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The harmonic oscillator with time-dependent parameters covers a broad spectrum
of physical problems from quantum transport, quantum optics, and quantum infor-
mation to cosmology. Several methods have been developed to quantize this fun-
damental system, such as the path integral method, the Lewis–Riesenfeld time
invariant method, the evolution operator or dynamical symmetry method, etc. In all
these methods, solution of the quantum problem is given in terms of the classical
one. However, only few exactly solvable problems of the last one, such as the
damped oscillator or the Caldirola–Kanai model, have been treated. The goal of the
present paper is to introduce a wide class of exactly solvable quantum models in
terms of the Sturm–Liouville problem for classical orthogonal polynomials. This
allows us to solve exactly the corresponding quantum parametric oscillators with
specific damping and frequency dependence, which can be considered as quantum
Sturm–Liouville problems. © 2009 American Institute of Physics.
�DOI: 10.1063/1.3155370�

I. INTRODUCTION

Nonstationary problems of quantum mechanics admit exact solutions quite rarely. From the
class of exactly solvable problems, the harmonic oscillator with time-dependent parameters plays
the central role due to a broad spectrum of physical applications from quantum transport, quantum
optics, and quantum information to cosmology.1 From recent applications we mention the geo-
metric phase by Berry to study the nonadiabatic geometric phase for coherent states.2

Long time ago, for imitation of damped oscillations, the harmonic oscillator with an expo-
nentially increasing mass has been introduced by Caldirola3 and Kanai.4 However, it is well
known that parametric excitations of a quantum oscillator, resulting from a change of its mass, by
proper time reparametrization, can be reduced to the case of a quantum oscillator with variable
frequency.1 Thus, from classical point of view these models are physically equivalent. However,
quantization of time-dependent Hamiltonian with exponential mass accretion m�t�=m0et, as a
model of quantum damped oscillator,5 encounters some contradictions with Heisenberg uncer-
tainty relations.6 The ambiguity problem appearing in quantization of the damped harmonic os-
cillator has been addressed in Ref. 7.

Several methods have been developed to quantize one dimensional quantum oscillator with
variable frequency. It has been considered first by Husimi,8 who by proper ansatz reduced solution
of the Schrödinger equation to nonlinear Riccati equation, linearizable in the form of classical
parametric oscillator. Then, other methods such as the path integral method,9 the Lewis–
Riesenfeld quantum time invariant method,10 the evolution operator or dynamical symmetry
method,11 etc., were found. In all these methods solution of the quantum problem is given in terms
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of the classical one.12,13 However, only few problems of quantum parametric oscillator, such as the
damped oscillator in the Caldirola–Kanai form,3,4 have been treated exactly.

The goal of the present paper is to introduce a wide class of exactly solvable quantum models
in terms of the Sturm–Liouville problem for the classical orthogonal polynomials. This class of
functions, called the special functions of mathematical physics, play essential role as a solution of
boundary value problems, particularly for the stationary Schrödinger equation.14 Importance of
this class of functions as the hypergeometric function was mentioned first by Klein.15 For the
relation of these functions to the group representations, discovered first by Cartan,16 see Ref. 17.
Application of the hypergeometric function in the form of the Eckart potential, from quantum
mechanics,18 for exact solution of the parametric resonance has been considered by Perelomov, see
Refs. 1 and 12 and references therein. It was shown that the classical oscillator is characterized by
one parameter, coinciding with the quantum-mechanical reflection coefficient, allowing the use of
some known results from stationary quantum mechanics in one dimension. Following in direction
of this formal analogy, in the present paper we solve exactly the parametric quantum oscillator
with a specific damping and frequency dependence, corresponding to the hypergeometric function
and its degenerations. Then, this problem can be considered as the quantum Sturm–Liouville
problem.

The paper is organized in the following way. In Sec. II, first we introduce the self-adjoint
quantization of the singular Sturm–Liouville problem. Then, we give exact formulas and solutions
for the related explicitly time-dependent quantum evolution problem. For this we use the evolution
operator method and the Lewis–Riesenfeld invariant method both in the Schrödinger and the
Heisenberg pictures. Also, we find exact relation between the Ermakov pairs, which connects the
results obtained by the above two methods. In addition, we show that the probability density
function is global up to some finite number of removable singularities. In Sec. III, we introduce a
wide class of classical singular Sturm–Lioville problems for orthogonal polynomials. The self-
adjoint quantization of each problem is considered separately, and the exact solutions are obtained.
For some special cases the plots of probability densities, expectation values, and uncertainty
relations are constructed explicitly. Section IV is the concluding part were we briefly mention
about some relations and applications of this work to different fields of interest.

II. SELF-ADJOINT QUANTIZATION OF STURM–LIOUVILLE PROBLEMS

Consider the classical Sturm–Liouville equation in self-adjoint form,

d

dt
���t�ẋ�t�� + �s�t� + �r�t��x�t� = 0, a � t � b , �1�

where � is a spectral parameter, ��t��0 on �a ,b�, ��t��C1�a ,b�, s�t�+�r�t��0 on �a ,b�, and
s�t�+�r�t��C�a ,b� and with allowed singularities occurring at the end points of the fundamental
domain �a ,b�. The reason of the singularities can be the following: �i� �a ,b� is an infinite domain,
�ii� ��a�=0 or/and ��b�=0, and �iii� mixture of the first two cases. Then, the boundary conditions
are imposed like x�t� must be continuous or bounded or become infinite of an order less than the
prescribed, see Ref. 14.

Clearly, the problem �1� can be written in the form of damped parametric oscillator,

ẍ + ��t�ẋ + �2�t�x = 0, t � I = �a,b� , �2�

with damping coefficient ��t�= �̇�t� /��t� and frequency �2�t�= �s�t�+�r�t�� /��t�. By transforma-
tion of time variable, it is possible to exclude the damping term in Eq. �2�, but two classically
equivalent systems are not necessarily equivalent at the quantum level. On the other hand, it is
known that quantization of the oscillator �2� is not unique. One approach to the problem is based
on the Bateman doubled representation when Eq. �2� is complimented with the adjoint one, and
thus the total energy in the composed system is conserved. Here, we present the self-adjoint
quantization, which leads to Lagrange formulation depending only on the variable x�t� of the
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original system. Indeed, the second order differential equation �2� can be written in equivalent, but
self-adjoint form,

Tx�t� =
d

dt
���t�ẋ�t�� + ��t��2�t�x�t� = 0, t � I = �a,b� , �3�

where

T =
d

dt
���t�

d

dt
� + ��t��2�t�

is the corresponding linear differential operator. Then, the action functional corresponding to the
formal self-adjoint operator T is

S =
1

2
�x�t��T�x�t�	 =

1

2



a

b

�x�t�Tx�t��dt =
1

2



a

b

x�t�� d

dt
���t�ẋ�t�� + ��t��2�t�x�t��dt

=
1

2
���t�x�t�ẋ�t��a

b − 

a

b

���t�ẋ2�t� − ��t��2�t�x2�t��dt� .

Assuming that the boundary conditions are fixed so that x�t� satisfies ��t�x�t�ẋ�t� �a
b=0, we have

S =
1

2



a

b

�− ��t�ẋ2�t� + ��t��2�t�x2�t��dt

and the Lagrangian

L = 1
2��t��ẋ2�t� − �2�t�x2�t�� ,

so that the canonical momentum is

p =
�L

� ẋ
= ��t�ẋ�t� .

Therefore, the Hamiltonian function for the classical harmonic oscillator �2� with time-dependent
damping ��t� and time-dependent frequency �2�t� is given by

H�x,p� =
p2

2��t�
+

��t��2�t�
2

x2. �4�

The canonical quantization procedure prescribes operator replacement for coordinate x→ q̂ and
momentum p→−i�� /�q. As a result, we have the quantum Hamiltonian

Ĥ�t� = −
�2

2��t�
�2

�q2 +
��t��2�t�

2
q̂2 �5�

for the related quantum harmonic oscillator. Clearly, if in Eq. �3� we consider ��t��2�t��s�t�
+�r�t�, then the self-adjoint quantization of the Sturm–Liouville Eq. �1� leads to the Hamiltonian,

Ĥ�t� = −
�2

2��t�
�2

�q2 + � s�t� + �r�t�
2

q̂2, �6�

and the quantum problem corresponding to the classical Sturm–Liouville problem �1� can be
called the quantum Sturm–Liouville problem.

For generality and simplicity in notation, in what follows we will work with Hamiltonian �5�
and consider the related quantum evolution problem for the Schrödinger equation,
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i�
�

�t
��q,t� = Ĥ�t���q,t� , �7�

with initial state

��q,t0� = �0�q� . �8�

We give the solution of this problem using two different methods.

A. The evolution operator method

The evolution operator method, also known as the Wei–Norman algebraic method,11 is based
on the Lie algebraic properties of operators, linear combination of which forms the Hamiltonian.
According to this method, the evolution operator can be represented as an ordered product of
exponential operators containing single generators of a Lie group. Also, it is well known that there
is a relation between solution of the classical equation of motion and the solution of the corre-
sponding quantum problem, see Refs. 1, 11, 19, and 20, etc. Necessary results are adopted and
summarized in the following proposition.

Proposition 2.1: If x�t� is the solution of the classical equation of motion

ẍ +
�̇�t�
��t�

ẋ + �2�t�x = 0, x�t0� = x0 � 0, ẋ�t0� = 0, �9�

with ��t��0, ��t��C1�I�, �2�t��0, ��t��C�I�, t0� I�R, then for all t� I, such that x�t��0,
the solution of the quantum evolution problem (7) and (8) is given by

��q,t� = Û�t,t0��0�q� , �10�

where

Û�t,t0� = exp� i

2
f�t�q2exp�h�t��q

�

�q
+

1

2
exp�−

i

2
g�t�

�2

�q2 �11�

and

f�t� =
��t�ẋ�t�

�x�t�
, �12�

g�t� = − �x2�t0�
t d	

��	�x2�	�
, g�t0� = 0, �13�

h�t� = − ln�x�t�� + ln�x�t0�� . �14�

Proof: Conditions ��t��C��I�, ��t��C�I� guarantee existence and uniqueness of x�t� in I. To

solve the quantum evolution problem �7� and �8� one finds the unitary operator Û�t , t0� by solving
the operator equation

i�
�

�t
Û�t,t0� = Ĥ�t�Û�t,t0�, Û�t0,t0� = Î , �15�

which holds also for time-dependent Hamiltonians. Using the Wei–Norman algebraic procedure,
the Hamiltonian �5� is written as time-dependent linear combination,
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Ĥ�t� = i�−
�2

��t�
K̂− − ��t��2�t�K̂+ , �16�

where

K̂− = −
i

2

�2

�q2 , K̂+ =
i

2
q2, K̂0 =

1

2
�q

�

�q
+

1

2


are operators which satisfy the commutation relations

�K̂−,K̂+� = 2K̂0, �K̂+,K̂0� = − K̂+, �K̂−,K̂0� = K̂−

of the SU�1,1� algebra. Then, we assume, as an SU�1,1� group element, that

Û�t,t0� = exp�f�t�K̂+�exp�2h�t�K̂0�exp�g�t�K̂−� , �17�

where f�t�, g�t�, h�t� are real-valued functions to be determined, and that ÛÛ�= I.
The time differentiation gives

i�
�

�t
Û�t,t0� = i��� ḟ − 2f ḣ + f2ġe−2h�K̂+ + �ġe−2h�K̂− + �2ḣ − 2f ġe−2h�K̂0�Û�t,t0� .

Therefore, Û�t , t0� is a solution of �15�, if the auxiliary functions f , g, and h satisfy the nonlinear
system of equations,

ḟ +
�

��t�
f2 +

��t�
�

�2�t� = 0, f�t0� = 0, �18�

ġ +
�e2h

��t�
= 0, g�t0� = 0,

ḣ +
�

��t�
f = 0, h�t0� = 0.

Notice that Eq. �18� is a Riccati equation and by substitution f�t�=��t�ẋ�t� /�x�t� can be linearized
in the form of the classical damped parametric oscillator �9�. Hence, solution f�t� of �18� is
obtained explicitly in terms of the solution x�t� of the classical problem. Therefore, the above

system has a solution given by �12�–�14�. Using that ��q , t�= Û�t , t0��0�q� and the above results,
the proposition is proven.

To obtain an explicit form for evolving in time states ��q , t�, we consider the Hamiltonian for
the standard harmonic oscillator,

Ĥ0 = −
�2

2

�2

�q2 +
�0

2

2
q2, �0 = const, �19�

with normalized eigenstates and eigenvalues, respectively,


k�q� = Nke
−��0/2�q2

Hk���0q� , �20�

Ek = �2�0�k + 1
2�, k = 0,1,2, . . . ,

where Hk���0q� are the standard Hermite polynomials, Nk= �2kk!�−1/2��0 /��1/4 are normalization
constants and �0=�0 /�. Since �
k�q��k=0

 is an orthonormal basis in the Hilbert space L2�R�, then
any initial wave function �0�q��L2�R� has expansion of the form �0�q�=�k=0

 ��0 ,
k	
k�q�,
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where � , 	 denotes the standard inner product in L2�R�. Therefore, time-evolved state according to
Proposition 2.1 is

��q,t� = Û�t,t0��0�q� = �
k=0



��0,
k	Û�t,t0�
k�q� .

To find �k�q , t�= Û�t , t0�
k�q� explicitly, following Ref. 19, we introduce an auxiliary func-
tion,


̃k�q;z� = Nk �
1

�1 + ��0z�2�1/4 � exp�− i� �0z

1 + ��0z�2�0

2
q2 � exp�i�k +

1

2
arctan��0z�

� exp�− � 1

1 + ��0z�2�0

2
q2 � Hk�� 1

�1 + ��0z�2�1/2��0q , �21�

with z real and so that 
̃k�q ;0�=
k�q�. Since 
̃k�q ;z�, satisfies the parabolic wave equation,

�−
i

2

�2

�q2�
̃k�q;z� = � �

�z
�
̃k�q;z� ,

then

�exp�−
i

2
g�t�

�2

�q2�
̃k�q;z� = �exp�g�t�
�

�z
�
̃k�q;z� ,

and thus

�exp�−
i

2
g�t�

�2

�q2�
k�q� = �exp�−
i

2
g�t�

�2

�q2�
̃k�q;0� = �exp�g�t�
�

�z
�
̃k�q;z��z=0

= 
̃k�q;z + g�t���z=0 = 
̃k�q;g�t�� .

Hence,

Û�t,t0�
k�q� = exp� i

2
f�t�q2exp�h�t��q

�

�q
+

1

2
exp�−

i

2
g�t�

�2

�q2
k�q�

= exp�h�t�
2
exp� i

2
f�t�q2
̃k�eh�t�q;g�t�� .

Using definitions of f , g, and h given in Proposition 2.1 and definition �21� of 
̃k�q ;z�, the wave
functions are obtained explicitly in terms of the classical solution x�t�, that is,

�k�q,t� = Nk
�R�t� � exp� i

2
���t�ẋ�t�

�x�t�
q2 � exp�−

i

2
�0

2g�t�R2�t�q2
�exp�i�k +

1

2
arctan��0g�t�� � exp�−

�0

2
R2�t�q2 � Hk���0R�t�q� , �22�

where

R�t� = � x0
2

x2�t� + ��0x�t�g�t��21/2

. �23�

The probability density �k�q , t� is then easily found to be

�k�q,t� = Nk
2 � R�t� � exp�− ���0R�t�q�2� � Hk

2���0R�t�q� . �24�
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Notice that the solutions �k�q , t� and the probability densities �k�q , t� have singularities at the
zeros of x�t�. However, although the functions f�t�, g�t�, and h�t� have singularities of an infinite
type at the zeros of x�t�, we show that under the conditions of Proposition 2.1 and assuming that
all zeros of x�t� are simple the probability density �k�q , t� has removable singularities.

Proposition 2.2: The probability density function �k�q , t�, t� I, q�R, has removable singu-
larities at the zeros of x�t�.

Proof: From �24� and definition of R�t�, it is clear that all singularity points of �k�q , t� occur
at the zeros of x�t�. Let us show that they are removable. Suppose �0 is a simple zero of x�t�, that
is, x��0�=0 and ẋ��0��0. Then, for t sufficiently close to �0, there is c1� ��0 , t� such that ẋ�c1�
�0 and

x�t� = ẋ�c1��t − �0� .

On the other hand, since 1 /��t��0, 1 /��t��C��I�, then there is c2� ��0 , t� such that

1

��t�
=

1

���0�
−

�̇�c2�
�2�c2�

�t − �0� .

Therefore, limt→�0
�g�t��=�x0

2 limt→�0
��td	 /��	�x2�	��=, and thus we have limt→�0

�x�t�g�t��
=�x0

2 /���0��ẋ��0��, which implies

lim
t→�0

R�t� = lim
t→�0

� x0
2

x2�t� + ��0x�t�g�t��21/2

=
���0��ẋ��0��

��0�x0�
�  .

This shows that the singularities of �k�q , t� are removable.

B. The Lewis–Riesenfeld method

Alternative method for solving the Schrödinger equation �7� is the Lewis–Riesenfeld method,
see Ref. 10. It provides a solution in terms of the eigenstates of an explicitly time-dependent
invariant and a time-dependent phase factor. Here, we give the main results of the method. For the

Hamiltonian Ĥ�t� the invariant operator Î�t� is defined by

dÎ

dt
�

� Î

�t
+

1

ih
�Î,Ĥ� = 0, Î† = Î ,

and for the model �5� the explicit form of the invariant is

Î�t� =
1

2
� 1

�2 q̂2 + ��p̂ − ��̇q̂�2� , �25�

where ��t� satisfies the nonlinear auxiliary equation,

�̈ +
�̇�t�
��t�

�̇ + �2�t�� =
1

�2�t��3 . �26�

Eigenvalues �k of the Hermitian operator Î�t� are real, time independent, and the corresponding
eigenstates �k�q , t� form a complete orthonormal system, that is,

Î�t��k�q,t� = �k�k�q,t� ,

where ��k ,�k�	=�k,k�. Then, as it is well known, the Schrödinger equation �7� with the Hamil-
tonian �5� has solutions
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�̃k�q,t� = ei�k�t��k�q,t� ,

where the eigenstates of Î�t� are

�k�q,t� = Ñk �
1

��
� exp� i��t�

2�
� �̇

�
+

i

��t��2q2 � Hk� 1
��

q

�
 , �27�

phase factor is �k�t�= �k+ 1
2

���t�, Ñk= �1 /����k !2k�1/2, ��t�=�t−d	 /��	��2�	�, ��t0�=0. Thus,
the Schrödinger equation �7� has orthonormal solutions given explicitly in the form, see Ref. 21,

�̃k�q,t� = Ñk �
1

��
� exp�i�k +

1

2
��t� � exp�i

��t�
2�

�̇

�
q2 � exp�−

1

2��2q2 � Hk� 1
��

q

�
 ,

�28�

and the corresponding probability densities are

�̃k�q,t� = Ñk
2 �

1

�
� exp�− � q

���
2 � Hk

2� q
���

 . �29�

One can show that the probability density functions �29� and �24� are same.
In fact, the results obtained by the evolution operator method and the Lewis–Riesenfeld

method can be compared using that ��t�=arctan��0g�t�� and the following proposition for the
Ermakov pairs x�t� and ��t�.

Proposition 2.3: If x�t� is the solution of the initial value problem,

ẍ +
�̇�t�
��t�

ẋ + �2�t�x = 0, x�t0� = x0 � 0, ẋ�t0� = 0,

then

���t�� =
1

���0
� x2�t� + ��0g�t�x�t��2

x0
2 1/2

satisfies the nonlinear initial value problem,

�̈ +
�̇�t�
��t�

�̇ + �2�t�� =
1

�2�t��3 , ��t0� =
1

���0

, �̇�t0� = 0.

C. Heisenberg picture

The position and momentum operators in Heisenberg picture are found by the unitary trans-
formation,

q̂H�t� = Û†�t,t0�q̂SÛ�t,t0�, q̂H�t0� = q̂S,

p̂H�t� = Û†�t,t0�p̂SÛ�t,t0�, p̂H�t0� = p̂S.

Hence, using the evolution operator Û�t , t0� which was found before and given by �11�, we obtain
the position and momentum operators in Heisenberg picture explicitly in terms of the solution x�t�
of the classical equation of motion �9�,

q̂H�t� = � x�t�
x�t0�

q̂H�t0� − � x�t�
�x�t0�

g�t�p̂H�t0� ,
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p̂H�t� = ���t�ẋ�t�
x�t0�

q̂H�t0� + � x�t0�
x�t�

−
��t�ẋ�t�
�x�t0�

g�t�p̂H�t0� . �30�

These operators satisfy the Heisenberg equations of motion,

d

dt
q̂H�t� =

i

�
�ĤH�t�, q̂H�t�� =

�ĤH

� p̂H

=
p̂H

��t�
,

d

dt
p̂H�t� =

i

�
�ĤH�t�, p̂H�t�� = −

�ĤH

� q̂H

= − ��t��2�t�q̂H,

so that q̂H�t� is a solution of the parametric damped oscillator,

d2q̂H�t�
dt2 +

�̇�t�
��t�

dq̂H�t�
dt

+ �2�t�q̂H�t� = 0.

The position and momentum operators in Heisenberg picture can also be obtained using the
Lewis–Riesenfeld invariant, one can see Ref. 22. Accordingly, the results are found in terms of the
auxiliary function ��t�, that is,

q̂H�t� = ���0��t�cos ��t�q̂H�t0� −
1

���0

��t�sin ��t�p̂H�t0� , �31�

p̂H�t� = ���0� 1

��t�
sin ��t� + ��t��̇�t�cos ��t�q̂H�t0�

+
1

���0
� 1

��t�
cos ��t� − ��t��̇�t�sin ��t�p̂H�t0� . �32�

Again, using Proposition 2.3 and the relations

cos ��t� =
1

�1 + ��0g�t��2
, sin ��t� =

�0g�t�
�1 + ��0g�t��2

,

one can show that the equations for q̂H�t� and p̂H�t� found first using the evolution operator, and
then using the Lewis–Riesenfeld invariant coincide.

D. Coherent states

In previous parts exact solutions of the time-dependent Schrödinger equation were given.
Now, we briefly discuss the coherent states for the harmonic oscillator with time-dependent pa-
rameters. There are many works on the coherent states in the literature. Here, we mention only a
few of them related with our problem. For the standard harmonic oscillator, one can see Refs. 23
and 24, and for oscillators with time-dependent parameters, Refs. 1, 22, and 25. The coherent
states can be defined in two ways: as eigenstates of the annihilation operator and as a result of
applying the unitary displacement operator on the ground state.

1. Annihilation-operator coherent states

By the Lewis–Riesenfeld approach, the invariant operator Î�t� defined by �25� can be written
as

Î�t� = ��Â†�t�Â�t� + 1
2� ,

where the annihilation and creation operators are given, respectively, by
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Â�t� =
1

�2�
�� 1

��t�
− i��t��̇�t�q̂�t� + i��t�p̂�t�� ,

Â†�t� =
1

�2�
�� 1

��t�
+ i��t��̇�t�q̂�t� − i��t�p̂�t�� ,

and the operators Î, Â, and Â† generate the Heisenberg–Weyl algebra,

�Â�t�,Â†�t�� = Î�t�, �Î�t�,Â�t�� = − Â�t�, �Î�t�,Â†�t�� = Â†�t� .

A coherent state ���q , t0� at time t= t0 is defined as an eigenstate of the annihilation operator Â�t0�
with eigenvalue �,

Â�t0����q,t0� = ����q,t0� . �33�

Assume a coherent state of the form ���q , t0�=�k=0
 ck�k�q , t0�, where �k�q , t0� are eigenstates of

Î�t0�. Taking the inner product of �33� by �k�q , t0� gives

�A�t0����q,t0�,�k�q,t0�	 = �����q,t0�,�k�q,t0�	 ,

and using that Â†�t��k=�k+1�k+1, one can find

�k + 1����q,t0�,�k+1�q,t0�	 = �����q,t0�,�k�q,t0�	 .

This is a recurrence relation which gives ck= ��k /�k!�����q , t0� ,�0�q , t0�	, and thus

���q,t0� = ����q,t0�,�0�q,t0�	�
k

�k

�k!
�k�q,t0� .

To have ����q , t0��2=1, we can choose ����q , t0� ,�0�q , t0�	=−exp����2�. Therefore, the normal-
ized coherent states are

���q,t0� = e−���2/2�
k

�k

�k!
�k�q,t0� �34�

for arbitrary complex number � ,�=�1+ i�2. The normalized coherent states of the time-
dependent oscillator at arbitrary time t can be found as time evolution of the coherent states �34�,
that is, ���q , t�= Û�t , t0����q , t0�. Using that

Û�t,t0��k�q,t0� = Û�t,t0��k�q,t0� = �k�q,t� = ei�k�t��k�q,t� ,

we have the coherent states in terms of the eigenstates of Î�t�,

���q,t� = e−���2/2�
k

�k

�k!
ei�k�t��k�q,t� , �35�

or the coherent states in terms of the wave functions of the Schrödinger equation

���q,t� = e−���2/2�
k

�k

�k!
�k�q,t� . �36�
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2. Displacement operator coherent states

The coherent states are also defined as states created by a unitary displacement operator acting

on the ground state. The ground state �0�q , t0� at t= t0 is defined by Â�t0��0�q , t0�=0. Then, one

has ���q , t0�= D̂0����0�q , t0�, where D̂0���=exp��Â†�t0�− �̄Â�t0�� is a unitary displacement op-
erator at t0. Thus, coherent states of the time-dependent oscillator are

���q,t� = Û�t,t0�D̂0����0�q,t0� .

Using that D̂0���=exp�−���2 /2�exp��Â†�t0��exp�−�Â�t0��, it is not difficult to verify that the
displacement operator approach leads to the same results �35� and �36� for the coherent states.

3. Schrödinger’s coherent states

The first attempt to construct nonspreading wave packets was made by Schrödinger.26 Con-
sidering linear harmonic oscillator, he succeeded to find the wave packet, localized at point q
=A cos �t, in the form of the Gaussian function. It was the first example of the coherent states,
with maximally classical properties. In this part, we apply Schrödinger’s procedure but for the
damped parametric oscillator with time-dependent parameters. The wave function �22� can be
written in the form

�k�q,t� = NkB�q,t�eik�e−	2/2Hk�	� , �37�

where B�q , t�=�R�t��exp�i��x /2�x−�0
2gR2 /2�q2+ �i /2��� and 	�q , t�=��0R�t�q. Substituting

�37� in �36�, we have

���q,t� = B̃�q,t�e−	2/2�
k=0


zk

k!
Hk�	� , �38�

where B̃�q , t�= ��0 /��1/4e−���2/2B�q , t� and z�t�=�ei� /�2. Using generating function for the Her-
mite polynomials, �k=0

 �zk /k!�Hk�	�=e−z2+2z	, the above equation �38� can be written as

���q,t� = C�q,t�exp�− �� cos � −
	

�2
2� , �39�

where C�q , t�= B̃�q , t�exp��2 /2�exp�−i���2 /2�sin 2�+�2��sin ��	��.
In expression �39� the Gaussian packet is localized at the roots of the equation � cos �

−	 /�2=0. It describes the relation between the classical position x�t� and the quantum position q
in the form

q =
�

��0

x�t�
x�t0�

, �40�

so that the wave packet follows the classical trajectory.

E. Expectation values and uncertainty relations

Using that �q̂	= ����q , t0��q̂H�t�����q , t0�	, the expectation value of the position operator at the
coherent state ���q , t� is

�q̂	 = �2������t�sin���t� + �� , �41�

where tan �=�1 /�2. Similarly using that �p̂	= ����q , t0��p̂H�t�����q , t0�	, the expectation value of
the momentum operator at the coherent state ���q , t� is
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�p̂	 =
− �2����

��t�
cos���t� + �� + �2������t��̇�t�sin���t� + �� . �42�

One can find also

��q̂�2 =
�

2
�2�t�, ��p̂�2 =

�

2
� 1

�2 + ��̇2 ,

and therefore, the uncertainty relation for the damped oscillator with time-dependent coefficients
is

�q̂�p̂ =
�

2
�1 + �2�2�̇2, �43�

from which it follows also that �q̂�p̂�� /2. This is a well known result, and one can see, for
example, Refs. 21 and 27.

III. INTEGRABLE QUANTUM STURM–LIOUVILLE PROBLEMS

A. Quantization of Hermite equation

Consider the classical Sturm–Liouville problem given by the Hermite differential equation in
standard form,

ẍ − 2tẋ + �x = 0, −  � t �  ,

or in self-adjoint form,

d

dt
�e−t2ẋ� + �e−t2x = 0, −  � t �  ,

with boundary conditions that the eigenfunctions should not become infinite at t= � of an order
higher than a finite power of t. Then, the eigenvalues are �=2n , n=0,1 ,2 , . . . with the corre-
sponding eigenfunctions xn�t�=Hn�t�, where

Hn�t� = �− 1�net2 dn

dtne−t2

are the Hermite polynomials. They satisfy the known relations

Hn+1�t� = 2tHn − 2nHn−1, Ḣn�t� = 2nHn−1�t� .

For quantization, we consider the oscillator form of Hermite equation,

Ḧn − 2tḢn + 2nHn = 0, Hn�t0� = xn0 � 0, Ḣn�t0� = 0, �44�

where ��t�=−2t is the damping, �2=2n is the frequency, and ��t�=e−t2 is the integrating factor.
According to the general discussion made before, the corresponding Lagrangian for the coordinate
x�t�=Hn�t� is

L = 1
2e−t2�ẋ2�t� − 2nx2�t�� ,

the classical Hamiltonian is

H�x,p� = 1
2 �et2p2 + 2ne−t2x2� ,

and the corresponding quantum Hamiltonian is
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Ĥ�t� = − �2et2

2

�2

�q2 + ne−t2q2. �45�

Therefore, for each fixed n=0,1 ,2 , . . ., we can find the wave function solutions �k
n�q , t� ,k

=0,1 ,2 , . . ., of the quantum evolution problem with Hamiltonian �45� in terms of the Hermite
polynomial Hn�t�. The corresponding probability density is then

�k
n�q,t� = Nk

2 � Rn�t� � exp�− �Rn�t���0q�2� � Hk
2�Rn�t���0q� ,

Rn�t� = � Hn
2�t0�

Hn
2�t� + ��0gn�t�Hn�t��21/2

,

gn�t� = − �Hn
2�t0�
t e	2

d	

Hn
2�	�

, g�t0� = 0.

Also, using the relations

��n�t�� =
1

���0

�Hn
2�t� + ��0gn�t�Hn�t��2

H0
2 ,

cos ��t� =
1

�1 + ��0gn�t��2
, sin ��t� =

�0gn�t�
�1 + ��0gn�t��2

,

and formulas �41�–�43�, one can find the expectation values and the uncertainty relation as fol-
lows:

�q̂	 = �2�����n�t�sin���t� + ��, �p̂	 =
− �2����

�n�t�
cos���t� + �� + �2�����t��̇n�t�sin���t� + �� ,

�q̂�p̂ =
�

2
�1 + �2�n

2�̇n
2.

Clearly, when n is even, for quantization we can take t0=0, since the initial conditions Hn�0�
�0 and Ḣn�0�=0 hold for even n. When n is odd there exists t0 such that the initial conditions

Hn�t0��0 and Ḣn�t0�=0 are again satisfied. Hence, using the above formulas and remarks about
the initial conditions, one can obtain the plots for desired cases. As an example, we consider plots
for the ground state case k=0 and n=4, ��=1, �0=1, and x0=1 in all following plots�.

From Fig. 1 for probability density, we see that essentially nontrivial localization of the
particle takes place at time interval �t��1, and at �t��1, the probability density spreads along
q-coordinate. This can be understood from Hamiltonian �45�, where we have the potential energy
of the form V�q , t��e−t2q2 and the mass ��t�=e−t2. Then, strength of the potential is exponentially
decreasing in time and the potential influence is essential only at times �t��1. For �t��1 and finite
q, the potential vanishes and thus the particle motion becomes free.

In general, the number and shape of the peaks, appearing in the probability density plot,
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depend both on the zeros of the classical solution xn�t� and the moving zeros of the Hermite
polynomial Hk�Rn�t���0q�. Notice that in Fig. 1, for k=0 and n=4, there are four peaks related
with zeros of the Hermite polynomial x4�t�=H4�t�.

In Fig. 2 �left�, the phase-plane trajectory �q�t�	, �p�t�	 for the Hermite oscillator, shows
bounded motion of the particle at finite time interval near the origin. For �t�→, the particle is
almost free, �q	→ �due to vanishing potential�, with close to zero momentum �p	 �due to
vanishing mass�. The right, Fig. 2, shows that the minimum uncertainty relation is greater than
zero, more precisely �q̂�p̂�

1
2 . Also, in a finite time interval near t=0 the uncertainty have

oscillatory behavior, while for �t�→, the uncertainty grows.
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FIG. 1. �Color online� Contour plot and 3d-plot of the probability density for Hermite oscillator, k=0 and n=4.
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FIG. 2. �Color online� Phase-plane diagram �left� and uncertainty relation �right� for Hermite oscillator, n=4 and �
=1 /�2− i1 /�2.
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B. Quantization of first kind Chebyshev equation

Consider the classical Sturm–Liouville problem for the first kind Chebyshev equation given in
standard form,

�1 − t2�ẍ − tẋ + �x = 0, − 1 � t � 1,

or in self-adjoint form,

d

dt
��1 − t2ẋ� +

�

�1 − t2
x = 0, − 1 � t � 1,

with boundary conditions that the eigenfunctions are regular at t= �1. Then, the eigenvalues are
�=n2 , n=0,1 ,2 , . . . with the corresponding eigenfunctions—the first kind Chebyshev polynomi-
als xn�t�=Tn�t� defined as

Tn�t� = ��− 1�n/2�cos�n arccos�t��, t � �− 1,1� . �46�

These polynomials satisfy the relations

Tn+1�t� = 2tTn�t� − Tn−1�t�, �1 − t2�Ṫn�t� = − ntTn�t� + nTn−1�t� .

For quantization, we consider the oscillator form of first kind Chebyshev equation,

T̈n −
t

1 − t2 Ṫn +
n2

1 − t2Tn = 0, Tn�t0� = xn0 � 0, Ṫn�t0� = 0, �47�

where ��t�=−t / �1− t2� is the damping term, �2�t�=n2 / �1− t2� is the frequency, and ��t�=�1− t2.
The related Lagrangian for the coordinate x�t�=Tn�t� is

L =
1

2
�1 − t2�ẋ2 −

n2

1 − t2x2 ,

the classical Hamiltonian is

H�x,p� =
1

2�1 − t2
p2 +

n2

2�1 − t2
x2,

and the quantum Hamiltonian is

Ĥ�t� = −
�2

2�1 − t2

�2

�q2 +
n2

2�1 − t2
q2. �48�

Hence, for each fixed n=0,1 ,2 , . . ., we can find the wave function solutions, �k
n�q , t� , k

=0,1 ,2 , . . ., of the quantum evolution problem for the Hamiltonian �48� in terms of the first kind
Chebyshev polynomial Tn�t�, with properly chosen initial time t0. The probability density is
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FIG. 3. �Color online� Contour plot and 3d-plot of the probability density for first kind Chebyshev oscillator k=0 and n=2.
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�k
n�q,t� = Nk

2 � Rn�t� � exp�− �Rn�t���0q�2� � Hk
2�Rn�t���0q� ,

where

Rn�t� = � Tn
2�t0�

Tn
2�t� + ��0g�t�Tn�t��21/2

, gn�t� = − �Tn
2�t0�
t d	

�1 − 	2Tn
2�	�

, gn�t0� = 0.

Using that ��n�t��=1 /���0�Tn
2�t�+ ��0gn�t�Tn�t��2 /T0

2, cos ��t�=1 /�1+ ��0gn�t��2, sin ��t�
=�0gn�t� /�1+ ��0gn�t��2, and formulas �41�–�43�, one can find the expectation values and the
uncertainty relation.

For Hamiltonian �48�, the potential is of the form V�q , t��1 /�1− t2q2, and the mass is ��t�
=�1− t2. Then, the potential influence becomes essential in the neighborhood of t= �1, where the
strength of the potential becomes infinite and the mass approaches zero. As we see in Fig. 3 for the
probability density, this shows strong localization of the particle near the origin at times t
= �0.7. The phase-plane diagram for the first kind Chebyshev oscillator in the left Fig. 4 repre-
sents bounded motion of the particle, and the right, Fig. 4, shows oscillatory bounded uncertainty
on the whole time interval ��1,1�.

C. Quantization of second kind Chebyshev equation

The classical Sturm–Liouville problem for the second kind Chebyshev equation is

�1 − t2�ẍ − 3tẋ + �x = 0, − 1 � t � 1,

or in self-adjoint form

d

dt
��1 − t2�3/2ẋ� + ��1 − t2�1/2x = 0,

with the boundary conditions that the eigenfunctions are regular at t= �1. Then, the eigenvalues
are �=n�n+2�, n=0,1 ,2 , . . ., and the corresponding eigenfunctions xn�t�=Un�t� are the second
kind Chebyshev polynomials,

Un�t� = ��− 1�n/2�
sin��n + 1�arccos�t��

�1 − t2
, − 1 � t � 1,

which satisfy the known relations,

Un+1�t� = 2tUn�t� − Un−1�t�, �1 − t2�U̇n�t� = − ntUn�t� + �n + 1�Un−1�t� .

For quantization, we consider the oscillator form of second kind Chebyshev equation,

Ün −
3t

1 − t2U̇n +
n�n + 2�

1 − t2 Un = 0, Un�t0� = xn0 � 0, U̇n�t0� = 0, �49�

where ��t�=−3t / �1− t2� is the damping term, �2�t�=n�n+2� / �1− t2� is the frequency, and ��t�
= �1− t2�3/2 is the integration factor. Hence, we have the Lagrangian for the coordinates x�t�
=Un�t�,

L =
1

2
�1 − t2�3/2�ẋ2�t� −

n�n + 2�
1 − t2 x2�t� ,

the classical Hamiltonian,
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H�x,p� =
1

2
� 1

�1 − t2�3/2 p2 + n�n + 2��1 − t2x2 ,

and then the corresponding quantum Hamiltonian,

Ĥ�t� = −
�2

2�1 − t2�3/2
�2

�q2 +
n�n + 2��1 − t2q2

2
. �50�
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FIG. 5. �Color online� Contour plot and 3d-plot of the probability density for second kind Chebyshev oscillator, k
=0, n=2.
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Computation of probability densities, expectation values, and uncertainty relations can be
done as in the previous cases, so we omit writing the formulas and give just plots illustrating the
behavior of the second kind Chebyshev oscillator in case k=0, n=2.

From the Hamiltonian �50� for the second kind Chebyshev oscillator, the potential and mass
are, respectively, V�q , t���1− t2q2 and ��t�= �1− t2�3/2. Clearly, for t→ �1 and finite q, both
potential and mass approach zero, so that the particle exhibits a free motion in the neighborhood
of t= �1. The essential localization of the particle is concentrated near the origin at times t
= �0.5, see Fig. 5. The left part of Fig. 6 shows that for t→ �1, the particle motion becomes
unbounded, while in the rest of the time interval, the motion is bounded. Except for t→ �1, where
the uncertainty sharply grows, the uncertainty exhibits small oscillations near the minimum un-
certainty value of 0.5, as seen in the right part of Fig. 6.

D. Quantization of shifted Chebyshev equation

The classical Sturm–Liouville problem for the shifted Chebyshev equation is defined by

t�1 − t�ẍ +
1 − 2t

2
ẍ + �x = 0, 0 � t � 1,

or in self-adjoint form,

d

dt
��t�1 − t�ẋ� + ��t�1 − t�x = 0,

and the boundary conditions that the eigenfunctions are regular at t=0 and t=1. Then, the eigen-
values are �=n2, n=0,1 ,2 , . . . with the corresponding eigenfunctions—the Shifted Chebyshev
polynomials,

Tn
� = ��− 1�n/2�cos�n arccos�2t − 1�� ,

which satisfy the recurrence relation,

Tn+1
� �t� = �− 2 + 4t�Tn

��t� − Tn−1
� �t� ,

and the differential relation,

4t�1 − t�Ṫn
��t� = − �2t − 1�Tn

��t� + Tn−1
� �t� .

Note that the Shifted Chebyshev polynomials can also be represented in terms of the first kind
Chebyshev polynomials as follows:

Tn
��t� = Tn�2t − 1� ,

where Tn
� is the shifted Chebyshev and Tn is the first kind Chebyshev polynomial.

For quantization, we consider the shifted Chebyshev equation in oscillator form,

Ṫn
� +

1 − 2t

2t�1 − t�
Ṫn

� +
n2

t�1 − t�
Tn

� = 0, Tn
��t0� = xn0 � 0, Ṫn

��t0� = 0, �51�

where ��t�= �1−2t� /2t�1− t�, �2�t�=n2 / t�1− t�, ��t�=�t�1− t�. Hence, we have the Lagrangian,

L =
1

2
�t�1 − t��ẋ2�t� −

n2

t�1 − t�
x2�t� ,

the classical Hamiltonian,
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FIG. 7. �Color online� Contour plot and 3d-plot of the probability density for shifted Chebyshev oscillator, k=1 and n
=4.
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H�x,p� =
1

2� 1
�t�1 − t�

p2 +
n2

�t�1 − t�
x2 ,

and the corresponding quantum Hamiltonian,

Ĥ�t� = −
�2

2�t�1 − t�
�2

�q2 +
n2

2�t�1 − t�
q2. �52�

From Hamiltonian �52� for shifted Chebyshev oscillator, the potential is V�q , t��1 /�t�1− t�
and mass is ��t�=�t�1− t�.

Clearly, the qualitative behavior of the potential and mass of the shifted Chebyshev oscillator
is similar to the behavior of the first kind Chebyshev oscillator. Thus, one can read Fig. 7 and 8
according to the previous discussions.

Notice that, in this case �k=1, n=4�, the number and shape of the peaks in the probability
density diagram are related with the zeros of the shifted Chebyshev polynomial T4

��t� and the
moving zeros of the Hermite polynomial H1���0R4�t�q�.

E. Quantization of Laguerre equation

The Sturm–Liouville problem for the Laguerre equation is defined by

tẍ + �1 − t�ẋ + �x = 0, 0 � t �  ,

or in self-adjoint form,

d

dt
�te−tẋ� + �e−tx = 0,

and the boundary conditions that the eigenfunctions must be finite at t=0, and, as t→, they must
not become infinite of an order higher than a positive power of t. Then, the eigenvalues are �
=n , n=0,1 ,2 , . . .. with eigenfunctions—the Laguerre polynomials,

L0�t� = 1, Ln�t� =
et

n!

dn

dtn �tne−t� ,

for which one has the relations

�n + 1�Ln+1�t� = �2n + 1 − t�Ln�t� − nLn−1�t�, tL̇n�t� = nLn�t� − nLn−1�t� .

For quantization, we consider the oscillator form of the Laguerre equation,

L̈n +
�1 − t�

t
L̇n +

n

t
Ln = 0, Ln�t0� = xn0 � 0, L̇n�t0� = 0, �53�

where ��t�= �1− t� / t, �2�t�=n / t, and ��t�= te−t. Then, we have the Lagrangian,

L =
1

2
te−t�ẋ2 −

n

t
x2 ,

the classical Hamiltonian,

H�x,p� =
et

2t
p2 +

n

2etx
2,

and the quantum Hamiltonian,
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Ĥ�t� = − �2 et

2t

�2

�q2 +
n

2etq
2. �54�

The probability density for the Laguerre damped oscillator is therefore

�k
n�q,t� = ��k

n�q,t��2 = Nk
2 � Rn�t� � exp�− �Rn�t���0q�2� � Hk

2�Rn�t���0q� ,

where

Rn�t� = � Ln
2�t0�

Ln
2�t� + ��0gn�t�Ln�t��21/2

, gn�t� = − �Ln
2�t0�
t e	d	

	Ln
2�	�

, gn�t0� = 0.

For calculating the expectation values and the uncertainty relation one can use

��n�t�� =
1

���0

�Ln
2�t� + ��0gn�t�Ln�t��2

L0
2 ,

cos ��t� =
1

�1 + ��0gn�t��2
, sin ��t� =

�0gn�t�
�1 + ��0gn�t��2

.

The potential energy for the Laguerre oscillator is of the form V�q , t��e−tq2 and the mass is
��t�= te−t. Then, the influence of the potential is essential at a finite time interval and the particle
is strongly localized near the origin at time t=0.6 �see Fig. 9�. For t�1 and finite q, the potential
strength vanishes, the particle motion becomes free and probability density spreads along the
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FIG. 9. �Color online� Contour plot and 3d-plot of the probability density for Laguerre oscillator, k=0, n=2.
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FIG. 10. �Color online� Phase-plane diagram �left� and uncertainty relation �right� for Laguerre oscillator, n=2, �
=1 /�2− i1 /�2.
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q-coordinate. In Fig. 10 �left�, the phase-plane trajectory shows bounded motion of the particle at
times close to zero, while for t�1 the particle is almost free with close to zero momentum. This
explains also the bounded uncertainty near t=0 and the growing uncertainty when t→ �Fig. 10
�right��.

F. Quantization of associated Laguerre equation

The Sturm–Liouville problem for the associated Laguerre differential equation is defined by

tẍ + �m + 1 − t�ẋ + �x = 0, 0 � t �  ,

or in the self-adjoint form,

d

dt
�tm+1e−tẋ� + �tm+1e−tx = 0,

with the boundary conditions that the eigenfunctions must be finite at t=0, and, as t→, they
must be of a polynomial order. Then, the eigenvalues are �=n, n=0,1 ,2 , . . . and the correspond-
ing eigenfunctions are the associated Laguerre polynomials,

Ln
m�t� =

ett−m

n!

dn

dxn �e−ttn+m�, m � − 1,

which also can be obtained by differentiating regular Laguerre polynomials, that is,

Ln
m�t� = �− 1�n dm

dtmLn+m�t� .

These polynomials satisfy the recurrence relation,

�n + 1�Ln+1
m �t� = �2n + m + 1 − t�Ln

m�t� − �n + m�Ln−1
m �t� ,

and the differential relation,

tL̇n
m�t� = nLn

m�t� − �n + m�Ln−1
m �t� .

For quantization, we consider the associated Laguerre equation in oscillator form,

L̈n
m +

�m + 1 − t�
t

L̇n
m +

n

t
Ln

m = 0, Ln
m�t0� = x0 � 0, L̇n

m�t0� = 0, �55�

where ��t�= �m+1− t� / t, �2�t�=n / t, and ��t�= tm+1e−t. Then, we have the Lagrangian

L =
1

2
tm+1e−t�ẋ2�t� −

n

t
x2�t� ,

the classical Hamiltonian,

H�x,p� =
1

2
�t−�m+1�etp2 +

ntm

et x2 ,

and thus the corresponding quantum Hamiltonian is

Ĥ�t� = − �2 et

2tm+1

�2

�q2 +
ntm

2et q2. �56�
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G. Quantization of Legendre equation

Consider the Sturm–Liouville problem for the Legendre equation given in standard form,

�1 − t2�ẍ − 2tẋ + �x = 0, − 1 � t � 1,

or in self-adjoint form,

d

dt
��1 − t2�ẋ� + �x = 0, − 1 � t � 1,

with boundary conditions that the eigenfunctions are finite at the singular points t= �1. Then, the
eigenvalues are �=n�n+1� , n=0,1 ,2 , . . . and the corresponding eigenfunctions xn�t�= Pn�t� are
the Legendre polynomials,

P0 = 1, Pn�t� =
1

2nn!

dn

dtn �t2 − 1�n,

which satisfy the relations

�1 − t2�Ṗn�t� = − ntPn�t� + nPn−1�t� ,

�n + 1�Pn+1�t� = �2n + 1�tPn�t� − nPn−1�t� .

For quantization, we consider the Legendre equation in oscillator form,

P̈n −
2t

1 − t2 Ṗn +
n�n + 1�

1 − t2 Pn = 0, Pn�t0� = xn0 � 0, Ṗn�t0� = 0, �57�

where the damping is ��t�=−2t / �1− t2�, the frequency is �2�t�=n�n+1� / �1− t2�, and the integrat-
ing factor is ��t�= �1− t2�. Hence, we have the related Lagrangian,

L =
1

2
�1 − t2��ẋ2 −

n�n + 1�
1 − t2 x2 ,

the classical Hamiltonian,

H�x,p� =
1

2�1 − t2�
p2 +

n�n + 1�
2

x2,

and the quantum Hamiltonian,

Ĥ�t� = −
�2

2�1 − t2�
�2

�q2 +
n�n + 1�

2
q2. �58�

Then, for each fixed n=0,1 ,2 , . . ., we can find the wave function solutions �k
n�q , t�, k

=0,1 ,2 , . . ., of the quantum evolution problem in terms of the classical Legendre polynomial Pn,
and the probability density is

�k
n�q,t� = Nk

2 � Rn�t� � exp�− �Rn�t���0q�2� � Hk
2�Rn�t���0q� ,

where
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Rn�t� = � Pn
2�t0�

Pn
2�t� + ��0gn�t�Pn�t��21/2

, gn�t� = − �Pn
2�t0�
t d	

�1 − 	2�Pn
2�	�

, gn�t0� = 0.

The potential energy of the Legendre oscillator is just the potential of the stationary Harmonic
oscillator with coupling coefficient n�n+1�. The mass of the particle is ��t�=1− t2, which vanishes
for �t�→ �1. The contour and 3d-plot for the probability density in case k=0, n=2 are shown in
Fig. 11. Similarly to the first kind Chebyshev case, the uncertainty relation is not growing with
time, but shows small oscillations near value of 0.5 �see Fig. 12�.
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FIG. 11. �Color online� Contour plot and 3d-plot of the probability density for Legendre oscillator, k=0, n=2.
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FIG. 12. �Color online� Uncertainty relation for Legendre oscillator, n=2, �−1� t�1�.

072102-25 Exactly solvable quantum Sturm–Liouville problems J. Math. Phys. 50, 072102 �2009�

 Reuse of AIP Publishing content is subject to the terms: https://publishing.aip.org/authors/rights-and-permissions. Downloaded to  IP:  193.140.248.71 On: Sat, 19 Nov 2016

20:44:19



H. Quantization of Jacobi equation

The Sturm–Liouville problem for the Jacobi differential equation is given by

�1 − t2�ẍ + �� − � − �� + � + 2�t�ẋ + �x = 0, − 1 � t � 1,

or in self-adjoint form,

d

dt
��1 − t��+1�1 + t��+1ẋ� + ��1 − t���1 + t��x = 0,

and the boundary conditions that the eigenfunctions are finite at the singular points t= �1. Then
the eigenvalues are �=n�n+�+�+1�, n=0,1 ,2 , . . ., � ,��−1, and the corresponding eigenfunc-
tions are the Jacobi polynomials,

Pn
�,��t� =

�− 1�n

2nn!
�1 − t�−��1 + t�−� dn

dtn ��1 − t��+n�1 + t��+n� . �59�

They satisfy the recurrence relation,

2�n + 1��n + � + � + 1��2n + � + ��Pn+1
��,���t� = ��2n + � + � + 1���2 − �2� + �2n + � + ��t�Pn

��,���t�

+ 2�n + ���n + ���2n� + � + 2�Pn−1
��,���t� ,

and the differential relation,

�2n + � + ���1 − t2�
d

dx
Pn

��,�� = n�� − � − �2n + � + ��t�Pn
��,�� + 2�n + ���n + ��Pn−1

��,��.

For quantization, we consider the Jacobi equation in oscillator form

P̈n
�,� +

�� − � − �� + � + 2�t�
1 − t2 Ṗn

�,� +
n�n + � + � + 1�

1 − t2 Pn
�,� = 0, − 1 � t � 1,

where the damping is ��t�= ��−�− ��+�+2�t� / �1− t2�, frequency is �2�t�=n�n+�+�+1� / �1
− t2�, and the integration factor is ��t�= �1− t��+1�1+ t��+1.

The corresponding Lagrangian, classical Hamiltonian, and quantum Hamiltonian are, respec-
tively,

L =
1

2�1 − t��+1�1 + t��+1�ẋ2�t� −
n�n + � + � + 1�

1 − t2 x2�t� ,

H�x,p� =
1

2
� p2

�1 − t��+1�1 + t��+1 + �1 − t���1 + t���1 − t2��n�n + � + � + 1��x2 ,

Ĥ�t� = −
�2

2�1 − t��+1�1 + t��+1

�2

�q2 +
�1 − t���1 + t���1 − t2��n�n + � + � + 1��

2
q2.

I. Quantization of hypergeometric equation

The standard form for the Hypergeometric equation is

t�1 − t�ẍ + �c − �a + b + 1�t�ẋ − abx = 0, 0 � t � 1, �60�

Where, in general, the independent variables t and a ,b ,c can be complex numbers. With certain
restrictions on the parameters a ,b ,c and the variable t, solutions of the hypergeometric differential
equation are 2F1�a ,b ,c ; t�, t1−c

2F1�a+1−c ,b+1−c ,2−c ; t�, c�0,−1,−2,−3. . ., where
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2F1�a,b,c;t� = 1 +
ab

c

t

1!
+

a�a + 1�b�b + 1�
c�c + 1�

t2

2!
+ ¯ = �

n=0


�a�n�b�n

�c�n

tn

n!

denotes the hypergeometric functions, known also as the hypergeometric series. If t� �0,1� and
� ,� are real numbers, such that c=�+1, a+b=�+�+1, ab=−�, one obtains Sturm–Liouville
form of the hypergeometric equation,

d

dt
�t�+1�1 − t��+1ẋ� + �t��1 − t��x = 0. �61�

Its oscillator form is

ẍ + � �� + 1� + �� − ��t
t�1 − t� �ẋ +

�

t�1 − t�
x = 0, �62�

where ��t�= ���+1�+ ��−��t� / t�1− t� is the damping term, �2�t�=� / t�1− t� is the frequency, and
��t�= t�+1�1− t��+1. Then, we have the Lagrangian,

L =
1

2
t�+1�1 − t��+1�ẋ2 −

�

t�1 − t�
x2� ,

the classical Hamiltonian,

H�x,p� =
p2

2t�+1�1 − t��+1 +
�t��1 − t��

2
x2,

and the quantum Hamiltonian,

Ĥ�t� = −
�2

2t�+1�1 − t��+1

�2

�q2 +
�t��1 − t��

2
q2.

J. Quantization of confluent hypergeometric equation

The standard form of the confluent Hypergeometric equation is

tẍ + �c − t�ẋ − ax = 0, t � 0, �63�

which can be written in self-adjoint form,

d

dt
�tce−tẋ� − atce−tx = 0.

The solutions of �63� can be written in terms of the functions 1F1�a ;c ; t� , U�a ,c , t�, where

1F1�a ;c ; t� is a confluent hypergeometric function of the first kind and U�a ,c , t� of second kind.
The oscillator representation of the confluent hypergeometric equation is

ẍ +
�c − t�

t
ẋ +

a

t
x = 0, �64�

where ��t�= �c− t� / t, �2�t�=a / t, and ��t�= tce−t. The corresponding Lagrangian, classical Hamil-
tonian, and quantum Hamiltonian are, respectively,
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L =
et

2tc�ẋ2�t� −
a

t
x2�t�, H�x,p� =

1

2
� et

tc px
2 +

atc−1

et x2 ,

Ĥ�t� = − �2 et

2tc

�2

�q2 +
atc−1

2et q2.

IV. CONCLUSION

Quantization of the classical Sturm–Liouville problems, which has been considered in this
paper, provides a reach set of exactly solvable quantum-mechanical problems of harmonic oscil-
lator with a specific time-dependent frequency and damping. Explicit solutions for probability
densities, uncertainty relations, and phase space trajectories were given in terms of classical
orthogonal polynomials. So, we found new application for the hypergeometric equation to a
harmonic oscillator with variable parameters and its quantization.

The formal analogy between the Sturm–Liouville equation and the parametric damped oscil-
lator considered in this paper could have some direct physical application in the general relativity
theory. As it is well known, the Schwarzschild metric inside of black hole interchanges the minus
sign from the time coordinate t to the space coordinate r. This means that inside the event horizon,
r is the timelike coordinate and t is the spacelike coordinate. Then, the time is defined by the r
coordinate and the space is defined by t coordinate. Thus, at the event horizon, when r=2M, the
swapping of space and time, changing the role of space and time occurs.

Finally, we like to mention some application of our results to the nonlinear dynamics. There
exists a relation between the linear time-dependent Schrödinger equation and the nonlinear com-
plex Burgers equation,28 which is a complex version of the known in the soliton theory the
Cole–Hopf transformation. But, in fact, in quantum mechanics, it is just the Madelung hydrody-
namic representation. Then, motion of the zeroes of the wave function corresponds to moving
poles in the hydrodynamic representation. Application of these relations to the exactly solvable
systems considered in the present paper provides dynamics of poles in the complex Burgers–
Schrödinger equation. Results of that work would be published elsewhere.

ACKNOWLEDGMENTS

This work was supported by Izmir Institute of Technology, Grant No. BAP 2008IYTE32.

1 A. Perelomov, Generalized Goherent States and Their Applications �Springer-Verlag, Berlin, 1986�.
2 A. Shapere and F. Wilczek, Geometric Phases in Physics �World Scientific, Singapore, 1989�.
3 P. Caldirola, Nuovo Cimento 18, 393 �1941�.
4 E. Kanai, Prog. Theor. Phys. 3, 440 �1948�.
5 H. Bateman, Phys. Rev. 38, 815 �1931�.
6 C. Um, K. Yeon, and T. F. George, Phys. Rep. 362, 63 �2002�.
7 I. K. Edwards, Am. J. Phys. 47, 153 �1979�.
8 K. Husimi, Prog. Theor. Phys. 9, 381 �1953�.
9 R. Feynman, Phys. Rev. 84, 108 �1951�.

10 H. R. Lewis, Jr., and W. B. Riesenfeld, J. Math. Phys. 10, 1458 �1969�.
11 J. Wei and E. Norman, J. Math. Phys. 4, 575 �1963�.
12 A. I. Baz’, Ya. B. Zel’dovic, and A. M. Perelomov, Scatering, Reactions and Decays in Nonrelativistic Quantum

Mechanics �Nauka, Moscow, 1971� �in Russian�.
13 A. M. Perelomov and Ya. B. Zel’dovic, Quantum Mechanics. Selected Topics �World Scientific, Singapore, 1998�.
14 R. Courant and D. Hilbert, Methods of Mathematical Physics �Wiley, New York, 2004�, Vol. I.
15 F. Klein, Vorlesungen Über die Hypergeometrische Funktion �Springer-Verlag, Berlin, 1933�.
16 E. Cartan, Rend. Circ. Mat. Palermo 53, 217 �1929�.
17 N. Ya. Vilenkin, Special Functions and Group Representation Theory �Nauka, Moscow, 1965� �in Russian�.
18 C. Eckart, Phys. Rev. 35, 1303 �1930�.
19 G. Dattoli, S. Solimeno, and A. Torre, Phys. Rev. A 34, 2646 �1986�.
20 G. Dattoli, P. L. Ottaviani, A. Torre, and L. Vazquez, Riv. Nuovo Cimento 20, 3 �1997�.
21 I. A. Pedrosa, Phys. Rev. A 55, 3219 �1997�.
22 J. Y. Ji, J. K. Kim, and A. P. Kim, Phys. Rev. A 51, 4268 �1995�.
23 R. J. Glauber, Phys. Rev. 131, 2766 �1963�.

072102-28 Büyükaşık, Pashaev, and Tigrak-Ulaş J. Math. Phys. 50, 072102 �2009�

 Reuse of AIP Publishing content is subject to the terms: https://publishing.aip.org/authors/rights-and-permissions. Downloaded to  IP:  193.140.248.71 On: Sat, 19 Nov 2016

20:44:19

http://dx.doi.org/10.1007/BF02960144
http://dx.doi.org/10.1143/PTP.3.440
http://dx.doi.org/10.1103/PhysRev.38.815
http://dx.doi.org/10.1016/S0370-1573(01)00077-1
http://dx.doi.org/10.1119/1.11887
http://dx.doi.org/10.1143/PTP.9.381
http://dx.doi.org/10.1103/PhysRev.84.108
http://dx.doi.org/10.1063/1.1664991
http://dx.doi.org/10.1063/1.1703993
http://dx.doi.org/10.1007/BF03024106
http://dx.doi.org/10.1103/PhysRev.35.1303
http://dx.doi.org/10.1103/PhysRevA.34.2646
http://dx.doi.org/10.1007/BF02907529
http://dx.doi.org/10.1103/PhysRevA.55.3219
http://dx.doi.org/10.1103/PhysRevA.51.4268
http://dx.doi.org/10.1103/PhysRev.131.2766


24 M. M. Nieto and L. M. Simmons, Jr., Phys. Rev. D 20, 1321 �1979�.
25 J. G. Hartley and J. R. Ray, Phys. Rev. D 25, 382 �1982�.
26 E. Schrödinger, Naturwiss. 14, 664 �1926�.
27 C. M. Dantas, I. A. Pedrosa, and B. Baseia, Braz. J. Phys. 22, 33 �1992�.
28 O. K. Pashaev, “Relativistic Burgers and non-linear Schrödinger equations,” Theor. Math. Phys. 160, 1023 �2009�.

072102-29 Exactly solvable quantum Sturm–Liouville problems J. Math. Phys. 50, 072102 �2009�

 Reuse of AIP Publishing content is subject to the terms: https://publishing.aip.org/authors/rights-and-permissions. Downloaded to  IP:  193.140.248.71 On: Sat, 19 Nov 2016

20:44:19

http://dx.doi.org/10.1103/PhysRevD.20.1321
http://dx.doi.org/10.1103/PhysRevD.25.382
http://dx.doi.org/10.1007/BF01507634

