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ABSTRACT

EXACTLY SOLVABLE GENERALIZED QUANTUM HARMONIC
OSCILLATORS RELATED WITH THE CLASSICAL ORTHOGONAL
POLYNOMIALS

In this thesis, we study exactly solvable generalized parametric oscillators related
with the classical orthogonal polynomials of Hermite, Laguerre and Jacobi type. These
quantum models with specific damping term, frequency and external forces are solved
using Wei-Norman Lie algebraic approach. The exact form of the evolution operator is
explicitly obtained in terms of two linearly independent homogeneous solutions and a par-
ticular solution of the corresponding classical equation of motion. Then, time evolution
of wave functions and Glauber coherent states are constructed. Probability densities, ex-
pectation values and uncertainty relations are found and their properties are investigated
according to the influence of the external forces. Besides, some examples with explicit
solutions are given and their plots are constructed for the probability densities and uncer-

tainty relations.
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OZET

KLASIK ORTOGONAL POLINOMLARLA ILGILI TAM
COZULEBILEN GENELLESTIRILMIS KUANTUM HARMONIK
OSILATORLER

Bu tezde Hermite, Laguerre ve Jacobi tipi klasik ortogonal polinomlarla iligkili
tam coziilebilen genellestirilmis parametrik osilatorler calisilmistir. Bu 6zel soniimleyici
terimli, frekansh ve dis kuvvetli kuantum modeller Wei-Norman Lie cebri yaklasimi kul-
lanilarak ¢oziilmiistiir. Evrim operatoriiniin tam formu buna karsilik gelen hareket den-
kleminin homojen iki lineer bagimsiz ve bir 6zel ¢6ziimii cinsinden agikca elde edilmistir.
Daha sonra, dalga fonksiyonlarinin ve Glauber es uyumlu durumlarinin zamanla evrimi
insa edilmigtir. Olasilik yogunluklari, beklenen degerler ve belirsizlik iligkileri bulunmusg
ve bunlarin 6zellikleri dig kuvvetlerin etkisine gore incelenmistir. Bunun yani sira, agik
cOziimlii baz1 ornekler verilmis ve bunlarin grafikleri olasilik yogunluklar1 ve es uyumlu

durumlari i¢in olusturulmustur.
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CHAPTER 1

INTRODUCTION

The standard harmonic oscillator is one of the most important physical models.
In this model, a particle is subject to the restoring force proportional to the distance.
For more realistic situation, one can consider the damped quantum oscillator with an
addition of a frictional forcing term. It can be formulated as a quantum model with time
dependent mass (Caldirola, 1941), (Kanai, 1948). Time evolution of quantum systems
with time-variable parameters has been studied in many works (Lewis, & Riesenfeld,
1969), (Khandekar, & Lawande, 1979), (Pedrosa, 1997), (Dantas, & Pedrosa, & Baseia,
1992), (Fernandez, 1989), (Yeon, & Pandey, 1997), (Song, 1999).

The quantum harmonic oscillator with explicitly time-dependent Hamiltonian is
one of the most fundamental models. It has applications in various areas of physics such as
quantum optics (Colegrave & Abdalla, 1981), (Pedrosa, & Rosas, & Guedes), quantum
fluid dynamics (Nassar, 1984), ion-traps (Malkin, & Manko, &Trifonov, 1979), and
cosmology (Sakharov, 1965). It is a useful model also in quantum information (Schleich,
& Walther, 2007) and quantum computation (Sarandy, & Duzzioni, & Serra, 2011). As
known, the Caldirola-Kanai quantum oscillator has exact solutions and is used to study
dissipation in quantum mechanics (Dekker, 1981). To obtain quantum states of a time-
dependent oscillator, several methods have been developed, such as path integral method
(Feynman, 1951), the Lewis-Riesenfeld time invariant method (Lewis, & Riesenfeld,
1969), the Wei-Norman dynamical symmetry method (Wei, & Norman, 1963), etc.

Quantum systems with the generalized quadratic Hamiltonian and time-variable
parameters can be solved using the several approaches given above and formal solutions
are obtained. But exact solutions are investigated mostly for the driven Caldirola-Kanai
oscillator. In (Biiyilikasik & Pashaev& Ulag-Tigrak, 2009) exactly solvable models with
specific damping and frequency are introduced in terms of the quantum Sturm-Liouville
problems for the classical orthogonal polynomials. The aim of this thesis is to provide
exact explicit solutions of the general quadratic oscillator models related with the clas-
sical orthogonal polynomials. For this, we use Wei-Norman algebraic approach (Wei,
& Norman, 1963), also known as evolution operator approach. This technique is useful
for solving evolution problems whose Hamiltonian is a linear combination of generators

of a finite dimensional Lie group, so that the evolution operator can be represented as a



product of exponential operators. The thesis is organized in the following way:

In Chapter 2 we give the definitions of some basic tools and their properties which
are useful for our further studies. Also, we mention about the fundamental postulates of
quantum mechanics and some of their consequences.

In Chapter 3 we introduce the IVP for the time-dependent Schrodinger equation
related with the standard Hamiltonian Hy = p*/2m + (mw?/2)§*. To solve this problem,
we first find the eigenstates of Hy. Then we give the solution of the IVP in terms of these
states. Also, we recall the definitions of coherent states for standard harmonic oscillator
and review some of their properties.

In Chapter 4 we introduce the quantum evolution problem related with the general
quadratic Hamiltonian with time-dependent parameters. Using Wei-Norman algebraic
approach, we obtain the evolution operator explicitly, in terms of two linearly independent
homogeneous solutions and a particular solution of the corresponding classical equation
of motion. Then, using the exact evolution operator we find the corresponding wave
functions and probability densities. Also, we obtain time evolution of Glauber coherent
states under the generalized evolution operator. We show that time-evolved coherent states
of the generalized harmonic oscillator are the eigenstates of time-dependent annihilation
operator. Furthermore, we obtain the position and momentum operators in Heisenberg
picture, and find the expectation values and uncertainty relation in wave functions and
coherent states.

In Chapter 5 we introduce the generalized oscillator models related with the clas-
sical orthogonal polynomials. The original frequency w?(¢) of these models depends on
the eigenvalues of the related Sturm-Liouville problem. Moreover, the mixed term pa-
rameter B(f) modifies the original frequency and by the special choice of this parameter,
we obtain the modified frequency Q?(¢) in terms of different eigenvalues of the same
Sturm-Liouville problem. Then, we define the Hermite type generalized quantum oscil-
lator including also the linear external terms. We find the solution of the corresponding
classical equation of motion with specific initial conditions as a linear combination of a
Hermite polynomial and a confluent hypergeometric function of the first-kind. We also
give examples with explicit solutions of Hermite type general oscillator with and without
linear external terms. And we discuss their properties according to the influence of the ex-
ternal terms. Illustrative plots are constructed for the probability densities and uncertainty
relations.

In Chapter 6 we formulate the Laguerre type generalized quantum oscillator. By

the special choice of the mixed term parameter B(¢), the corresponding classical equation



of motion is a forced Laguerre differential equation. Assuming the total force of this
equation is continuous for ¢ > 0, solution of the quantum oscillator is written in terms of
two linearly independent homogeneous solutions and a particular solution satisfying some
initial conditions. Furthermore, we give some examples of Laguerre type generalized
oscillator with exact solutions and their plots are analyzed according to the influence of
the linear external terms.

In Chapter 7 we define Jacobi type generalized quantum oscillator. Here, we treat
explicitly two special cases, the Legendre generalized oscillator and the first-kind Cheby-
shev oscillator. For the Legendre type oscillator, we obtain the homogeneous solution
of the classical equation of motion, which is a forced Legendre differential equation, as
a linear combination of a Legendre polynomial and a Legendre function of the second
kind. For the fist-kind Chebyshev oscillator, we introduce the homogenous solution of
the classical oscillator as a linear combination of Chebyshev polynomials of the first and
second kind. And for each oscillator type, we give examples with exact explicit solutions
and discuss their properties.

In Conclusion we summarize the main results obtained in this thesis.



CHAPTER 2

PRELIMINARIES

This chapter consists of basic concepts about Hilbert spaces, linear operators and

quantum mechanics which are used in the next chapters.

2.1. Hilbert Space

Definition 2.1 Let X be a vector space over the field I.

(@) A mapping (.|.) : X X X — F is called an inner product in X if Vx,y,z € X and

Va € I the following conditions are satisfied:

(i) (x|x) > 0 and (x|x) = 0 if and only if x = 0;

(ii) (ax+ylz) = alxlz) + (Ylz);

(iii) (x[y) = (y|x)* (* denotes the complex conjugate).
(b) A vector space with an inner product defined on it is called an inner product space.

(c) A complete inner product space is called a Hilbert space.

Proposition 2.1 An inner product space is a normed space with a norm defined by

lIxll = v {xlx).

Theorem 2.1 (Cauchy-Schwarz inequality) For any two elements x and y of an inner

product space X over I, we have

[l < Al Iyl

where the equality |{x|y)| = ||x|||[yl| holds if and only if x and y are linearly dependent.

Definition 2.2 Let X be an inner product space. Then



(a) the vectors x and y in X are called orthogonal vectors if {x|y) = 0,

(o)

~ 1 in X is called orthonormal sequence if

(b) the sequence {x,}

0 ifi#]

(xilx;) = e
if i=].

Definition 2.3 An orthonormal sequence {x,}, in a Hilbert space H is called an or-

thonormal basis if (x|x,) = 0 for all n € N implies x = 0.

[Se]
n=1

Definition 2.4 An orthonormal sequence {x,}°, in a Hilbert space H is called complete

(total) sequence if the set

span{x,}>. | = {Z a/kxk|n eN,q; € C}

k=1

is dense in ‘H, that is if span{x,} = H.

Proposition 2.2 Let {x,}>, be an orthonormal sequence in a Hilbert space H. Then

{x,):2, is an orthonormal basis for H if and only if {x,}>. | is a complete sequence for H.

Theorem 2.2 Let {x,}>", be an orthonormal sequence in a Hilbert space H. Then the

following statements are equivalent:
(@) {x,}>2, is an orthonormal basis for H;

(b) for every x € H, one has the unique representation

v= St

n=1

(© Y Kxlx)P =l (Parseval’s Identity).
n=1

Definition 2.5 The space L*(R) is the space of all complex-valued functions f(x) for

which
1/2
I = ( f F@Pdz) <o,



Then the function f(x) is said to be square integrable. For any two functions f(x), g(x) in
L*(R) the inner product is defined by

(flg) = f Fe(dx.

The space L*(R) is a Hilbert space, that is, it is complete inner product space.

2.2. Linear Operators

Definition 2.6 Let X and Y be two normed spaces. An operator T : X — Y is said to be

linear if for all x,,x, € X and o, € I,
T(ax) +Bxa) = aT (x)) + BT (x2).

Definition 2.7 Let X and Y be normed spaces and T : X — Y be a linear operator. Then,

T is a bounded operator if there exists a real number ¢ > 0 such that
\Tx|| < clixll for all x € D(T).

Theorem 2.3 Let H; and H, be two Hilbert spaces over the field . Then for every
linear bounded operator T : H, — H, there exists a unique linear bounded operator
T : H, — H, such that

(Txly) = (xXITTy) VYxeH,, YyeH, and |T7) = ||T].

Definition 2.8 Let T be a bounded linear operator on a Hilbert space H. The operator
Tt H — H defined by
(Txly)y = (xT"y) Vx,yeH

is called the adjoint operator of T and if T = T7, then T is called self-adjoint.

Theorem 2.4 Let T be a bounded self-adjoint operator on a Hilbert space H. Then,



(@) all eigenvalues of T are real,

(b) eigenvectors corresponding to distinct eigenvalues are orthogonal.

Definition 2.9 A bounded linear operator U : H — H on a Hilbert space H is said to

be unitary if U is one-to-one, onto and U™ = U~", or equivalently

00 =00 =1

Definition 2.10 An operator T:X — Y, where X and Y are normed spaces, is called an
unbounded operator if there exists a sequence {x,} € D(T) with ||x,|| = 1 foralln e N

which implies 1T x,|| = oo.

Definition 2.11 An operator T defined in a Hilbert space H is called densely defined if
its domain is a dense subset of H, that is, D(T) = H.

Definition 2.12 (Adjoint of a densely defined operator)
Let T be a densely defined operator in a Hilbert space H. The adjoint TY of T is the

operator defined on the set of all y € H for which {Tx|y) is a continuous functional on

D(T) and such that

(Txly) = (X|T"y) forall x € D(T) and y € D(T).

Definition 2.13 Let T be a densely defined linear operator in a Hilbert space H. Then,

(@) T is called symmetric (Hermitian) if

(Txly) = (xITy) Vx,y € D(D).

In other words, T is symmetric if T c TT, which means T = TT on Z)(T), and
D(T) c D),

(b) T is called self-adjoint if T = T*, which means (T'xly) = (x|Ty) Vx e D(T), ¥y €
D(TTY and D(T) = D(T).



2.3. The Fundamental Postulates of Quantum Mechanics

In this section, we present the basic principles of quantum mechanics as postulates

and some of their consequences.

Postulate 1 The state of a quantum mechanical system is completely specified by a wave

function Y(x, t) in a Hilbert space.

According to the probabilistic interpretation of the wave function, the probability

that a particle lies in the volume element do- located at x at time ¢ is
p(x, tydo = ¥V (x, )Y (x, Hdo = |P(x, Hdo,
and since the probability of a particle being somewhere in space is one, we have

f P(x, )Pdo = 1,

(o)

which in fact is the normalization of ¥(x, t), that is, |[¥(x, H)|* = 1.

The function p(x, t) = [P(x, )|? is called the probability density function.

Postulate 2 7o every physical observable in quantum mechanics, there corresponds a
linear Hermitian operator A in the Hilbert space. Conversely, to each such operator in

the Hilbert space there corresponds some physical observable.

As a consequence of this postulate, a quantum observable is mathematically rep-
resented by a linear Hermitian operator on a Hilbert space and there is one such operator
for each quantum observable such as the position, the momentum, the energy, and so on.

Some examples of Hermitian operators are:



Observable Classical quantities Quantum operators

Position X X (multiplication by x)
Momentum p=my p=—in
Potential Energy V(x) V(x) (multiplication by V(x))
Kinetic Energy T = 1m? T = g; = ;‘; 59;2
Hamiltonian ~ H(x,p) = 2 + V(x)  H(x,p) = -2 1 V(x)

Table 2.1. Physical quantities in classical mechanics and the corresponding quantum
mechanical operators.

Postulate 3 In any measurement of an observable associated with the operator A, the
only values that will ever be observed are the eigenvalues A,, that satisfy the eigenvalue
equation

Ay, = A, n=0,1,2,....

This postulate asserts that if the system is in an eigenstate i, of A with eigenvalue
A,, then any measurement of the observable A will always yield the value 4,,.

Although measurement will always yield an eigenvalue A, the initial state does
not have to be an eigenstate of A, so we do not know which eigenvalue it is. What we can

predict is the expectation value of A, which is defined as follows:

Definition 2.14 The expectation value (A) of an observable operator A in the state y of
a physical system is defined by
(A)y = WIAW).

Note that, since expectation value must be real, it shows why A must be Hermitian.

As a consequence of the third postulate, if {i,,} is a complete set of eigenfunctions
corresponding to A such that Wby = O6pm and |Y,(x)|| = 1 forallm = 0,1,2,...,
then {y,} forms an orthonormal basis in the associated Hilbert space. So any arbitrary
state ¥(x, ) can be expanded in terms of eigenvectors {¢,} as Y(x,1) = X", cafu(x) =
> (W, Then from Parseval’s identity, we have Yoo, [c,* = Yoo, Kulw)l? = lylP? =

1. In that case;

Ay = (w|A|y) = <chwm

n=1



The probability of observing the eigenvalue A, is p, = |c,|* = Yl,)?, if A is in the state
v.

This postulate also implies that, after the measurement of A the wave function
¥ collapses into the eigenstate {y,} corresponding to A,. Thus the act of measurement
affects the state of the system.

In terms of the expectation value of A, we define the mean square deviation, (M)w,

which measures the dispersion around the mean value (A)w.

Definition 2.15 The mean square deviation (or uncertainty) (AA)¢ is defined by the
square root of the expectation (mean) value of (A — (A)w)z in the state Y in which <A>¢ is

computed.
Theorem 2.5 For any Hermitian operator A and any normalized state s, we have
(a) (AA); = (A%), —(A)],

(b) (A%, = ||Ay]P.
Proof

(a) By using the fact that the states i are normalized, we obtain

(AA)Y

(A=A, = WIA = (A))y) = WIA® = 24¢A), + (A )
WIA*Y) — 2 A) WIAY) + (AY(wly) = (A%, — (A);.

(b) Since A is Hermitian,

(A%, = WANY) = (AylAy) = || Ayl

Definition 2.16 Let A and B be two linear operators on a Hilbert space H, then the

commutator of these operators is defined by

A

[A, B] = AB - BA.

10



From the definition, we have [, p] = ih, where X is the position operator, p =

—ih(0/0x) is the momentum operator and 7 is the Planck constant.
2.4. The Heisenberg Uncertainty Principle

Theorem 2.6 (Uncertainty Principle) Let A and B be two Hermitian operators on a

Hilbert space H, then for any state vector

o | A
(A)y(AB)y 2 SI([A, BD) |
Proof We have (AA), = |I(A - (A)yll, and (AB), = |[(B—(B))yl. So using these we get

(AA),(AB), = A - (A)WIlIB - Bl

|{((A = (AWY|(B - (B)y)|, by Cauchy-Schwarz inequality,
= WA - @A)B - B

> [Im WA - (A)(B - (B)ly)|

1 A AR A P S
= WA = A)B —(B)) = (B —(B)A — (A)W) |

\%

1 A | A
= 5' WIA, Blly) | = §|<[A,B]>I.

O

Corollary 2.1 For any state vector s, the Heisenberg uncertainty principle states that

R R h
(AR)y(AD)y = R
Proof Since X and p are Hermitian operators and since [X, p] = if, we can apply the

Uncertainty principle to these operators and obtain

1 h
(ADu(Ap)y 2 ZUIE D] = 5.

O

Definition 2.17 States which the Heisenberg uncertainty principle holds with equality

are called the minimum uncertainty states.

11



Postulate 4 If a physical system is not disturbed by any experiment, the Hamiltonian
operator H determines the time evolution of the state vector of the system Y(x, t) through

the partial differential equation

oY .
h— = H¥(x, t).
ih— (x, 1)

This is called the time-dependent Schrodinger equation, and represents the funda-
mental equation of motion in quantum mechanics first discovered by Erwin Schrodinger
(1887-1961).

2.5. The Evolution Operator
If we consider the Schrodinger equation

ingW(x,1) = HW(x, 1),
Y(x, 10) = Yo,

2.1

the wave function solution ¥(x, 7) of this problem can be obtained by applying an evolu-

tion operator U(t, 1) to the initial state W(x, o), that is

W(x, 1) = U(t, to)P(x, to). (2.2)

As we know, a state must be normalized, that is ||W(x, #)|| = 1 for all ¢. Therefore, normal-

ization does not depend on time and this implies that

1= (P(x, DI¥(x, ) = (Px, 1) 0T UM (x, 10)) = (P, 10)¥(x, 10))

so that UTU = I. Thus, we conclude that U(z, 1) is a unitary operator. Also, the operator

U(t, 1) does not depend on ¥(x, 7). Consequently,

Y(x,1) = U(lz, ¥(x, 1) = U(fz,fl)U(ll, 10)¥(x, 1) = 002,1?0)‘1’(% fo).

12



Therefore, the evolution operator has the property
U(tr, to) = Uta, 1)U (11, 19). (2.3)

From the equation (2.2), we have that U(z, 1) = 1. So, U(t,10))U(ty, ) = U(ty, HU(t, 1) = 1,
which means U~'(¢, o) = U(1, 1).

Replacing 1, by ¢ and t, by # — 6t, where 6t is infinitesimal in (2.3), we obtain
Ut to) = U(t, t — 50)U(t - 6t, 1). (2.4)
Now, U (t,t — ot) 1s an infinitesimal unitary operator, which may be written in the form
Ut,t-ot)=1- %&Fl(t), (2.5)
Substituting (2.5) into (2.4), we get
U(t, t0) = U(t — 6t,19) — %&H(r)[](t — 3t, 1)

or

| BN A 1 ~ A
li —Ul,t —Ut—5l,[ :,—HIUI,I .
lm 5t[ (t, 1) ( 0] p O U(t, 1)

Thus, we obtain the corresponding operator equation

ih2U(t,10) = HOU(, 1),
Mo ( O)A OU(, 1) 2.6)
U(to, 10) = 1.

We note that, if the Hamiltonian is time-independent, then U(t, ty) = e~ -H , and

Y(x,1) = e #0OHP(x, 1,). But if the Hamiltonian depends explicitly on time, then we
have U(, 1) = ¢ Jo 4
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2.6. Lie Group and Lie Algebra

Definition 2.18 A group G is a set together with a binary operation * : G X G — G with
the following properties:

a) gx (hxk)=(g*xh)xkforall g,h, k € G, that is, x is associative.
b) There exists a unique element e € G called the identity such thate x g = g x e = g.

c) For every element g € G, there exists an element g~', called the inverse of g, such

thatgxg'=gl=glxg=e.
If % is commutative, i.e. g x h = h % g for all g,h € G, then G is called an abelian group.
Definition 2.19 An algebra A over C(or R) is a vector space over C(or R), together

with a binary operation AX A — A, called multiplication. The image of (T,S) € AX A
under this mapping is denoted by TS, and it satisfies the following two relations

T(aS +bU) =aTS + bTU,

(aS +bU)T =aST +bUT
forall T,S,U € Aanda,b € Clor R).
Definition 2.20 A Lie group G is a differentiable manifold endowed with a group struc-
ture such that the group operation G X G — G and the map G — G given by g — g

are differentiable. If the dimension of the underlying manifold is r, we say that G is an

r-parameter Lie group.

Definition 2.21 A Lie algebra is a vector space over some field I (R or C) together with
a binary operation |[.,.] : L X L — L, called the Lie bracket, which has the following

properties:

a) Bilinearity

[aT + bS,U] =alT,U] + b[S, U],

[U,aT + bS] =alU,T]+b[U,S]

b) Jacobi identity
[[T,S1,U]+[[UT],S]+][[S,UL.T]=0

14



¢) Antisymmetry
[T,S]=-I[S.T]

foralla,be ¥ andT,S,U € L.

Example 2.1 The operators E, = ig, E, = 8/8q, Es = il generate Heisenberg-Weyl

algebra with the given commutation relations:
[E1,E2] = -Es, [E1,E5]1=0, [EyE5]=0.

Example 2.2 The operators

. i & L L1 0 1
K— = —= N K = — 2, K = — J— —_
3 007 + =54 0 2(q8q + 2)

generate su(1,1) algebra with commutation relations
(K K. =2K, [Ki Kol =-K., [K.Kol=K.

Example 2.3 All the operators E\, E,, E;, K_, K, and K, generate a Lie algebra with

commutation relations given in the previous two examples and

PO LA . PN 1.
[EZa K—] = 0’ [EZ’ K+] = Ela [E29 KO] = EEZ’

[£:,K1=0, [E3,K.]1=0, [E3 Ko]=0.

15



CHAPTER 3

STANDARD HARMONIC OSCILLATOR

In this chapter, we find the eigenstates of the standard Hamiltonian A, = p?/2m +
(mwj/2)§* and we give the solution of the IVP for the time-dependent Schrodinger equa-
tion corresponding to Hy. Then coherent states of the standard harmonic oscillator (Glauber

coherent states) and their properties are examined.

3.1. Solution of the IVP for the Time-Dependent Schrodinger

Equation

We consider the IVP for the time-dependent Schrodinger equation

2% (g, 1) = Hy?P,
or (q ) 0 (31)
lP(q’ tO) = lPO(Q)’ —00 < q < 00,
related with the standard Hamiltonian
N n 0? 1
Hy = ——— + ~mwii’, (3.2)

where m is the constant mass and wyj is the constant frequency. Since H, does not depend
on time, then we can solve the IVP (3.1) by the method of separation of variables. So we

look for solutions of the form

W(g,1) = (@) f (1), (3.3)

where ¢ is a function of ¢ alone, and f is a function of ¢ alone. Substituting the equation

(3.3) into the Schrodinger equation, we obtain

df W dyp, mwj
L df _ R dy  meg
" 2m dq2f+ 2
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Dividing through by ¢f:

LLdf W 1dp mej

4 34
“rdar T 2medp " 2 1 4)
Now, the left side of the equation (3.4) is a function of ¢ alone, and the right side is a

function of ¢ alone. This is true only if both sides equal to a constant, £. Then, we get
f(t) = eTiE), (3.5)

Also, we have
W&y moj o,
-———+—q¢=Eg,
dmdg T 2 1¥TF¥
which is in fact an eigenvalue equation for H,, that is I:IO¢k = Ei k.
The eigenstates of the standard Hamiltonian can be determined using the ladder

operators given by

mwo \!/? _ 1 1z
i = (Z) 7, 5 3.6
¢ ( 2 ) q+l(2mw0h) % (3.6)

. (mwo)l/zA_l. | 1/2
“ 2 ) T N\ 2mawon

Here, a is called the annihilation operator, and a' is called the creation operator. The

(3.7

>

Hamiltonian (3.2) can be expressed in terms of these operators as

H2 + i[A A]_L[f[ _1
P th’p_ha)o 0 2

Thus, Hy = fiwy (&T& +1/ 2) . The operators &, a" and Hj satisfy the following commuta-

tion relations which will be useful for us,
[a,a"1 =1, [a& Hol = hwot, [a', Hyl = —hawod.

Imagine that ¢(g) is the k-th eigenstate of H, corresponding to eigenvalue E;, then we

17



claim that &' (q) is also an eigenstate:
Ho@'¢1) = (@"Ho + hwod e = 8" (Exp) + Tiwed" o1 = (Ex + hwo)a’ ¢y

This proves our claim, that a'¢(¢) is indeed an eigenstate of H, corresponding to eigen-
value E;+%w,. Likewise, we find that ap,(q) yields I:IO(&gok) = (Ex—hwy)a’ i. Repeatedly
applying creation and annihilation operators to eigenstates of H,, we can generate new
eigenstates, with a' raising the energy, a lowering it and the change in energy is always
hw,. Because of our choice of potential, the energy must be positive, so there must be a
lower limit on the energy, such that ago(g) = 0. Then a'ag, = (Ho/(hwo) - 1/2) @o = 0,
that is Hypy = (fiwy/2)py. Therefore, the minimum energy of the standard harmonic os-
cillator is (fiwy)/2. Additionally, for normalized eigenstates {¢:}, k = 0,1,2,..., of the

Hamiltonian (3.2) we find the following relations
age = Vg, a'or = Vi + Lo,  alag, = ke

The normalized eigenstates of the standard harmonic oscillator are found by start-

ing with the ground state agy(g) = 0, such as

[mw [ 1 [mwy f ho0
0 = —_— 0 i D = —_— —_— = 0’

Solving this first order differential equation results in the following expression for the

ground state @g(q) = Noe™™=0/@4* By doing normalization,
_ e [ ey
1 = lleo(@II” = |Nol f e 7 1dg,

we can find Ny = (mwo/7h)"* . So the ground state of the standard harmonic oscillator is

mw0)1/4 _mwgy o
e

vo(q) = (ﬁ wd (3.8)
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Therefore, other states are constructed by applying the raising operator to state (3.8) as

follows

k
_ ik _ mwo)l/“ mwy h ﬁ _mog
ek(q) = (@) po(q) (—ﬂh ‘/—27_1 q e 94 e,

Substituting V(mwo)/hig = & we obtain u(q) = Nee™$ 726512 (& — djdé) e €12, where
E2E = d]de)e € = Hi(€) represents the k-th order Hermite polynomial and Ny is
the normalization constant that can be found as N, = (25k!)"/2 (mw,/7h)"/* . Hence, the

normalized eigenstates of the Hamiltonian (3.2) are

h

1 1/4 mw,
or(q) = (mwo) _Oquk( el

\/zk—k! e o Tq)’ k:0’1925'..7 (3'9)

corresponding to eigenvalues E; = (k + 1/2)hw,.

Proposition 3.1 The ground state wave function of the standard harmonic oscillator rep-

resents the minimum uncertainty state.

Proof Using the relations § = VA/Qmwy)(a + a'), p = —iV(mweh)/2(a — a'), and

the fact that the wave functions are orthonormal, we find the following expectation values

N N / h . A
(@)o = {woldlepo) = T (pola + a'lpo) = 0,
mda

. . . [mwoh
(D)o = {polpleo) = —i 20

and

(pola — &"lpo) = 0.

Furthermore, we compute

PP Y P PO AV
(pold® + aa" + a'a + @'y |po)

/] i /]
= (pol2a*a + 1oy = ,
2mwy 2mawy

A2 _ A2 —
G = <(wolqleo) e,

mawoh
2

4

(P (@olP*lpo) = — (pola® — aa" — &' + (@")|po)

mwoh

= (ol = (2a"a + Dlgo) =

mawoh

2
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Now, the uncertainties in g and p are as follows:

h
(APR = (PP — (P = 2

AGY = (82 — ()2 =
Ay =G0 — (@) Doy’ >

Therefore, the Heisenberg uncertainty principle is (Ag)o(Ap)o = /2, which proves the

proposition. O

Proposition 3.2 The wave functions ¢ (q) (k # 0), of the standard harmonic oscillator

are not minimum uncertainty wave functions.

Proof Since the wave functions are orthonormal, we obtain that

. h .
(@ldlor) = \/—2 (pla + @'l
mawy

h
\/—2 (Vi (pilgi1y + Vi + 1{@ilgr1)) = 0,
mda

-~
>
N
>~

|

. . - mwoh o
Py = {elplory = —i 20 (pila — a'lgr)
- mwoh
= 1 20 (‘/E<90k|90k—1> — Vk+ 1{@lgrs1) ) = 0.
Also we calculate
@ = (@ld’lew) = 3 (pila® +aa" +a'a + @ lpr)
mda
7] R h 1
= (pel2d"a + gy = — [k + = |,
2mawy mawy 2
. R mwoh R A R ot
Pn = (@dpPlon) = == (pdd® — ad" ~a'a + @ Vi)
mwoh

1
= - (ol — Qa'a + 1)|(pk>:ma)0h(k+§).

Using the above results, the uncertainty relation can be found as

1
AP(Ap) = h(k+§), k=1,2,3,.--,
h
> j—
2
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Thus, it is not a minimum uncertainty. O

[Se]

o Of the standard Hamiltonian H, is an orthonormal basis

The eigenstates {¢(q)}
for L*(IR), so any initial wave function Wy(g) € L*>(R) has expansion of the form ¥y(q) =
Yo (Poler) ¢r(q). Thus, solution of the IVP (3.1) is explicitly

W(q.1) = FOPo(q) = > (Folp) F(Del9),
k=0

where

Pu(g, ) = fO@i(q) = e Mg (q), k=0,1,2,--.

The corresponding probability density functions are then

pk(q’ t) = |\Pk(q’ t)lz = N26—$42H£ ( 1 , %Q) » k = Oa 172’ .

3.2. Coherent States of the Standard Harmonic Oscillator

Glauber coherent states have many useful physical and mathematical properties,
and they can be defined in different, but equivalent ways, (Glauber, 1963), (Perelomov,
1986), (Nieto, & Simmons, 1979).

3.2.1. Minimum Uncertainty Coherent States (MUCS)
Minimum uncertainty coherent states are defined as states ¢(g) satisfying
N R h
(ACI)¢(AP)¢ = 5,

and therefore they are closest to the classical states. To find ¢(g) in closed form, we first

define the Hermitian operators O = § — @y > P=p—( P)4 - Then by the definition (2.15),
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we obtain that

(@1Q%1¢) ($IP*|¢)
(0¢10¢) (PgIPo)
1(Q¢|Pg) |, (by Cauchy-Schwarz inequality),
|(¢I0PIg) I
‘)

I An  an
(o] 300+ 0)
Now, the inequality in Cauchy-Schwarz becomes equality if and only if both functions

(AQ)5(AD);

Y

2

| A
¢>+<¢’§[Q,P]

are linearly dependent, that is,
Pp = 10¢ (3.10)
for some 4. And we want to have

2 h2

4 )

(D = | <¢ 107 '¢>
which implies the condition
<¢‘%(QP+13Q)‘¢> = 0. (3.11)
Substituting Eqn. (3.10) into Eqn. (3.11), we get

1 ~ A ~ A
5( (GIOPIS) + (J1POI) )

<
—_—
Il

1 AL A A A+ A A
= 5(©101109) + ei0) ) = ( . )<¢|Q2|¢> = 0.
Then A + A* = 0, that is A is pure imaginary. As a result,
(P = <P)y)d = UG — @)y )9, (3.12)
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where (p), , (@), are constants and A is pure imaginary. Substituting p = —if(d/dq) in the
equation (3.12), it reduces to an ordinary differential equation and solving this equation,

we find ¢(g), depending on A as

$1(q) = ce'M P15 a-@)”

Let A = ia, @ € R, and by doing normalization we obtain normalized coherent states of

the standard harmonic oscillator in closed form

1/4 i oz A
bo(q) = (m(’;;o) eh{Pad o= S (q—<q>a)2. (3.13)
T

3.2.2. Annihilation Operator Coherent States (AOCS)

Coherent states are known also as annihilation operator eigenstates, that is for
the operator a, the coherent states satisfy a¢,(q) = ad,(q), for any complex number

a = ap + ias, ay, ar—real.

Proposition 3.3 The oscillator states ¢,(q) satisfying

ado(q) = ado(q) (3.14)

can be represented in terms of energy eigenstates ¢, (q) of the standard harmonic oscilla-

tor as

& k
$a(q) = 2N Z (g, (3.15)

forall a € C.
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Proof Assume Eqn. (3.14) has solution of the form ¢,(q) = X 1o, ckp(q), where ¢, =
(Do(Dlpr(g)) . Taking the inner product of (3.14) by ¢ (g) gives

(A @ler(q)) = a{d(Dler(q)) .

That is,
@ {$a(@leu(@)) = (D@l or(@)) = (Bo(@)| Vk + 1gti1(9)) -

Then we get the equality (¢o(q)lgi+1(q)) = ak + 1) (¢ (q)lpi(q)), which gives ¢, =
(Do @Dler(@)y = (kD)™ (do(@)lgo(q)) . Thus, we can write

balq) = <¢a(Q)|900(Q)>Z v_mq)

By doing normalization,

[

(Palda)

| {Balgo) <

k=0

= 1{duleo) | Zk— [{Balgo) e = 1,

we obtain (d.lpo) = e /¢ where ¢ is the phase factor. W.Lo.g. choosing the phase

factor as 1 proves our proposition and also shows that coherent states belong to L*(R). O

Proposition 3.4 Coherent states do not form an orthogonal system.

Proof For any two complex numbers @ and 3, we have the following

B mwz e o (a)F o B >
(Paltp) = <zo] NAR mZO =
IS . oL

lof?

Similarly, we can write {(¢gld,) = e 2 +"ﬂ , and thus obtain the equation |(¢a|¢ﬁ)|

e~ from which we see that (@algpp) # O for any @, B € C. Therefore, coherent states
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are not orthogonal.

Proposition 3.5 The collection of coherent states ¢,(q) forms an overcomplete set for

any complex number «.

Proof The closure relation for coherent states can be found as

. . d2 f —\wlz - a"(a*)m ) ' d2
f|¢><¢| « (e ,;O«/M'“OW' @

oo

Z (f eﬂ|zan(a,*)md20) |()0n> <‘10m|.
Im!

m,n=0 n.m.

Let], = f ¢ 0" (@*Y"d2a, then writing « in polar form, @ = re® and d?e = rdrd®, gives

27 00 00 2
I, = f f e e e rdrdf) = ( f r"*’”re_’zdr) ( f ei(”_”’)gde).
o Jo 0 0

276,

If n =m,then I, = 2n fooo rre " dr = nn). Butif n # m, then I; = 0. It follows that

f|¢a> (pol d*a = Z’T’“ |on) {nl

|
s n.

and
1 .
- f|¢a/> <¢a| dza' =1,
m
which shows completeness of coherent states. m|

Now, we find the expectation values of position and momentum operators in co-

herent state ¢,(g) using the equations (4.52), (4.53) and (3.14) as follows

2h
(balqlba) = \/—al, (3.16)
mawy

(DolPlope) = V2mwoha,. (3.17)

N
>
N~
IS)

|

N
>
N
IS

I
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Then, expectations of squares are

2h h

@, = @+ a" )|y = —ai + , (3.18)
mawy 2mwy

(P, = m“’O <¢a|(A—A*> Iba) = 2mawoha? + m‘fh (3.19)

Hence, fluctuations of ¢ and p are found as (Ag), = Vi/(2mwy), (Ap)e = V(mwoh)/2,
and uncertainty relation is (Ag),(Ap), = hi/2. This shows that AOCS are MUCS.

3.2.3. Displacement Operator Coherent States (DOCS)

The coherent states ¢,(q) are also expressed in terms of the displacement operator
Dy(a), acting on the ground state and is given by Do(a) = ¥ =04 From Eqgn. (3.15), we

have
bulq) = e2F Z sok(q)—e zlot Z—(ab go(q) = 21+ 0y (g).

We rewrite this expression by using the Baker-Campbell-Hausdorff formula which states
that if X and ¥ are any two operators in a Hilbert space, that both commute with [)A( D% ],
then

oo oo o o
PR S QI 1 S P 8

Since the commutator of the operators aa’ and —a*a is [ad', —a*a] = —|e|* and it com-

mutes with both of these operators, Baker-Campbell-Hauusdorff formula gives
ea&'i'—a*& — e(z&"'e—a*&e—%lalz

Thus, using e"%p, = €° = 1, we obtain

—5la a/a adt —ata —Lla
balq) = e 21 gy = o1 g3 g

adl—a*a A

e o = Do(@)po(q).
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3.2.4. Time Evolution of Coherent States of Standard Harmonic

Oscillator

This section gives the explicit form of time-evolved coherent states of standard

harmonic oscillator.

Proposition 3.6 Time-evolved coherent state ¢,(q,t) is also an eigenstate of the annihi-

lation operator a.

Proof For standard harmonic oscillator the evolution operator is defined as U (t,1y) =

e~ #7Ho and we have UTaU = e7*a. So using these relations, we get

aUgu(q.10) = UUaU¢,(q,10) = U(e ™ @) (g, to)
U(e ™ a(to)pa(qs 10)) = € a(to)da(q, ).

ago(q,1)

Denoting a(f) = e “a(ty), we see that ¢,(q, ) is an eigenstate of & corresponding to
time-dependent eigenvalue a(?), that is ag,(q,t) = a(t)¢.(q,1). So it is also a coherent

state, showing that coherent states remain coherent under time evolution operator. O

Then, time-evolved coherent states for the standard oscillator are explicitly written

as
_iw, o2 - a(t)k
Golq, D) = e T O N = (),
2

where a(f) = e “a(ty).
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CHAPTER 4

GENERALIZED TIME-DEPENDENT QUANTUM
HARMONIC OSCILLATOR

In this chapter, we introduce the quantum evolution problem related with the
generalized quadratic Hamiltonian. Exact explicit solutions to this problem is given by
Wei-Norman algebraic approach. This technique is useful for solving evolution problems
whose Hamiltonian is a linear combination of generators of a finite dimensional Lie group,
so that the evolution operator can be represented as a product of exponential operators.
In this process, we obtain exact evolution operator and wave function solutions. Then,
time evolution of the Glauber coherent states under the generalized evolution operator are

obtained and discussed.

4.1. Quantization of the Generalized Quadratic Oscillator

The generalized Hamiltonian for classical oscillator with time-dependent param-

eters is of the form

2 2
Hyx,p.t) = 2— + £ DD > | Biyxp + D(t)x + E(op + F(o) 4.1)

2u(t) 2

We note that, since Hamiltonian is a total energy of the system, then the Hamilto-
nian H,(x, p, 1) in Eq. (4.1) must be written in phase space, i.e. energy space. That means,
the dimension of Hamiltonian must be in terms of energy dimension ML?/T?, where basic
quantities are M mass, T time and L position. In (4.1), first and second terms are already
of energy dimension. Third terms is right if the dimension B(¢) — 1/T is chosen. In order
to have D(¢), E(t), F(t) in energy space, they should be chosen in terms of basic quantities
as D(t) - ML/T? dimension, E(f) — L/T? dimension and F(f) — ML?*/T? dimension.

It is indicated that D(t), E(t), F(t) could not have been chosen only in time dimension.
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The corresponding equations of motion are

%= 2—21 = B()x + /% + E®), 4.2)
OH
D= TP —(u(Ow*(t)x + B(Op + D(1)). 4.3)

Then, we have the classical equation of motion in position space

) . 1 .
x+/ix+(w2(t)—(B+B2+/—l ))x:——D+E+(/—1+B)E, (4.4)
p u p u

the oscillator equation in momentum space

o)y (aﬁ(t) + (B B - (“L?B)) p=-D+ (("“f) + B)D CuE. (45)
Uw Uw ju;

We notice that, the parameter B(¢) of the mixed term in Hamiltonian (4.1) leads to modi-
fication of the original frequency w?(f), and the external parameters D(t), E(¢), and F(t),
all contribute to the forcing term of the oscillator. Replacing the canonical variables in

classical Hamiltonian (4.1) by the quantum operators,

pq+ap

xX—=q, p—p, xp— T (4.6)
we consider the evolution problem for the quantum harmonic oscillator
ih2¥(q,1) = H,(D¥(q, 1),
5 Y(g,1) = Hy()¥(q, 1) @.7)
\P(CI, tO) = lP()(q)’ —00 < g <,
with general quadratic Hamiltonian
2 2
A P Hw (), B@O) ... R R .
H,(1) + P+ —-@p + pd) + D(g + EMp + F(0)I, (4.8)

= 2u(r) 2 177
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where u(f) > 0, w?(t), B(t), D(t), E(t), and F(f) are real parameters depending on time.

4.2. The Generalized Evolution Operator
To solve the evolution problem

indW(q.1) = H()¥(q, 1),
P(g.10) = Yo(q), —o0 < g < oo,

we use the Lie algebraic approach. Indeed, the Hamiltonian (4.8) can be written as time-

dependent linear combination of Lie algebra generators

2
Hy () = —i (/%K_ + u(w*OK, + 2hB()Ky + DOE, + RE()E, + F(t)E3), (4.9)

where

A 0 A X
E; = ig, Ezza, Es =il

are generators of the Heisenberg-Weyl algebra, and

0o 1

. i 0° . i N 1
K_= K :—2’ Kyn=—-(g— + —
+ q 0 2(q8q >

29 > )

are generators of the su(1, 1) algebra. Then, the evolution operator for the general oscil-

lator can be written as product of exponential operators

Ug(ta tO) = UE(t7 tO)UK(t’ t()), (4 10)
where
A N aD B N B X N
Ur(t, 1) = eCOEs T Er b(f)Ez, Ux(t, 1) = ef(t)K+e2h(l)Koeg(l)K—’ 4.11)
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and f (1), g(t), h(1), a(t), b(t), c(t) are unknown real-valued functions to be determined from
the IVP, defining the unitary operator U ¢ that is

L d A A
lha Ug(t,19) = H(OU,(t,10), (4.12)
U ¢(to, o) = I
After performing time differentiation we get
(% U(l‘, ) = ((?E3 )ec‘(l)53e‘?él e—b(t)Ez ef(t)f<+ eZh(t)ko eg(t)f(— (4.13)

+ ec(t)E3(% El) o LBy -bOE> L fOR. 2hDKo L8R
4o OFs e$ﬁ1( _ Ez) o ~POE SfOR, 200K 8O-
4ot OBs 5By ~bE> ( iR, ) o/ DR 2O 5O
n ec(t)E"3 e%’)él e—b(t)E“z e FOR. (2h f(o) ezh(t)f(o eg(t)f(_

4ot OFs S5 Ey -bOE> L fOR, 2K ( ok ) S8

Now, we need to collect the exponentials in the right. For this, we use the Baker-

Campbell-Hausdorff relation:

Proposition 4.1 If A and B are two fixed non-commuting operators and & is a parameter,

then

o N R A 2 R A 3 . . A
¢ Be ™ = B + ¢[A, B] + 5[A, [A, B]] + g[A, [A,[A,B]]] +--- . (4.14)

Proof Let f(£) = é4Be™A,  f(0) = B. We need to expand f(£) in a Maclaurin series

in powers of &, so we first find the derivatives of f(£) with respect to & as follows:

% = AefABe_fA - efAlAge_fAA = [A,f(f)],

31



then (df/d&)|e=0 = [A, B]. Thus second derivative is found as,

2 f
dfz
- A(Aenge—fA _ efffge—fm) - (AefABe—fA - efABe‘fAA)A

df

_ [A, d—f] = [A.[A, f@,

= AzefABe_fA - ZAefAEe_fAAA + efABe_fAAZ

then (d2f/dé*)|e=o = [A, [A, B]]. Continuing in this fashion, we prove the identity (4.14).

O

So, using the above Proposition, we write Eqn. (4.13) in the form

d . o1 1., 1. .
=01 = zh[(c + —ab+ S0 + hab - fib?
1, I .
oo L oo L 109
+ge (2h2a hfab+2fb))E3
. . 1 N
+( —b—hb+ ge—%( - ca+ fb))E2
7
+( f=2fh+ fzge-”’)f(+

+2(h - fge-%)f(o + (ge—Zh)k_]ﬁg(t, o). (4.15)

L, . I A
+(—a ~ fb= ha+ 2fiib + ge-Zh(% fa- fzb))El

Using the equations (4.15) and (4.9), we compare both sides of the operator equation
(4.12) and obtain that U (1, 1) 1s solution of the problem, if the unknown functions satisfy

the nonlinear system of six first-order equations

2
f+//%f2+23(t)f+/'w 0, f(tn) =0, (4.16)
h
g+ me% = 0, g(tH) =0,

h+ if+B(t) = 0, h(t) =0.
()
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a+ B(ta + u()w* (b + D) = 0, a(ty) =0, 4.17)
b - B(t)b — ia —-E@® = 0, b(ty) =0,
()
I o EO s’ @),  FO)

C+2h,u(t)a + h a T - = 0, c(tH) =0

In fact, (4.16) and (4.17) are two independent systems, one for f,g,h and second for
a,b,c. System (4.16) can be easily solved by realizing that first line is an initial value

problem for the non-linear Riccatti equation, and using substitution

0 ="2(2 - pw),

it transforms to the classical homogeneous equation of motion
L B 2 a. p2, M _
x+—x+(w (H)-(B+B +—B))x—0, 4.18)
Jz 7
with initial conditions
x(tg) = xo #0, x(tg) = x0B(1p). 4.19)

Denoting by x;(¢), the solution of this IVP (4.18)-(4.19), solution of system (4.16) be-

comes

I LONESION

f@® = - (xl(t) B(r)), (4.20)
— 142 t

gt = —hxi(t) . N—(s)x%(s)ds,

h(t) = —In|x((H)] + In|x; (%)l
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Assuming all coeflicients in Eq.(4.18) are continuous on time interval containing #,, by

x,(#) we denote a second solution of Eq.(4.18) and using Abel’s formula, we obtain that

! 1
x (1) = cxl(t)f mdé‘ “4.21)

Since

r
R ) - =
g(t) = hxl(to)f #(S)x%(s)ds, g(to) = 0, (4.22)

using (4.21), g(¢) can be expressed in terms of these two independent solutions in the form

g(t) = hxl(’O)(xlm)'

Now, we find the initial conditions for x,(¢) so that g(#y) = 0 and g(ty) = —h/u(ty) as

xo(t9) = 0, Xao(to) = 1/u(to)x1(1).

This gives the solution of system (4.16) in terms of two linearly independent solutions

x1(¢) and x,(#) of the homogeneous equation as

ro = B2 (2D o) 423)
t
a0 = -mit(20)
x1(1)
h = -1 .
® ! x1(to)

On the other hand, we realize that in system (4.17), the equations for b(¢) and a(¢)
are the same with the classical equations (4.2) and (4.3) for x() and p(?), respectively.
Then, using first two equations in system (4.17), we obtain that b(¢) is solution of the

nonhomogeneous Eq.(4.4), with initial conditions

x(tp) = 0, x(ty) = E(1y), 4.24)
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and we denote this solution by b(f) = x,(¢). Similarly, it follows that a(t) = p,(t), where

pp(2) is solution of the nonhomogeneous Eq.(4.5) for momentum, with initial conditions

p(to) =0, p(to) = =D(%o). (4.25)

Then, solution of system (4.17) is found in terms of the two particular solutions x, and p,

as

alt) = pp), (4.26)
b(t) = x,(1),

I 2 E 2 F
o - [[o 2, g, s,

Writing p,(#) in terms of x,(7) the solution of this system becomes,

a(t) = (o) (%,(0) = Bx,(1) - E@). (4.27)
b(t) = x,(0.
can = o tu(s)[xf,<s>—2B(s>x,,<s>x,,<s>

HB ) - PO - B+ /%F(s)]ds,

showing that solution of the general oscillator is completely determined by solutions x;(?),
x2(1) and x,(¢) of the classical oscillator. We note that choosing different ordering of the
exponential operators in the evolution operator (4.10), leads to different formulation of
the system for the six unknown parameters. In any case, the system can be solved by
quadrature, but we can not always easily see its solution in terms of x;, x, and x,, as in

the present case.
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For later use, we will write x,(¢) in terms of solution x;(#) of the homogeneous

IVP (4.18)-(4.19) (For details see Appendix B), which gives

_ A A EG)

alt) = P (x1(n) - B(t)xl(t))f;[ e )xz(s) o0 ds, (4.28)
_ z(s) E(s)

b(t) = x(1) fo [ PEETE XI(S)]ds, (4.29)
1 2 E(8)z(s)

w = ), [2u<s>x%<s>_ () +F(S)]ds o

Cp) (10 ) ff_ 2(s) E(s)) r
2h (x1<t> Bm)xl(”[ ( OO A

where )
20) = f [,u(f)E(f)(xl(f) —B(§>x1<§))+D<§>x1(§>] ds.

This formulation looks more complicated, but it gives solution of the systems (4.16) and
(4.17) only in terms of the homogeneous solution x;(#) of IVP (4.18)-(4.19) and the time-
dependent parameters of the Hamitonian. This allows us to see more easily the effect of
the parameters B, D, E, F' to the particular solutions b(t) = x,(t), a(t) = p,(t) and can be
directly used for exact and numerical calculations.

Now, after finding all unknown functions in (4.10), the exact form of the evolution

operator in terms of x; (), xo(f) and x,(1), p, () becomes

o .
Oytt0) = exp(’ f [2 S - E)py(s) + M ) - F(s)] )
) |
X exp (ip,,(l)q) X exp (—x,,(t)a—) X exp (z@ (222 - B(t)) qz)
0 1 0*
Xexp (1“ o ( 154 2)) e"p( 1(0)(xf§§;)a_q2)’ *31

where p,(t) = u(r) ()'cp(t) — B(t)x,(1) — E(t)) . Therefore, with this evolution operator we
can solve the quantum oscillator problem (4.7) for given initial data that will be discussed

in the following section.
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4.3. The Wave Functions ¥, (g, 1)

To solve the quantum evolution problem (4.7), as initial functions we choose the

normalized eigenstates of the standard Hamiltonian,

_moy mw,
¢vi(q) = Nie Zﬁoquk( TOCI) , (4.32)

where Hi(Vmwy/hq) are the Hermite polynomials, Ny = (2%k!)~V2(mwq/nh)'/* are nor-
malization constants, and eigenvalues are E;, = (h/wo)(k + 1/2),k = 0,1,2,..., and ap-
plying the evolution operator (4.31) to these initial states we get wave function solutions

as
Pi(q, 1) = U,(t, to)er(q).

Since the evolution operator is formed as products of exponential operators, we
need to establish how these operators act on a given function. First of all, for a function

A(d/dq)

f(g), that is continuous and infinitely differentiable, the operator e produces a shift

by 4, i.e.

[e9)

e /11( dk /lk
U fg) = Y T @) = Y ) = g+ ) (433)
im0 4 )

Accordingly, it is called the shifting operator. In addition, the operator ¢4/ 5o called

dilatation operator acts on a function f(g) in the following manner;

14D () = F(etq). (4.34)

Equation (4.34) follows from the identity (4.33) by making the substitution ¢ = €. Then,

MU f(g) = D f(e") = f(e™) = fle'g).

Finally, to find the action of the operator ¢/260%*/9¢° on the initial states @.(g), we solve
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free Schrodinger equation

i 0% ]_ 0 |—
207 wi(q;2) = %z vi(q;2), z—real, (4.35)

with initial condition ¢;(g; 0) = ¢;(q) (see Appendix C), and obtain

M
X exp (i (k + 1) arctan (m_a)oz)) Xexp|— Lz q
2 h 1+ (Mz)

h

ql. (4.36)

Then, using the equation (4.35), we can write

2

i 0° \ _ 0\—
exp (—Eg(t)a—qz) @i(q; 2) = exp (g(t)a_z) Pi(q: 2),
so that

. 62
exp (—%g(t)a—qz) or(q)

i\
exp _Eg(t)a_cﬁ vi(q;0)

0\_
= exp (g(t)a—) 01(q; 2)l=0
Z
= o(q; 2+ 8(D))l:=0 = @rlq; 8(1)). 4.37)
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Hence, as a consequence of (4.33), (4.34) and (4.37), we find

/) 2 941
U,(t, t)o(q) 060 p3a0a ;=& LA FOF SOy +3) OK=2

i i(q)

0Tl piaa ;O G L3 f 0T, h(f)(qa%)gzk(q;g(t))
h(t)

o e"(t)eha(t)qe b(t)(,qezf(t)q D (eh(t)q;g(t))

h() .

i i 2~
— eTetC(t)ega(t)qejf(t)(q—b(t)) ka(eh(t)(q — b(D)); g(t)).

And we obtain exact wave function in the form

Yi(g,t) = Ni+/Rp(t) X exp( (k + ;) arctan (%g(t))) (4.38)

(f D+ (f(t)b(t) ()) + L0+ (r))]

X exp (—é(%) g(OR3(1)(q — b(1) )

X exp (‘ERZ (1)(g — b(1) ) x Hy ( \ /%RB@@ - b(r))) .

Thus, in terms of x;(7), x»() and x,(¢), p,(?) the wave function can be found as

X exp |i

Wi(g,1) = NiyRp(t) xexpl|i

xexp{ [( ()( i —B(t))

x1(1)
22t )Réa))(q = 50 + 2,04}

x1(0)
. i 2
xep[’f(z()p,,<s> EGpys) + XD ) - F(s)) ]

2
1
X exp [—5 ( \ R0 (4 - xp(r>)) x H ( \ R0 (4 - xpa))) ,

and the probability density is then

2
p@.1) = NZRs(t)exp [— ( \ R0 - xpa))) ) (4.40)
XH} ( \ R0 (4 - xp<t>)) ,

x1()

(k i ;) arctan (—mwox%(to) (XZ(I)))] 4.39)

—(mwox (1))
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where Rp(t) is the squeezing (or spreading) coefficient given by

Ry(t) = \/ X (4.41)

x3(1) + (mwoxox2(1))?

and x,(7) is the displacement of the wave packet. We note that Rp(¢) depends on the mixed
term coeflicient B(¢), but does not depend on the external term parameters D(¢), E(¢) and
F(t). On the other hand, the displacement x,(?), clearly depends on all parameters of the
Hamiltonian. Since the wave functions W, (g,t) are normalized for all k = 0,1,2,...,

probability density is a conserved quantity, that is

,_.
Il

(e @len(@) = (Ul Uor(@ln(@)) = (Uppr(@|Ugor(9))

Wi, DI = f [¥i(q, I’dg = f pi(q, Ddq.

(o8]

By previous assumptions, x;(¢) and x,(¢) are smooth, and can not be simultaneously zero,
and if x,(¢) is also smooth, the preceding property can also be shown more precisely as
follows. By substitution & = V(mwy)/ARp(t)(q — x,(t)), one has

f pi(g, t)dg

M
lim f pi(g, dg
M—oo M
. 1 VIR Rp((M-+x,(1))
lim p
M—eo 2Kk \TT /™20 Rty M, 1))

exp(—&E)H(§)d¢é = 1,

for any ¢ and each k, as a consequence of the well-known integral f_ o:o exp(—fz)H,f(f)df =
2%k! y/m, showing that the probability density is conserved.
In the limiting case, when all external terms are zero, i.e. B=D = E = F =0, the

probability density takes the form

2
pi(g, 1) = N2 X Ro(f) X exp (— ( A %Roa)q) ] x H? ( \ %Rom <q)) . (442)

which coincides with the result in (Biiyiikasik & Pashaev& Ulag-Tigrak, 2009).
Finally, we note that, o(#) = 1/(+/mwyRp(?)) is solution of the Ermakov-Pinney
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differential equation

o+Ho+ (a)2(t) - (B + B+ ’—‘B))g =, (4.43)
p u 0

with initial conditions o(ty) = 1/ +mwy, 0(ty) = B(ty)/ \/mwy, and that can be used to

compare our results by those obtained using the dynamical invariant approach.

4.4. Heisenberg Picture

In this section we mention about the Heisenberg picture representation of the po-
sition and momentum operators, which will be useful for finding the expectation values
in the next section.

An observable operator A, related with the system

ihZW(q,t) = Hy(t)¥(q,1),
Y(q, 1) = Yo(q), —o0 < g < oo,

is defined in the Heisenberg picture as
An(n) = Ui, 10)As U, (. 10), (4.44)

where U ¢(t, 1p) is the evolution operator for this system. Then,

dAH aU; ~ A A aAS A AL A 8Ug
— = AU+ U —U,+UA;—=
dt g 0T8T Ve g 8T e gy
1 A Y 1 A AN A A A (9 S A
= E(U;ASHgUg— TH,A5U,) UQFUg
— 1 Ty A T@AS A
= E(UASUgU HgUg UgHgUgUAsUg)'i‘Ug?Ug
AH I:IH 1:]]-] AH
1~ .~ 0A
= i_h[AH,HH]"'a—tH. (4.45)

The Eq. (4.45) is the Heisenberg equation of motion.
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The position and momentum operators in Heisenberg picture defined by

qu(t) = Ug(f,fo)(?sﬁg(f,to), qu(ty) = qs,
pu(t) = 0;(tat0)ﬁSUg(t7t0)a pu(to) = ps,

are obtained explicitly using the general evolution operator in the following way:

First, by the definition given above, gy(¢) is written as

N " " T
Gu(t) = e 8K ,~2h(DKo ,=f(OK b(ODE ,—5a(DE) ,~c(DE3 as (4.46)

" DE3 oKW E1 y=bDEs , fOR- ,2h(DRo L8R

Then, by the Proposition (4.1), we obtain the relations

£y n —b(DE A (DR A g _h(D) A —e(DR_ R « 1) .
OB g POE: — a4 (), o P ORog HORs _ gD o s 0K b 80K _ ‘%ps-

So using these equations and the fact that §s commutes £, and E3, we rearrange the

equation (4.46) and deduce that

~ —h) [ A g
qu(t) = e (qH(to) - pr(to) + b(1). (4.47)
By the same way, we write
X N N o N
P = e 8- ,~2h(DKo ,—f(DK b(OE? ,—fa(DE ,—c(DE3 Ps (4.48)
s OE3 g HaDE 4=bOE> o fOR . 2h)R0 (8 OR -

and from the Proposition (4.1), we get the equalities

Lo f L7 o o o o
e‘ﬁa(f)Elﬁseﬁa(f)El — ﬁS +a(t), e—f(t)KJrﬁSef(l)IQ — ﬁS +hf(l)@s, e—Zh(t)KoﬁSeZh(t)Ko — eh(l)ﬁs’
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by which we have

Pu(®) = 1f (e gy (ty) + (eh“) - f(r)g(r)e‘hm)ﬁH(ro) +a(t). (4.49)

We write §x(f) and py(¢) in terms of the functions x,(7), x2(?), x,(¢) and p,(7) as follows:

1
qu(t) x—oxl(f)@H(fo) + xox2(8) pr(to) + x,(2), (4.50)

1
Pu(®) x—ou(r)(xl(t) — B()x1(1))gn(to) (4.51)

+xou(1)(12(1) = B()x2(1)) pr(to) + pp().

Then, it is easy to show that these operators satisfy the Heisenberg equations of motion,

d, _ pu(d)
i u(t) = (D)

+ B(0)qu(t) + E(1),

d
2 Du(0) = = (MO Odu (@) + BOPu(®) + DD)).

and thus g (7) is solution of the classical equation (4.4), and py(?) is solution of (4.5).

4.5. Expectation Values, Fluctuations and Uncertainty Relation at

\Pk(q’ t)

The expectations of position and momentum at state ¥;(q, #) can be found using

that

(D(0) = (Yilq, Dlgs|¥ilg. 1)) = (e DIgrDle(q)),
(Pn(1) = (Yilg, DIps|Yilq, D) = (el DIPr(Dlei(9)),
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where gy(t) is given by (4.50) and py(¢) is given by (4.51). Indeed, since

gu(ty) = > @+ah), (4.52)
mawo
N . [mawoh At
Pu(ty) = =i > (@a-a', (4.53)

where @, a' are lowering and raising operators of the standard Hamiltonian A, = fiwy(a'a+

1/2), and agi(q) = Vkgr1, atoi(q) = Vk + Lo, k=0,1,2,. .., we obtain

x1(0)
X0
= Xp(l),
. _u@), . .
(P)(®) x_o x1(1) = B(H)x1 () (e @Ign(to)lei(q))

+u(Dxo(%2(2) — B(1)x2(0)) {er(@IPr(t0)lei(q)) + pp(D)

= pp(t)'

(L DIgnuto)lei(q)) + x0x2(1) (@@ P (t0)lei(q)) + X,(1)

(@)

From the proof of the Proposition (3.2), we know that

h 1 1
(@ (to)lei(q)) = e (k + 5), (e @IPrt)len(@) = maoh (k + 5).

We also compute

(P @Nant0) prto) + Prt)dnto)lpn(@) = ~ifi (pr(g)la” — @' lpilq)) = 0.
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Then, the expectation values of squares of position and momentum are

(e @anleu(q))

2
<90k(4) (XI(I)) 51%1(?0) + x1(Ox2(OGH(t0), Pr(t0)}

(@)

X0

+(x0x2(1))> Py (t0) + 2x,(1) (x;_f)t)QH(to) + Xoxz(l)) + Xf,(f)

1 7 )
(k ’ 5) (mwoRé(t)) 50,

‘Pk(CI)>

(e @IPHOler(@))
1

= <<,ak<q> /f(r)[;(xl(z) — B)x1 (1)) 4% (10) + x2(ha(t) — B()x2(1)) p(10)
0

(P (®)

F(h (1) — B (0) () — BOx0O)Gnto), ﬁﬂuo)}]
1
+2u<r>pp(r)[x—o(x1(t) ~ B(t)x(0)an(ty)

+x0(X2(t) — B(t)x2(2)) pr(to)

¢k(Q)>

P (1) (RB(t)
(mwoR%(1))* \Rp(1)

+ (1)

1+

2
+ B(t))

1
(k + E) (mwohR(t) + Py (1),

and using (AQ(1) = (@) — @(0), (APK(1) = VKPP (®) — (P)i(0), the fluctuations
for g and p are found as

[+ i)
2\ mwoRet) )

1 ) W20 (Ret) ’
\/(k + 5) (mwohR(1)) \/l + (mwOR%(t))z (RB(I) + B(t)) .

This gives the uncertainty relation in the form

(Ag(2)

(Ap)(t)

o 1 120 (Rs®) ’
(AD(AD) = h(k + 2) \/1 + (mwOR%(t))z (RB(I) + B(t)) , (4.54)
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from which we have (A§)(Ap), > h/2.

4.6. Coherent States of the Generalized Quantum Harmonic

Oscillator

In this section, we study time-evolution of initially Glauber coherent states under
the influence of the evolution operator (4.31) of the generalized parametric oscillator,
that is ®@,(q,1) = Ug(t, 10)9a(q, ty). Using that ¢,(q, ty) = ¢.(g) is given by (3.15), and
U o1, 10)r(q) = Yi(q, 1), one directly gets the generalized coherent states in terms of the

wave functions of the Schrodinger equation

a,k

\al2
O.(g, 1) =e > —VWi(q, ). (4.55)
; Vi

Or directly applying the evolution operator U (1, 1p) 10 ¢, (q), time evolved coherent states

can be found. For this, we first solve the following free Schrodinger equation (see Ap-

pendix C)
%'J’a(q’ 1= _%%wa(q’ 1))
1/4 ,
Ve(2,0) = ¢a(q) = (%) exp (& (pdo q) exp (—5(q — (@),)?)
and obtain
_ (mwy\'* exp(=a; + 2ia a2) i mwy
Uolg,t) = (ﬁ) X X exp (5 arctan(?t)) (4.56)

(1 . (%t)Z)lm
— (1 + i%t) [ % ]1
qg—+|—al |.

1+ () may

X exp

Then, by using the Eqn. (4.56), we write

2

j d
exp (—ég(t)a—qz) bo(q) = Yo(q, (0)). (4.57)
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So the above result (4.57) gives

N o i 2 i 0,1\ —ien
Ot 10)balq) = i g 100 b F; 4 FDg eh(’)(qﬁq”)e 0P da(q)

h@) .

= 7 W ia0a b7 o f OF y (g, g(1))

h()

i i £ —_ 2
= 72 ¢Werad ,35/(1(g-b1) wd(eh(’)(q _ b(l‘)),g(l‘)).

Thus, time-evolved coherent state is found in the form

nmawy

O, (1) = (—)1/4 VR5() X exp(—a? + 2iara2) exp (% arctan(%z)) (4.58)

nh /
X exp i(%(q—b(;))ﬁk ()q+c(t))]

r 2
<exp| =gy (1+1752500) K30 [q ~b(1) - \/mz_ix;it)a] } :

and it can be expressed in terms of the functions x;(z), x2(?), x,(t) and p,(t) as follows

1/4
D,(q, 1) =( 20) " Re(r) x ﬁ—z(mwoxwxz(r) (4.59)

X0
H(s)w*(s) 2

p[ (2()p,,<s> £+ “05 ) - P s

xexp [i0man) o (ORY (D6 ()~ inendya)a’ - | x exp 5 py(0))

2
@+ ”;“’ORg(t)(x;g) ‘ )(q—xp(t))]

—i Ra(1) mawy
(Eua)(B(m RBm) (52 )R (r))(q x,,(t))]

X exp

X exp
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The corresponding probability density for time evolved coherent states (4.59) is

Po(g 1) = Jmﬂ—‘;)RZB(z)xexp {2[((mwoxo)xz(t)RB(t))z(a%—ag) (4.60)

“2(mawo)x (D ORE(Danas — a%]}

X exp [2 N 2”;‘“01%%(0 (m x;(ot) , a/z(mwoxo)xz(f)) ¢~ xpu))]

cewl-|

mao

) R0 - 3, (0)).

As another approach, we show that ®@,(qg, ) can be defined also as eigenstates of

the annihilation operator Ao(7) of a certain dynamical invariant Io(2) of the generalized

Hamiltonian system. Indeed, let

and

Ao(t) = Uyt 1)al (1, to)

Al0) = Uy, 10)a" U1, 1),

where & and a' are the annihilation and creation operators for Hy, respectively. We define

the operator NG

. n ~ 1
I =n (AS(r)Aom + 5),

and we write it in terms of H,

I = h

= h

s 1

AjDA(@) + 5)

. A 1. .

Ug(t, 1) aly (1, 10) + S Uyt 10) Uy, to))

. R AT
U,(t, 1) (a a+ 5) Ui, to))

1 . N A
= —U,t, 1)H, U1, 10).
wWo
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Then, remembering the fact that U (1, 1) satisfies the equation (4.12), we obtain

ol 1 (00, » ~. ~ .U}
— = —|=—"HU!+U,H,—=
ot wo( gt 08 e gy
1 1 A A A /\T A A 1 AT A
= oo |G He Vet Uy + UcHo | = U, H,
1 (A~ A & & N A oA
_ ¥ f
- lwoh(ﬂg U,HU; - U,HyU} Hg)
:a)oi() =wolpy
= 1[PI Io]
~oin ¢
Therefore, the operator Io(2) satisfies
dly, dly 1 . .
— =+ _[i,A,1=0
dt ~ ot ih[o 2

which shows that it is an invariant for the system. Knowing the evolution operator and the

relations,
t
o380 qezgo —g+ g;)ﬁ,
093 qe—hmq% = g,

D455 pe~h O = g=h0
ezf(t)q pe -Lfq? =p- hf(t)q,
b2 A 2,
e Vi ge" Vi = § — b(1),

e%a(t)t?ﬁe—éa(t)@ =p—alr),

obtained by using the Proposition (4.1), the lowering operator Ay(7) is explicitly found as

Ay = Uy, fo)&UJ"(f fo)

— eC(t)Eseha(l)ﬁ e ~b(DE, f(l)K+ eZh(t)Ko eg(t)K-

ma . i A\
X(\/ o U e ) Velt:10)
B mwo ((Xo xi(M) . xl_()
- |5 (1@ F0s(0) ) w/2 -f0) ](q b(1)
mwo g()x,(t) . aoox(p)
+[\/ o hx o\ 2mw A ]( (D).
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By doing the same procedure, the raising operator A;(t) is found as

Al = [,/M(%—f() (r)ﬁ) ,/2 f(r)’“—”]( ~ b(o)
mwo g()x, () . ho ox(0)
+[\/ o hixg _l\/Zma)o ixo ]( —a(®).

Using the definition of Rp(?) given by the equation (4.41), the lowering and raising oper-

ators found above are written in terms of the functions x(?), x»(?), x,(¢) and p,(t)

A = {[\/’"‘”ORBU — o) (B(r)RBa)+RB<t)>]<a—xp<t)>

mwohR

(P - pp(l))} exp (i arctan (mwoxé XZZ; ))

_|_—
vV meohRB(t)

Ay = /mwo _ (1) : } .
oM {[ Rp(1) N (t)(B(t)RB(t)"‘RB(t)) (g = xp(1)

. (1)
(p - pp(t))} exp (—z arctan (mwox% x?(t) )) .

l
V 2mw0hRB(t)

and Io(¢) becomes

i) = @Rﬁ(z)@—xp(z»z
2

(P = pp(0) + o ———[B()Rp(t) + Rp(D1(g — x,(1))

+ _—
2mwoR3(1) Rp(1)

Then, by construction we have Ao(t)(Da(q, 1) = a®,(g,t), showing that coherent
states @, (q, t) are the eigenstates of Ay(2). Tt is known that for a given Hamiltonian the in-
variants depend on the initial wave functions. The invariant Iy(¢) found here corresponds
to the initial state ¢;(q). We note also that, the time-dependent invariant operator con-
structed above is special in the sense that, its eigenstates are W (g, t) corresponding to the
time-independent eigenvalues E; = (h/w)(k+1/2) of the standard Hamiltonian H,, that’s
I(O¥i(g,1) = Ex¥i(q. 1), k=0,1,2,....
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4.7. Expectations and Uncertainties at Coherent States

Using that (§)e(?) = (Qo(q, DIGPu(q, 1)) = (Pa(q, 10141 (DIPa(g; T0)), and the equa-

tions (3.16) and (3.17) the expectation value of position at coherent state ®,(qg, t) is

(@)o(1)

1
<¢>a(q, fo) x—oxl(t)flﬂ(to) + XoXx2(0)Pn(to) + xp(1) | halgs to)>

7 ’ﬂ (ﬂxl(t) + az(mwoxo)xz(t)) + x,(2). (4.61)
mawo \ Xo

Similarly, using that (p),(¢) = {(P.(q, 10)|Pu()|d.(g, 1)), the expectation value of the mo-

mentum 1is

1
u(t)[x—o(fcl(t) — B(t)x1(1))gu(to) + xo(%2(1) — B(t)xz(t))ﬁH(to)]

(Pral®) <¢a(q, )

+,(D|dala. to>>

2h
,/—u(r)[—“l (%1() — B(£)x1(£)) + aa(mwoxo) (52(6) — B(l)xz(l))] (4.62)
mawy X0

+pp(0).

After that, it is not difficult to show that the expectation values at coherent states satisfy
the classical equation of motion.

Furthermore, using the equations (3.18), (3.19) and

(Da(q, 10)Iqu(to) pu(to) + Pu(to)qu(to)ldalq, t0)) = 4ha s,

we find the expectations of squares:
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(ba(q, 10)|a3()Ia(q, 1))
(0ut,10 (’“()) G(10) + 31 (DD to)s Pr(to)) + Croxa V2P (1)

12,(1) (ﬁ@m) ; Xoxz(f)) 42200

(@5a(t)

6:(0.1))

2

2h ( x1(1)
— |

mawy X0

+ afz(mwoxo)xz(t)) + x,(1) (4.63)

h
——,
2mwoR3(t)

(P*)al1)

<¢a(q7 tO)lﬁH(t)|¢a(q’ Z‘0)>

1
= <¢a<q, to) ;ﬂ(t)[;(x] () — B(1)x1(D)*4%,(to) + x2(5a(0) — B()x,(1))’ p(10)
0

+(51 (1) — B(t)x1(0))(%2(t) — B(O)x2(0)){Gu(t0), Pr(to)}

+2u(t)pp(t)[ (x1() = B(O)x1(D))Gu(to) + xo(X2(2) = B(t)xz(t))pH(to)]

$a(q, l‘o)>

2h
- {\/ u(t)[ (1(0) — BO)x1 (1)) + aa(mewoxo) (a(t) — B(l)xz(f))]

h 2 K@) (Re(D)
w0 [(mwoRB(t)) + R%(l‘) (m + B(t)) .

+p (1)

+ha(t)}2 ;

(4.64)

Thus, the fluctuations for g and p become

(B@a() = @)~ @20
h 1
- \/ 2mewo Ry(t)’ (3:65)
BP0 = Pl = (P2(0)

_ /mwo HA (1) RB(I) ’
= Rp(t )\/ (mwoR (t))2 Ro0) B(l‘)) . (4.66)

We note that the expectation values depend on all parameters of the Hamiltonian, however
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the fluctuations depend only on u(?), w*(f) and parameter B(¢). In other words, uncertain-
ties does not depend on the external linear terms, which contribute only to displacement of
the wave packet. Finally, the uncertainty relation for the generalized harmonic oscillator

with time dependent parameters is

Y2 (1) (RB(t)

o ’
(A]o(Ap)a = 3 \/ L Eo R * B(t)) : (4.67)

where clearly (Ag),(Ap), > h/2. This relation coincides with the uncertainty (4.54) for
the Gaussian ground state k=0.

As aresult we can say that, our formulas confirm the well known properties, such
as coherent states of the generalized parametric oscillator are displaced Gaussian wave
packets, they are eigenstates of the annihilation operator of a dynamical invariant, and
follow the classical trajectory. However, they are spreading or squeezing in time, since

(Ag), depends on time, and are no longer minimum uncertainty states.
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CHAPTER 5

HERMITE TYPE GENERALIZED QUANTUM
OSCILLATOR

5.1. Exactly Solvable Models

Since the solution of the generalized time-dependent quadratic oscillator is com-
pletely determined by the corresponding classical equation of motion, it is interesting to
consider cases for which this equation has exact closed form solutions. Here, we introduce
generalized oscillator models related with the classical orthogonal polynomials, which are
eigenfunctions of certain singular Sturm-Liouville problems, and are also solutions of the

classical oscillator

¥+ MX+Q2(I)X =0. (5.1)

()

Precisely, we shall consider problems in which the damping I'(¥) = p(#)/u(t) and the
modified frequency .
Q) = (1) - (B+ B + EB)
u

are coefficients of the classical Hermite, Laquerre and Legendre differential equations.
Clearly, this requires a special relation between the original frequency w?(f) and the pa-

rameter B(?). To see this relation, we denote by
A1) = —(B+B*+EB) (5.2)
U

the modification of the original frequency w?(f). Then, substitution B(f) = y/y in (5.2),

gives differential equation for classical oscillator with frequency A?(f)

5+ gy + AX1)y = 0. (5.3)
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This suggests that, it is possible to obtain exact solutions of the classical oscillator (5.1),
when for given parameters u(t), w*(¢) and B(¢), equations (5.1) and (5.3) are related with
the same Sturm-Liouville problem, that is the frequencies Q*(¢) and A%(¢) are compatible.
According to this, in next sections we introduce generalized Hermite, Laguerre and Jacobi

type oscillators.

5.2. Quantization of Hermite Type Generalized Oscillator

We define the Hermite type generalized quantum oscillator by the Hamiltonian

A e e L [HAD @+ pY)
H,(t)= —p*+ne" §* + | —= + DG+ E(O)p + F(v), 5.4
() y P tneq (H,(t)) > g+ E®p + F(1) (5.4)
with variable mass u(t) = e”z, constant frequency w*(¢) = 2n,n =0, 1,2,..., mixed term
parameter B(f) = H,/H, , where
Lr/2] k
(=1 —2k
H.(t)=r! —Q2)", r=0,1,2,...
O=r £ o=l T

are the standard Hermite polynomials, and external parameters D(¢), E(t), F(t). Then, the
classical equation of motion is a forced Hermite differential equation
[

1 . H,
)'é—2t)'c+2(n+r)x:——D+E+(—+—)E, —00 < t < 0. (5.5
T p o H,

with time-variable damping I'(f) = j1/u = —2t, and modified frequency Q*(¢) = w?(t) +
A%(t) = 2(n+r), where r = 0 corresponds to the case B(f) = 0. Note that coeflicients of the
homogeneous equation are continuous, despite that B(¢) has singularities at the zeros of
H,(1). Then, essential properties of the particular solution will depend on the total forcing
term in Eq.(5.5). By special choice of E(¥) it is possible to remove the singularities in the
total force, so that it also becomes continuous. Then, solution of the quantum oscillator

with Hamiltonian (5.4) can be written in terms of two independent homogeneous solutions
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x1(¢) and x,(¢) of (5.5), satisfying the initial conditions

xi1(fo) = xo # 0,  X1(t0) = xoH,(t0)/H,(t0), H,.(ty) # 0,

x(fo) =0, Xa(to) = 1/u(to)xo
respectively, and a particular solution x,(¢) of (5.5) satisfying: x,(t) = 0, X,(t) = E(to).
When these solutions are smooth, probability densities of the wave functions and the
coherent states (4.59) will be also smooth. However, singularities of B(¢) will be reflected
in momentum expectation values (4.62) and fluctuations (4.66), and in the uncertainty
relation (4.67), as we will show in the examples. Before this, we recall that, solution
of the homogeneous Eq.(5.5) with given initial conditions, in general will be a linear
combination of Hermite polynomial and a confluent hypergeometric function of first kind

1F1(a, b; 1), which is represented by the series

S (@ 1"

Fi(a,b;t) = ,
1Fi(a ) Z (b), !

b+0,-1,-2,...

where (a), and (b), are Pochhammer symbols that are given by the relation (a), = I'(a +

n)/T'(a). However, there are some cases which can be easily treated:
(i) when n is an odd positive integer and r is an even positive integer, thatis n = 2k + 1
and r = 2s, k,s = 0,1,2,3,..., 1 = 0 and xo = 1/Hyp41(0), then x;(f) =
x0(1 F1(=(2(k + 5) + 1)/2,1/2; %)) and second solution is the Hermite polynomial

X2(1) = Hojessy41 ().

(ii) when n and r are both positive even integers, that is n = 2k and r = 2s, k, s =
0,1,2,3,..., 1 = 0 and xy = Hj+4(0), first solution is the Hermite polynomial,
x1(t) = Hyy44)(2), and second linearly independent solution is x,(#) = #/xo(; F'1(—(k+
s—1/2),3/2;1%)).

On the other hand, the particular solution of Eq.(5.5) will depend on the choice of the

external parameters. We write some special cases which could be of interest:
a) When B(t) = H,/H,, D(t) = [(d/dr)(e”" H,E(t))]/H,(t), and E(t,) = 0, then the total
force in (5.5) is zero, so that x,(r) = 0, and p,(1) = —u(®)E(?).
b) When B(f) = 0 and D(t) = —pu()w(®) [ E(#)dr, then x,(t) = [' E(*)dt’ and
pp(t) =0.
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¢) When B(¢t) = H,/H,, D(t) # 0, E(¢) = 0, then

t 1 S
x,(1) = —Xl(f)f Mﬁ D(&)x(§)déds, x,(ty) = 0.

5.3. Exact Solutions

In this section, we give concrete examples of generalized parametric oscillator of

Hermite type with and without linear external terms.

Example 5.1 @) Letn =2, r =2,and B(t) = H,(t)/Hy(t), but D(t) = E(t) = F(t) = 0,

so that there is no linear force. Then, the Hamiltonian is

7y €5 gty (2D @+ PY)
Hg(t) — 7[)2 +2€ [2q2 +(Hz(t)) qupq ,

and the corresponding classical equation of motion becomes X — 2tx + 8x = 0.
For ty = 0, two linearly independent homogeneous solutions, satisfying the initial

conditions x1(0) = 12, x1(0) = 0, and x,(0) = 0, %,(0) = 1/12, are

x1(1) = Hy(1),

-3 3 1 2 [—H
o) = 221 F) (7, > rz) - = [et ( 0 2H1<t)) " gm(t)erﬁ(t)] ,

where erfi(t) is the imaginary error function defined by erfi(t) = (2/ \r) fot e ds,

and

144
Ry(r) = : (5.6)
’ J HA0) + (12mwt (1Fy (2, 3:2)))

which is smooth and oscillatory in a finite time-interval near t = 0, and Rg(t) — 0

as t — oo. Then, the probability density p;"(q,1) = [¥}'(q, D forn = 2,r = 2

becomes

mawy
h

P22, 1) = N2Ry(t) exp (—?Rémcﬁ) H? ( RB<z>q) ,
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and in Fig. 5.1(i) we plot it for k = 2, where one can see that it is smooth, and since
k = 2, it has two moving zeros. Also, the essentially nontrivial localization of the
particle takes place for |t| < 2, and for |t| > 2 the probability density spreads along
g-coordinate. The probability density in coherent state pi'(q,t) = |®L (g, D) for

n=2,r=2is

33
pf;z(q, H = ,mﬂ_(;;oRB(t) X exp {2[(12mw0 (1F1 (7 5 )) RB(I)) (C¥1 - Clz)

-3 3
—2mwoH4(t) (1F1 ( 5 2 2)) R%(t)ozlag - a%)}

/2 H 33
n;woR%(t) (ozl 460) + ap(24mawy) (1F (7 E tz))) q]

X exp (— (%)R%(r)qz) .

X exp

In Fig. 5.1(ii) we plot it for @ = 1/ V2 + i(1/ V2). We observe that it is a Gaussian

type wave packet following the classical trajectory described by the expectation

values
2h H. -3 3
@alt) = m_wo[“‘ fg)'i'afz(mwof)(lFl (7,5;#))], 5.7)
N _ 2h (074 H
O {12(H4‘EH4(”) (5.8)

st (1Y, (2.5 -5

With Rg(t) as found in (5.6), fluctuations for g and p and uncertainty relation at

coherent states take the form

X ool
0D = g (5.9)

o /mwo e (Re(t) Hh(®)Y
(BP0 = RB(”\/ (manRE(D) (RBm Hz(f)) 10
A _ h e (Ry(t)  Hy(2)
(AQ)Q(AP)Q(I) ) \/1 + (ma)OR (l))z (RB(I) + Hz(t)) (5.11)
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Since coefficients of the classical equation are continuous, the expectations (5.7)
and fluctuations (5.9) of the position are smooth. In a finite time interval near the
origin (AQ),(t) oscillates, and for |[t| — oo we have increasing (A§),(t), showing
spreading in position. On the other hand, the singularities of the coefficient B(t) at
zeros of H(t), are reflected in the expectations (5.8) and fluctuations (5.10) of the
momentum. Then, as shown in Fig. 5.2, the uncertainty (5.11) is oscillatory in a
finite time interval near the origin, but it has singularities at the two zeros of the

Hermite polynomial Hy(t). As |t] = 00, (A§)o(AP).(t) — oo, which shows that the

uncertainties do not compensate each other in the limiting case.

Figure 5.1. Hermite type generalized oscillator, when D(¢) = E(t) = F(t) = 0.
(i) Probability density p3°(¢,1) = [¥;%(q, D> ,n=r =k = 2.
(i) Probability density in coherent state pi’z(q, 1) = Icl)f,’z(q, H)? for a =
1/V2+i(1/V2),n=r=2.

b) Now, we consider the oscillator in part (a) under the influence of linear exter-
nal terms. That is, n = 2,r = 2, and we choose D(t) = tHy(t), E(t) = —((1 +
2t2)H2(t)e’2)/4, F(t) = 0. Then, the Hamiltonian becomes

12 ] A A A A
H(t + 1
Hy(1) = % P r2ete 4 (Hir;) @b . PD | 1yg - S+ 22 Hy(1)e" p,
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Aq(hAp(t)

Figure 5.2. Uncertainty relation for generalized Hermite oscillator, n = r = 2.

and the corresponding classical equation is
1 i
X —2tx + 8x = —|2tHy(t) + E(l + 21°)H, (1) e’ (5.12)

We note that, by above choice of D(t) and E(t), p,(t) is zero and E(t) compensates
the singularities coming from B(t), so that the forcing term in Eq.(5.12) is con-
tinuous. For ty = 0, two homogeneous solutions x(t) and x,(t) of (5.12) are as
given in part (a), and the particular solution satisfying x,(0) = 0, x,(0) = 1/2, is
x,(1) = —(tHz(t)e’Z)/4. This gives new probability density

2
,0,%’2(61, H= N,fRB(t) exp [— ( A /m;_luoRB(t) (q + itHz(t)efz)) )
1 2
xH; ( \/ %RBU) (6] + Zsz(t)et )) ,

with Rg(t) as found in part (a), but position coordinate displaced by x,(t). The

influence of this displacement can be seen in Fig. 5.3(i). On the other hand, the new
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Figure 5.3. Hermite type generalized oscillator, when D(t) = tH,(¢), E(t) = —((1 +
2% Hy(1)e") /4, F(t) = 0.
(i) Probability density p3°(¢,1) = ¥, (¢, D> ,n=r =k = 2.
(if) Probability density in coherent states pi’z(q, 1 = ICD(Z;Z(q, H))? for @ =
1/V2+i(1/V2),n=r=2.

probability density in coherent state becomes

33 2
PR@D = R0 X exp {2[(12mw0 (1F1 (7,§;t2)) RB(t)) (@ - )

-3 3
—2mw0H4(t) (1F1 (7, 5, IZ)) R%(t)aqaz - af)}

/2 Hy(t
xexp[ ZwOR%(t)(al 46()

ran 4mw0)(1 Fl(__3 3 ;2))) (q + %tHz(t)elz)]

2°72°
2
X exp (— (%)Rg(n (q + %tHz(t)etz) ) ,

and its evolution is shown in Fig. 5.3(ii). Clearly, expectation of position (5.7) will

be also displaced by x,(t), and it takes the form

2 H. — 1 2
(@a(t) = \/m_c;zo [01 f;t) + @, (mwot) (1F1 (73, %; 12))] - Zle(f)et ,
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but the expectation of momentum {p),(t) given by Eq.(5.8) does not change, since
in this example p,(t) = 0. From the general results we know that, the fluctuations
and uncertainty relation obtained in part (a) do not change under the influence of

the linear external terms.
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CHAPTER 6

ASSOCIATED LAGUERRE TYPE GENERALIZED
QUANTUM OSCILLATOR

We define a generalized associated Laguerre type oscillator by the Hamiltonian

Hy(1) = + DG+ E®p + F(0), (6.1)

¢ nt" (LT(I)) (gp + pq)
2tm+1 2et

A2
+—8+
p T\ ) 2

with variable mass u(f) = "*'e™’, m > —1, variable frequency W (@) =n/t,n=0,1,2,...,
and B(t) = L"(t)/L™(t), r = 0,1,2, ..., where L"(t) = e't™"(r!)~'d" (e”'t"*™) /dt" are the
associated Laguerre polynomials. The corresponding classical oscillator is a forced asso-

ciated Laguerre differential equation

+1-1¢ + !
Pl )y 00, e

m+1-t L"
t t T 7

t Lm

r

)E, 0<t<oo, (62)

with damping I'(f) = (m + 1 — 1)/t, and modified frequency Q(r) = (n + r)/t. Here, we

shall examine and give example for the case when m = 0.

6.1. Quantization of Laguerre Type Generalized Oscillator

For m=0, the Hamiltonian for a Laguerre type generalized oscillator is

A €t A2 4 i,\z + (Lr(t)) (Qﬁ +}A751) + D(t)q + E(l)p + F(t), (63)

L.(1) 2

where u(f) = te™, w*(t) = n/t, n=0,1,2, ..., t € (0, ), B(t) = L.(t)/L,(¢), and

r RV
L(t)= )] (Z)%z" r=0,1,2,...

k=0
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are the standard Laguerre polynomials. Then, the corresponding classical oscillator is a

forced Laguerre differential equation

t . (1=t L,
:_%D+E+(T+—)E, 0<t<oo, (6.4)

1—1¢
)'c'+( ))'c+(n+r)x 7

t t

with I'(t) = (1-1)/t, and Q*(¢) = (n+r)/t. Since coefficients of the homogeneous equation
are continuous for ¢ > 0, assuming the total force is also continuous for ¢ > 0, solution of
the quantum oscillator with Hamiltonian (6.3) can be written in terms of two independent

homogeneous solutions x;(#) and x,(¢) of (6.4), satisfying the initial conditions

Lr(IO)

x1(tg) =x0 #0, x1(t) = xoLr(to)’

Lr(IO) # O»

X(t0) =0,  Xo(to) = 1/u(to)xo

respectively, and a particular solution x,(¢) of (6.4) satisfying: x,(t)) = 0, x,(t) = E(t).

6.2. Concrete Examples and Discussions

In this section, we give some examples of Laguerre type generalized oscillator

with exact solutions.

Example 6.1 a) Letn=r =1, B(t) = L,(t)/L,(t) and D(t) = E(t) = F(t) = 0. Then,

the Hamiltonian becomes

! 1 ., (Li®\(@p+py
2t 2e!

N e
H, (1) = —P2 t+>—=q + L) 5 ,

and the classical equation is X + (1 —t)/tx +2/tx = 0. For ty = 2, two solutions sat-
isfying the conditions x,(2) = 1, %;(2) = 1, and x,(2) = 0, %(2) = €?/2 respectively,
are

1
x1(2) = Z[e’(f —3) = 2L,(1)(e* - Ei(2) + Ei(1))], (6.5)

and

X(f) = %[e’(t = 3) = Ly(1)(€* - 2Ei(2) + 2Ei(t))], (6.6)
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where Ei(t) is the exponential integral defined by Ei(t) = — f_ O:(e‘s /8)ds. With above

x1(¢) and x,(t), we have

1
Ral0) = \/x%a) ¥ maon R ©7

which is smooth for t > 0 and Rg(t) — 0 ast — oo. Then, the corresponding

probability density forn =1, r =1 is

ma, ma
pi(@.1) = NERy(t) exp (- 2R (007 HE ( N °R3<z>q) ,

and in Fig. 6.1(i) we plot it for k = 2. The probability density is a smooth function,

which has two moving zeros, since k = 2. It shows oscillatory behavior in finite
time interval near t = 0, and then spreads along the g-coordinate. The probability

density in coherent state, forn =1, r = 1 is

12
otlg.n = (%) R3(1) X exp {2[((mwo)xz(t)RB(l))2(0‘% - @)

—2(mwo)x1 (xR (D s — a%]}

X exp (2 \ 2”;“’01%%@) (@151 (1) + aa(mwe)xa(1) q)

e - () o).

where xi(t), x,(t) are defined by (6.5),(6.6), and in Fig. 6.1(ii) one can explicitly

see that it is a Gaussian type wave packet. Then, the expectation values at coherent

2h
\ /—(alxl(t) + az(mwo)Xz(t)), (6.8)
mawyo

2h '
—te_t[aq (fC] (1) - ii Eg

mda

States are

(@)a(0)

(PYalt) x1<r>) 6.9)

L
+a2(mw0)(fc2(t) - Li Z;xz(f))],
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Figure 6.1. Laguerre type generalized oscillator, when D(t) = E(t) = F(t) = 0.
(i) Probability density p)'(¢,) = [¥)' (¢, )PP, n=r =1,and k = 2.
(if) Probability density p(l,’l(q, 1 = |‘P[1,’1(q, f)? in coherent states for & =
1/V2+i(1/V2),n=r=1.

which shows that the wave packet of the coherent state follows the trajectory of the
classical particle. With Rg(t) calculated from (6.7), the fluctuations and uncertainty

relation become

X / hoo1

(ADo() = i R’ (6.10)
mwoh e~ Ry(r)  Li(0) ?

\/ 5 RB(t)\/1+(mwoRé(t))2 (RB(t)+ 7 (I)), (6.11)
PPN e Re® LY

ADo(AP)e = ‘\/” (Mo RE0) (RBa) ’ Ll(o)'

(Ap)a(?)

> (6.12)

Since the solution of the classical oscillator is given in terms of Laguerre polyno-
mials and exponenial functions, (Ag).(t) shows oscillatory behavior in a finite time
interval near t = 0, while for |[t| — oo, (AG).(t) goes to infinity, which confirms
spreading in position coordinate. However, the singularity in parameter B(t) at the
zero of L,(t) appears both in the expectation (6.9) and fluctuation (6.11) of the mo-
mentum, where it becomes undefined. Consequently, the uncertainty relation also
has singularity at finite time, where L(t) = 0, and fort — 0 and t — oo, one has

(AG)o(AP)y — o0, as one can see in Fig. 6.2.
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Aq(t)Ap(t)

Figure 6.2. Uncertainty relation for generalized Laguerre oscillator, n = r = 1.

b) Now, we consider the system in part (a) under the influence of linear external terms.
That is, letn = 1,r = 1, and D(t) = (t — 2)Ly(t), E(t) = (1 — 1)L(t)e', F(¢r) = 0.

Then, the corresponding Hamiltonian is

A e o 1, (L®)@p+py . .
H,(t) = —p* + —¢* t=2)Ly(t 1 =Ly (0)e'p,
(0= 2+ 554 +(Ll(t)) L+ (=D)L + (1 - DL0E'p
and the classical equation becomes
o l=r 2 e ; .
X+ Tx+ ;x = 7(L1(t) — 1) +3e'Li(t)Li(r), 0<t< oo. (6.13)

For ty = 2, solutions x,(t) and x,(t) of Eq.(6.13) are same as in part (a), and
the particular solution satisfying the initial conditions x,(2) = 0, x,(2) = e, is

x,(t) = (2 = t)Li(t)e'. Thus, the new probability density is

" (q.1) = NZRp(1) exp (—%Ré(r) (q+(t-2)L, (r)ef)2) (6.14)
XH? ( \ /%RB(I) (q+ (- 2)L1(t)e’))

with Rg(t) as found in part (a), and position coordinate displaced by x,(t), see Fig.
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6.1().

Figure 6.3. Laguerre type generalized oscillator, when D(¢) = (t — 2)L,(t), E(?)
(1 =)Ly (t)e'.
(i) Probability density p)' (¢, = ¥} (¢, )PP, n=r=1,and k = 2.

(if) Probability density p},’l(q, 1 = |‘I’Cl,’1(q, ))* in coherent states for a
1/V2+i(1/V2),n=r=1.

The new probability density in time evolved coherent state is

1/2
o = (%) Ry xenp (2] (mara) (@3 - 0

~2(mwo)n (D ORE (e — a%]}

2
X exp [2 \ n;woR%(f) (a1x1(1) + ar(mwo) x> (1) (q + (t = 2)Li(D)e")

X exp (— (%)Rg(n(g . 2)L1(t)e’)2),

which was plotted in Fig. 6.1(ii). Comparing the probability densities, found in part
(a) and part (b) of this example, one can explicitly see the change in the evolution

of the wave packets under the displacement of the position coordinate by x,(t).
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CHAPTER 7

JACOBI TYPE GENERALIZED QUANTUM
OSCILLATOR

We define a generalized Jacobi type oscillator by a Hamiltonian of the form

. P n+a+b+ DA -0 +00 , (P20 @p+ pad)
B = e v e 2 ’ ( Pf’b(;)) 2
+ Dg +Enp + F@), (7.1)

with mass u(f) = (1 — )11 +)**', a,b > —1, frequency w*(t) = [n(n+a + b + 1)]/(1 -
), =1 < t < 1, and B(f) = P**(t)/ P**(¢), where

(=" -a Sd a+n +n
S (=07 +) bﬁ[(l—t) (1+0"™],

PY(1) =

are the Jacobi polynomials. Then, the corresponding classical oscillator is a forced Jacobi

differential equation

. b=-a-(a@a+b+2)). nn+a+b+D)+r(r+a+b+1)
X+ + X

1 -7 o 1-1¢2
1 . —a- 2 pb
I P, (b-a (a+2b+ )Z)+ ,h(t) E. —l<i<l,
M (1-17) PY(t)

where I'(t) = [(b — a — (a + b + 2)1)]/(1 — £?) is the damping coeflicient, and

n(n+a+b+l)+r(r+a+b+l)

Q%) =
@) 1-¢ 1-¢

is the modified frequency. Thus, to preserve the structure after the modification, for given
n,r = 0,1,2,.... and a,b > —1, we need to find nonnegative integer m, for which the
equation nn+a+b+ 1) +r(r+a+b+1) = m@m+a+ b+ 1) holds. We shall treat

explicitly two special cases: for a = b = 0 the Legendre generalized oscillators and for
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a = b = —1/2 the first-kind Chebyshev (FKC) oscillator.

7.1. Legendre Type Generalized Quantum Oscillator with Examples

The Hamiltonian for a Legendre type generalized oscillator is

]?g(t) =

1, nm+ 1)512 . (Pr(t)) @p+pD) DG+ E@Qp+F@)  (1.2)

-’ T P 2

where p(f) = (1 - ), 0*@®) = n(n+ 1)/ (1-£),n = 0,1,2,...t € (-1,1), B@) =
P,(1)/P,(1), and

r/2]
1 Qr—26
P()=— » (-1 r* r=0,1,2,..
=7 ,;‘( STy T ye ’

are the Legendre polynomials. Then, the classical equation is a forced Legendre differen-

tial equation

(7.3)

2t 1 1 1 . 2t P,(t
p x+n(n+ Y+r(r+1) E+( ())E,

- =——D+ - +
-2 -2 Sy -2 Py

where =1 < t < 1, with I'(f) = =2¢/(1 — *) and Q*(t) = [n(n + 1) + r(r + D]/(1 = ).
Here, if for given n and r(r # 1), m is a positive integer satisfying the equation n(n +
1) + r(r + 1) = m(m + 1), then the homogeneous part of Eq.(7.3) has solution in the form
x(t) = 1 Pp(t) + c20,(t), t e (-1,1), where P,,(t) are Legendre polynomials, and Q,,(f)

are the Legendre functions of the second kind given by the formula

m

1+1¢

1 1
(1) = 5 Pu()ln — ~ ; 2 PeaOPi(0).

Example 7.1 Letn = 2, r = 2, and B(t) = P,(t)/P>(t), D(t) = tP»(t), E(t) = —P,(1)/6,
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F(t) = 0. Then the Hamiltonian becomes

A L 0 (P20 @P+ P9 N IUN
H()=—p*+35° + + tP,(1)q — ,
5 (D) a-mP (Pz(t)) > 20§ - — =P
and the corresponding classical equation is
-2t 12 -1( 2t .
X+ X + = — Py(t) + Pr(1)|. 7.4
Xttt ax 3(1—;2 2(1) 2()) (7.4)

For ty = 0, two homogeneous solutions x,(t) and x,(t) of Eq.(7.4), satisfying the initial
conditions x1(0) = =2/3, x1(0) = 0, and x,(0) = 0, %,(0) = =3/2, are

50 -3t (1-1\ 57 2 1 _,
x1() = =0s3(1) = ) ln(l " t) t5 T3 x(1) = P3(1) = E(St - 3p),

since forn = 2, r = 2 we have m = 3. Then the particular solution satisfying the initial

conditions x,(0) = 0, x,(0) = 1/12, is

t t
x,(1) = —ng(t) = _E(3l2 -1,

and we calculate

2 1
Ry(0) = 5 - S, (7.5)
QX1) + (12 PA(r))

9

which is bounded and has oscillatory behavior for t € (—1,1), and Rg(t) — 0, when
t — x1. Then, the probability density in state ‘I’i’z(q, 1) is

2
027(q, 1) = NiRp(t) exp (_%Ré(ﬂ (q . tPé(t)) )le( /%RBU) (q . tpé(t)))’

which is plotted for k = 2 in the Fig. 7.1(i), and the probability density in coherent state

71



is

2
PyORs(0) (@} - a3)

3 2
P2 1) = —,/MRB(t)xexp{z[( Mo
2 nh

+2mwo P3(1) Q3 (DR3 (a1 — a%]}

[2
X exp [3 n;la)o

X exp [ - %Ré(t)(q +

oo =5

300 0s) ~ oo

=y

which is shown in Fig. 7.1(ii) for & = 1/ V2 +i(1/ V2). Then, we compute the expectation

values,

@ald) = A2 [a13Q3(”—az(zm“’O)th)]—tP ), (7.6)
mwy 2 3 6
2h
(Pralt) = (1—r>[ al(ng— ()Qz(t)) (7.7)
- P(0)
2mo)0 . z(t)
+a2( : )(P3<t) p2<)P3()]

and with Rg(t) given by (7.5) we get the fluctuation for g and p, and uncertainty relation

at coherent states as follows:

h 1
\/ 2mwo Ry(t)’ (78)

(AQ)(t) =
) B /mwo (1-22 (Re) P0)\
(BP0 = Rull )\/ T im0 (RB(r) " Pz(l)) -0
e (1-22 (Re() P0)\
(AQ)Q(AP)Q - E \/1 + (mQ)QRB(l))Z (RB(Z) + Pz(l)) . (710)

Because the coefficients of the forced oscillator (7.4) are continuous, the expec-
tations (7.6) and fluctuations (7.8) of the position are smooth on the interval t € (-1, 1).
But the expectations (7.7) and fluctuations (7.9) of the momentum are not defined at zeros
of Py(t). The uncertainty relation is bounded on (-1,1), except in the neighborhoods of the
zeros of P(t), where it tends to infinity, see Fig. 7.2.

72



(ii)

Figure 7.1. Legendre type generalized oscillator, when D(f) = tP,(t), E(t)
—Py(1)/6, F(1) = 0.
(i) Probability density p3°(¢,1) = [¥57(q, DI*.

(if) Probability density pf,’z(q, fH = |d)f,’2(q, 1)|? in coherent states for @
1/V2 +i(1/V2).
10 —
8L
) 6
ilé 4+
2k
0—1‘0 0.5 0.0 0.5 1.0

Figure 7.2. Uncertainty relation for generalized Legendre oscillator, n = r = 2.
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7.2. First-kind Chebyshev Type Generalized Quantum Oscillator

with Examples

The Hamiltonian for a FKC generalized oscillator is

I:Ig(t) =

+ DG+ EDOp+ F@)  (7.11)

p? n” (Tr(r)) (qp + pg)
+ g+
2Vl -2 2V1-2 T,(t) 2

where u(f) = V1 - 12, 0*(t) = nz/(l — tz), n=0,1,2,...,t € (=1,1), B(t) = T.(t)/ T (t),

and
Lr/ 2] 1)

T = Z(‘ )k(r = 2%)!

are the first-kind Chebyshev polynomials. Then, the classical equation is a forced FKC

Qn*, r=0,1,2,...

differential equation

. t . P+ 1 . t T.(t)
X - X+ x=——D+E+|- +
1-2 T.(1)

E, -1<t<1, (712
-7 -7 7 ) == (7.12)

with [(r) = —t/(1-1%) and Q(¢) = (n*+r%)/(1—1?). We note that, when n*>+r> = m?, where
m is also a positive integer, that’s when (n, r, m) are Pythagorean triples, the corresponding

homogeneous equation has solution of the form
X(t) = Cle(t) + 2V I- tzUm—l(t)a

where
Lm/2]

Un(t) = Z( l)kk,( Zk)'(2t)m2k m=0,1,2,...

are the Chebyshev polynomials of the second kind.

Example 7.2 Let n = 3,r = 4, B(t) = T4(t)/T4(t), D(t) = tT4(t), E(t) = Ts()(2> -
1)/(64 V1 — 12), F(t) = 0. Then, the Hamiltonian becomes

I:Ig(t) =

p* 9 o, (T4(t)) (qp + Pg) . Tun(2P-1),

+ q + 1T4()q + D»
INI—2 2VI-2~ Tyn) 2 ! 9 Vi-z

74



and the corresponding classical equation is

t 5 1 .
- - = 5:T4(0) + 22 — DT (1)), 7.13
1_t2x+1_t2x 9\/th2( 4(1) + 2( )T4(1)) ( )

3

where by the above choice of E(t), the singularities in B(t) are removed, so that the forcing
in Eq.(7.13) becomes continuous. For ty = 0, homogeneous solutions x(t) and x,(t) of the
Eq.(7.13), satisfying the initial conditions x;(0) = 1/5, %,(0) =0, and x,(0) = 0, x,(0) =

5, respectively are
1 1
0=z V1 - 2U4(0) = S V1-2316f" — 122 + 1), x(t) = Ts(r) = 16£° — 20¢ + 5¢,
and the particular solution satisfying the initial conditions x,(0) = 0, x,(0) = =1/9is

t t
x,(t) = -3 V1 -2T4(0) = 3 V1 -8 -8~ +1).

Then, we calculate

1
R = 7.14
o0 \/u ZPUR0) + TS0 719

where Rg(t) is bounded and oscillating in t € (—1,1), but does not approach zero for
t = x1, as in the case of the Legendre oscillator, since Chebyshev polynomials are defined

at t = 1. Then, the probability density for n = 3, r = 4 is in the form

— 2
P (g, 1) = NiRp() exp [— [ A/ %RB@ (q i1 19_ - T4(f))) )
xH [ VR0 (q + 2 19_ - T4(r)]] ,

and in Fig. 7.3(i) we plot it for k = 2. The probability density in coherent state is
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(i)

Figure 7.3. FKC type generalized oscillator, when D(f) = tT4(t), E(t) = T¢()(21* —
1)/(64 V1 —¢2), F(t) = 0. (i) Probability density pg"‘(q, 1). (ii) Probability
density pf,’4(q, t) in coherent states for o = 1/ V2 + i(1/ \/5).

P, = \/T‘?Rw)><exp{2[((@)%(%@))2@%—a%)

(2’"“’0) VI = 2Ts()Us (DR (Dar s a%]}
X exp [2 \/Z”ZT"ORg(t)(a VI=2UL)
("o o+ o)
o] (27

rof}

and we plot it for a = 1/ V2 + i(1/ \/5) in the Fig. 7.3(ii). The expectation values for g

and p are found as

(@)a(7)

,/ \/l—t2U4(t)+a/2( ?O)Ts(t)]—t ‘19_’2T4(r), (7.15)

% (1 — U4 - (z+ (1-7) 4(t))U4( )] (7.16)

%

(Plalt)

+a T) m(Ts(t) - T;‘E ;Ts(t))}
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Aq()Ap(t)

Figure 7.4. Uncertainty relation for generalized FKC oscillator, n = 3, r = 4.

and with Rg(t) given by (7.14) we have

N _ / ho 1
(A (1) = s Rot)’ (7.17)
[mewoh -2 (R Tu®\
> Rp(1) \/1 + (mwQR%(t))z (RB(t) + T4(t)) , (7.18)

e h -2 (R T\
(ADo(AP)e = 5 \/ 1+ TSI (RB o + T4(t)) )

(Ap)a(?)

(7.19)

We see that the expectations (7.15) and fluctuations (7.17) of the position are smooth, but
at the singularities of B(t) the expectations (7.16) and fluctuations (7.18) of momentum
are not defined. Since B(t) has singularities at the four zeros of the FKC polynomial T(t),
the uncertainty relation is also singular at these points. On the other hand, when |t| = %1,

uncertainty approaches minimum, that is (AG).(Ap)o(t) — h/2, see Fig. 7.4.
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CHAPTER 8

CONCLUSION

In the present thesis, we solved quantum system with the generalized quantum
Hamiltonian and time-variable parameters using Wei-Norman Lie algebraic approach.
Since the quantum Hamiltonian of this system could be written in terms of the genera-
tors of su(1,1) and Heisenberg-Weyl Lie algebra, the exact form of its evolution operator
was found by means of two linearly independent homogeneous solutions and a particular
solution of the corresponding forced classical equation of motion. Using the evolution
operator, we obtained wave function solutions of time-dependent Schrédinger equation,
time evolution of Glauber coherent states, corresponding probability densities, expecta-
tion values and uncertainties.

To get better insight to this problem, we also examined exactly solvable models.
We studied quantum parametric oscillator related with the classical orthogonal polynomi-
als of Hermite, Laguerre and Jacobi type, under the influence of external forces. We real-
ized that the mixed term parameter B(¢) modifies the original frequency, and by a special
choice of this parameter we were able to preserve the structure of the original oscillator.
However, in Hermite, Laguerre and Jacobi type oscillators, this choice of B(t) develops
finite time singularities at the zeros of the related orthogonal polynomials. Since the coef-
ficients of the classical oscillators are continuous, the expectations and fluctuations of the
position are smooth but the singularities of B(#) are reflected in the expectations and fluc-
tuations of the momentum and the uncertainty relation. Thus, as time approaches these
singularities, uncertainty relation tends to infinity. The probability densities of all models
are smooth and oscillatory in a finite time interval near the initial point. For Hermite and
Laguerre oscillators, which are defined on infinite time intervals, the spreading coefficient
Rp(t) of the wave packets tends to zero with increasing time. Therefore, the amplitude of
the wave packets is decreasing and approaching zero when time goes to infinity, and wave
packets are spreading along g-coordinate. For the Legendre oscillator, defined on finite
time interval (-1, 1), we have Rp(t) — 0, as t — =1, so that wave amplitudes approach
zero in the neighborhood of + = +1, and wave packets are spreading with respect to q .
However, for the first-kind Chebyshev model Rp(?) is bounded in ¢ € (-1, 1), but does not
approach zero for t — +1, as in the case of the Legendre oscillator.

Moreover, we have seen that the linear external terms D(¢) and E(¢) lead to dis-
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placement in the position coordinate of the wave packets. So expectation values of posi-
tion and momentum were shifted by the particular solutions x,(#) and p,(1) of the classical
equations of motion. We also gave some examples with and without external forces to see
the influence of the linear external terms and made comparison. We observed the differ-
ence in the evolution of the wave packets under the influence of the external forces. Nev-
ertheless, uncertainty relations do not depend on the linear external terms, they depend

only on the mass u(?), frequency w?(¢) and the mixed parameter B(f) of the oscillator.
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APPENDIX A

COMMUTATION RELATIONS OF THE LIE GROUP
GENERATORS

The generators £, E, and E; of Heisenberg-Weyl algebra and the generators
K_,K, and K, of the su(1,1) algebra generate a Lie algebra. For any function f(g) in
a Hilbert space H, we prove the commutation relations which we used in Chapter 3 as

follows:

A A 0 0 0
[Ey, Eolf = [iq, E]}f = i(qa—i; - E](Qf)) (A.1)
= —if = -Esf,

= [E), E,] = -E;.

O - 1 &f &
[E1,K—]f—[lq,—§a—q2]f = E(qa_qz_(qu(Qf)) (A.2)
_Of _ 5
aq_ EZf’

= [E,K ] =-E,.
ELKAf =i L =0 A3
(£ R.1f = |ig. 56| £ =0, (A3)
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PN 1
[Ey, Kolf = [iq,—(q£+%)]f (A.4)

2\ 0q
L RN P S L
= Z[Q,qaq] —2(q Py qaq(qf))
I 1.
= —34f =5k
= [E), K] = —=E,
[E,, K_1f = 0 10 =0 A5
2a—_8q’ 20q2f_, ()
=[E,,K.1=0
AT L R T TP
[Ez,K+]f—[aq,2q]f = 2(0q(q D qaq) (A.6)
= iquélf’
= [E), K] =E,
N o 1{ o0 1
[E23K0]f = [8_6]’5(61%4-5)]]( (A.7)
_ l[i 2] _I{o a_f’)_ & f
~ 2|dg qaq ~2\dg\"og qacf
_ 1of 1,
- 2aq_2E2f’
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LA 13212 1822 zﬁzf
(K-, K:1f = [_Ea_qz’i } —Z(ﬁ( - a_qz) (A.8)
1
(54‘6]%)]0—21(0]2
= [k—?f(+] = ZIA{O
ek~ |ip 9]
K., Ko] = [zq’z(qaq+2)f (A.9)
_ i, 0, _if50f 9 ,
= 4[q,q6q]f—4(q 3 qaq(qf)
i
= —§q2f=— +f
::’[k+,k0]:_k+
[K_,Kolf = —16—21 2+1 f (A.10)
R T T2 2\ % T 2 '
_ i@ o), _ i 9\ &f
T4 (9q2’qc9q 4\ 0g? qaq q6q3
i A f .
" T2 TN

= [K_, K] = K_.

We note that, since E3 = il, it commutes all the other operators.
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APPENDIX B

EVOLUTION OPERATOR WITH DIFFERENT
ORDERING OF THE LIE GROUP GENERATORS

Here, we solve the Schrodinger equation (4.7) with the general Hamiltonian (4.8)
by the evolution operator method as in Chapter 3. But now, we write the evolution opera-

tor as product of exponential operators in a different order from (4.10) such that

A b ag) P c c
UOg(ta f) = eCo(t)E3e 7 Ll efo(f)K+e bo(t)EzeZho(l)Koego(t)K-’ (B.1)

where fi(1), go(?), ho(t), ap(t), bo(t), co(t) are real valued functions to be determined so that
Uog(t, fp) 1s a solution to the operator equation (4.12) and one also has Uog UOZ, =1.

Differentiating ljog(t, 1o) with respect to ¢, we obtain

a A A . S agp(®) p . ~ A A A~
= Ong(t.10) = ( ‘o E3) SO UL EL L fo0R, ,—bo®Es 2ho(DRo 20D (B.2)
4 o003 (l doEy e T Br e OR: g=bo®E2 2o (0Ro oK -
h
+eCo(l)l:73€a0T(t)E1 (fof(+ )efo(l)fﬁ e—bo(t)éz eZho(l)f(oego(t)f(—
+ec’0(l)1§36$13"1 efb(t)fﬁ( _ b'OEZ)e—bo(l)Ez eZho(t)f(oego(l)f(-
4o YL E o OR, e—bo(t)Ez(z o f{o) 2h00Ro 20K

e 0OEs BB o0 bo(DE2 2ho(DKo ( G0k )ego(t)fc .

Using the Theorem (4.1) and the commutation relations of the operators E . Ez, E3, and
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K_, K., Ky, we rearrange the Eqn. (B.2) in the form

d U R SR
EUOg(t’ t)) = [(C() + %aobo + ﬁaoboho + ﬁaogoe O)E3 (B.3)
. . 1 N
+( — by — hoby — %Clogoe_Zho)Ez
I U A TR
+(%a0 + ﬁ)bo - £(Zo]’l0 + ﬁ)bo]’lo + 5‘10](0806 )E1

+(fo — 2 foho + fzg'oe_%")fﬂr

+2(ho - fogoe_zho)f(o + (goe_ym)] Uy, (1, to).

If we substitute (B.3) in the operator equation (4.12), we obtain a non-linear sys-

tem of first-order equations

2
ot 2By + OO o e =0, (B4)
u(®) h

h
go + me%o = 0, go(to) =0,

ho + ifo +B() = 0, ho(to) =0,
u(t)

do + (l%fo + B(t)) ao+hE@) fo+ D(t) = 0, ay(ty) =0, (B.5)
: h
bo = (@fo + B(f)) bo - % —E(t) = 0, byty) =0,

2
. ay E(1) F(1)
+ + + 0, tp) = 0.
Co 2hu(7) 7 ao 7 co(to)
Then comparing the systems (B.4) and (4.16), we see that the functions fy(t), go(?), ho(t)

and f(7), g(t), h(r) satisfy the same differential equations with same initial conditions.
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Thus we get

_ _ M@ (2@

fo®) = f(O= - (xl(t) B(l‘)), (B.6)
— — 2 l -

go(®) = g = —hxi(to) . ,u(s)x (s)

ho(®) = h() = —In|x; (@] + In|x; (7o)l

where x(¢) is the solution of the homogeneous equation of motion (4.18) with initial
conditions (4.19). Furthermore, since (B.4) and (B.5) are dependent systems, substituting

f(¢) in the system (B.5), we obtain its solution in terms of x;(¢) as

1 !
w = o ). (u<s)E<s>(x1<s>—B<s>x1<s>)+D<s>x1<s))ds, (B.7)
_ ao(s)
o = uo | N(S)(ﬂ(s) E(s>)ds,
B 2(5)  E(s) F(s)
colt) = _f,o(mp(s) 7 Qo)+ )s

Now, to solve the evolution problem (4.7), we take the initial function as normal-

ized eigenstates of the standard harmonic oscillator

1 1/4 mw,
%(q)zw(%) ezrf’quk(w/$q), k=0,1,2,,

and apply the evolution operator (B.1) to these states as follows

00 g a0 =105 y=bo0E: 0(ad+1) ;28050

Uo, (1, 10)i(q) i #(q)
h(t)

= e2 elco(t)ehdo(l)qezf(l)q e bo(f)yqeh(t)q@ak(q;g(t))

= eh(Zt) elLo(t)gh“()(l)Qezf(t)q e bo(f)a%":o“ (eh(t)q. g(l‘))

h(t)

— o7 ezco(t)ehao(t)qezf(l‘)q Dk (eh(t)(q bo(1)); g(t))

where ¢;(g; z) is given by (4.36).

Therefore, we find the wave function solutions of the Schrodinger equation in the
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form

Wiq. ) = NivRp(l) X exp (i (k ; %)arctan(%g(t))) (B.8)
X exp( (f(t) 24 O;)q + co(t)))

xexp (—% (22 ormyinng - bo(l))z)

X exp (—mz—‘;f’R%m(q - bo(f))2) x Hj ( \ S Ra(0)(a - bo(l))) .

Since the wave function solutions (B.8) and (4.38) found in two ways are equal,

comparing them we find a relation between the auxiliary functions ay(?), by(t), co(t) and

a(t), b(t), c(t):

f()

a(t) = ag(t) + if (b(1), b(t) = bo(1), c(t) = cot) = b (0).

Thus, by this way we get a solution of the system (4.17) in terms of x;(¢):

_ 20 /1() Z(s) E(S)

al) = ==+ S (a0 = Box() f [ PEETRETE Gl
_ z(s) E(s)

b) = x() fo [ 20 XI(S)]ds, (B.10)
1 2 E(s)z(s)

e = — f,o [2,1(s)x§(s)_ o) +F(s)]ds (B.11)

o p) (1) ) f _as) E(s)) ]2
(x1<r> ()) 1(”[ ( 120 1) ] -

where

2) = f [M(f)E(f)(xl(é) —B(§>x1<§))+D<§>x1(§>] ds

o

89



APPENDIX C

FREE SCHRODINGER EQUATION

In sections 3.4 and 4.3 there are two free Schrodinger equations. In this part, we

solve these problems using Fourier transform.

C.1. The Fourier Transform

In this section, we introduce the Fourier transform and discuss its basic properties.

Definition C.1 Let f : R — R. The Fourier transform of f € L'(R), denoted by f, is

f© = \/% f : e F)dx.

Instead of f the notation ”F{f(x)}” is also used.

given by the integral

Theorem C.1 (Inversion of the Fourier Transform) Let f : R — R. Suppose that f €

LY (R) and in any finite interval, f, f’ are piecewise continuous. Then if f is continuous

1 0 iex 7
- iéx dé.
£ @Le fede

Theorem C.2 (Linearity) Let f,g € L'(R) and a, 3 € C. Then

at x € R, we have

Flafx) +Bg(0)} = aF {f(0)} +BF {g(x)}.

Theorem C.3 Let f € L'(R). Then

(@) Fle™ f(x)} = f(é—a) (translation),

(b) Ff(x—x0)} = f(©e™*, xo€R  (shifting),
© Flflax)}=LF(£). @R (scaling),

(@) F{f(0)=F{f(-x)} (conjugate).
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Theorem C.4 If f is a continuous function, n-times piecewise differentiable, f, f', ..., f®
are in L'(R), and
|1|im fOx) =0 for k=0,1,2,...,n—1,

then

FAP ) = @)"F ().

Proposition C.1 The Fourier transform of the Gaussian function g(x), defined as

=2
2

gx)=e

is again a Gaussian.

Proof Taking the Fourier transform of g(x), we get

1 L2
200 = o= [ et
V27T —00
= ! e # e _(X;if)z dx.

V2r Jew

Letu = x + i£, then dx = du. So

where we used the well-known integral
*© —le
f e 2 du= V2.

This shows g(£) is also a Gaussian function. |

Proposition C.2 If f(x) = ¢ 12 H,(x), where H,(x) represents the n-th Hermite polyno-

mial, then

2

¢ )Hn@ (C.1)

Ff(0} = (=0)"exp (—3
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foralln=0,1,2,....

Proof From the definition of Hermite polynomials, we know that
(o) l’n
exp(+2xt — 1) = " Hy(x)—. (C.2)
oy n!

Multiplying both sides of the Equation (C.2) by e™*"/2, gives

n

2 © 2

t

exp (—% + 2t — rz) = > exp (—%) H, (). (C.3)
n=0 :

The Fourier transform of the LHS of the Equation (C.3) is then

_XZ 1 00 xZ
F exp(—— + 2xt — tz)} —f exp(—ixé) ex (—— + 2xt — tz) dx
{ (=7 NN p(-ixg)exp|——

exp (%(m — &) — tz)

1
V2n
X f exp [—%(x—(Zt—if))z]dx.

1

If we change the variable x — (2f — i€) = u, it follows that dx = du. Then the integral /

becomes )

I:f exp(—%)du: V2r.

Therefore,

x2 §2
T{exp (—? + 2xt — tz)} = exp (t2 - 2ité — E) (C4)

Taking the Fourier transform of the RHS of the Equation (C.3),

F iexp X H()C)ﬁ 227: exp E H,(x) - €5
2 ) T L 27 ar '

n=0
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and equating the Equations (C.4) and (C.5) gives

N {exp ( ) Hn(x)} .

n=0

2
exp (t2 - 2ité — %)

> exp(-5 ) oS

n=0

Using the above results, the proposition is proven.

O
C.2. Solution of the Free Schrodinger Equation
The first problem is given as
{ ~150Uq:0) = £6:g:9), z€R, (C6)
$(q;0) = @u(q) = Neexp (-5¢%) H(VQ09),

where Ny = (2Kk)"12(mw,/nh)'/* and Qo = (mwy)/#. To solve the initial value problem,

we take Fourier transform of (C.6) and obtain

{ 25(&:2) = L€ 2) o

(& 0) = NeF {exp (-20%) Hi(VQog)}

By using the Proposition (C.2) and the third property of the Theorem (C.3), we

can calculate

ool o)) = e o) (G5)
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Then solving the IVP (C.7), we get ¢.(¢; 7) as in the form

WD = ew(582)he0)
B (—i)f & . &
= N; \/Q_Oexp (—2—90(1 - lQoz)) Hk( \/Q_o) (C.8)

If we take the inverse Fourier transform of (C.8), then

6@ = FURED)
BV G mexp(iqf)exp(—f—za—iszo@)Hk( ¢ )df
V27 VO J- 2Q VQ

N 1 +iQz ‘ ( ( 1 +iQz ) Q 2)
. Xexp—|—-—5]|5¢
VI =iQ0z | /1 + (Qpz)? 1+(Q02)*) 2

Qo
1+ Q22 Y

w . v
— = exp (z arctan (—)) s
|l u

for any complex number w = u + iv, we obtain explicitly the function ¢;(g; z):

xXH,

Finally, using the relation

N . 1
m X exp (l (k + 5) arctan(Qoz)) (C.9

1+iQpz \ 5 Qo
Bl e ) N ,/— .
XCXP( (1+(Qoz)2) 2")>< "[ 1+(Qoz)2q]

The second initial value problem is

#(q;2)

{ 200(q.) = ~4 (.1 10

Va(@.0) = 6o(@) = (2)"" exp (£ Py q) exp (~2(q — (@),)?).

where (p), = V2mwoha,, (q), = V2h/(mwy)a;, and @ = @, + ia,. Taking the Fourier
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transform of both sides of the equations in (C.10) gives

25 _ig2]
{m%@n L2 (1) i

Ua(€,0) = F{pa(q)).

Now, completing the square in the function ¢,(q), we find its Fourier transform by using

the Proposition (C.1) and the properties (b) and (c) of the Theorem (C.3) as

3 - ol 2 (3

exp 2iaa; — @3) £ 2
Qo) exp _Z_QO -1 Q—Oaf .

Solving the IVP (C.11), we obtain

Figa(@)

Juen) = exp(58%)dul€.0)

exp iaja, — a/%) (i 1 \/7
(907{)1/4 exXp (é: (Et - Z_QO) —1 Q—O(l’é: . (C12)

Then we take inverse Fourier transform of (C.12) and the exact form of (g, t) follows

_exp QRiaya, — a/%) . (i 1 \/7
lﬁw(q’ t) - (Qoﬂ')l/4 ¥ exXp f (Et - 2—.(20) -1 Q—Oaf
exp i, — ) Qo 2\
Qo) = IQOI P\ 20 i 1T )

Hence,

Q 1/4
m@nz(l)
T

exp (i — @3)
(Qom)!/4

_%(1+IQOI
1+ )1 Vo oo

X exp (; arctan(Qot)) (C.13)

X exp
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