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ARTICLE INFO ABSTRACT

Keywords: In this paper, the Exp-function method is employed to the Zakharov-Kuznetsov equation
Exp-function method ) as a (2 +1)-dimensional model for nonlinear Rossby waves. The observation of solitary
Zakharov-Kuznetsov equation wave solutions and periodic wave solutions constructed from the exponential function

Solitary wave solutions solutions reveal that our approach is very effective and convenient. The obtained results

may be useful for better understanding the properties of two-dimensional coherent struc-
tures such as atmospheric blocking events.
© 2009 Elsevier Inc. All rights reserved.

1. Introduction

Solving nonlinear evolution equations (NLEEs) has become a valuable task in many scientific areas including applied
mathematics as well as the physical sciences and engineering in the last four decades or so. For this purpose, some accurate
techniques have been presented in the open literature; for example, inverse scattering transform method [1], Jacobi elliptic
function method [2], tanh-coth function method [3], sine-cosine function method [4], symmetry method [5], F-expansion
method [6], Hirota’s bilinear method [7], Painlevé expansion method [8], homogeneous balance method [9], Bicklund trans-
formation method [10], Adomian decomposition method [11], variational iteration method [12], homotopy analysis method
[13], homotopy perturbation method [14] and so on. On the other hand, with the development of computer algebra systems
(they allow us to perform the tedious and complicated algebraic calculations on a computer) in recent years, many direct and
effective methods using symbolic computation are also presented such as the (G'/G)-expansion method [15-19] and the
Exp-function method [20-24].

It is well known that many important dynamics processes can be described by specific nonlinear partial differential equa-
tions. In 1974, Zakharov and Kuznetsov [25] derived an equation which describes weakly nonlinear ion-acoustic waves in a
strongly magnetized lossless plasma composed of cold ions and hot isothermal electrons. The Zakharov-Kuznetsov (ZK)
equation is also known as one of two-dimensional generalizations of the KdV equation, another one being the Kadomt-
sev-Petviashvili (KP) equation for example. In contrast to the KP equation, the ZK equation is non-integrable by the inverse
scattering transform method, though Shivamoggi [26] showed that it posses the Painlevé property by making a Painlevé
analysis of the ZK equation. The ZK equation has also been derived in the context of plasma physics [27,28]. Biswas and
Zerrad [29] considered the ZK equation with dual-power law nonlinearity and obtained 1-soliton solution by using the sol-
itary wave ansatze.

The ZK equation is a very attractive model equation for the study of vortices in geophysical flows since it supports stable
lump solitary waves [30]. Thus, more recently, to study the dynamics of two-dimensional coherent structures in planetary
atmospheres and oceans, Gottwald [31] derived the ZK equation for large scale motion from the barotropic quasigeostrophic
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equation as a two-dimensional model for Rossby waves. The (2 + 1)-dimensional Zakharov-Kuznetsov ((2 + 1)D-ZK) equa-
tion [31] reads

ur + (;ux + auuy + ﬁuxxx + Vuxyy = Oa (l)

where 4, o, 8, and y are nonzero arbitrary constants and u = u(x,y,t). He [32] applied the homotopy perturbation method to
the (2 + 1)D-ZK equation (1) to search for traveling wave solutions. Using a sub-equation method (the elliptic equation is
taken as a transformation), the traveling wave solutions for the (2 + 1)D-ZK equation (1) are also studied by Fu et al. [33].
There has not been much research on this special form (2 + 1)D-ZK equation (1) in the literature. The main goal of our pres-
ent work is to further analyze this less studied form of the ZK equation by using the so-called Exp-function method.

Based on He and Wu’s pioneer work [20] and his followers the Exp-function method has found some popularity in a re-
search community, and there has been a number of papers refining the initial idea [34-39]. The Exp-function “method” con-
sists of trying rational combinations of exponential functions as an “ansatz” to find exact solutions of the ODE for traveling
waves of the original equation. The method is powerful for it can take full advantage of computer algebra systems, the solu-
tion procedure is actually almost impossible without using a computer.

2. The Exp-function method based on the symbolic computation

To begin with, suppose that we have a nonlinear partial differential equation for u(x,y,t) in the form
P(u, ug, Uy, Uy, Uge, Uge, Ugy, Uxx, Uy, Uyy, ...) = 0, (2)
where P is a polynomial in its arguments. We give an algorithmic description of our method as follows:
Step 1. (Reduce NPDE to nonlinear ODE) By taking u(x,y,t) = U({), { = kx + my + wt, where k, m, and w are arbitrary non-zero
constants, look for traveling wave solutions of Eq. (2), and transform it to the ordinary differential equation
Qu,u,u",..)=0, 3)

where prime denotes the derivative with respect to (.

Step 2. (Simplify the nonlinear ODE) Integrate Eq. (3), if possible, term by term one or more times. This yields constant(s) of
integration. The integration constant(s) can be set to zero for simplicity.

Step 3. (Make an ansatz) Suppose the solution U({) of Eq. (3) can be expressed in the form

_acexp(cl) 4 --- +a_qgexp(—d()
~ byexp(pl) +---+b gexp(—q()’

u@ 4)
where ¢, d, p and g are unknown positive integers to be determined, a; and b; are unknown constants.

Step 4. (Determine the parameters) Determine the highest order nonlinear term and the linear term of highest order in Eq.
(3) and express them in terms of (4). Then, in the resulting terms, balance the highest order Exp-function to deter-
mine c and p, and the lowest order Exp-function to determine d and q.

Step 5. (Generate a set of algebraic equations) Substitute (4) into Eq. (3) and equate the coefficients of exp(li) to zero, obtain
a system of algebraic equations for a;, bj, k, m and w. Then, to determine these constants, solve the system with the
aid of a computer algebra system such as Mathematica.

Step 6. (Obtain exact solutions) Substitute the values solved in Step 5 into expression (4) and find the traveling wave solu-
tions of Eq. (2). Then, 1t is necessary to substitute them into the original Eq. (2) to assure the correctness of the
solutions.

3. Analytic solutions to the (2 + 1)D-ZK equation

To seek for the traveling wave solutions to the (2 + 1)D-ZK equation (1), we make the transformation u(x,y,t) = V({),
{ = kx + my + wt, where k, m and w are constants to be determined later. Then, integrating the resulting ODE once and setting
the constant of integration to zero, we get

(B + ykm*)V" + %kvz + (6k+w)V =0, (5)

where primes denote the derivatives with respect to {. Now, we make an ansatz

_acexp(c{) 4 --- +a_qgexp(—d()

V() =
© byexp(pl) +--- +b_qexp(—q{)

for the solution of Eq. (5) and balance the terms V” and V2. By a simple calculation, we have

v kiexpl(c+3p) + -
ko exp [4pl] + -
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and
2 _ksexp[2c()+ - _ksexp[2(c+p)+--- o
kqexp [2p{] + - kaexp[dpl +---
where k;'s are determined coefficients for simplicity. Balancing highest order of Exp-function in Egs. (7) and (8), we have

c+3p=2(c+p), (9)

which leads to the result
p=c. (10)
Similarly, from the ansatz (6), we have

-+ lhexp[—(d+3q)

V= -+ L exp[—4q(] an
and

vt l; exp [—2d€] ot Lexp[-2(d +qu 7 (12)

ot lexp[-2qf] -+ laexp[-4q(]

where Is are determined coefficients for simplicity. Balancing lowest order of Exp-function in Egs. (11) and (12), we have

—(d+3q)=-2(d+7q), (13)
which leads to the result

q=d. (14)

We can freely choose the values of c and d in general. However, the final solution does not strongly depend on the values of ¢
and d [20,23].
Case1:p=c=1,d=q=1
In this case, the solution of Eq. (5) can be expressed as
a; exp({) + ap + a_, exp(—{)

VO = brexp() 1 bo + by exp(-0)" :

Substituting (15) into Eq. (5), we have

};[Co +Crexp(() + Cz exp(2{) + G5 exp(3¢) + Cy exp(4L) + Cs exp(5¢) + Cs exp(60)] = 0, (16)
where A = 2(b;exp(2¢) + boexp(¢) + b_1)* and
Co = kaa® \b_y + 2wa_,b*, + 2ksa_,b’,,
Cy = 2koa_japh_1 + 2waph? | + 2k’ Bagh® | + 2km>yagh? | + 2ksagh®, + kaboa?®, + 4wa_1b_1 by
— 2I®Ba_1b_1by — 2km*ya_,b_1by + 4ksa_,b_1 by,
C, = kaa?b_y + 2kaa_ya;b_y + 2war b, + 8k*pa;b* | + 8km*ya, b, + 2ksab?, + 2kaia_yaghy
+ 4wapb_ by — 2I agb_1bo — 2km*yagh_1bo + 4ksagh_1bo + 2wa_, b} + 2k> pa_, b}
+ 2km*ya_,b} + 2kéa_b} + koa® by +4wa_1b_yby — 8k’ pa_yb_,by — 8km*>ya_,b_4b,
+4kéa_1b_1bq,
C3 = 2koagaib_1 + koca(z)bo + 2koa_ja;bg + 4wb_qa,bg + 6k3[3b,1a]b0 + 6km2yb,1a]b0 + 4kéb_,a; by
+ 2wapb] + 2kéaoh} + 2kaa_yaghy + 4wb_yapby — 12k Bb_yaohy — 12km®yb_yaghy + 4ksb_yaoh,
+ 4wa_,bob; + 6k’ Ba_bob; + 6km>ya_;bob; + 4kda_1boby,
Cy4 = kaa?b_y + 2kaaoa; by + 2way by + 2k ay b, + 2km>ya; by + 2ksa, bl + kaby a2 + 2keia_a; by
+4wb_,a:b; — 8k3/3b,1a1b1 — 8km2yb,1a1 bi + 4kéb_,a,b; + 4wbgagb, — 2k3ﬁboaob1 — Zlcmzyboaom
+ 4ksboagby + 2wa_1 b’ + 8k*pa_,b? + 8km*ya_b? + 2ksa_, b2,
Cs = kaa?by + 2kaaga; by + 4wayboby — 2k payboby — 2km?ya; boby + 4ksa,boby + 2wagh?
+ 2k Bagh? + 2km*yagh? + 2ksagb?,
Ce = kaa?by + 2wayb? + 2ksa, b2

Equating the coefficients of exp(j{) to zero in (16) and solving the resulting nonlinear algebraic system for a4, ao, a_1, by, bo,
b_1, k, m and w, we have the solution sets:
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6bo (KB + m?y B
{a1O,ao¥,alO,b14—l;’1.,w—k<k2ﬂ+m2y+5) : (17)
—b} (kzﬁ + m2y> 4b, (kzﬁ + m2y> —2b, (kzﬁ + mzy) b2
_ _ _ —_0 — 2 2y _
{01 = 30b; ,dg = % a4y = 5 b_q 74b],wfk<k B+m*y 5) . (18)

Now, substituting (17) into (15) yields a more general exponential function solution to Eq. (1) as

24bob; (kzﬁ + mzy) exp <kx +my — k(kzﬁ +m2y 4 5) t)

u(x,y,t) = , (19)

oc(bo + 2b; exp <kx+ my — k(k2[3+ m2y+5)t)>2

where by, bo, k and m are non-zero real constants. If we take bg = £2b; in (19), then we get the formal solitary wave solutions
to Eq. (1) as

3(k*B + m2y
Uy (x,y,t) = gsechz G (kx +my— k(kz[i +m?y + 5) t)) , (20)
3(K°B +m2y
usz(x,y,t) = ,gcschz (% (kx +my — k(kz/i +m?y + 5)t)>, (21)
where k and m are non-zero real constants.
Next, substituting (18) into (15) leads to another more general exponential function solution

2(k2ﬁ+m2y) e 12bob; exp (kx+my+k(k2[3+m2y—5>t>

. , 22)

Us(x,y,t) = (bo + 2by exp (kx +my + k(kzﬂ +m?y — 5)t))2

where by, by, k and m are non-zero real constants. If we take bg = +2b; in (22), then we have the formal solitary wave solu-
tions to Eq. (1) as

<k2/3+ m2y> 50

us(x,y,t) = #(2 — cosh {)sech 5 (23)
—(kzﬁ T m2y> ) Lt

ug(x,y,t) = — (2 + cosh ¢)csch 5 (24)

where ¢ = kx + my + k(K*p + m?y — §)t, k and m are non-zero real constants.

When k, m and w are imaginary numbers in the complex variation { = kx + my + wt, then it is possible to convert the ob-
tained solitary solutions into periodic or compact-like solutions. To do so, we write k =iK, m =iM, w=iW and use the
transformations

exp({) = exp (i(Kx + My + Wt)) = cos (Kx + My + Wt) + isin (Kx + My + Wt),

exp(—{) = exp (i(—Kx — My — Wt)) = cos (Kx + My + Wt) —isin (Kx + My + Wt). (25)

Now, plugging (25) into the solitary solution (19) gives
—24bob, (1(2 ﬂ+M2y>
Hreyt) = % [(4bf +b§) cos (1<x +My+ (1<3 B+KM?y _1<5) r) +4bob, + (4b$ - bﬁ)isin (Kx+My+ (I<3ﬂ+I<M2y —1<5) t)] '
(26)

If we search for periodic or compact-like solution, then the imaginary part in (26) must be zero and thus we get

bo = F2b;. (27)
Finally, substituting (27) and (26) yields the periodic solutions to Eq. (1) as

-6 (1<2/3 + sz)
Ugo(X,y,t) = (28)

oc[l T cos (Kx+My+ (K3ﬂ+KM2y —Ké)t)] 7

where K and M are free real parameters. By a similar approach, from (22) we can obtain compact-like solutions to Eq. (1) in
the form
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2 (1<2ﬁ + sz) 3
Uio11(X,y,t) = 1- 3 5 ) (29)
x 1:|:C05(I(X+My—<1< B+ KM y+1(5)t)
where K and M are free real parameters.
Case2:p=c=2,d=q=2
Then the trial function (6) becomes
V(g) = 2EXP20) + 81 EXP(C) + do + d 1 EXP(=L) + d 5 EXP(=20) (30)
b, exp(2¢) + by exp({) + bo + b_q1 exp(—{) + b, exp(—2{)"
There are some free parameters in (30), so we set b, =1, b; =0, b_; = 0 for simplicity and thus (30) takes the form
V(t) = 2 XPR0) + a1 Xp(0) + o + a1 €XD(~0) +d. exp(-20) 31)
exp(20) + bo + b_ exp(—2{) '
Substituting (31) into Eq. (5), we get
1 ) ) B 12 .
5 (exp(4¢) + boexp(2() + b_,) } Z Ciexp(j¢) = 0. (32)
j=0

We omit to display the coefficients C; explicitly. Then, equating the coefficients of exp(j{) to zero and solving the resulting
nonlinear algebraic system for a,, a;, ag, a_1, a_y, bg, b_3, k, m and w, we have the solution sets:

24bg (2B + m2y 2
{az —0,a;=0,a,=0,a; =0,d = ¥,b2 - %,w = k(41 B+ 4m*y +6) o, (33)
12 2.\52 . (12 2. .
0 =TI o\ = 22i(1p 1 m2y)by2 0, = 2L ) = OV oi(12g 4 m2y), a4
aozw.b,z:é,wzk(k2ﬁ+m2'})*é),i:\/7‘1. 7
—0 343 ]2 5 b3/2 —0 B 6\/270 . Iz 2 B 12bg(k2/f+m2y)
a2 =0,ay==22i(10p+m2y) b, 0z = 0,4 = (I + my), ap = 2, 5)
b,z:é,w:—k(k2ﬁ+m2y+5),i:\/—l. 7
a,= ;zbg(k?mzr) ;a1 =00, = 778(’(2?”127) ;a1 =0,a0 = 7]6b0(’<2f+m27) , (36)
b,= é,w = k(4k2[3+4m2y - 5)

Now, substituting (33) into (31) yields more general exponential function solution

96hy (kzl)’ + m2y> exp (2 (kx +my— k(4k2[§ +4m?y + 5) t))
Ui (x,y,t) = 2 > (37)
oc<b0 +2exp (2 (kx +my— k<4k2ﬁ +4m2y + 5) t)))

where bg, k and m are non-zero real numbers. If we take by = 2 in(37), then we have the formal solitary wave solutions to Eq. (1) as

M sech” (kx +my — k (4"25 +4m’y + 5) t)’ >

—12(k2[f + m2y>

U13(X,y, t) =

csch? (kx +my — k<4k2ﬁ +4m?y + 6) t) , (39)

where k and m are non-zero real constants.
Next, substituting (34) into (31) leads to the following more general exponential function solution

2 (kzﬁ + m2y> (-4 exp (4) + 12+/2bgi exp (3() + 20bg exp (2) — 61/2b3iexp (¢) — b§>

a(bo + 2 exp (20))

where { = kx + my + k(k*f + m?y —§)t, i = v—1, bo, k and m are non-zero real numbers. If we take by = +2 in (40), then we
have the formal solitary wave solutions to Eq. (1) as

<k2 B+ mzy)
R

ul4(X7y7 t) =

Uis(x,y,t) = ) (40)

Uis(X,y,t) = (6itanh ¢ + (5 — cosh 2¢)sech{)sech(, (41)

- (kzﬁ + mzy)
o

Uz (x,y,t (=6 coth ¢ — (5 + cosh 2¢)csch{)esche, (42)

where { = kx + my + k (kzﬁ +m?y — 5) t,i=+v-1, k and m are non-zero real numbers.
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Similarly, substituting (35) into (31) results in another more general exponential function solution which reads
12 (kzﬁ + m2y> Vboexp (¢) (2\/21' exp (20) + 4v/boexp (¢) — ﬁboi)

a(bo + 2 exp (2¢))°

where ¢ = kx + my — k(k?$ + m%y + 6)t,i = v/—1, bo, k and m are non-zero real numbers. If we take by = 2 in (43), then we have
the formal solitary wave solutions to Eq. (1) as

ulS(X7y7 t) = ’ (43)

6 (kzﬁ + m2y>
U9(x,y,t) = ———— 2 (sech{ + itanh {)sech, (44)
6 (kzﬁ + m2y>
Uy (x,y,t) = B (coth { + csch{)eschi, (45)

where { = kx + my — k(k’f + m?y + d)t, i = vV—1, k and m are non-zero real numbers.
Finally, substituting (36) into (31) results in more general exponential function solution

-8 (kzﬁ + mzy) . 12by exp (2 (kx +my + k(4k2[3 +4m?y — (S) t))

5 | (46)
x (b0+26xp (2(kx+my+k(4k2[3+4m2y—o‘)t)))

U (X,y,t) =

where bg, k and m are non-zero real numbers. If we take by = +2 in (46), then we have the formal solitary wave solutions to
Eq. (1) as

4 (kzﬂ + mzy) X

uxp(x,y,t) = — (2 — cosh2{)sech?¢, (47)
4 (kzﬁ + mzy) ,

ux3(x,y,t) = — (—2 — cosh2{)csch?¢, (48)

where ¢ = kx + my + k(4k* + 4m?y — 5)t, k and m are non-zero real numbers.
Now, by the same procedure as in the previous case, applying the transformations (25) to the functions (37), (40), (43)
and (46) respectively, we get periodic wave solutions to Eq. (1) as follows:

—24(1<2/f + M2y>
Uzgaps(X,Y,t) = 3 Py ) (49)
a[l F cos (2 (Kx + My + (4K>B + 4AKMPy — Ka)r))]
2(K%p+ M) 3
Uze27(X, Y, t) = 1- - 3 5 ) (50)
o 1Fsin (Kx+My7 <K B+ KM y+1<5)t)
6<I<2ﬁ + sz)
Uxg29(X,Y,t) = ) (31)
% (1 +sin (Kx + My + (K3 B+ KMy — 1<5) t))
8 (K2 B+ sz) 3
Usg31(X,y,t) = - 3 > ) (52)
o 1+ cos (2(1<x+1v1y—(41< B+ 4KM y+K5>t>>
where K and M are free real parameters. For the sake of the brevity, we do not give any further details here.
Case3:p=c=3,d=q=2
Then the trial function (3) becomes
a3 exp(3¢) + az exp(2¢) + a; exp({) + do + a_; exp(—{) + a_, exp(—2
V(g) = BEXPBE) + 6y EXP(2C) + @) €XP(C) + Qo + a1 EXP(—C) + A EXP(-20) (53)

~ by exp(3() + ba exp(2() + b1 exp(() + by + b_1 exp(—{) + b, exp(-2()’
There are some free parameters in (53), so we set b3 =1, b, =0, b; =0, b_; = 0 for simplicity and thus (53) takes the form

V(o) = as exp(3¢) + a, exp(28) + a1 exp({) + ao + a_1 exp(—{) + a_, exp(—2¢) (54)
> exp(3() + bo + b_, exp(—2{) ’

By the same manipulation as illustrated above, we obtain the solution sets:

0, — 6(2)*° b3 (K prm?y) - -36(2)" b3 (12 p+m2y) d — 62bo (K prm2y)
e S0 ye=l T 50 ’ - Sa ’
2 1/’3b1/3 2 2. (K2 2. a2 2/3b2/3 2 2.
] e (200 1 ALV N 9 (55)

by =30 w=k(kp+my - o)
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_ag(2\1/3,43 2 2. e 2. 2 1/3b1/3 2 2.
4,=0.a,— 36(3) b%/a(( prm?y) g = 72bo 5£+m ,)’a2 _ 12(3) Oa(k f+m ,)7

~24(2)"° B2 (I p+m2y)

(56)
a; = 0,0, = 6L % WP ', — _3(2)*PpiR w— —k<k2/3+m2y+(3)

o

Now, substituting (55) into (54) yields more general exponential function solution

iy~ 2T 60Vbs
32\, = -
x Y2500 exp ({) + 203/bg + 1/400b? exp (~{)

: (57)

where { = kx + my + k(k?$ + m?y — d)t, by, k and m are non-zero real numbers.
Next, substituting (56) into (54) leads to the following more general exponential function solution

120(18/3 v mzy) /bo
(V2500exp() +20¢/5s + /4008 exp(-0) )

usz(x,y,t) =

where ¢ = kx + my — k(k?f + m?y + )t, by, k and m are non-zero real numbers.

We note that if we take by =5/2 in (57) and (58), then we observe that the resulting formal solitary wave solutions to
Eq. (1) are the same as (23) and (20), respectively. Similarly, if we apply the transformations (25) to (57) and (58) and take
bo =5/2, then we get periodic wave solutions to Eq. (1) which are included in (29) and (28), respectively.

Remark 1. There is no a universal method for nonlinear equations. Each of the existing methods presented in the open
literature for solving nonlinear evolution equations has some advantages and disadvantages. However, there are some
reasons to select the Exp-function method over the others: (i) The Exp-function method provides exponential function
solutions from which we can construct solitary and periodic wave solutions by setting the parameters as special values. (ii)
As mentioned in [40], Jacobi elliptic function method [2] cannot be applied to solve the NLEEs in which the odd and even-
order derivative terms coexist. This observation is also true for tanh-coth function method [3] and F-expansion method [6].
However, in [41], it is shown that the Burgers’ equation in which the odd and even-order derivative terms coexist can be
solved by the Exp-function method. (iii) Being less restrictive, the Exp-function method can be extended to a wide class of
equations such as NLEEs with variable coefficients [42,43], a KdV equation with forcing term [44], and nonlinear differential-
difference equations [45-48]. Furthermore, the Exp-function method is more applicable to discrete NLEEs than hyperbolic
function method. (iv) Instead of involving a sub-equation together with a long list of solutions, it can be applied to other sub-
equations such as Ricatti equations [22], [35], [49-52]. Moreover, it can be combined with other methods such as the
variational iteration method [53].

Remark 2. It is always better not to integrate the original equation and set the resulting constant(s) to zero in order to get
more general form solutions. Otherwise, some types of solutions may be missed. The reason is that an integration constant
which corresponds to a general form of solutions is arbitrary and therefore, if it is set to zero, only a special solution is
derived. The Exp-function method, by assuming the solution of the equation in exponential form with many parameters,
entails the solution of several sets of nonlinear algebraic equations which sometimes constitute inconsistent systems. In
our case, in order the Exp-function method work for us properly, it has become obligatory to reduce the order of the trans-
formed ODE by integration. However, no method is perfect and can promise finding all solutions of a given (integrable or
non-integrable) nonlinear partial differential equation.

Remark 3. The obtained generalized solitary wave solutions with the free parameters by and/or b; might imply some fas-
cinating physical meanings hidden in the (2 + 1)D-ZK equation. Of course, we can set the parameters by and b, equal to other
values, resulting in different solitary wave shapes. These free parameters might be related to the initial and/or the boundary
data for the problem, as well. Nevertheless, we have ensured the correctness of our solutions by putting them back into the
original Eq. (1) with the aid of Mathematica.

4. Conclusion

Using the Exp-function method, we have successfully obtained various kinds of novel exact analytic solutions to a special
form (2 + 1)D-ZK equation, which admits physical significance, derived by Gottwalld [31] recently. Our solutions include
exponential function solutions, solitary wave solutions and periodic wave solutions. As a result, the power of the employed
method is confirmed. Of course, we are unable to give further details for the real physical meaning of our analytic solutions
due to the lack of experimental and theoretical basis related to these solutions. We believe that these solutions will also be of
great importance for numerical simulation in applied mathematics.
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