvalues.
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11.3.3. Double Boson Representation of su, ,(2) Angular

Momentum

In previous section we found representation of s, 4,)(2) angular momentum al-

gebra. Now we construct representation of the same (g;, ¢;) algebra, but in terms of couple

of bosons by, be. First we find how J{ and J? act on state |ny,ns);; (11.78). By using

(11.74)-(11.77) we get

Ji|n1, n2>i,j
Jiny, na)i

J2|ni,na)i 5

hf s + Ui neli gl + 1m0 = 1), (11.99)
h\/[nl]i,j[ng + 1]i7j|n1 - ]_, No + ]->i,j7 (11100)
h

h
§(N1 — N2)|7’Ll, n2>i7]‘ = 5(711 - 7’LQ)|’I’L1, TL2>Z'7]‘. (11101)

Then we can verify the defining commutation relations (11.82), (11.83) and (11.84) acting

on the state

[, J4]|n, na)s

(JEJL = JLIY) In1,m2)i

B/ lliglne + i Jeln = 1y + 1)

h /s + U lneli g J_ns + 1,my — 1),

12 ([naliglne + Uiy — [ + 1 [nelig) (01, n2)i

2
7712(611'%)]\[2 [?‘LJZ] |1, m2)i
,J

2
—hQ(Qin)Nl |:_ﬁ<]z:| '|n17n2>z‘,j

L, J

[J2, J{]|In1, na)i

= (JIJL = JLJI) In1,ma)i

h
= h\/[nl + 1]i,j[n2]i,jJZ|n1 + 1, Ng — 1>i,j — 5(?11 — ng)J+|n1, n2>i,j

h2
= 3\/[711 + 1]1"]'[77,2]@]' ((n1 — N9 + 2) — (n1 — ng)) \nl -+ 1, Ng — 1>i,j

= hQ\/[nl + 1]i’j[n2]i,j\n1 + 1, Ng — 1>i,j = hJ+|?”L1, n2>m-
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and similar way for J? we get (11.83).
Let us define j = ™32 m = M22 and |ny, ny);; = |7, m),;. If we substitute n; —

j+mandny — j —mto (11.99)-(11.101) , we find

Jelj,m)iy = h\/[j —mi[j +m+ i )0 m+ 1) (11.102)
J_|j,m)q = h\/[j +mlijlj —m+ 15, m — 1) (11.103)
Jlg,m)i; = mhl|j,m)i;. (11.104)

This representation (for ~ = 1) coincides with the angular momentum representation

(11.93)- (11.95). And the corresponding eigenvector is

. (b7 )7+ (b Y
IR I— : 10,0);.
A ml G —ml

In the next sections we consider particular reductions of su,, 4,)(2), corresponding to

non-symmetrical, symmetrical and Binet-Fibonacci cases.

11.3.3.1. Non-symmetrical Case:

In non-symmetrical case : ¢; = ¢q and ¢; = 1 (Arik & Coon, 1976) we have the

following algebraic relations
bt —qgb™b=1 or bbT—bTb=¢g"
and instead of the commutation relations (11.82)-(11.84) we have the following ones

2 2
[y, J_] = h*¢™ {ﬁjz} = 2N [—ﬁjz} : (11.105)
q q

)., Ji] = Ry, (11.106)
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where

[Ny — N2]q = _qu_NZ[N2 - Nl]q

and [N], = 1 For non-symmetrical case the Casimir operator (h = 1) is
q q—]_

Ct = g ([l + g+ ¢ T2
= ¢ (L. + 1] — 2] + ¢ 2 TLT). (11.107)

11.3.3.2. Symmetrical Case:

In symmetrical case : ¢; = ¢ and ¢; = 1/q (Biedenharn, 1989), (Macfarlane,

1989), we have the following algebraic relations
bt —gb*b=q N or BT —glotb=¢"
and the commutation relations (11.82)-(11.84) reduce to the following form

AR EJ} ~

[, Ji] = £hJL,

where
[N1 = Nalg = —[Na — Ni;

and [N]; = ©—"

q—q~!
The Casimir operator for symmetrical case is written as

Ct = [LlglJ, + 1)+ JLJL
= [L)glJ. + 1] — [2.)5 4+ JLJ9, (11.108)

where h = 1.
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11.3.3.3. Binet-Fibonacci Case:

If g =pand g; = ¢ = —é, then we have the Golden boson algebra (Pashaev &
Nalci, 2011a)

Ng
m@—w@m:(—g),

1
bab + ;bjba = M,

where a = 1, 2. It produces sur(2) the Golden quantum angular momentum algebra with

operators are

JE=biby, JE=0bby, JI= w
with commutation relations
[JE, T = (1) Py = — (1) F_yy, (11.109)
[ 2] = T (11.110)
where the Binet-Fibonacci operator is
= QDN;J(F_E)N = [N]r

The Binet-Fibonacci quantum angular momentum operators J£ may be written in terms

of Fibonacci sequence and standard quantum angular momentum operators .J as

Fny41 FN \/FN Fny 11

JE =1 L 2 L 2T 11.111
FNl FN2+1 FN1+1 \/FN2

= J_. 11.112

\/ No+1 Ny +1 ( )
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The Casimir operator for Binet-Fibonacci case is

Cr = (1) (FyFy o+ (-1)""J0J7)
= (1) (=FpLFp i+ (1) ™J2J%). (11.113)

From equations (11.93)-(11.95) , we obtain how the angular momentum operators .J£" and

JE act on state |j, m) 5 :

TE5,mY e = /FmFyemur |y m + 1) e, (11.114)
T m)p = /FiemF—melj,m — 1, (11.115)
JEj.myp = mlj, m)p. (11.116)

The eigenvalues of Casimir operator C'*' are determined by product of two successive

Fibonacci numbers:

OJF — (—1>_ijFj+1,

then the asymptotic ratio of two successive eigenvalues of Casimir operator gives Golden

Ratio

: (_1>7ijFj+1 2
1 . = —p“.
oo (C1) R

We can also construct representation of our F'-deformed angular momentum al-
gebra in terms of double Golden boson representation by, bo. The action of F'-deformed

angular momentum operators to state |n;, ny) p are given as follows :

JEny,na) e = b ba|ny, na)p = \/Fpi 1 Fpyna + 1,ne — 1) e, (11.117)
Jf‘n1>n2>F = b;r b1|n1an2>F = Fannz-i-l‘nl - 1777/2 + 1>F7 (11118)

1 1
JZF|nhn2>F = §(N1 - N2)|”1;”2>F = 5(”1 - n2)|n1,n2>F- (11.119)
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The above expressions reproduce expressions (11.114)-(11.116), provided we define

,:n1+n2 m:nl_nQ
J = 5 ) = B )
In1,n2)r =[5, m)r,

and substitute

ny —j+m, Ny — J —m.

11.34. su\/q—j(Q) case:

k3

Generic (g;, ¢j)- number can be related with symmetrical number with base /%

according to formula

This relation motivates us to construct symmetrical angular momentum algebra associated
with (g;, gj)-angular momentum.

Our (¢;, ¢;) angular momentum operator J{, .J? may be related with symmetrical
- deformed su,(2) algebra with ¢ = % (Chakrabarti & Jagannathan, 1991). In this
case (h = 1) the angular momentum operators J) . J¢) are defined in terms of (¢i,q5)
(see above section) angular momentum operators J%, .J? and J? (11.79)-(11.81) as fol-

lows:

IO = () 0T b by = (gugy)2G T, (11.120)

IO = b5y (gigy) ) = U7 (g PG (11.121)
1

J) = S (N1 = No) = JI = J.. (11.122)

Here we also expressed symmetrical operators in terms of generic (g;,q;) double g-
bosons. From the above relation we notice that the z component of generic case (g;, g;)
and symmetrical case \/¢;/¢; are exactly the same as the standard quantum angular mo-

mentum operator .J,.
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According to definition of these angular momentum operators we obtain the fol-

lowing commutation relations for symmetrical su \/q_—/q_(2)
5/ 9

AT = 2] = 2D (aay) ), (11.123)

45
where

GNT. _ (G\—J
() = ()=

[QJZ]\/E = (%)1/2 _ (%)—1/2

a5

(I, T = £, (11.124)
The Casimir operator is given as

ct) = (%’%‘)71/2 <[Jz]\/‘1j[Jz + 1}\/§+ JSS)JJ(FS))

q; 45

= (qq)™"? ([JZ]W[JZH}W— [2JZ]\/%+J$)JES)). (11.125)

q; Z i

11.3.4.1. Complex Symmetrical su;, :(2) Quantum Algebra

As an example of complex symmetrical g-deformed su,(2) algebra we choose
the base as ¢; = ip and ¢; = z'%p (Section 9.1.3.4), then our complex equation for base

becomes
(ip)® = i(ip) — 1.

The ¢- deformed symmetrical angular momentum operators remain the same as Jf), J.

The complex symmetrical quantum algebra with base (i, é) becomes

1

[ I = 2] = 205 (1)), (11.126)
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where

2J.]: = o - 90_1%
E -~
and
A AR (11.127)

11.3.5. 5u g, q,)(2) Case:

Following (Chakrabarti & Jagannathan, 1991) we can also construct a st (g, 4,)(2)

algebra with (jj]r, Je, qu) as the generators which are defined as

Jt = (qig) 2V DI = (qigy)” 7 T2 (11.128)
J = T (qugy)2 ) = % (qig;)” 7 (11.129)
-1

= —(N1 No) = J® = Ji = J,, (11.130)

in terms of the generators Jj(:), JE) of su \/g(Z) algebra or the generators J{, .J? of
a;
5U(g,,q;)(2). For these generators we obtain the ¢;¢;-commutative commutation relations

(T4, J4) = £J4, (11.131)
JLTE — (qiqy) T2 TL = [20.) 400, (11.132)
where
[2J] _ quJz qJQJz
e G — 4

The Casimir operator in the case is

¢l = (qiqj)_Jz([Jz]i,j[Jz + 1) + (qig;)” ~EJZQF)
i)

1
= (qiq;) " (JLT 4 (qigy) [ )iz [T — 1] (11.133)
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11.3.5.1. sup(2) Algebra

The special cases of st g, 4,)(2) algebra, considered in previous section, is con-
structed by choosing Binet-Fibonacci base (¢; = ¢, ¢; = —é). The generators of sup(2)

algebra ji, JI are given as follows :

z

JE = (=) F 1, (11.134)
JF = Ji(~1)"F, (11.135)
JE=Ja. (11.136)
The commutation relation (11.132) becomes anti-commutation relation

JETE  JEJE = {JF JFY = 2., (11.137)

and [JF, JI] = +£.JL. The Casimir operator is written in the following forms

Cr = (F)H{FLF = JLT

= (=){JFJE — FFy. ). (11.138)

The actions of the F'-deformed angular momentum operators to the states |7, m) p are

JEj,m 1) FmFmaljm+ 1) (11.139)
Jf|j,> (—1)%\/Fy+mﬂ_m+1ly, 1>, (11.140)

T3, myp = mlj,m)p. (11.141)

And the eigenvalues of Casimir operators are given in terms of Fibonacci numbers

CFlj,myr = {(=1)"FpFmi1 — (—1 Fj o Fjymir Hi,m)r
= A=V Fmi Fyom — (=)™ FyFr 1 }j,m) p.
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CHAPTER 12

(Q-FUNCTION OF ONE VARIABLE

In this chapter we consider functions of two variables, combined in a specific form
and providing solution for some partial ¢g-difference equations.

If differentiable function f(z,y) has dependence in the form f(z,y) = f(z +v),
then it is a solution of the first order PDE: f, = f,. Indeed, replacing ( = z + y and
using the chain rule we have d,f = 0,f. However, if we apply g-partial derivatives to
this function, due to the absence of the chain rule in the ¢ case, we can not get suitable ¢-
difference equation. This is why we follow in opposite direction. We start from g-partial
difference equation and will find what kind of dependence for f(x,y) it implies.

Example 1: (¢g-traveling wave) For equation
MiD,f =cD,f, (12.1)

(one-directional ¢g-wave equation) we denote solution in the form f(x,t) = f(x + ct),.

Example 2: (g-holomorphic function) For equation
D,f=iM{D,f, (12.2)

(¢-Cauchy-Riemann equations) we have solution in the form f(x,y) = f(z + iy),.
Here we introduce notation for function of two variables f(x,y) with specific
dependence on x and y proposed by (Hahn, 1949).

If function f(z) is given by Laurent series

o0
g anpx",
n=oo
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then g-extension of this function of two variables is defined as
flz+y), Zan$+yq, (12.3)
where

(+y)r=@+y)(z+q)(e+dy)..(x+q¢"y), forn=1,23,..

and

(2 +y):" !
x =
Vo = Grqmy)r

If we apply this extension to g-exponential function e,(z), so that we have function of

two variables

[ee)

(x —|—
(z +7v), Z y (12.4)
then we get next multiplication formula
el(T+y)g = e (x)Ey(y). (12.5)

This specific dependence on two variables x and y we will call g-function of one variable
(z 4+ y),- According to definition it includes = + y, z + ¢,z + ¢*?, ... terms. In what
follows we apply this notation to functions of two variables, as a ¢- complex holomorphic
function, and ¢-traveling wave functions. We will find corresponding ¢-partial PDE-s as

q-Cauchy-Riemann and ¢-wave equations.
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12.1. ¢-Function of One Variable

Given f(x,y) function of two variables. The partial g-derivatives are defined as

flgz,y) — f(z,y)

Dq f(x,y) = Er (12.6)
Dy f(z,y) = f(x’?gl_l‘)f;x’y). (12.7)
The total g-differential of function f(z,y) is
dof(z,y) = flqz,qy) — f(z,9). (12.8)
Then we get
dof(z,y) = (MyD. f(x,y)) dga + (Dy f (2, y)) dgy. (12.9)

where d,x = (¢ — 1)z, dyy = (¢ — 1)y.
Consider ¢-differential form Ad,xz + B d,y. When this form is exact Ad,x +
Bd,y = d,f, we have

dof = (MYD, f)dyw + (D f)dgy.

It implies

A=M!D,f, B=D,f.
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Applying

M%’A =D.,f, B=D,f,
due to D, D, = D, D,,

DyMgA =D,D,f=D,B,
then the g-integrability condition is

D.B — DyMéA =0.
In particular case B = A, we have
D.B = DyMéB = D,f=M!D.f = D.f = M%Dy
Let f(z,y) satisfies g-partial difference equation of the first order
Daf(w,y) = MiD,f(x,y).

Then

dof(z,y) = <M3M§Dyf(x,y)) dgr + (Dy f(z,y)) dgy
= D, f(z,y)(dgz + dgy)
Dyf(x,y)((q — 1)z + (¢ —1)y)

(12.10)

(12.11)

(12.12)
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Definition 12.1.0.1 Function of two variables f(x,y) is a q-function of ”one” variable

x+yif

dof(x,y) = Dyf(z,y)dy(z+y)

= (MYD.f(z,y))dy(z +y)

(it is a specific function of both x and y variables).

We denote this function as

flz,y) = flo+y)g

(12.13)

According to our definition this function is a solution of the following g-partial difference

equation
(D, — Mny)f(x + y)q =0

and f(z +0), = f(z).

(12.14)

Now we derive structure of this function. Before this we formulate two proposi-

tions :

Proposition 12.1.0.2

1
Dy = [—n](x +y); Y
gy T
Proposition 12.1.0.3
-n —n —(n
Dy )" = gy

For proof of these Propositions see Appendix G.

We suppose that f(z) is an analytic function

(12.15)

(12.16)

155



1) in a disk, expandable to power series of the form

fla) = aa" (12.17)
n=0

or

2) in an annular domain, expandable to the Laurant series

flo) =" ana™ (12.18)
Theorem 12.1.0.4 Functions
flety), = D anlz+y). (12.19)
n=0
fle+y)y = D anlz+y); (12.20)

are solutions of equation (12.14) with ’boundary conditions’ (12.17) and (12.18), respec-

tively. This theorem means that f(x +y), is a ’q-analytic’ extension of function f(x).

Proof 12.1.0.5 First we show that f(x+vy), defined as (12.19) and (12.20) satisfies equa-
tion (12.14).
Taylor part: By direct substitution

(Dy = MYDy) f(z +1y)g =Y an(Dy — MYD,)(x +y);. (12.21)

Dy(x+y)y = [n]g(z +y);~"

and by using the derivative formula for q polynomials according to second argument

(Kac, 2002)

DY(z +y); = [nl(z +ay)y ™", (12.22)
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then we have

q

MYD,Fi(z +y)q = MY[n)(x+ qy)i ™" = [n]g(z +y)i .

Combining together it becomes clear that f(x + y), satisfies equation (12.14).
Laurent part: The proof for the Laurent part

-1

fr+y)g= Y anlz+y); Za— (*+y),

n=—oo

includes next proposition. We use the above propositions to get

(D:c - Mﬁ’g%) Fy(z+y)y = ia—n (—[q—]My(a: +aqy), "

n=1

- [+ ), )
= — ga_n ([—n] + @) (z+y), "

q
= 0, (12.23)

where due to identity

expression in parenthesis vanishes. Then the Laurent part of function f(x + y), also
satisfies equation (12.14)

It is easy to see that (x+0)] = ™, so that f(x+0), = f(x), which means that "boundary
conditions’ (12.17) and (12.18) are satisfied. Question of convergency of the above -

series is related with range of values for q. [
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12.1.1. Addition Formulas

Here we explicitly reproduce addition formulas for g-function of one variable, in

the form of Jackson’s g-exponential functions

e}

eq(w) = Z% (12.24)
n=0 ’

Ey(z) = Zq"(”ﬂ%. (12.25)
n=0 ’

Extending these functions to one g-variable we derive

o0 + n

ot +y)y = ) wry) M‘?)q : (12.26)
n=0 ’
o0 N + n

Fao+y), = 3 et 0 [nf,’)q . (12.27)
n=0 ’

Proposition 12.1.1.1 For g > lin strip, —co < x < oo, —1l<y<1:

eq(x + y)q = eq(x)Eq(y)Q (12.28)
forq > 1,instrip—oo <y < oo, —1<x<1,wehave
Eq(z +y)g = Eq(r)eq(y). (12.29)

Proof 12.1.1.2 By substituting the Gauss Binomial formula (10.5) into (12.26), we have

e~ 1 [n] o= i i
et = B3 [fJat e

n=0 j=0

> - " iG=1) y]
= 22 Oy

n=0 j=0 [n - ]] []]
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changing n — j = k, we obtain

Ey(r +y), = e%(x +Y)g = €1 (z) E%(y) = Ey() e4(y)
|
Definition 12.1.1.3 ¢-Hyperbolic functions are defined as
coshyz = ¢q(?) +26q(_x), sinh, x = €q(7) 26‘1(_@,
E E, (- —F
Cosh,z = a(2) + Eq x)’ Sinh,z = q(7) q(=2)
2 2
This definition implies Hyperbolic Euler formulas
eq(x) = coshy x + sinh, x, e (—x) = cosh, x — sinh, z. (12.30)

E,(z) = Coshyz + Sinh,z,  E,(—z) = Coshyx — Sinh,z.  (12.31)

Extension of these functions to g-functions of one variable is given in the next proposition.

Proposition 12.1.1.4 We define

coshq(x + y)q = €Q($ + y)q +2€Q(_x B y)q’

sinhq(x + y)q efI(x + Z/)q _26(1(_1: _ y)Q7
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and

Eq(x + y)q + Eq(_x - y)t]

Coshy(z +y), = 5 ,
E B (—x—
Sinh, (2 + ), = 2o&+Y)q . o(=T = Y)a. (12.32)
Euler formulas for q-exponentials of one q-argument are
eq(x+y)g = coshy(x+y), + sinhy(x + y),, (12.33)
E,(zx+vy), = Coshy(r+y),+ Sinhy(x +y)q. (12.34)
They imply addition formulas
coshy(x + y), = cosh, xz Cosh,y + sinh, x Sinh,y, (12.35)
sinh,(x + y), = cosh, z Sinh,y + sinh, x Cosh,y, (12.36)
Cosh,(z +y), = Coshyx cosh,y + Sinh,x sinh, y, (12.37)
Sinh,(x + y), = Cosh,z sinh, y + Sinh,x cosh, y. (12.38)

Proof of these formulas is straightforward.
To get Euler formulas for complex one g-variable argument replace y — <y in
(12.28) we obtain

(iy) = Evi(x)er(iy) = Ei(z +1y),, (12.39)

1 1 1 1
q q q q

eq(T +1y)q = eq(7) Eq(iy) = eq(w)e

and then changing order of arguments we have

eq(iy +1)q = eq(1y) Eg(2) = eq(iy)es () = Er(iy)es(r) = E

1 1 1 1
q q q q

(iy + ), (12.40)
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Comparing the above formulas we see the non-commutativity of addition

eq(x +1iy)g # e (iy + ),

In terms of complex variable z = x + 1y, we can write

COSq<Z)q — eQ(i’Z)q + €Q(_iz)q Sinq(Z)q — eq@'z)q _ eq<_iz)q (12 41)
2 ’ 2 ’ ’
Cosqg(2)g = E,(iz), +2Eq(_zz)q7 Sing(2), = Ey(iz), ;ZEq(_Zz)q(12.42)

then as a reduction

cos,(0 + iy), = Cosh,y = Cos,(iy),  cos,(z +i0), = cos,

sing (0 + iy), = iSinh,y, sing(z +40), = sin, =
Cosy(0 + iy), = sinh, v, Cosy(x +10), = Cos,x
Sing (0 + iy), = isinh, y, Sing(x +i0), = Sin,x

cosh,(iy 4+ 0), = cosh,(iy) = cos,y,  cos,(iy + 0), = cosh, y
sinh,(iy + 0), = sinh,(iy) = isin,y,  sin,(iy + 0), = isinh, y

q—1

sing(iz), = isinhy(2), sin(iz) = isinh 2

—1

ising(z), = sinh,(iz), = isinz = sinh(i2)

q—1

cos,(iz), = cosh,(z), —  cos(iz) = coshz

—1

cosy(2)g = coshy(iz), =  cosz = cosh(iz)

sinh,(y +0), = sinh,y,  sinh,(0 + y), = Sinh,y,
coshy(x 4+ 0), = cosh,z,  coshy(0 + x), = Cosh,x.
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The g-Euler formula (12.39) implies next addition formulas

sing(z £ y), = sin, Cos,y £ cos, zSin,y,

cosq(z £ y), = cosy xCos,y F sin, xSingy.

The above formulas imply the following product formulas

1
sin,  Cosqy = 5 [sing(z + y), + sing(z — y)4], (12.43)

1
cos, x Cosqy = 3 [cosy(z +1y)g + cosy(z —y)4l, (12.44)

1
sin, z Singy = 5 [cosq(@ — y)q — cosy(x +1y)g] - (12.45)

and the identity

cosy  Cosqx + sing xSingx = 1. (12.46)

12.2. Complex Analytic Function

Here we consider complex function f(z) of complex argument z = x + iy. This

function is analytic or holomorphic if in some domain it satisfies the first order PDE

1/0 .0 _ 9, _
5 (& + Za_y) f(z,z) = &f(%z) = (12.47)

and implies f = f(z) is function only of z variable (not Z). Depending on domain (disk

or annular domain) it is expandable to Taylor or Laurent series
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The above equation written in terms of real and imaginary parts

[z, y) = ulz,y) +iv(z,y)

gives the Cauchy-Riemann equations

ou B ov ou ov

dr oy Oy  Ox

Now we are going to apply our generic approach developed above, to introduce
special class of complex functions f(z) of complex argument z, which we call as g-

analytic or g-holomorphic functions.

12.3. g-Holomorphic Function

Here we introduce the g-holomorphic function (Pashaev & Nalci, 2011b):

Definition 12.3.0.5 Complex function of complex argument f(x + iy), is called g-holo-

morphic function if
(D, +iMYD,) f(x + iy), = 0. (12.48)

Definition 12.3.0.6 Complex function of complex argument f(x — iy), is called q-anti-

holomorphic function if
(D, —iMi{D,)f(z —iy), = 0. (12.49)

We note that g-holomorphic function is determined by equation (12.48) up to arbitrary
constant as in usual case. But in addition, we can have more general solution in terms of
g-periodic function of 2 :
D) f(2)g = Dzf(2)g =0,
2) D:f(2)g = 0 = f(2)g + A(%)q, DzA(Z), = 0, where A(Z),-¢g-periodic function.
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Example : From definition of g-exponential function e, (z) we have

. — (= +iy)y
eqlz+iy)g =Y Wq
n=0 q
or in terms of
r=x41y, Zg=r+iqy, ... Zp=x+1¢"Y, ...,

N\ 2 Zg e Zgnet
el2)g =)

n=0 [n]q'

This function e,(x + iy), is ¢g-holomorphic D:e,(z + iy), = 0 for ¢ > 1 in the strip
—00 <z <00, —1 <y <1, and e (z + iy), = e,(x)E,(iy). The function e,(z — iy),
is g-anti-holomorphic function.

Here we like to stress that the g-holomorphic functions are not holomorphic functions in

the usual sense, because the arguments

1 1-
zq:x—i—iqy:( —;q)z%—( 2Q)Z,

include both z and Zz, so that %eq(x + iy), # 0. Only exception is a linear function
f=az+0b.

Geometrically, we can represent every complex variable z;» = x + iq"y, n =
0,+1,+£2, ... as a plane with coordinates (z, ¢"y)(with re-scaled y coordinate). All these
planes are intersecting along real axis z. Then g-analytic function depends on infinite
set of complex variables on these planes z, z,+1, z,+2, ... and not on z, Zg+1, Zg+2, .... In
the limiting case ¢ — 1, all planes are coinciding with the complex plane z, and ¢-
holomorphic function becomes standard holomorphic function. Finally, we should em-
phasize that due to M = qx%, My = qy%, the first-order g-difference equation (12.48)

contains standard PDE of infinite order.
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In terms of holomorphic g-derivatives

S
1

(D, — iMYD,), (12.50)

)

N

Il
N — N —

(D, +iMYD,). (12.51)

we define the ¢-Laplace operator

2
A,=4D.D; = D>+ (M%Dy)

x
q

1
= D}+-M"D;
qg 2
= D?+¢D,M"% D,, (12.52)
q2

where we used DM = QM D]
Operator D, is acting on g-holomorphic function f(z + iy), as D, derivative. Indeed,
due to (12.48) we have

D.f(e + i)y = 5(Da =MD (@ + i)y = 5(Dat Do) f e+ i)y = Daf (& + i)

Definition 12.3.0.7 The real function ¢(x,y) is a g-harmonic function if it satisfies the

q-Laplace equation
Agp(z,y) = 0. (12.53)
12.3.1. ¢-Analytic Function

Complex function of complex argument, represented by convergent power series

o0

f(x +iy), Zan x+zy (12.54)

n=0

165



is g-analytic function. Indeed,

WE

(D, +iMYD,) f(x +iy), = anﬁwx+Wﬁ+M@Dﬂx+WH]

3
Il
o

I |
3
“1iMe

where we used the identity (12.22)

12.3.2. ¢-Cauchy-Riemann Equations

Consider g-holomorphic function

[z +1y)g = u(z,y) +iv(z,y),

f<$ + Zy)q = U(SC,y) - Z"U(SL’,y),
then, we have for real and imaginary parts

flx+iy), + fz +1iy),
2 )
[z +y)y — flz +1iy),
2 '

u(z,y) =

v(z,y) =

Due to f(z + iy), is q-holomorphic function,

D:f(x +iy); =0= D,f(x +iy), = 0.

Then from expression for the Laplace operator A, = 4D;D,, we have A, f(z + iy), =

and A, f(x + iy), = 0, implying that

Apu(z,y) =0, Aupw(z,y)=0.

an [[n] (+iy); " + My (iln] (v + z‘qy)Z*l)}

(12.55)

0
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It means that u(z, y) and v(x, y) are g-harmonic functions.

By using the g-holomorphic function equation (12.48)

D, +iM'D,

D:f(x+iy); =0= %(u—i—iv) =0,

we obtain the ¢-Cauchy-Riemann Equations in the following form (Pashaev & Nalci,
2011b)

Du = MYDyv, (12.56)
Dyv = —M!D,u. (12.57)

Here, u(z,y) and v(z, y) are g-harmonic conjugate functions.
Our g-analytic functions are different from the ones introduced by Ernst (Ernst, 2008) on
the basis of so-called g-addition. The main difference is that as we show in next section,

our g-analytic functions are generalized analytic functions.

12.3.3. ¢-Analytic Function as Generalized Analytic Function

As we have seen above, g-analytic functions are not analytic in the usual sense.
Example: Given function of complex argument f(z), = (z + )2 = (z + iy)(x + qiy)

is not analytic (0; # 0), but is g-analytic since

D: = =(D, +iM{D,) ((«* — qy*) + i[2],zy) = 0.

And when we write real and imaginary parts as u,(z,y) = 2> —qy? and v,(z, y) = [2],2Y,
then it is easy to show that they satisfiy g-Cauchy-Riemann equations (12.56),(12.57) and
Apu(z,y) = 0, Ay(z,y) = 0, which means that u(z,y) and v(x,y) are ¢g-harmonic

functions. Taking O derivative

1

Oz +iy); = 5(0:+i0y) (2 — qy® +i(1+ q)y)
1 1
— 5(1 —q)z = §(2 —12])z, (12.58)
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we see that it is not vanishing identically.
However some class of g-analytic functions could be interpreted as a generalized

analytic functions (Vekua, 1962). The scalar equation

0®(z,z
% = (2,%) (12.59)
for simple connected domain in complex z-plane called J-problem (Ablowitz & Fokas,

1997). For complex function

h
D = u+ v, f:gzl , Z=x+1y
it is equivalent to the system
ou Ov ou Ov
= — 4+ —=h 12.60
9 oy 9(z,y), o o (z,y) (12.60)

as a generalized Cauchy-Riemann equations. In case of analytic function, g(x,y) =

h(z,y) = 0, or f(x,y) = 0 it recovers the Cauchy-Riemann equations.

Definition 12.3.3.1 Complex function ®(z, Z) in a region R, satisfying equation

g—q) = A(z,2)® + B(z,2)® (12.61)
z

is called generalized analytic function.

In particular case B = 0 it reduces to equation

0P
= = Az )0 (12.62)

which can be solved in a closed form:
B(2, 7) = w(z)em ) Jo 2 AN (12.63)
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where w(z) is an arbitrary analytic function.
As an example we consider complex polynomial ®(z, z) = (z + iy);. This func-
tion is ¢ -analytic due to D;(z + iy)} = 0.

Calculating ——derlvatlve we have

%:aﬂumziﬁ

a%(l,Jriy)g - (x+iy)2§#¢qky’

(%(xﬂy)g = (x+z'y)§‘:z_:$’

%(mﬂy)gz 1—‘1<x+¢y>2:2:)$
i@(m) ) i ”Z—:l ] _ (12.64)
0z = (1+d")z+ (1 -4z

It shows that function ®(z, z) satisfies equation (12.62) and is the generalized analytic

function, where

[y

n—

k=0 Ly 4 [k]qg.

12.4. Traveling Wave

Real functions f(z,t) = f(z — ct) and g(z,t) = g(z + ct) of two real variables x

and ¢ are called the traveling waves. These functions satisfy the first order PDE’s

0 0
(a + c%) flx —ct) =0, (12.65)
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and
(2 _ Cﬁ) gz +ct) = 0, (12.66)

and describe waves with fixed shape f(x) and g(x), propagating with speed c to the right
and to the left direction, correspondingly.

For the wave equation

Pu 0%

by factorization

9 ON(2 L. 9N, —
ot “ox)\ot "o )" T

<2—|—03> <2—c£)u:0,
ot 0xr) \ot Ox
we find the general solution as a superposition of two traveling waves of arbitrary shape
u(z,t) = f(x —ct) + g(z + ct). (12.68)
12.5. q-Traveling Wave
Solutions of the first order ¢-PDE’s
(M;Dt +cD,)f(z —ct)y =0 (12.69)
and

(MyD; — ¢Dy)g(x + ct)g = 0 (12.70)
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we call the g-traveling waves (Nalci & Pashaev, 2011b). In the limit ¢ — 1, equations
(12.69),(12.70) reduce to (12.65),(12.66) and g-traveling waves f(x — ct), and g(z + ct),
give standard traveling waves.

Convergent series of the form

o0

flxxect), = Z an(x * ct)y

n=0oo

gives an example of g-traveling wave. It should be noted here that g-traveling wave is
not traveling wave in the standard sense. For example, the traveling wave polynomial
(z —ct)d = (x — ct)(x — qet)(x — g*ct)...(x — ¢" ' ct) includes the set of moving frames
(as zeros of this polynomial) with re-scaled set of speeds (c, qc, ¢°c, ..., ¢"*c). It means
that zeros of this polynomial are moving with different speeds and therefore the shape of
polynomial wave is not preserving. Only in the linear case and in the case ¢ = 1, when
speed of all frames coincide, we are getting standard traveling wave. For traveling wave at
time 0 : f(z—c0) = f(x) and for ¢-traveling wave at time 0 : f(z—c0), = f(x), we have
the same initial profile f(z). But for standard traveling wave this profile is propagating
with the speed ¢ as an extension of function f(z) in direction of time ¢ (evolution). In
contrast, in the case of g-traveling wave, we have the set of frames with re-scaled speeds
or the set of re-scaled times; t, gt, ¢°t, ..., ¢"'t, corresponding to evolution in every of

these frames.

12.6. D’Alembert Solution of Wave Equation
First we remind the standard one dimensional wave equation

Pu  ,0%u

gu_pdu 12.71
o2~ € or2 (12.71)

with the initial conditions

u(z,0) = f(x), w(z,0)=g(z), —oo <z < o0. (12.72)
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Substituting the general solution (12.68) to these conditions we get the D’ Alembert solu-

tion of the wave equation in the form

z+ct
w(z,t) == (fz+ct) + flx —ct)) + — / g(z)da'. (12.73)

20 —ct

N | —

In particular case, if the initial velocity is zero, g(z) = 0, it reduces to two plane waves

moving in the right and in the left directions

uw(x,t) == (flz+ct) + f(x —ct)). (12.74)

N —

12.7. The q-Wave Equation

Here we introduce the g-analogue of the wave equation as
2
[(M'i Dt> — CQD?U} u(e, t) =0, (12.75)

where c is a constant with dimension of speed. In the limiting case ¢ — 1 equation (12.75)
reduces to the standard wave equation (12.71).

By using the () commutativity relation:
DeMg = QMqDy,

the g-wave equation can be also rewritten as

1
“(MY)?D} — c¢D?| u(x,t) = 0.
q q

Proposition 12.7.0.2 The general solution of the one dimensional q-wave equation (12.75)

is superposition

u(z,t) = Fx +ct)y + G(x — ct)g, (12.76)
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where F(x+ct), and G(x—ct), are the g-traveling wave functions. In the limit ¢ — 1 this
solution reduces to D’Alembert solution, and q-traveling waves to the standard traveling

waves.

Proof 12.7.0.3 First of all we factorize the g-wave operator in two forms

(Mt D, + cDx) (Mt D, — cDx) F=0, (12.77)
(Mg D, — cDx> (Mi D, + cDx> g=0. (12.78)
Then, solution of the first order equations
(Mt D, — cDx> Flz, ) =0 (12.79)
and
(M%Dt + cDm) gz, t) =0 (12.80)

are solutions of the q-wave equation (12.75). Solutions of the last two equations as we

discussed in (12.69), (12.70) are given by the next form :

flz,t) = F(x+ct), (12.81)
g(z,t) = Gz —ct),, (12.82)
and called the q-traveling waves. [

Equation (12.79) shows that f(x,t) is g-function of one variable (x + ct) as we defined

in Section 12.1 :

dyF (x4 ct)y = Dy(x + ct)dy(x + ct).

According to general consideration in Section 12.1 we can find explicit form of this func-

tion in terms of Laurent series and by replacing y — ct get g-traveling wave in Laurent
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series form. However we find it would be useful to derive this result explicitly for g¢-

traveling wave without referring to general consideration in Section 12.1. We have next

propositions :
Proposition 12.7.0.4
_ = [-n](z +1t), Y (12.83)
Hr gty
Proposition 12.7.0.5
-n _ _C[ ] (n+1)
Dy(x +ct)," = (z +cqt), (12.84)

For proofs see the Appendix H.

The function f expandable to Laurent series has the form

f=F(z+ect), Z an(z + ct)! (12.85)

n=—oo

where (z + ct) = (z + ct)(z + cqt)...(x + cg"'t).

Similar way we can interpret (12.80) and

g=G x—ct Z b, x—ct (12.86)

where (z — ct)? = (z — ct)(z — cqt)...(x — cq"'t).

This formulas show that instead of one moving frame =’ = z — ¢t with speed c in the
standard polynomial form (x — ct)", giving n-degenerate zeros, in g-case we have n-
moving frames with speeds ¢, qc, ¢°c, ..., " ‘¢, giving velocity of motion for zeros of
g-binomial (z — ct)y.

Firstly, we solve the first order wave equation (12.77). Function f has Laurent
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series expansion as

00 —1

f=F(x+ct), = Z an(x + ct); Zan r+ct)y + Z an(z + ct)y,(12.87)

n=—oo n=—oo

where (z + ct) = (z + ct)(z + cqt)...(x + cg"'t).

In the above expression let us call the Taylor part as F(x + ct), and Laurent principal
part as Fy(z + ct),.

Taylor part: Now we show that F (x + ct), is solution of equation (12.77)

Fi(xz +ct), Zanx+ctq,

MDtFl(x—l—ct fz :L‘+cqt cZan x—l—ct” L

Q

n=1

D, Fy(z + ct), Zan x+t"1

where derivative of ¢ polynomials according to second argument is
t n __ n—1

Then it is clear that F (x + ct), is one of the solutions of (12.77).
Laurent part The proof for the Laurent part

-1
Fy(x+t)y= > an(z+1t); Za_

n=—oo

includes above propositions, then we get

(Mi D; — cDx> Fy(z + ct),

= > @ <‘Cth<x+cqt> (D — [ (2 + et); ("“’)

q"

n=1
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— S ([—n] + @) (z+1); ) =0, (12.88)

where due to identity

expression in parenthesis vanishes. Then Fy(x + ct), is also solution of (12.77).
Hence, f(z,t) = F(x + ct), = Fi(z + ct), + Fa(z + ct), is the solution of (12.77).
By following the same strategy (in fact for this we need in equation (12.77) just replace

¢ — —c) we can show that

00 ) -1
g(z,t) =Gz —ct), = Z an(x — ct)y Z an( — ct)y + Z an(z —ct)y
n=—oo n=0 n=—o00

is the solution of (12.78).
Therefore, we found that the sum of two ¢-traveling wave functions is the general solution

of g-wave equation (12.75)
u(z,t) = F(x+ct)y + Gz — ct),
where

F(x+ct), = Z an(z + ct)y,

n=—oo

G(x —ct), = Z an(x — ct)y.

n=—oo
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12.7.1. D’Alembert Solution of The ¢-Wave Equation

Now we are going to solve I.V.P for the g-wave equation (Nalci & Pashaev, 2011b)

[(M’iDt>2 . 02D§:| u(z,t) = 0, (12.89)
u(z,0) = f(x), (12.90)
Diu(z,0) = g(z), (12.91)

where —oco < x < 0.

It has the general solution in the following g-traveling wave form
u(z,t) = F(x —ct), + Gz + ct), (12.92)
From the first initial condition (12.90) we have
u(z,0) = F(z) + G(z) = f(z). (12.93)
Applying the second initial condition (12.91) we obtain

Dyu(z,t) =0 = (DeF(x — ct)q + DiG(x + ct)q) (12.94)

|t=0 -

To calculate g-derivative according time variable we will use definitions of g-traveling

wave as solutions of first order wave equations (12.69),(12.70):
cD,F(x+ct), = Mi{D,F(x + ct)g, (12.95)
and

—cD,F(z —ct), = MiD,F(x — ct),. (12.96)
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Then for (12.94) we have

Dtu(x, t)|t:0 = (—CM;D:L‘F<$ - Ct)q + CM;DIG(:E + Ct)Q)\t:O

or

Dyu(x,0) = g(z) = —cD,F(x—0),+ cD,G(x+0),
= —cD,F(x)+ cD,G(z). (12.97)

By integrating this equation we get

“F(z) + G(z) = F(0) — G(0) + /0 g, (12.98)

c

where the last term is the Jackson integral, defined in (2.22). By using the both initial

conditions we find

F(x) = %f(m) - %(F(O) - G(0)) — %C/Omg(a:')dqx’, (12.99)
Glz) = % fla)+ %(F(O) _G(0) + % /0 Sl (12.100)

By replacing v+ — (z — ct), in firstand © — (x + ct), in second equation, the solution of

given I.V.P for g-wave equation in D’ Alembert form is obtained

t —ct 1 (:r—l—ct)
u(ﬁ(],t) — f(x + C )q ;— f(CB C )q + ?C/ t) g(l’/)dql’,, (12101)

where

(z+ct)q
[ i = 1= gat o) ZqﬂMt i + ct)),
(

— (1 —g¢)(z —ct) Zq”Mt ¢z —ct)), (12.102)
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In Appendix H, we derive explicit form for Jackson integral with g-traveling wave upper
limit.
Below we explicitly derive solution of given I.V.P. for generic form of function

F(z) as a complex function of complex variable z, expandable to the Laurent series

It implies that F'(z) is analytic in an annular domain with isolated singular point z = 0.

Then we consider a g-traveling wave as the Laurent expansion in terms of ¢-binomials

[e.9]

Flz—ct)y= Y an(z—ct). (12.103)

n=—oo

From the first initial condition (12.90) we have
u(z,0) = F(z) + G(x) = f(x). (12.104)

Before applying the second initial condition let us consider the following proposition:

Proposition 12.7.1.1 For given function which has Laurent expansion

x—ct Zanx—ct

n=—oo

we have the identity
D F(x — ct)qji—0 = —cD, F(x). (12.105)

Proof 12.7.1.2 ¢-function F(x — ct), has Laurent expansion as follows

F(x—ct)q:ianx—ct Zanx—ct +Zanx—ct

n=—oo n=—0oo
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Firstly, to prove it for Taylor part we consider a function with one variable which is

F(z) =) aua" = D,F(z)=) [nlaz""". (12.106)
n=0 n=1

If we replace x — (x — ct), the two variable function becomes q-function

D\F(z —ct), = Dy Z an( — ct)y. (12.107)

n=0
By using the definition of q-derivative (2.8)

(x — cqt)g — (z — ct)g

Dy(z —ct)y = D
_ (x — cqt)(x — cg?t)...(x — cq™t) — (z — ct)(x — cqt)...(x — cq"'t)
(¢ —1)t
_ (x — cqt)(z — cq?t)...(x — cg" ) (—ct(q" — 1))
(¢ —1)t
= —c[n](z — cqt)) !
we obtain

o0

DiF(x —ct), = —cZ[n]an(:v —cqt)p!
n=1
and at point t = 0 the result is
DyF(z = ct)gu—o = —¢ ¥ _[na,a™" = —cD, F(x). (12.108)
n=1

For Laurent part by replacing n — —n we have F(x — ct), = " a_n(z — ct)

—n

» and

its derivative is

DyF(x — ct)y = Z a_pDi(r —ct)," = _CZ a_p[—n)(z — ct)I".
n=1 n=1
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And
D F(x — ct)qji=0 = —cD, F(x), (12.109)

where

F(z) = Z a_p,x”" = D,F(x)= Za—n[—n]m_(”ﬂ).
n=1 n=1

|
By applying both initial conditions we obtain
F(z)+ G(z) = f(x), (12.110)
—cD,F(z) + cD,G(z) = g(x). (12.111)
Integrating second equation we get
1 ‘ / /
—F@)+G(r) = = [ gy
0
1 =

= —(1- Tg(q’ G(0) — F(0). 12.112
“(1=q)z Y _d'g(¢’x) + G(0) = F(0). )

=0

After finding G(x) and F'(x) from equations (12.110) and (12.111) , we replace x —
x —ctin F(x) and z — x + ct in G(x). This why one variable functions F'(x) and G(z)

become two variables functions or ¢- function of one variable,

—ct 1 (z—ct)q
F(z —ct), = M - %/ g(z')d,a’ (12.113)
0
t 1 (z+ct)q
Gl + ct), = w _ %/ g(a)d,a' (12.114)
0

Then, the solution of a given I.V.P. for g-wave equation in D’ Alembert form is obtained
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(Nalci and Pashaev 2011b)

t) = —
u(z,t) 5 + o

f(I + Ct)q + f(l’ _ Ct)q 1 /(:Hct)q ,
(

where

(z+ct)q o .
/( o)y’ = (1= gz +ct) S ¢ Mgl (@ + ct)),

J=0

— (I=q)(w—ct) ) _ @ Mg(d (x — ct)),.

J=0

If the initial velocity is zero, g(z) = 0, we see that this reduces to

() = % (F(z + ct), + flz—cb),).

12.7.2. Initial Boundary Value Problem for ¢-Wave Equation

(12.115)

(12.116)

(12.117)

Here we consider the model of a g- vibrating elastic string with fixed ends, satis-

fying the one-dimensional g-wave equation

2
{(MﬁDJ . CQD:%} u(z,t) = 0,

(12.118)

on finite interval 0 < x < L. L is length of the string and u(x,t) denotes the vertical

displacement of string from the z- axis at position z and time .

The [.B.V.P for ¢- wave equation is written as :

2
{(M'iDt> - CQDHQE} u(z,t) =0,

(12.119)
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with the Boundary conditions :

u(0,t) = 0
u(L,t) = 0 forall t>0 (12.120)

and with the Initial conditions:

u(r,0) = f(z)
Dyu(z,07) = g(z) forall 0<x<L. (12.121)

By the Method of Separation of Variables we search a solution of the wave equation

(12.119) in the special form
u(z,t) = F(x) - G(t). (12.122)
By ¢-differentiating (12.122) according to ¢-Leibnitz Rule (2.12)

D2u(z,t) = G(t)D*F(x)
(as Dt>2 u(w,t) = F(x) (M} Dt>2 G(b),

and substituting to equation (12.119) we get separation of variables as

piry_(M2) o0

Fla) = G0 = k. (12.123)

So we have two ordinary g¢-difference equations with separation constant k£ ( in more

general situation k is an arbitrary g-periodic function of x and ?):

D?F(z) — kF(x) =0, (12.124)
(Mg Dt>2 G(t) — EkG(t) = 0. (12.125)
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We are looking for solutions F'(x) and G(t) of (12.124) and (12.125) so that u(z,t) =
F(x)G(t) satisfies the boundary conditions (12.120)

u(0,1) = F(0)G(t) = 0,
u(L,t) = F(L)G(t) = 0,

for all t. For G # 0 = F(0) = 0, and F'(L) = 0. Below we consider three cases,
depending on values of & :

(a) k = 0 : then the general solution is F'(x) = Ax + B (we consider A and B are
constants, but possible to have A, B as a g-periodic functions) and applying the boundary
conditions F'(0) =0 = B =0and F(L) = 0 = A = 0 imply that F'(z) = 0, which
gives no interesting solution u(x,t) = 0.

(b) k > 0 : by choosing k& = ;2 the general solution of (12.124) is

F(x) = Aey(pux) + Bey(—px),

where A and B are constants ( or could be ¢-Periodic functions).
i) For q > 1 = ¢,(ux) is entire function for Vpx, and without loss of generality we can

choose 1 > 0.

_1
[1—q|

restriction on parameter ;. so that the solution should be convergent inside of interval

. _ 1
(0, L) pp = =gz
When we apply the boundary conditions, we get

ii) For ¢ < 1 = e,(px) converges in disk with radius R = pulL = This poses

F(0)=0= A=—B,
F(L) = 0 = Ae,(iL) + Be,(=uL) = 0 = Ble,(—nL) — e,(uL)) = 0.

Suppose the term in parenthesis is zero

eq(ul) —e,(—puLl) =0 = e,(ul) = e,(—pl) = EQ(LL)

= eq(nL)Eqy(pl) =1 = eq(pl + pl)g =1
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and then we expand the g-exponential function in terms of ¢-binomials

eq(ul +pLl), = ZW:

= 1+ (uL+pLl)+ <ML+NL€2<ﬁL+QML) +.=1
= (uL + L){1+M+ =0
W I Bl .

Since we choose ;¢ > 0 and L > 0, it implies that only optionis B=0=A=0= F =

0 = u(z,t) = 0 which is also not interesting solution.

(¢) k <0:= k= —p? then (12.124) becomes D?F(z) + p*F(x) = 0, which is
equation of g-harmonic oscillator from Section 3.2.

We suppose its solution in the form

F(x) = e (s7) = (s> + p*ley(sz) = 0.

Since e,(sz) for ¢ > 1 has no poles, it is satisfied by s = %ip for any x. Then the general
solution of (12.124) is

F(x) = aey(ipx) + bey(—ipx) = Acos,(px) + Bsing(px). (12.126)

Applying the Boundary conditions

we get

F(0)=0= Acos;0+ Bsing0=0=A=0
F(L)=0= Bsin,(pL) =0=
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sing,(pL) = 0. (12.127)

Then constant p is restricted by

(n=1,2,..), (12.128)

where z,,(¢) are the zeros of sin, = function: sin, z,,(¢) = 0.

As we show in Section 12.8, the sin, « function possess several zeros. In fact we
have conjecture that this function has infinite number of zeros. However the exact formula
for these zeros is not known. In Section 12.8.2 we propose approximation of these zeros

in the form

Ty = (q2)”_1x1(q), n=12, ..,

which provides good precision comparing with numerical estimation.

Then, we have
F.(x) = B, sing(p, ) = B, Slnq(fl’) = F(z) = B, sing(—x),

L

wheren =1, 2, ...

Now we solve time dependent part (12.125) with k = —p?. Then, we have
(s> + p*c®)E,(st) = 0. (12.129)

For ¢ > 1 the evolution is restricted to this interval

If in definition of g-traveling wave we use another form f(ct + z), and g(ct — x),, then
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we get opposite situation with restricted x :

1

2] <
[s[[1 = 4]

Vt,
which is good for finite interval B.V.P. In this case

Ls—2 o<1
i T 114 S [— —7
|s]|1 —q L1 —¢]

where s = +ip = |s| = |p| = |p| < ﬁ.
Suppose E,(st) # 0, so we can choose s = =i p c to satisfy (12.129). It implies
particular solutions in the form £, (ipct) and E,(—ipct). Function E,(sz) has infinite set

of poles at t = Then, E,(ipct) has pole singularity at positions ¢ =

1 1
q"(1-q)" icg"(1—q)’
which are in complex domain. In (12.129) first term has two pure imaginary zeros s =
+ip. At the same time the E,(st) has no pole singularities for real ¢. This why equation
is valid for any real z.

Therefore the general solution for the equation (12.125) is

Gn(t) = coBy(pnct) + dnEy(—py ct)
= (C,Cos,(p, ct) + D,Sin,(p, ct). (12.130)

Hence, solution of (12.119) satisfying the boundary conditions (12.120) is

o0

Z sing (pn ) (C,Cosy(py ct) + Dy Sing(py ct)) , (12.131)

n=1

In(‘])

where p,, = . Arbitrary constants C',, D,, can be fixed by initial conditions. For initial

displacement (12. 121) we have

u(z, 0) j{:<7 sing (pn (12.132)
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For the initial velocity g(x), by ¢- differentiating the u,(x, t) with respect to ¢

Dyuy(x,t) Z sing(pn) (—CppncSing(pn q ct) + DypncCosy(pr g ct))
and applying the initial condition D;u(z,0%) = g(x), we have

= Z D, p,, sing(py, ), (12.133)

n=1

an(q) . Hence, to choose C',, and D,, we have to solve the system (12.132) and

where p,, =
(12.133). However solving this system (12.132) and (12.133) is not simple problem. It
is related with orthogonality property of Sin,x functions. If we consider more restricted

problem with vanishing initial velocity g(x) = 0, then
Dyu(x,0%") Zsmqpn D.p,=0=D,=0
so that solution for g-wave equation is

= Z C,, sing(py, ) Cos,(py, ct), (12.134)

n=1

where p, = %, and z,, = xn(q)-zeros of sin, x function. Even in this case constants C,

still should be fixed by initial displacements (12.132).

The solution (12.134) may also be written in explicit form

= Co (sing(pn(x + ct))g + sing(pn(z — ct)),) - (12.135)

n=1

This shows that our solution of g-wave equation has form of superposition of g-traveling

waves.
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12.8. g-Bernoulli Numbers and Zeros of ¢g-Sine Function

In previous section we have solved the B.V.P. for ¢g-wave equation in terms of
zeros of ¢-sin function. In this section we are going to study zeros of sin, function and

their relation to g-Bernoulli numbers (Nalci & Pashaev, 2011a).

12.8.1. Zeros of Sine Function and Riemann Zeta Function

First we briefly review the known relation between the zeros of sin z function,
Bernoulli numbers and Riemann Zeta function. The generating function for Bernoulli

polynomials is

Fo(z) = efe_ : (12.136)

and Taylor series expansion of it determines the Bernoulli polynomials in z, B,,(x), Vn >
0

T

ze* > z"
= By (z)—. 12.137
e —1 nZ:o (z) n! ( )
By differentiating this expression we get the recursion formula for Bernoulli polynomials
B! (z) =nB,_1(z), n>1. (12.138)

Proposition 12.8.1.1

Vn>1, By(z+1)— By(z) =na"". (12.139)
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Proof 12.8.1.2

z z
Bu(x+1) = By(z) = Y Bu(x+ = - > Bu(w)—
n=0 n=0
Zez(:s—i—l) P -
= — = —e*".
e—1 e—-1 dx
d ., inz”x”‘l f:B ( +1)z” iB ( )z”
—e* = —_— = (T — = n(T)—
dz — n! —~ n! —~ n!
By equating the power of z, we get the desired result. [

Definition 12.8.1.3 Bernoulli numbers are defined as B, (0) = b,,.

Then the generating function for Bernoulli numbers is obtained by taking x = 0 in gener-

ating function (12.137)

z > 2"
= b, —. 12.140
er — 1 nz:% n! ( )

Below we display first few Bernoulli polynomials and numbers

1 1 1
Bo(x) =1, Bi(z)=x—=, By(x)=2>—1+=, Bsx) :x3—§x2+—x
2 6 2 2
1 1
bU:17 b1:_§7 b2_67 b3:O
Proposition 12.8.1.4
Vn >0 B,(x)= (?)bja:"f. (12.141)
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It satisfies obviously

By differentiating

we get the recursion formula

F!(z) =nF,_1(z), n>1.

n

This formula as the first order differential equation with initial value F,,(0) = b, de-

termines I, (x) uniquely for any n and x. Since recursion formula and initial values for

F,.(x) and B, (z) coincide, F,(x) = B,(x). |

Bernoulli numbers allows one to calculate the values of Riemann Zeta function at
even numbers on usual case (Sury, 2003). We consider infinite product representation for

sin z :

. - 2?
sinz =z (1 - ﬂ2n2> . (12.142)

n=1

dilzln(sinz) = %<1n<zﬁ<1—ﬂj;))>:%(mzﬂni(pg;))

n= n=1
0 —2z
. cosz 1 4 p—p
~ sinz 2 1 22
n=1 m2n2

2, 22 1 2 22 22 24
ZCOtz:1_22n2ﬂ'21_—i:1_22n2ﬂ'2 (1+ + + >
n=1 2

n2m2 n=1
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zeotz=1-2) 3 (12.143)

n=1 k=1

The Bernoulli numbers are written (12.140)

2iz ze™%  z(cosz —isinz) =, (2iz)" L (2iz)%
e?> —1 sinz sin z ; n! ot ; 2 (2k)!
we get
0 22k 2k
zeotz=1— szk(—l)’“lm. (12.144)
k=1 ’

Here we used the fact that by, ; = 0 for £ = 1,2, .... It follows obviously from observa-
tion that L.h.s. is even function of z.

In this form, function on the 1.h.s has infinite set of simple poles at z = £m, +27, ....
If |z| < 7, then it is analytic and has unique expansion to Taylor series around z = 0.

From the equality of the expressions (12.143) and (12.144),we obtain

=1
Z — = (=1)" by, (%)|7r2’“. (12.145)

C(s)=>» —. (12.146)

Actually, it can be defined as a complex valued function for any complex number s with

192



Re(s) > 1 by the same series.

Then, by using the (12.145) the Riemann Zeta function is written in terms of Bernoulli

Numbers as follows

22]471

)] 2k, (12.147)

C(2k) = (=1)" "oy

The following are the first few values of the Riemann zeta function:

(2= —= % (12.148)
n=1
=1 4

(= =5 (12.149)
n=1
=1 70

C6) =Y =0 (12.150)
n=1

12.8.2. g-Bernoulli Polynomials and Numbers

Now we introduce the g-analogue of Bernoulli polynomials and Bernoulli num-
bers. The generating function for g-Bernoulli polynomials we define as (Nalci & Pashaeyv,
2011a)

- zeg(xz) _ zeg(xz g . z_
o )q_Eq<§>(eq<§>—eq<—g>)‘eq<§> ZB S (2130

where we have used the relation e, (z) E,(—x) = 1.
By g-differentiation the generating function with respect to z, it is easy to obtain the

recursion formula

D,Bi(zx) = [n|B!_,(x), (12.152)

where Bi(x) = 1.
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Definition 12.8.2.1 Forn > 0, b2 = B%(0) are called the q-Bernoulli numbers.

According to above definition the generating function for g-Bernoulli numbers is given
by

z z

e B D)

(12.153)

[NCIENS

By using definition of g-exponential functions we expand the generating function as

. - - = — = (12.154)
Eq(i) (eq(§) - 6q<_§)) 1+35+ a3 + qapn :
2

z

— q q q
= b —i—blz—l—me!

¥ (12.155)

Comparing terms with the same power of z we get first few ¢-Bernoulli numbers (see

Appendix I):
b= 1, bi’:—%, bg—i(m %—q), T_0,  (12.156)
b = [;ij ([3]1 2P+ [é]; - % - [5][216[;5 1) (12.157)
By choosing z = 2it in generating function (12.153), we obtain
Fo(2it), = 2 b e ) s

E,(it) (eq(it) — eq(—it))  E,(it)singt sing t
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From the g-analogue of Euler identity e,(ix) = cos,  + isin, z, we have

, - . o (2t)"
Fy(2it), = o (cosqt —isingt) =tcot,t —it = nZ:O bl ol
= (2it)"
— q q ; q (
= b1+ b(20t) + ;bn il
Then, substituting b¢ and b{ into the above equality we get
- 298)™
tcot, t = 1+Zbg([l]), , (12.159)
ni:
n=2
or
e 2t 2k
teotyt =1+ bgk%. (12.160)
k=1 '

Here the 1.h.s. is even function of ¢, so that in the last sum odd coefficients vanish by, 1 =
Ofork=1,2,...
In this expression the 1.h.s. has set (infinite) of simple poles ¢t = =+t;, ¢, ..., ordered as
|t1] < |t2| < |t3] < .... Then if we choose value of ¢ in the disk |¢| < |¢1], the function is
analytic and possesses unique expansion to Taylor series around ¢ = 0.

Now we like to express the Lh.s. of (12.160) in terms of zeros of sin, = function.

We start with proposition :

Proposition 12.8.2.2 ¢-Generalized Leibnitz Rule:

Dy(fi(z) fo()- () = (Dgfi(x)) fo()... ful)
+ filgz) (Do fa(2)) f5()... ful)

+

+ filgw) f2(qz)... fa1(qz) (Do fu(z))  (12.161)
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Proof 12.8.2.3 Forn = 1 it is evident. By using the q-Leibnitz rule (2.12) for n = 2,

Dy (fi(2)f2(x)) = (Do fi(2)) fa(2) + f1(qr) (Dyfa(2)) -

Suppose it is true for some n.Then by induction, we show that it is true for n + 1

Dy(f1(2) fo(@)... fa(2) far1(2)) = Dg(fi(@)f2(2)...fu(@)) fara(2)
f1(gz) f2(qz)... fa(qz) (Dg fosa ()
(Dyfi(z))... fu(z) + ...
f1(qz)...(Dy fa(2)) frs1(2)

f1(qz) f2(qz)... fo(q2) (D frs1(2)),

+

- -

which is the desired result. |

According to the above proposition we have the following rule of differentiation (gq-

analogue of logarithmic derivative)

D(fifotn) _ fi) | Hilen) @) | fila) folan) @)y 6

fifefn h@) 0 A@) folz) 7 fil@) T faea(@) ful2)

Example: If f, = (v — xy) and fi...f, = [[;_,(z — z%) is function with n zeros,

x1, ..., T, then we have

Dy (ITj—i (@ — 2)) _ 1 X (gz — 1) 1
[Tioi (& — ) (z—21) (z—m) (z — )

(gr — 1) (qr —25) 1

(x —a1) (z—x2) (x—x3)

(qr — x1) (qr — x2) (g — x3) (qx —xp—1) 1

(x—21) (x—22) (x—a3) (v —2n1) (T —xp)

+ ..

as a simple pole expansion. Expanded to simple fractions this expression can be rewritten

as

Dy(ITri(z —x))  ~—= A
2 , 12.163
M (e—a)  2eo—u (12.163)
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where coefficients

= et )
I (—a) 1 (qo—o)(ge—a2) 1
&”x”(@—xn+<x—m)@—wﬁ+”ﬁ‘u—xn(x—m)“@—xm>

Particularly, for n = 2,

A = lim ((:v —a1) (x _13;1 " —qfl)_(:cxl— xa))>

zr1(q —1) _ g1 — T

= 1+ ; (12.164)
(z1 — x9) L1 — T2
Ay = lim | (z — ) ! + Sl
2 = Y\e—z (z—x1)(z— 2)
- 4T n (12.165)
To — X1

and we get

Dﬂw—ﬁmw—@nz(wa—@> ! +<Wa—ﬂ) L (2166

(x — x1)(x — 29) T —To ) T — 1 To—T1 ) T — To

We consider sin, z function as an infinite product in terms of its zeros

x, = x,(q) in the following form

, - 22 x? 22
squ:mn(l—x—Q) ::E(l_x_%) <1_x_§) (12.167)
n=1 n

By using the above property (12.162), we have
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x2
Dysingz D, (35 | (1 - g))
sing x eI, (1 _ ;_j)

1
%<1 _QQ%?) ( _q2_2> ...<_[2]9” ) 4o (12.168)

where we ordered zeros as |z| < |z1] < |za| < ... < [zn| < ..., sothat [J-] < 1, for any

k. The above expression can be written in a compact form as follows

[e'S) z2 n—1 <1 — q2%>
zreot,x =1— [Q]QZ = H VA (12.169)

i%(wrz;r(zz ) <1+(1—q) j+(1—q)(i)2+...>-

/‘\
—_
+
H

|

S

+

—

|

S
VR
SHES)
NN DN
N———

[\
+
~__—

2 2\ 2
<1+(1—q2)$f +(1—q2)(f ) +> (12.170)

198



and using (12.156) for the value of Bernoulli number b} = <[2] —q— [3]> we obtain

> 1
Z E— (12.171)
22(q)  [3]!

n=1

In the limiting case ¢ — 1, [3]! = 6 and we have

r 1 1
11m =
14~ a3(q) 6
Due to relation (12.148)
1 =1 1
R 2 — — _
2 2) nz::l n?mt? 6’

it implies

At the order z* after long calculations (See details in Appendix J) we get the relation :

[2]q <

oo 2
) > - 1) oy — Lo (12.172)

— [0

where
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In the limiting case ¢ — 1,

o)
lim — =

14~ zh(g) 90’

=1 7n

From the relation (12.149) we get

1 =1 1
4 (4) Z nirt 90

n=1
The exact form of zeros z,,(q) of sin, x is not known. It is an obstacle in further exact

calculations. However by analyzing graph of sin, x with several values of ¢ we found

next table :

Table 12.1. Table of g-sine zeros

q ] T T3 C]2$1
5 13.65 13.6 350 340
10 | 34.945 | 34945 | 3513 | 3495
12 | 45.179 | 45.2 6500 | 6509
15| 62.079 | 62.1 14000 | 13973

Comparing values at last two columns we see that with quite good approximation

we can put x5 = ¢>x;. It implies next form of the zeros for ¢ > 1

To = q21’1, xr3 = q2x2 = q4x1, ey = ¢ X1,
then,

1 =1 1 1 1 1

— = —==+=+..= +

[3]! nzlﬂfi af at o qlat gt
1 1 1\?2

= = 1+—+(—> + .. (12.173)

ot ¢ \¢* )
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and from sum of geometric series in q% we have

1 i qt
218]  2i¢t -1

In table (12.1) in second column we display particular values for z1(q) = z7. Comparison
with the third column shows quite good agreement. As a result, (12.167) can be written

in the following form

. A [4](q — 1)x2>
singx = 1l——— ), (12.174)
! g ( g [3)]!
where for wave number we have the discrete set 72 = '[14:22_”%} .

These results can be used now for solving B.V.P. for ¢g-wave equation. As we

found the solution is in the form (12.134)

u(z,t) = Z C,, sing(py, ) Cos,(py, t), (12.175)
n=1
where now
Tn [21[3]

Pn =

_:l:l q2n
L T Lyg—1\ [4]°
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12.8.3. ¢-Schrodinger Equation for a Particle in a Potential Well

Here we like to apply our results for solving ¢g-Schrodinger equation
Hy = Ev (12.176)
or
h2
(——Di + U(x)) Y = Ev, (12.177)
2m

where potential U(z) is in the form

0 if0<z<L,
U(z) =
oo otherwise

For 0 < x < L, we have

hZ
—5 D = EY
2m

and the general solution
Y(z) = Aey(ikx) + Bey(—ikx)

with energy
h2k?

FE .
2m

In a real form it gives

Y(x) = asing(kz) + bcos,(kz)
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with boundary conditions :

First boundary condition i) implies that b = 0, this why
Y(x) = asing(kz),
then from ii) we have
sing (kL) = 0,
where k,, = %“ As a result the wave function is found as

dm(w>=:ashm(%?w), (12.178)

with discrete energy spectrum

S

E, = . 12.179
2m  2mlL? ( )
The approximate formula for 22 = m—Z_”f’)] gives the energy spectrum explicitly
B g [
to2ml2(g—1) [4]

The ground state wave function is obtained in the following form

T

i(x) =a Sinq(flx),
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where x; = £4/[2][3] qfil with ground state energy
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CHAPTER 13

CONCLUSION

In the present thesis we studied g-extended exactly solvable linear and nonlinear
classical and quantum models. We formulated and solved classical g-harmonic oscilla-
tor and g-damped harmonic oscillator. For the last one, solutions in the form of Jack-
son’s g-exponential functions were obtained for three different cases: under-damping,
over-damping and critical cases. For critical case, we constructed complete set of in-
dependent solutions different from the standard degenerate solution roots. Our second
solution appears as the standard logarithmic derivative of g-exponential function. These
results were generalized for arbitrary constant coefficient g-difference equation with n-
degenerate roots. We showed that it admits n-linearly independent solutions in terms of
standard logarithmic derivative of proper order and ¢g-logarithm function.

We constructed ¢-space time difference heat equation and ¢-space difference and
time differential heat equation. For solving these equations we introduced a new set of
g-Hermite polynomials with three-terms recurrence relations and n-terms recurrence rela-
tions, correspondingly. In terms of these polynomials we get solution of our equations as
the ¢-Kampe-de Feriet polynomials. By using ¢g-Cole-Hopf transformation nonlinear heat
equation in the form of ¢g-Burgers’ type equation with cubic nonlinearity were obtained.
Then we solved I.V.P. for this equation and found exact solutions in the form of g-shock
solitons. By proper choice of parameters we succeeded in getting regular shock soliton
structure for our solutions. We extended our results to linear ¢-Schrodinger equation and
related nonlinear g-Maddelung equation.

To treat more general problems in classical and quantum physics, we introduced
calculus with multiple base ¢. In addition to non-symmetrical and symmetrical reductions
of this calculus, we studied in details the Fibonacci case, based on Binet-Fibonacci for-
mula with g-deformation as Golden ratio. Relation between g-periodic functions and Eu-
ler equations was established. We have derived new ()-commutative g-binomial formula,
completely determined in terms of (@, ¢) calculus, which includes all known Newton’s,
Gauss’ and non-commutative binomials as particular cases.

We reviewed g-deformed quantum harmonic oscillator with generic parameters
and corresponding reductions as non-symmetrical, symmetrical cases. Special attention

we paid for the Binet-Fibonacci Golden oscillator, producing spectrum in the form of Fi-

205



bonacci sequence. Asymptotic ratio of successive energy levels for this oscillator is given
by Golden ratio number. Double boson representation of g-deformed angular momentum
in all three cases was described. In Golden oscillator case the Casimir eigenvalues were
found as product of successive Fibonacci numbers. The g-deformed angular momentum
as nonlinear transformation of the usual angular momentum was shown.

The g-function of two variables was introduced and addition formulas for g-expo-
nential functions were derived. We constructed g-holomorphic function and correspond-
ing g-Cauchy-Riemann equations. It was shown that this function is analytic in the set
of complex planes with ¢-re-scaled imaginary axis and intersecting along the real line x.
Though the g-holomorphic function is not analytic in the standard complex analysis sense,
we were able to show that some class of g-analytic functions satisfies the special form of
Dbar equation and belongs to generalized analytic functions, introduced by Vekua and
having many applications in mathematical physics. Hyperbolic form of analytic function
we treat as traveling wave problem. For the ¢-traveling wave, existence of a set of moving
frames with g-re-scaled speeds was shown. The g-traveling wave was constructed and ¢-
D’ Alembert solution of g-wave equation in terms of these functions was derived. In order
to solve the B.V.P. for ¢g-wave equation we introduced generating function and ¢g-Bernoulli
polynomials and numbers. Using these results, zeros of g-Sine function we related with
our g-Bernoulli numbers. Approximate formula for zeros of ¢-Sine function and solution

of ¢-Schrodinger equation for particle in a box were obtained.
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APPENDIX A

Q-DIFFERENCE EQUATION WITH CONSTANT
COEFFICIENTS

The constant coefficients g-difference equation of order N is

N
> apDFa(t) =0, (A.1)
k=0

where q, are constants.

A.1. Wronskian of z(t) and zo(?) :

In order to prove that solutions z1(t) = e,(—wt) and x5(t) = tLe,(—wt) are

linearly independent, we check the ¢- Wronskian :

W, - ‘ eq(—wt) tde,(—wt) ‘
Dy(eq(—wt)) D, (tﬁeq(_wﬂ)
W, = —we,(—wt) (eq(—wt) — t%eq(—wto : (A.2)

Here we show that the term in parenthesis is not identically zero. For ¢ > 1, by using the

infinite product representation of e, (z) (2.27), we get

eqg(—wt) = ﬁ (1 - (1 - %) qinwt) , (A3)

n=0
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tdlne( wt) 3 _w< _é>q%t
dt 9 1) 1
R (1 . 5) Lot
or
d
taeq(—wt) = Ae,(—wt), (A4)
where

n=0

_i <_%>wt> 1 (A.5)

where |t| < Z. We know that

~

and the g-analogue of this expression is given as

Lng(1—2)=—Y_ ?T (A.6)
=1 14

Then we rewrite

A= —Lan (1 — (1 — 1) wt) . (A7)
l—g¢q q
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The second solution x5 (t) can also be rewritten in terms of g-logarithmic function

d 1 1
xo(t) = taeq(—wt) = q——anq (1 - (1 - 5) wt) eq(—wt), (A.8)

where |t| < Z. Finally, the g-Wronskian is not vanish

W, = —w (e,(—wt))’ <1 - i - Lng (1 - (1 - é) wt)) £ 0,

since the term

1 1
1= Lotn, (1 (1= 2)wt)
q—1 q
couldn’t be identically zero.

A.2. Commutation Relations

Here we prove operator relations which we use in Chapter 3 for construction so-
lutions with degenerate roots. By definition of D, operator the commutation relation can

be found as follows

d d d

- (1) o (4)

(¢ —1)*¢? (g — 1)t

= —Df

which implies

d
t—,D| = —D.

(ULl PO a1 (e = £ _ a5 — 1 (1)

)

(A9)
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By using mathematical induction, let us prove the identity :
t—D" =D" (t— — n) . (A.10)

For n = 1, from the above commutation relation it is easy to see, and we should show

that it is true for n + 1,

d d
t—D"' = t+—D"D = D"t—D — nD""!
dt dt a” "

= D"D (ti — 1) — nD"t!
dt

d
= D" (1— — 1) ). All
(15 - () (A1)
Similar way easy to prove more general relation

d d
t%(w +D)" = (w+ D)%E —n(w+ D)"'D. (A.12)
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APPENDIX B

MULTIPLE Q-POLYNOMIALS

B.1. Definition of Multiple ¢-Polynomials

In Section 9.1.5 we have introduced multiple g-analogue of g-binomials and in

terms of it we define multiple g-polynomials as

Pid(z) = (z — aMa)(z — alVa)...(x — aﬁf”a)) B.1)
[7]4:.0,"
where
0 =g g
The roots of this polynomial can be rewritten in the form
af”) = g
a5’ = /7' Qys
agm = q?_l ?z
al = gt ;7[1, where Q;; = Z—Z Then
n—1 n—1 n—1yn—1
. r—q' “a)(r—q ia)...(x —q; a
Pfﬁ(fv)z( G ale =g Qua)-o =g @i @) (B.2)

(7).,

By using the relations of ();;-numbers with (g;, ¢;)-numbers
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and by definition of the g-analogue of (x — @)™ polynomial, which is given in Section 2.3

we can write (B.2) in the following form

1

Pyl(x) = (z — ¢ a)g,,- (B.3)

n(n—1)

q ° [n]jS'

B.1.1. Proof I of Recursion Derivative Property

In Section 9.1.5 we formulate following relation for multiple g-polynomials

in,qun(x) = P 1().

Here and in the next section we give two different proofs of this relation. By using the

definition of ¢g-multiple derivative

(g — 0" D) (gor — QB M) = (g — 0"V (g — QoY)

D, . P, =
93,95 (l‘) [ ]Qz qj- (Qz QJ)‘/E
i (o= 50 - T Qo= B0 Qo - 2
D, . P, = 4
gorqy Do (2) [P giq;'a:(1 — qj)x
g~ P2(z) — P2(Qx)
1], qy' (1-Q)z 7
where
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Then from the definition of non-symmetrical ()-derivative Dy, f(z) = 1(Qz)— ()

(Q-1z >
4"
Dy, Po(z) = [n]l Dy P () (B.4)
qi,q;5 *
b
- 4 'D‘é x
[n](h q; qi Q
n—1
4" ) b
[n]Qi7Qj' qi 0
1 prD\ "
pu— x J—
[n - 1]%%! qi 0
1 b(nfl) b(nfl) b(nfl)
= ————|(z— = r— Q- |l —Qrrt—
[TL - 1]%7%! qi qi qi

and if we write bz(-n_l) =¢" aand Q = % into above expression, then we obtain

_ a2 _ a3 — g3 _ 2
() = =g 0)le — g 9s0)-- (o ,qzq] )@ =4 "a) = P,_1(z) (B.5)

Dyyq, P
s n—1]

qiyq;°

B.1.2. Proof II of Recursion Derivative Property

Before we give another way to prove that P>/ polynomials satisfy the relation
Dy, o, Pl = P* |, in addition to above formulated relations between g-numbers with

basis (¢;,¢;) and @, where () = %, we can find the relation between corresponding

derivatives in the following form
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Now by using these relations we will show that

Dy, g, P (z) = B, () (B.7)
Rewriting
0,] 1 n—1 n—2 n—2 n—1
P (z) = [n]ij!(x—qz a)(r — g “qja)..(x — qiq] "a)(xr — ¢; " a)
1 n— n n— n—
= ——@@—q¢ " a)(z— ¢ 'Qa)(x — ¢ ' Q%)...(x — ¢ ' Q" a)
[n]Q!Qi ’
1 n—1
= m(l’—% )Q
[”]Q!C]i ?
1 _
= —P¥(x;:¢/ "a) (B.8)
q; 2

and applying D, ,.-operator to the polynomial P> (x), we have

7 1 z 1 o
Dq“q]PnJ( % = EDQM%@Pﬁ?(ﬁE; 4; la)
(] ql 3
1 .
= —o Dol (aiwiqi )
qiq; *°
= 1 PP(Qqr;qf"a) — PP(giw; 47 a)
4 Q:(nTil) (Q—1)z
_ L PRQumigt ') — PR(gwigta)
S (@ — g
4;
1 .
= n(n—1) DQPQ(Z, ql la)
4;
1 Q . n—1
~— Taeen P (Za q; Cl)
q;
1 Q -
= Tamen e n (%x q; CL)
q; °
1 1 .
- n(n=1) (sz - (]2 ) 1

= [n—1]g!

i
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1 1
n(n2—1) [n _ 1]

n—1

n—1 n—2
q; (- q; a)
Q! ¢

q;

1 n— n— n— n—
(= ¢ %a)(z — ¢f g;a)..(x — qig}*a)(z — ¢} 2a)
[n 1](1' g

1947
P:{il(w)-
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APPENDIX C

(Q-BINOMIAL FORMULAS

C.1. Gauss Binomials as Solution of ¢-Difference System

Here we find g-combinatorial coefficients from Section 10.1 as a solution of ¢-

difference system of equation.

Sn+1,k)=Sn,k—1) = D,Sn,k)=—DpS(n,k—1), (C.1)

Sn+1,k)=Sn,k)+n—k = D,Snk)=n—k (C.2)
S(0,0) = S(1,0) = S(1,1) =0, (k=0,1,...,n). (C.3)

From the second difference equation

n=1, k=2= 5(2,2)=5(1,1) =0,

n=2 k=3= S(3,3) =5(22) =0,

which implies that

5(0,0) = S(1,1) = S(2,2) = §(3,3) = ... = S(k, k) = 0.

For k£ = 0 we have the initial conditions S(0,0) = S(1,0) = 0, so from the first difference

equation

223



n=3 = S(40) =53,00+3=1+2+3

-1
n=n = 5(n,0) =1+2+...+(n—1):% (C.4)
From the second difference equation we can calculate
- —1)(n—2

_ _ 9\ —

k=2 = S(n+1,2) :S(n,l):(n 1)2(n 2) - S(n,2)—(n )2(n 3)’
— — (k-1
vk = S(+1k) =Smk—1)=" ’f>(n2 (k—1))

(C.5)

n—k—1)(n—k)
2

= S(n, k)= (
C.2. Q-Commutative g-Binomials as Solution of ¢-Difference System

Here we find (Q-commutative ¢-binomials from Section 10.3 as solution of ¢-

difference system. We have the difference equations with the initial conditions :

t(n+1,k) =t(n, k) (C.6)
t(n,k)=tn,k—1)+k—1 (C.7)
£(0,0) = #(1,0) = (1,1) = 0. (C.8)

From the first equation for £ = 0 we have t(n+1,0) = ¢(n,0). So,if n =1 = #(2,0) =

t(1,0) = 0, which means that ¢(n,0) = 0. By using the second equation we easily write
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t(n,3) = t(n,2)+2=1+2
t(n,4) = t(n,3)+2=1+2+3

Hn k) = 14243+ +(k—1)= =

Therefore, the solution of the above system is

k(k—1)

(C.9)
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APPENDIX D

(Q-QUANTUM HARMONIC OSCILLATOR

D.1. Number Operator for Symmetrical ¢-Oscillator

In section 11.2.2 we studied symmetrical g-oscillator. The number operator for
this oscillator appears as symmetrically g-deformed number operator which is not equal to
a™a. Here we derive expression for the number operator N in terms of g-number operator

[N];. By multiplying [N], with ¢" from the left side

N N A
T T
and from the commutation relation [N, a;a,] = 0, the above expression is written as
follows N w4
+,
T %= "

and it can also be written

q (D.1)

_ _ 2
2N 2qNa:1raq(q2_ q 1) - (a;aq(qz— q 1)) 11—

The solution of this equation is

afas(q—q )\ afaslg—q)
N — 1 q 49 q q
1 \/ * 2 " 2

Here we choose the positive sign, since we considered ¢ as a real number. Then, the

number operator is

—q! —g-1\?
N =log, a;aq%jt\/(a;aqq d )+1 . (D.2)
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To get another expression for the number operator, we use definition of sinh function in

order to write ¢g-number operator [N],

sinh(N In g)
[Nlg = ="
sinh(In q)

then we get
arcsinh([N], sinh(In ¢))

N =
Ingq

D.1.1. Commutation Relation for ¢-Oscillator

In Section 11.2 we formulated several commutation relations for g-operators. Here,

by mathematical induction we prove the following relation :

[N* b%] = {NF — (N — 1)F}pT.

For n = 1 from the commutation relation we know that [N, b*] = b, and suppose the

relation is true for n = k case :

[N* bT] = {N¥ — (N — 1)*}b*.

We should show that the relation is also correct for n = k£ + 1 case,

[N*FL 6T = N[N, b7 4 [N* BTN = N*oT 4+ {N* — (N — 1)*"}b" N

and by using the relation b* N = (N — 1)b" we get desired result

[Nk—i-l, b+] — [Nk—i-l . (N . 1)k+1].
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Below we list some important formulas :
[N, b"] ="

[N, b+ = {N" — (N — 1)"}b*
[F(N), 6] = {f(N) = f(N = 1)}b*
[[N].bF] = {[N] = [N — 1]}b*
b (N) = f(N = 1)b*.

If function f is real then
F(NYb = bF(N = 1),

D.1.2. Action of g-Operators on States

In Section 11.2 we showed how g-operators are acting on n-particle states. Below
we prove these relations. From the eigenvalue equation N|n);; = n|n);;, it is easy to
obtain S

(Nl = =y, - E
qi — qj 4i — qj

The n-particle eigenstate is defined as

)i = [nlijIn)i;

)iy = —=="" (D.3)

By applying the creation operator to above state, we have

N a"r Tl+1‘0 / n+ Z]
Vnli! ¢M+Hz

[+ 1]iln +1)i ;.
From the above relation, we write

agln—1);; = \/[n]ij|n)i;,
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and applying annihilation operator a, ,

agagn —1);; = \/[n]ijaqn)i;
L, 1
agln)i; = T n—1)i; = o (g5 + ilNlig)ln —1)i;  (D.4)
1,] 4,7
1
= (¢f " +aqln = 1iy)ln = 1)i; = y/[nlijln = 1)
[n]i,;
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APPENDIX E

QUANTUM ANGULAR MOMENTUM REPRESENTATION

Here we remind basic definition and representation of quantum angular momen-
tum algebra. Let us consider three hermitian operators .J,, J,, J, which satisfy the com-

mutation relations:
[Jo, Syl =R, [Jy, L] =ihdy,  [J., Jg] =ik,
or
[, Je] = +hJy  [Jy, J | =2hJ,,
where J, = J, +1iJ,, J_=J,—iJ,and J* = J. + J? + JZ. We have relation

Jide =J%— J2 £ hJ..

Let us denote Maxz(m) = j, then for any given \

Je|A, ) =0,
and for Min(m) = j' we have
J_I\ j) = 0.
This way we find that ;' = —j. Therefore, j should be either a nonnegative integer or a

half-integer j = 0, %, 1, %, 2, ...

For A = j(j + 1) and |\, m) = |j, m), we get representation

Jilg,m) = /(G —m)(j +m+ 1)hlj,m + 1)
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J_|j,m) = \/(j +m)(j —m+ 1)h|j,m — 1)
J.|j,m) = mh|j,m)

J2|j,m) = j(j + 1)R*|j,m).
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APPENDIX F

(Q-QUANTUM ANGULAR MOMENTUM

F.1. Proof of Proposition 11.3.21

Here we prove proposition 11.3.21. First we calculate

[(J2, 0L = LJL+JLJ, = JLJL+[JL, L)+ JJE = (2], —1)JL = (J? = (J, - 1)*)J4

L2, J4) = T2, JEH T2, JY) T = 2T+ L= 1) ([T, LI+ 1) TE = (J2=(T.—1)°)J¢

So we guess for arbitrary n the next relation :

L2 T8 = (T = (= 1)) L,

and then prove this by using mathematical induction. For n = 1 case we know that it is

correct from the commutation relation. And suppose the equality is correct for n = k,

AT = (= (= )R

So the last step is to show that it is also correct for n = k + 1 case.

JE I = SR I+ (IR T
= JUJL+ (I = (L. - 1)L
= JFJL+ JEJLTE — (J, - D)L,
= JFJL 4+ RN - DI~ () - DR - 1) JL
= (JIT = (L —-1)MhJL
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In the above proof we use the following relations :
LI = (1.~ 1),
and

TR = JO(J, — 1),

This result can be extended to more general case. For real function expandable to the

power series
o
= g cpx”,
n=0

we have
S =D el I =) el = (L= )") = (f() = f(J. = 1)) 2
n=0 n=0
and due to the reality of function f, the hermitian conjugate of the above expression gives

F.2. g-Casimir Operator

In Section 11.3.2 we introduced ¢-Casimir operator for g-quantum angular mo-
mentum algebra. Here we prove that [C, J{| = [CY, JI] = [C?, J¢] = 0. The commutator

is

[C% L) = (qugy)™ " [[Jdigl e + Uiy + (qigy) ™2 J2JL, JE]
+ [(@ay) ™" TL] (il + 1y + (0igy) 2 J2TY)
= (q:q;) )i [[2 + Uiy JH + [[Feligs JH T + iy
+ (@gy) ™™ [TUIL I+ [(agy) ™, J1] J2TE)
+ (@)™ T Ao e+ iy + (@gy) ™ T2 T (E1)
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By using the following properties :

(L, J9) = (qsg;)"* (2] 5,

[f(Jz)> J-(II—] = {f(Jz> - f(Jz - 1)}7
LT + iy = [Ja)i T

and Proposition 11.3.21 after long calculations we get

[C4 I = (qiq;) ™" ([Tdig{[Je 4+ iy — (@g)[J> — Uiy} — [2J2)i5) = 0.

In addition, Hermitian conjugate of this expression gives [C?, J?] = 0.

[C% 1) = (qigy) ™" [(qigy) ™ JLTL, J.]

= (¢iq;)""(quq;) ™1 JL, L) + (0q5) " [(qaqy) ™2, J.]J2TE = 0.
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APPENDIX G

(Q-FUNCTION OF ONE VARIABLE

Here we prove some identities for g-function of one variable from Section 12.1.

Proposition G.0.0.1

1
S ~(n+1)
o T [—n](z +y), (G.1)

Proof G.0.0.2 We know (Kac and Cheung 2002)

1
(—a)," = —— (G.2)

(z =g "a)y’

if we choose —a = y, this expression is written as

()" =
r4vy), = —m—.
Y (g
By definition of q derivative (2.8)
1 _ 1
D 1 _ letahy)y @)y
"z +qmy)n (¢— 1z
1 1
_ (eztemy). (gtq T Tly) (@t y) (g "R TY)
(¢ — 1)z
1 1 1 ]
_ (@tamy)(za?y) [t eHe T y) (agly)
(¢g— 1
g —1 1 —n] 1
et = |—n
q— 1 (CE + q—(n+1)y)7ql+1 (ZE + q—(n-i-l)y)g-i-l
and we get desired result. [
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Proposition G.0.0.3

—[n]

Dy(e+y)," =~ (@t ay), . (G3)
Proof G.0.0.4 By using the equality (G.2) we have
(@ +y);" ! G4
T+y = .
T (@tay)y
and we write
1 1 1
= 5 ) (G.5)
(@+q )y  a™ (z+y)y
According to (Kac 3.12) the following identity is valid
1 [n]
D = . (G.6)
la—yly  (a—yyt
By using this identity
1 1 [n] [n]
D =(-1)"D =(-1)" (G.7)
O P A e A oy (R
Hence,
- 1 1 —[n] —[n]
D, (x+y), "= D =
A ¢ (e +y)r (e 4yt gz eg )t

From the identity (G.2)we obtain
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APPENDIX H

(Q-TRAVELING WAVE

H.1. ¢-Traveling Wave and Jackson Integral

Here we derive the Jackson integral for g-traveling wave from Section 12.7. The

Jackson integral of function f(z) is defined as

F(z) = 1—qzqwfq:c’+F /f

7=0

Let us define

(z—ct)q
F(z —ct), = / f(a)da'
0

Fle—ct)y=(1-) Y (¢/(x — ) f(g'(a - 1)), + F(0)

Jj=0

Taylor Part : For Taylor part, we have expansion f(z) = > 7 a,z",

1 . q iianl_rﬂrl j(n+1) + F(O)

7=0 n=0

By using the above equality the ¢g-function

Flz—ct)y, = (1—q) ZZ% — ct)i + F(0)

= (1—¢q)(z—ct) ZZan (x — cqt)) q‘—l—F(O)

= (1—-¢q)(x—ct qu (x — cqt))

= (1—q)(z—ct) ZqJMt ¢ (z — ct)),

Jj=0

(z—ct)q
- [ s
0

(H.1)

(H.2)

(H.3)

(H.4)
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Laurent Part : We have

:ianaﬁ”:F =(1-gq) ZZ@ 2 x(¢ )" + F(0).
n=1

7=0 n=1

If we replace © — (z — ct),, we have

Flx—ct), = (1—gq) ZZCL_ z—ct);" ()T + F(0)

= (1-¢q ;;a_ — n+1ct)n -(¢)"" + F(0)
= (1-9) fj fj 4z _(Z;fqtim (¢)"* + F(0)
= (1—gq) .OOO :1 a_n(z — ct)(z — qct)(¢’) " + F(0)
= (1-q)(z—ct) f% i a—n(x —qct),"q "¢ + F(0)
= (1-q)(z—et) ; F(¢ (z = get) g’ + F(0)

= (1-q)(z—ct) iﬂ ¢ Maf (¢’ (z — ct))q

H.2. g-Traveling Wave Polynomial Identities

Here we prove the following proposition:

Proposition H.2.0.5

- (n+1)
S rrwerr e CRDR (H.5)
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Proof H.2.0.6 From (G.2) we know

. S H.6
@ g (10)

if we choose —a = t, this expression is written as

1
I L —
@ = Gy
By using the definition of q derivative (2.8)
1 _ 1
1 I e oV G ol
“(x g (¢— 1Dz
1 1
N O R e e ) B R I G )
(¢g— 1)
1 1 1 ]
_ (@tg ) (@4q7%) | @t (atg ) (a4q M)
(¢— 1)
qg"—1 1 —n] 1
—= =|—n
q— 1 (.I' + q—(n—‘rl)t)g—‘rl (l’ + q—(n—‘rl)t)g—i-l
and from (G.2) we get desired result. [
Proposition H.2.0.7
—cln
Dy(z +ct)," = £ ] (x + cqt);(”“). (H.7)

Proof H.2.0.8 By using the equality (G.2) we have

"= - (H.8)

-
(@ +ec )q (x + cq—”t)g’

and we write
1 1 1

(x4 cq—nt)r B ™ (q"r + )

(H.9)
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According to (G.6) the following identities is valid

1 [
D, Go e (H.10)

By using this identity

1 D 1 B —c[n] B —c[n|
g (q"x +ct)n g (qra + ct)n+l Cg(x + cqt)ptt

Dt(w ‘I’ Ct)q_n =

From the identity (G.2)we obtain

—c[n]

n

Dy(x +ct)," = (x + cqt);("“).
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APPENDIX I

QQ-BERNOULLI NUMBERS BY AND B¢

Here we calculate first two even g-Bernoulli numbers from Section 12.8.2. By

definition of g-exponential functions we expand the generating function as

Eq(%) (eq(%) —eq(—

))

[\SJEN

z
(1 +5+ ‘125[22]1 + q32§[z]! + q6242[1}! + ) (Z + 222[?51! + 242[55]! + >
q | pa g 2 g 2t
1
z 1 1 3 6 1
143+ 22 (W + ﬁ) + 28 <23[3]! + 23?[3]!> + 2t (24[2?![3}! + i T 24[5}!> o

1
1+ 35+ A22+ B23 + Czt + ..

=1- <§+A22+Bz3+024+...>

C VAL BA O+ S L AL+ BA+ O+

2 3
* Q >_<2 )
z 2 3 4 4
+ (5—%Az—%Bz 42 +.”) 4o (L1)
where [ ]
4
A:%mr
233
_ [Bl¢®+1 q
C=mn T aEEn
For term 22 we have
ol el 1 1
A+4 —b2[2}' = b) = 1 ([2] 3] q>
and
1 1
q_ - -
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For term 2* we get

_C+A2+B_ZA+1_6 :b?LW =
= (B0 -+ 5~ = ) (2
and as a result
= i (1= 2 = - )
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APPENDIX J

ZEROS OF 51Ny X FUNCTION

We consider the following relation between ¢-trigonometric functions and g-Bernoulli
numbers

o0 22 n-l (1 — q2””—2> 2 4,4
x2 x2 —4al 2%x
zeotyr =1—[2q g - : o +... (D

In section 12.8.2 we found relation between zeros x;, of ¢-sine function and b? at order

2?. Now we will find relation at the order 2%, this why let us call

1’2

x_%zgna

then the above expression is written in terms of ¢ as follows

n— 1

zeotyr =1—[2 qz H — 0% =1-10] 2x +bq—4x+ J.2)
g Lm0

For simplicity we denote

Ei 1—[11—612&’

nk:l 1_&6

then open form of the above expression gives

&1 & (1—¢%) & (1—¢%) (1— %)
dE et s TG 1o 16
gn (1 - q2£1) (1 - q2£n71)
+ ...—l—l_gn -6 " 1-€., + ... J.3)

243



For | % = |€,| < 1, Taylor expansion of the above expression is

A= GA+4+§+.)+601+L+E+.) 1+ -Pa+ 1 -+ )
+ GA+&6+E+. )1+ 1-P)a+ 1 -G+ )
(1+(1-)a+1-)E+.) + ...
+ L +6+E+.) I+ 1=+ (1= +.) + ... (J.4)

Here we should consider just £2 terms to collect order 2%, so we denote

B = E+&6+..+8+ .. +660-)+6801 - ) +E&(1—¢°) + ...
+ ’Snfl(l_q2>+€n’£2(1_qQ)+"'+€n£n71(1_q2>+-'-

_ ng (1-¢) 1.5)
where
C= ZflflmLZfzflmL o+ Z Enbi + - (1.6)
k=n+1

By

ka =S

k=1
and

lim S, =5,

then we can write the sums as

kazs

Z&—ka L=5-5
Z&zZ&—&—&ﬁ—&
k=3 k=1

> &=5-5. 1.7
k=n
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Rewriting (J.5) in terms of .S, we obtain

B = S4+(1—-¢)(E(S=5)+&(S =)+ .. +&(S—Sn) +..)
= P+(1-) (P -a&a—&GE+E) — . &b+t + &)

= 24+ (1-¢) < 2:@+Iﬁ (1.8)

where
D=6 -6 +E&)— o =&+t +61) + J.9)

or

D = —51(52 +&+ ...+ §n) - 52(53 +&+ ..+ §n) — e — gn(fn_H + ) —

Comparing with (J.6) we find D = —C| then by equating (J.5) and (J.8)

B=5+(1-¢ ( }:@ >_ +(1—¢)C, (J.11)

we get
Lo 1 2
= = ——§ : 12
C 25 2k:15k (J.12)

It gives

B = ng 1—q
1 o0
= Z§2+(1—q2) (552—52513)
k=1 =1
o ¢ —1 = 2 ¢ -1 2
= (L+—§—)%;§;—C—?—>S. (J.13)

For z* term then we have )
2
bigﬁx4:—{ﬂq3, (J.14)
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and substituting &, = i—z and S =) 7" &= o,y i—z in B, finally we obtain
k k

=1\~ 1 8¢ -1 4, 16,

where o .
=1 (-5 -9).

(J.15)
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