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Abstract

In the present paper, the problem of vortex images in the annular domain
between two coaxial cylinders is solved by the g-elementary functions. We
show that all images are determined completely as poles of the g-logarithmic
function, and are located at sites of the g-lattice, where a dimensionless
parameter ¢ = r3 / r? is given by the square ratio of the cylinder radii.
The resulting solution for the complex potential is represented in terms of
the Jackson g-exponential function. Our approach in this paper provides
an efficient path to rediscover known solutions for the vortex—cylinder pair
problem and yields new solutions as well. By composing pairs of g-exponents
to the first Jacobi theta function and conformal mapping to a rectangular domain
we show that our solution coincides with the known one, obtained before by
elliptic functions. The Schottky—Klein prime function for the annular domain is
factorized explicitly in terms of g-exponents. The Hamiltonian, the Kirchhoff—
Routh and the Green functions are constructed. As a new application of our
approach, the uniformly rotating exact N-vortex polygon solutions with the
rotation frequency expressed in terms of g-logarithms at Nth roots of unity are
found. In particular, we show that a single vortex orbits the cylinders with
constant angular velocity, given as the g-harmonic series. Vortex images in two
particular geometries with only one cylinder as the ¢ — oo limit are studied
in detail.

PACS numbers: 02.20, 02.30.Gp, 41.20.Cv, 47.32.—y

1. Introduction: method of images and circle theorem

The classical method of images introduced by Thomson in 1845 has become a powerful method
for solving boundary value problems in electrostatics and hydrodynamics [1-4]. The method
has been successfully applied to simple geometries such as spheres, cylinders and half-spaces,
where explicit formulae have been given. Unfortunately, for complex body shapes the image
principle becomes extremely difficult to find even an approximate solution. This is why the
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image problem for which a solution can be found in an exact form, like merging cylinders [5]
for example, becomes a member of a very exceptional family.

Greenhill [3] was probably the first to study the motion of one and two vortices inside
and outside of the circular domain using this method. Due to the Riemann mapping theorem
this allows one by conformal mapping to solve the problem for any simply connected domain.
An extension of the problem to multiply connected domains is not straightforward. For a
doubly connected domain, it is well known [6] that any doubly connected region can be one-
to-one and conformally mapped to the annular region bounded by two circles, r; < |z] < 7.
Moreover this canonical domain is unique, up to the linear map. This means that if the
domain B is mapped to two different annular domains r; < |z| < rp and r{ < [¢| < 1},
then the last ones are related by linear transformation ¢ = e“z, thus have the same circles
ratio r,/r; = ry/r [6]. This is the reason why the problem of the vortex motion in an
annular domain between two coaxial cylinders is the canonical one. Recently, it was solved by
several methods. One evident approach is related with conformal mapping of the annulus to
arectangle [12, 16] and uses the image method for the last one. It produces a double periodic
lattice of images, described in terms of elliptic functions [2]. Another more general approach
to multiply connected domains is based on the group of Mobius transformations, and the
solution is given in terms of the Schottky—Klein prime function [13—15]. The Schottky—Klein
function for the annulus is related to the first Jacobi theta function and both methods give the
same result. The advantage of using elliptic functions is that they are known very well and this
form of the solution gives some freedom to choose representation of the theta function, which
could optimize numerical and analytical computations [16]. However, this solution cannot be
considered as completely satisfactory. Since the solution includes conformal mapping from
another region, in this framework no clear picture of vortex images in the annulus was given.
Moreover, despite the compact form of the solution, its application to the N-vortex interaction
is cumbersome. From another side, due to the canonical character of the annular domain,
it is interesting to find the solution reflecting the geometry of the annulus. The goal of the
present paper is to find the solution of the planar vortex problem directly in the annular domain
between two coaxial cylinders. We show that the two cylinders are imitated by the infinite
set of vortex images located at sites of the so-called g-lattice, where ¢ = r3 /r{. Then the
solution for the complex velocity and complex potential are representable naturally in terms
of the g-logarithmic and g-exponential functions. These functions accurately describe four
sublattices of the vortex images in two cylinders of the odd and even orders. Then combined
in a proper form, they become building blocks of the Schottky—Klein prime function and the
first Jacobi theta function. The image representation in our approach converges very fast, so
that the number of images can be determined by the level of approximation.

The problem considered here has several interesting applications. One of them is related
to hydrodynamic interaction in which the modification of ambient flow by cylinders is carried
out. First, by obtaining the effect of a single cylinder on the flow, and then applying the
boundary conditions to each cylinder, we can determine unknown coefficients that appear in
the series expansions. The problem of water waves diffraction by multiple cylinders placed at
the free surface, but without vortices, was solved in [7].

Another application is related to inviscid two-dimensional fluid dynamics experiments
with magnetized electron columns confined in a cylindrical trap [24, 25]. Here the flow
vorticity is proportional to the electron density and the electric potential is analogous to the
two-dimensional stream function. Thus, the electrons mimic ideal two-dimensional fluid
equations and by creating electron columns with the appropriate density, one can model the
fluid flows. It allows one to model also the real problems of vortex interaction with topography
[12]. A mathematically similar problem appears for the point vortices in liquid helium in a

2



J. Phys. A: Math. Theor. 41 (2008) 135207 O K Pashaev and O Yilmaz

rotating cylinder. Or for anyons [11], the point particles interacting with the Chern—Simons
field, confined in a cylindrical trap. Motion of a vortex in the neighborhood of a cosmic string
[26] and influence of the cylindrically compactified extra space dimension on this vortex, is
another class of possible applications in the Kaluza—Klein-type cosmological models.

1.1. The circle theorem

The one-vortex problem in the presence of a cylinder at the origin can be solved easily by the
circle theorem of Milne-Thomson [1]. For complex velocity of the flow V(z) = u; — ius,
this theorem can be reformulated in the form
P2 2
v - 1 1
V(z) =0() — v <—> , (1)
Z Z
where v(z) is a complex velocity of the flow in the unbounded domain, and the second term
represents correction to the complex velocity by the cylinder of radius r| placed at the origin.
The normal velocity of the flow, proportional to [V (z)z + V(Z)Z], vanishes at the surface of
the cylinder, zz = r12. Located at position zg, a point vortex of strength « and corresponding
circulation I' = —2m«, (1) can be written explicitly as
ik ik ik
+—, 2)

r2
Z—20 ;-4 2
20

V(z) =

where the second term represents a vortex of strength —« at the inverse point rl2 / Zo with respect
to the cylinder, and the last term is the positive strength vortex at the origin. Henceforth, the
vortices at the inverse point and at the center of the cylinder, imitating the circular boundary,
we shall call ‘vortex images’ or simply ‘images’. Therefore, in (2), there are two images—one
positive image at the center of the cylinder and another negative image at the inverse point.
These two images are used to replace correctly the circular boundary in the infinite 2D plane.

1.2. Vortex inside a cylindrical domain

Another application is the case of a vortex at point z, inside a cylindrical domain with radius
ry, C:lz| <y,
_ ik ik
V(z) =
Z—20 7 —

, 3)

&S

where the vortex image is located at point r22 / Zo outside C. Solution (3) can be obtained from
the circle theorem by using the mapping z = 1/w.

1.3. Vortex in annular domain

The above two examples are limiting cases of the problem of a point vortex in the annular
domain between two coaxial cylinders with inner radius 7; and outer radius r,. By the Laurent
series expansion, we find in this case that the solution is given as the infinite set of images in
two cylinders:

oo . .
_ 1K 1K
V@)= ) -—. )
Z—=209q" 5 Lgn
20

n=—0oo

As we show in this paper these images are determined completely in terms of the g-
logarithmic and g-exponential functions. Mathematical study of these functions is connected
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with some applications in the number theory: for calculation of the Euler’s constant y by
generalization of a classical formula due to Ramanujan and Vacca [19], the irrationality test
[18, 19], the Stieltjes transform of a positive discrete measure [17] and construction of the
Padé approximations [17]. Another class of applications is related to quantum groups and their
representations [22]. Starting from the quantum integrable systems, the physical systems with
such symmetries have been extended to the several g-deformed models such as the quantum
linear harmonic oscillator, generalized coherent states in quantum optics, composite particles
with the Chern—Simons flux—the anyons. In general, it was observed that physical systems
with a fundamental length scale have a symmetry of a quantum group [8]. In nuclear physics
the deformation parameter is related to the time scale of strong interactions [9], while in
solid state physics with the lattice spacing [10]. Despite this particular progress, the direct
interpretation of the deformation parameter in some cases is incomplete or even nonexistent.
In the present paper, we study the classical problem of N vortices placed in the annular region
between two coaxial cylinders with radii 7; < r,, and we find that the natural dimensionless
parameter ¢ = r3 / r?, uniquely characterizing this canonical doubly connected domain, plays
the role of the fundamental length, producing an infinite g-lattice of vortex images.

The paper is organized as follows. In section 2 by the Laurent series expansion we solved
the N-vortex problem in the annular domain. The solution is represented in terms of the
g-elementary functions which we review in section 3. In section 4 by using the g-logarithmic
function, we show that all vortex images are determined by simple pole singularities of this
function and form the so-called g-lattice. By using the g-exponential function in section 5, we
construct a complex potential of the problem. In section 6, we find relation of our solution with
previously known ones in terms of elliptic functions and the Schottky—Klein prime function.
We show that both of them are factorized in terms of the g-exponential functions, known also
as the quantum dilogarithm. As a first simple application of our results, we solve a single
vortex problem and find its rotation frequency in terms of g-harmonic numbers (section 7). The
limiting cases of the N-vortex problem in outside region and in inside region of a cylindrical
domain are studied in section 8 as ¢ — oo limit of our solution. Section 9 is devoted to
the description of N-vortex interaction in annulus. We construct the Hamiltonian structure,
the Kirchhoff-Routh function and the hydrodynamic Green’s function for the problem. New
results based on our approach appear in section 10 for uniformly rotating regular N-vortex
polygon. Then we make some deductions of our new solutions relevant in the present context
as ¢ — oo limit. In conclusions, we briefly summarized our results and discuss some possible
generalizations. In appendices A, B and C, some details of calculations are given.

2. N vortices in the annular domain

We consider the problem of N point vortices with strengths «1, .. ., ky at positions zy, ..., Zy,
respectively, in the annular domain D : {r; < |z| < rp}. The region is bounded by two
concentric circles: Cy : zZ = rl2 and C; : 2z = r22.

2.1. Laurent series and boundary conditions

The complex velocity is given by the Laurent series

N . 0 0
V=) Sy D a+ ) b;’j} (5)
k=1 T D n=0 °
which has to satisfy the boundary conditions at both cylinders,
V(@) +zZ2V@D)llc, =0, k=1,2. (6)
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Conditions (6) imply that no fluid can penetrate any of the circular walls of the domain. If n
denotes the normal to the boundary, the boundary condition is that the normal velocity must
be zero,u-n =u, = 0.

To find unknown coefficients we have to determine the boundary conditions for

N 00
_ Ky z b,
F=V@+v@ =3 — - § aa"™+ Y~ +CC @
n=0

k=1 n=0

where CC stands for the complex conjugate.

e Since on boundary Ci: zZ = r? and |z;| > |z|, equation (7) gives
N 00 z n+l o)
. n+2
=2<—u«k>z(;) e e > e
= = n=0
1
= Z Z L +a, +bn+2m +CC =0. (8)

n=0 Lk=1 k T
This implies the first algebraic system of equations

- 1
Y 1Kk+an+bn+2m=0 (n=0,1,2,..) and b =0. 9)
o1 ry

e Since on boundary Cy: zZ = r22 and |zx| < |z]|, equation (7) gives
N o) z n 00 00 b
_ . _k n+l n+2
Mo = Y00 Y (2) + L ae+ Y 22 vcc
k=1 n=0 n=0 n=0

oo N —lKkZ” +1 1
_ k 7 n+l _
- Z 2(n+1) +ay +bui2 2n+1) < +CC =0. (10)
n=0 Lk=1 T2 )

This implies the second algebraic system of equations

N —iKka - 1
E W+an+bn+2m=0 n=0,1,2,...). (11D
k=1 2 )

2.2. Solution of the algebraic system

We have two algebraic systems (9) and (11). By subtracting (11) from (9), we eliminate a,,

_ 1 1
bsa |:r2(n+l) 2(n+1):| + Z( k) |: 2(n+1) ?:| =0. (12)

Ifg=r; /r1 is used, we find

N
bia =) <_IK" " — [z (13)
n+2 = =n+1 n+l _
k=1 \ %k q 1
and from (9) we determine a,,
Nk - 1
an = Z Tl bn+2m, (14)
k=1 Sk "
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or
N 2(n+1) 2(n+1)
—iky r) — |zil
a, =3y kD . (15)
k2=1: Zk+1 }"12( +1)(qn+l N 1)
The Taylor part of (5) gives the following:
—iky (— lKk)Z(VH'l)Zn
Zanz - ZZ n+1 n+1 ZZ 2041 (nel _ |
n=0 k=1 n=0 k=1 rl (q )
—iky oo 1 z n+l N . o] 2% n+l
— +
Z(Cl—l)§[n+l](2k> kg;z(q—l)g[n+1]( >

Mz EMZ

ix N . —
Z 1Ky T3k

1= =) =3 —F—1In, (1-=F 16

-1 “‘f( Zk> Zizg -1 “‘f( r%> 1o

and the Laurent part gives

by s 1 ik 2 Y& ikt 1
= — _— + — _—
HZ:(:) Zn+2 kXZI: z HX:(; ZZ+1 qn+l -1 Zn+l kXZI: z ,12:; qn+l -1 Zn+l
N ix [e'e] 1 }"2 n+l N ix o] 1 7 n+l
z : — 1K j : 2 j : k k
J—— +
klz(q_l)n=0[n+l] <ZZ"> k:lz(q_l)g[n-'-l](Z)

N
k=

. N .
_N ik %
‘sz—l)mq( m> 2,: - “q<1 z>’ 4

where [n] = (¢" — 1)/(q — 1) andLn,(1—x) = — > A, x| < ¢, q > 1.Inthe following

n=1 [l’l] ?
section, we survey some basic facts about g-elementary functions.

3. The g-logarithmic and g-exponential functions

3.1. The g-logarithmic function

By analogy with ordinary logarithmic function: |x| < 1,x # —1

X n
X
In(l —x) =— —, 18
n(l —x) Z - (18)
the g-logarithmic function is defined as
o0 xn
Ln,(1 —x)=— —, x| < g, > 1, (19)
’ ; [n] oo
where for any positive integer n, the g-number is
"1
[n]zl+q+q2+-~-+q”_l=q—1. (20)
q—
In the limiting case ¢ — 1,
lim[n] = n, 21
g—1
liml Ln,(1 —x) =In(1 —x). (22)
q—)
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Our definition relates to the g-logarithmic function of Borwein [17]

oo xn
Lix)=) — (23)
! ~ [n]
by
Ln,(1 —x) =—-L,(x) (24)
and to that of Sondow and Zudilin [19]
e (_l)n—lxn
In,(1+x) = - x| <gq, > 1 25
g(1+) ; pry Xl <q q (25)
by
Ln,(1+x) = (g — 1) In,(1 +x). (26)
The g-derivative is defined as
f(gx) — f(x)
D, f(x) = —————. (27)
! (q = Dx
Taking the g-derivative of x"
D x" = [n]x""! (28)
for the g-logarithmic function, we get
1
D,Ln,(1 —x)=— . 29
g Lng (1 —x) 1 —x (29)

The following representation of the g-logarithmic function [17, 19], extended to the
complex domain, is crucial for our problem: let g be real, ¢ > 1, then for 0 < |z| < g the
following identity holds:

—_n* 1,n
Ln,(1+2) = Z%—( —1)2 prt (30)

n=1

The proof is given by the following chain of transformatlons:
( Z)k 1
_qu 1+Zq Z Z gD
11 o (—D¥ Iz
k=1 k k=1k
Z< b Z D R S S D

qik k=1
= q_anq(1+z). @31

n:l

.d,_‘

3.2. g-Exponential functions
Next, we need Jackson’s g-exponential functions defined as [17]

o n

E =Y % (32)

n=0

oo n
E* — n(n—1)/2 < , 33
1) ;:o q ol (33)
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where [n]! = [1][2]---[n] and ¢ is real. As ¢ — 1, both functions reduce to the ordinary
exponential. The application of the g-derivative gives

D,E,(x) = E,(x), DqE;(x) = E;‘(qx). (34)

The function E,(z) is entire in z if |¢| > 1, while it has a radius of convergence |1 — g| 7" if
lg] < 1. The function E;(z) is entire for |¢g| < 1 and converges for |z| < 1 if |¢| > 1. These
two functions are related by

E,(2) = E},,(2) (35)
and

E,(~2E;(2) = 1. (36)

3.3. Infinite product representation
Particularly important for us is the infinite product representation [17]

E;@) =[]0 +zd"(1 =), lgl <1 (37)
k=0

and the related identity, obtained by setting ¢ — 1/¢q and shifting the argument

ad Z 1 —z
1__>: E ( _), (38)
/[[1< qk I_Z ! l_q :

which is entire for |g| > 1.

4. Vortex images and poles of g-logarithm

4.1. The g-logarithmic solution
Substituting equations (16) and (17) into (5) we get solution in the form,

N N . _
_ . 1 1Kk Z 22k
V(z) = 1K, + |:Lr1 (1 — —) —Ln (1 — —)
; - ;z(q— 1) 1 % 4 r2

2
+Ln, <1 - r—2> —Ln, (1 = Z—")} . (39)
T2k Z

In terms of g-derivatives with different basis g it can be written in a more compact form:

N . . )
UOEDD [ = 1;—: <[a]qua Ln, (1 - ;—k> ~ 211 —al, Dy Ln, <1 - %"))] ,

=1 L T2k
(40)

where the real g-number [a], = (¢* — 1)/(¢ — 1), a = a(k) = log, (|z|*/r}). Due to
inequality r; < |zx| < 1, parameter « is restricted by O < o < 1. Particular values of this
parameter correspond to different positions of the vortex:

e for o = 1 the vortex is on the outer cylinder |zg| = 7>,

o for « = 0 the vortex is on the inner cylinder |zo| = 7y,

o for « = 1/2 the vortex is at the geometric mean distance |z9] = ./7ir2 (see
equation (90)),
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e for « = m/n, where m < n are positive integers, the vortex is at the ‘generalized’ mean
distance |zo|" = r{”"'r}.
Expanding g-logarithm according to (30), we have
N . N oo . N oo

PO=Y ey Sy

n
=1 ST diam CT R TS gt
Vo ik K N & Tk, K
k k k k
N R D N ey BT
=il | © z—q " Pl B
or
Nk NI i ad ik
— k k k
V@) = DD St =
k=1 z 2k k=1 Ln=lI < g n=l1 < g
N > 1K, > 1K,
k k
22— | (42)
o — 5 on
k=1 | n=02% — 3.4 n=0< — 3

4.2. Vortex images

Equation (42) has a countable infinite number of pole singularities. These singularities can be
interpreted as vortex images in two cylindrical surfaces. For simplicity let us consider a single

vortex at position zo, 71 < |zo| < 2. Then the set of images in the cylinder C; we denote
a1 @ @ @

2;°,2; ..., and in the cylinder C; as z;;, z;;, . . ., Where
oo W _
(1) = %0’ 5 = %
) S @ _
(ll)z =-n =3, Z :mzqz()’
I 2 ‘ 11 = :
iy @ =l @ _rn _n
(i) z;” = T T ng = o= 54
P GO z @ _ 2
(IV) Z; :ﬁ:q—g, 257 =T§)=ZOq ,
ZIZI 2 a 2 2
(&) L8] i () 5] y 2
A\ Z = -5 = T =3, Z = =5 = = .
() 1 2 %0 ¢* 1 z® 20
(vi) ...

Combining together and taking into account alternating signs (the negative one for the first
image and the positive one for the next image—the image of the image), we have two sets of
consecutive images

-1 +(2 -3 +(4) —(5)
20, s ), 115), ZI( ), 115 ’ ZI( PR (43)
and
-1 +(2 -3 +(4 -5
20, Z][( )1 Z]( )s Z][( )s Z]( )7 Z[]( )7-”- (44)

It shows that the set of vortex images is determined completely by simple pole singularities
of the g-logarithmic function. By identity r /¢" = r{/q"~', in representation (42) we can
combine sums so that

_ N oo iKk N o) il(k o0 iICk
2O 3| B 5l DS e S R
k=1 Ln=—o00 g k=1 | n=0 2 — ?Lq_n n=1 % — iqn
N [e’e}
1 1
I o) P 2
1 N —eo Z— zq" 7 — i_lqn
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4.3. The complex potential and stream function

According to the relation
V(z) = F'(2), (47)

the complex potential of the flow we find in the form

N oo - 2
) r
F(z) = Z ik Z In(z — z4q") — In (z - _—lq”ﬂ , (48)
k=1 n=—o0 - Tk
or compactly
N oo B 71—z qn
Fy=Y i Y [In=—" | (49)
k=1 n=—0o0 | - i n

This gives a clear picture of the structure of vortex images. For a given vortex at zj, the first
positive sum in (48) represents the contribution from the vortex and the infinite number of its
even images, while the second, negative sum corresponds to odd images. The infinite set of
points

e @ T q a2z, 26y 92k @z, q" 2k, ... (50)

we call the g-chain. Then the set of vortex images in (48) forms the vortex g-lattice, consisting
of two g-chains generated by vortex «; at z; and its image —kj at rl2 / Zo-
The stream function ¢ = (F — F)/2i in terms of vortex images is

v =Yk Y |2 51)
Z

However, formal consideration of the infinite chain of vortices frequently leads to divergency.
For convergency of the problem one needs to add a constant term and regroup terms. In our
case to rewrite the result in convergent form, we can use the Jackson g-exponential function
(32).

5. The complex potential and g-exponential function

Now we use a new function defined in [17] as

o0 E 2q
fio=T] (1 - in) - ‘;(f‘j) (52)
n=1

where |g| > 1 and observe that

1,2 d = g =
fq(@)  dz fa@ ; 1 —zqg™ ;z—q” ©3)
From (30) we get its relation with the g-logarithmic function:
Lo,(1-2) d d  E(i%)
———=—Inf,iz=—Ih———. 54
(g — 1Dz dz fa®) dz 1—z (54)

By using the g-derivative of the g-exponential function (34) and rescaling the argument

NS )
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this expression can be simplified so that

Ln,(1 — d
M=_1n5q< oz ) (56)
(g — Dz dz 1—g¢g
By similar arguments we also find
Ln,(1-¢ d
M =——IE, (L) ) (57)
(g — Dz dz (1 -9z

Applying these formulae to (39) we get for complex velocity

N z 2k

_ d E(oz ) Ed\Toos

V@)=Y ik—In| (-2 ”(“_q)“) o(o f”) : (58)
=R Ey () Eo (e
k=1 I\ (1—q)r/) 79I\ (1-q)zZ%

which implies complex potential in the form

N E z E 2k .

F() =Y ik | In(z —z¢) +1In Gz "(“‘j)") (59)

n

k=1 Eq((]izk)rlz)E‘l((lfq)sz)

The first term in the bracket corresponds to the vortex at position z; while the second term
describes its images. As we can see these images are completely determined by zeros of the
g-exponential functions. For the zeros of the g-exponential function and asymptotic formulae
for varying parameter ¢, see [21].

6. Conformal mapping and theta function

In this section, we compare our solution (59) with that of Johnson and McDonald [12] and
Crowdy and Marshall [14]. For comparison purposes we fix the radius r, = 1 so thatqg = r3 /
ri =1/rf = 1/3*, and new parameter § < 1. Then according to (35), E,(z) = E%,(2), so
that the complex potential (59) is representable in terms of the second Jackson g-exponentials
as

F2) = i it In | (2 — 20) Egz(@;f‘zf)“)Egz(@i‘zi)z) (60)
k=1 E;‘z(@izfn)E;z ((ngl)zzk)
By (37), g-exponential functions can be represented as infinite products
00
E} (qf_ 1) =H(1 —-§"2) =(1-2F, (61)
~ o0 _ %
()5

6.1. Jacobi theta function

The first Jacobi theta function is defined as an infinite product [23]

o0
©1(x: §) =2G4q* sinx [ [(1 = g™ e*)(1 = g™ e, (63)

n=1
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where
o0
Gi=[Ja-a" (64)
n=1
(g <Dor
- GG+ 2ixy\ 00 —2ixyoo
@ﬂx;q):m(l—e )qz(l—e )qz. (65)

According to (61) and (62), this theta function can be factorized to two g-exponentials and an
elementary function

2 ,2ix 2 ,—2ix
~ L. « (4 « [(4°C
O1(x; g) =2Gg* sm)cE[72 <5]2 — 1) qu (q —7 > . (66)

Then the complex potential becomes

N 1-1) 1=-2)50-%)%
F(z) = Zl/ckln|:z(( w)( z*)"( Z)m] (67)

k=1 22k ) G*
Denoting
2ivg
Z . _ . _ €
; — eZm;(’ 2% = 621vk’ Kk = esz’ (68)
where k = 1,..., N, we obtain
N _n; 2iuy 00 —2iup 0o
. (1 — e By (1 — e )2 (1 — e ™)
F(z) =) ikglIn |z e A 1 1 69
( ) k; k |: k (1 _ eZlu;,) (1 _ 621v’<)g<2>(1 _ e—21vk)g<2> ( )

Then by using (65) we have
O (ux, q) )"’
F(z) = E iKy |:ln |:®1(vk’ q)j| +1In |:— <5> . (70)

6.2. Conformal mapping to a rectangle

In terms of the new coordinates T = —Inz, 7z = —Inz; and T = —InZ; (conformally
mapping the annulus in the z plane to a rectangle in the t plane), we find
1'[ Tk q)
2 b
F(z) = Z ik ln|: e q)} + Fy, (71)

where Fj is a real constant

N N
i
Fo= —5 kE_] Ki(Tk — T) — 7 kE_l Kk (72)

and the branch for logarithm is chosen such that In(—1) = iz. Finally, for the stream function
we have

N ©1(5(t —w),q)
O1(3(r+7).q) |
This coincides precisely with the result of Johnson and McDonald [12], equation (2.11). Here

we would like to stress that though our solution is equivalent to the one obtained before, it has
several peculiarities. Factorization (66) of the first Jacobi theta function in terms of the pair of

(73)

12



J. Phys. A: Math. Theor. 41 (2008) 135207 O K Pashaev and O Yilmaz

g-exponential functions show that the last ones are more elementary objects. They correspond
to two sublattices of the vortex image lattice and seem more adequate to the geometry of
the problem. According to our solution, the g-lattice of all vortex images (including vortex
itself) characterizing the canonical doubly connected region, splits on four sublattices. Two
sublattices are determined by even images (including vortex itself) having positive vortex
strength in two cylinders, while another two sublattices correspond to odd images in both
cylinders.

Practically, it is easier to manipulate with g-functions than with elliptic functions. We
demonstrate this in sections 8 and 11 by considering limiting reductions to the one-cylinder
problem, appearing as ¢ — oo limit of the annular domain. And in sections 7 and 10,
we find the explicit form for the angular velocity of an N-vertex polygon in terms of the
g-logarithm function. Another advantage of our form of the solution is that due to the direct
image interpretation in the annulus, consideration of an approximate solution by restricting
the number of images, gives the multipole expansion in vortex images. This approximation
converges very fast and is useful for numerical calculations. The image structure of our
solution can be applied to the similar Dirichlet problem but in arbitrary n dimensions, for the
spherical shell and it cannot be seen from the elliptic function solution. Finally, involving the
g-calculus to study the classical vortex problem, can be fruitful for both of them.

6.3. The Schottky—Klein prime function

To establish a link between our solution and the one by Crowdy and Marshall [14], we note
that for the annular domain § < |¢| < 1 the Schottky group is generated by the Mobius map
[14]

01(0) =4%¢ (74)
and its inverse. Then the Schottky—Klein prime function is
0, y) = G2 P(/y. ), (75)
where
PEp=(01-20) ﬁ(l -7 —-g"¢™h (76)
n=1

and the constant Gy is defined in (64). By using (62), we can factorize the Schottky—Klein
prime function in terms of the Jackson g-exponential functions (33)

62 62 1
P@.3) = (1 - O)E} <qz = 1:) El <le - 12)' )

Substituting to the complex potential (60)

N — l—— E*, ~~ Z)E* f?z 2%
F(z) = E ikg In Zk( ) a ~(q —l qz(qul ) 8)
(1 —zZ)EL, ( 1 2%)

we represent it as

_ZkP( ) CI)
F(z i In ——+—= 79
=Y mn ™
The corresponding stream functlon
(£.9)
¥ =) Kkpln|———= (80)
Z P (sz’ CI)

is precisely the one glven by Crowdy and Marshall [14], equation (8.20). Our construction

13
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of the Schottky—Klein prime function (77) suggests that this function is a composed object
of more elementary g-exponential functions, which could have importance in the theory of
automorphic functions and for the multiply connected domains. In fact after completing this
paper Zudilin informed us that the g-exponential function, which plays a crucial role in our
solution, is also known as the quantum dilogarithm [35]. It turns out that this quantum analog
of the dilogarithm function is deeply involved in the quantum theory of the Teichmiiller space
of punctured surfaces, where punctures are similar to vortices on the Riemann surfaces.

7. The motion of a point vortex in the annular domain

7.1. Equation of motion

As an application of the above formulae we consider the motion of a single vortex in the
annular domain. Complex velocity at the vortex position is determined by

20 = %o +1y0 = Vo(D)l:=z, 8D
where in
. 2 -
_ ik z 20 rs 220
Vog) = ——|Ln, {1 ——)-Ln, {1 —— ) +Ln, {1 ——=)—-Ln, {1 — —
0@ z(q—l)[ q( ZO) q( Z) q( zZo) q( rfﬂ
+o00 +o00

:ZL_ZL (82)

— n 2
pmt1 © TR0z -2t
contribution of the vortex on itself is excluded. Taking into account that g-harmonic series
(20]

[ee]

n=1 m

converges for ¢ > 1 and at z = z, the first two terms cancel each other, we get equations of

motion
. |Z0|2> ( r22 >:|
o= —2 i, (1=25) i, (1 . (84)
0 Zo(q—1)|: q( ri ‘ |zol?

7.2. Uniform rotation

H(g) = = —Ln,0 (83)

From the last equation we conclude

. d
2020 + 20%0 = alzol2 =0 — |zo| = const. (85)

It implies that the distance of the vortex from the origin is a constant of motion. Substituting
20(t) = |z0/€'?™® into (84), we get

@(t) = ot + o, (86)
where the frequency w is a constant, depending on the modulus |zg],

“ w0 (1 7))
= 1-=-)- 1— .
“ T oPq -1 [Ln”< ri tn |z0[2 7

So we find that the vortex uniformly rotates around the origin,

20(t) = |z] € = 29(0) €, (88)
with rotation frequency (87) depending on the strength and initial position of the vortex and
the geometry of the annular domain. This motion results from the interaction of the vortex
with an infinite set of its images in the cylinders, acting as the centrifugal force in the radial
direction.

14
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7.3. Stationary vortex and geometric mean distance

Frequency (87) vanishes when

|Z0|2> ( r22 )
Ln, (1 =1Ln,|(1 89
! < ri ! |20/? ®

or |z0|* = rr3. Then at the geometric mean distance

|20l = /1172 (90)
vortex is at rest. The equation has a simple geometrical interpretation: given any two
intersection points of cylinders with a ray (say r;e'® and r,e'®) are images of each other in a
cylinder with radius /7ir>. Moreover, any pair of their images r1€*¢"/* and r,e'*q ™"/, n =
1,2, ..., are also images of each other in the same cylinder. At the mean distance, angular
velocity changes the sign and for the vortex approaching cylinders, w grows as

o w— K/(2r126) when |z9] > e ~ri(l+¢),0 <e K1,
o w— —K/(2r22€) when |z9] > ne  ~rn(l—¢),0<e 1.

7.4. Frequency irrationality and q-harmonic series

Here we like to indicate an intriguing relation of our solution with the number theory.
Frequency (87) is an addition of two opposite sign frequencies, w = w; + w,, expressed
in terms of the g-logarithm functions

« 2ol © (kX
SO (1_ 7 ) B (q—l); :;“’1 ’ oD
- 3 S \;_f]lzn —
= Tl - ™ (1 B |Zo|2> B (q—l)g -2 ©2)

n=1

In this representation every frequency is an infinite superposition of partial frequencies coming
from every vortex image. Moreover,

e for |zo| = r; the frequency w; = H(q),

e for |zo| = r, the frequency w, = —H(q)
(for simplicity coefficients are taken to be unity), where H(q) is the g-harmonic series. Then
contribution of the first N images to the frequency w (for N image approximation, see (148))
are given by g-harmonic numbers [27]

Yo
o™ =Hy(q@) =) —. 93)
— [nly

Due to (89), at the geometric mean distance (90), frequencies (91) and (92) are compensating
each other. In the annular regions

o 1| < |z0| < /7172, w1 > |wo]| and w > O,

e Jriry < |zol <1, w < |wy]and w < 0.
If we fix the geometry by the value of parameter ¢ > 2 and consider the unit strength vortex
at a distance |zp|, commensurable with one of the radii ; or r,, so that the argument of
the logarithm with r = |zo|2/r12 in (91), orr = r22/|z0|2 in (92) is a nonzero rational, then
the problem of the frequency rationality is related to the problem of g-logarithm rationality.
Starting from the early result of Erdos for ¢ = 2 it was proved that for g > 2 the Ln, (1 —r)
is irrational [18]. We could expect a relation between this irrationality and a character of the
vortex dynamics similar to the one in the chaotic systems.
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Figure 1. Trajectory of vortex motion around two cylinders.

7.5. Vortex motion outside two cylinders
The problem of a point vortex motion in a region external to two cylinders can be solved by
conformal mapping of the region to the annular domain. By the Mobius transformation

(Q)=w=—-—2

) (94)
az —1
we can find the complex velocity V (z) of the problem. In this mapping, the outer circle of unit
radius is mapped onto itself and the inner circle of radius Ry is mapped to a circle with radius
p whose center is at ¢, ¢ > 0. The real number a appearing in (96) is a geometrical parameter
determined by

_ 1+ =0+ (e +p)?* — D —p)?) — 1
: .

Formulae (94) and (95) are given by [34]. As an illustration, in figure 1 we plotted trajectories
of motion of one vortex around two equal cylinders of unit radius.

95)

8. The one-vortex problem in the g — oo limiting cases

In g-calculus the limit ¢ — 1 corresponds to a reduction of g-elementary functions to the
standard elementary functions. For our problem this limit is not interesting since r; = r, and
the annular region reduces to the circle. However, for us more interesting is another limit
when g — o00. To study this problem, we need to find corresponding limits of g-elementary
functions.

8.1. Asymptotic for the g-logarithm

Expanding the g-logarithm for large g, we get

o0 1 oo
an(1+z)=(q—1)2qnz+z:(1——)2 < <1_i+...>. (96)

n—1
n=1 q n=1 q

16
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This implies
lim Ln,(1+2z2) =z C)
q—00
Using the definition of the g-derivative and (29),
Ln,(1 —gz) —Ln;(1 —2) 1
=D,Ln,(1 —2)=— , 98
-1z q Lng ( ) — (98)
by (97) we get another limit
Ln,(1 —
G L (99)
g—00 qg—1 z—1
8.2. Asymptotic behavior of the g-exponential function
When g is large, we have
"—1
=T~ g (100)
qg—1
)l =[1]-12]-3]---[nl~q-q*-q* - q"" = ¢"" """ (101)
and
= 7" = " ?
Eq(z)zz o~ — =147+ =—+---, (102)
nn—1)/2
vl U3 L A q
so that
lim E,(z) = 1+z. (103)
q—>00
Applying the g-derivative
E (qz) — E4(2)
4= 9™ _ D E = E, (2), 104
q— 1)z q q(Z) q(Z) ( )
we have identities
q< z
E =(1+2)E 105
q<q—1> ( Z)q(q—l) (10>
E
E, (5) = L@ (106)
q 1+%L=¢
q
In the limit ¢ — oo they imply
. z
lim E, (—) =1, (107)
q—>00 q
lim E, ( qzl> =l+z. (108)

q—>0Q

q—

8.3. Two limiting geometries

Since g = r22 / rlz, for the limit ¢ — co we have two different geometrical cases.

8.3.1. Single cylinder and a vortex outside. 'When r; = constant and r22 = qu2 — 00, the
outer cylinder becomes infinitely large so that we have just the one-cylinder problem. By

17
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replacement r22 = qr12 in (39), and using (97), (99) as ¢ — oo, we get the finite result

W e ri/Z (109)
Z—20 <Z—n / 20

which exactly matches the one of the circle theorem (2). Using (87) and the limits (97), (99),
for the angular velocity we have

2

Vz) =

= uldl (110)
201> (Iz0l> — rf)
Applying limits (107), (108) to the complex potential
E < E 20
F(z) =icln | (z — 20) q(“f‘”z") q(“qr‘i)z) (111)
Eq ((1::]0)r12 )Eq ( (l—q;zzo )
we obtain two images as required by the circle theorem
2
F(z) =ik |:]n(z —z0) — (Z - r-) + lnzi| (112)
20

8.3.2. Single cylinder and a vortex inside. 'When r, = constant and r? = r3 / g — 0, the
inner cylinder decreases until the thin string and then disappears. Replacing r1 =r; / q, and
using (97), (99) in this limiting case for complex velocity (39), we get expression (3). From
(87) by limits (97), (99) we have for the angular velocity of one vortex

w= —ﬁ. (113)
— K0

Our solution coincides with the known result for single vortex inside of cylinder (see [29],
example 3.7). Applying limits (107) and (108) to the complex potential (111), we obtain just
the one image

2 2
F(z) =ik |:1n(z—zo) (z— ;—0)+ln( Z)} (114)

as derived in (3). It was shown by Greenhill [3] that single vortex rotates stationary along the
circle concentric with cylindrical boundary.

9. N-vortex dynamics in the annular domain

Now we apply our results to the problem of N point vortices with circulations I'j, ..., Ty
(I'j = —2mk;, j=1,..., N), in the annular region D = {z,r| < |z| < 1r2}.
9.1. Equations of motion

To find velocity of a vortex at z;, following general prescription, from given complex velocity
of the flow V (z) it is necessary to subtract the self-interaction of the vortex

- . ry 1
Ze=lim (V(2) — — (115)
=% 2mwiz — 2k
Substitution of V from (46) gives the system of equations
1 N F N +o0 1 o0
. Lyy O Llyy B e
27[1/,:1(#]{) Zk—Z, iy Zk—z,q 2mi == Zk_é .

18
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(k=1,..., N). To avoid the convergency problem with infinite series it would be convenient
to also use the complex velocity (39) in terms of g-logarithms, so that

N N
. 1 r; 1 I i
o= 3 e —1[an<1 Zk)-an<1—Z—f>}
Tl =102k Zk — Zj 7t1 Zk(CI— ) Zj Zk
N

1 I uZj r?
- — ————— |Ln, (1 — — |- Lng{1——)|(k=1,...,N). (117)
2711 — (g — 1) ri KZj

9.2. The Hamiltonian structure

The above equations of motion can be written in the Hamiltonian form

) 0H 9H
Cpzp = —2i—, Izg=2i— (*k=1,...,N) (118)
0Zk 0Zk
or
2k = {z, H}, Zr = {Zk, H}, (119)

where the Poisson bracket is defined as
N

2 1 [of og of dg
{fvg}:TZ_<_T_T_ . (120)
1j=1 Fj 3Zj 8Zj BZJ‘ 8Zj
This leads to the canonical bracket
_ 2i
{2, 2} = —=&;» (121)
'y
where zx = x¢ + iy, d/0zx = (9/9dxx — 10/dyx)/2. The Hamiltonian function for
equations (116) is
N 1 N +oo
| Z | F,‘Fj In|z; _Zjl - E Z Z Firj In|z; _qu"|
i,j=1G#)) i,j=1n==%1
1 N oo
— [T n|z;2 — rig” 122
— > > Diljnfaz; —riq"|. (122)

i,j=1n=—00

The first sum describes a direct interaction between N vortices, while the second sum
corresponds to the interaction between vortices and their images of the even order, having the
same sign of circulation. And the last sum is an interaction of vortices with the odd images,
having opposite sign for the circulation.

9.2.1. The g-logarithmic form of the Hamiltonian. Despite of the clear vortex image picture
of the above Hamiltonian, it contains an infinite sum. To avoid the divergency problem we
can use the g-logarithmic form of equations of motion (117) as follows

N N
1 E, S)E
3> Iiljnfz -z - = > Il (“Z Z‘””) (= r‘”Z') (123)
=10 Tii= Ey (2 57) (i)

In this form the first sum describes the direct interaction between N vortices, while the second
sum corresponds to the interaction of vortices with their images.
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9.2.2. The Kirchhoff-Routh function. In the Hamiltonian (123) we collect to the separated
sum all terms describing a vortex interaction with its own images, then we get the Hamiltonian
function in the form of the Kirchhoff—-Routh function [31, 32],

E Zi E (=—=—
o HO B % Z FIF] 1n|Zi _ le +In q((;z?)z,’) ‘I((lr;)Zi)
i<j E(/((l—qj)rlz)E"((lfqn)z,-Z/)

+LXN:F~ln [E (i>E <L>} (124)
dr LN A =) I NA =9l ]

where the constant

:__Zr21nE ( ) ZlenG (125)

is given in terms of the Euler function (64) due to the relation

() 102 oo o

n
q n=1 q n=1

9.3. Green’s function and vortex images

The hydrodynamic Green function [31], or Green’s function of the first kind [29] is defined as

G =G+GY, (127)
where
1
G(z; z1) = —=— In|z — z¢] (128)
2
is the Green function in the unbounded plane and GSZ;) is a harmonic function
AGY =o. (129)
By choosing G(k) —G at the boundary, one has G; = 0. The relation between the stream
function ¥ and G ; [31],
N
¥ =) TvGz ) (130)
k=1

for the stream function (51), gives the Green function explicitly as

Gi(z2x) = —— Zl imadt) (131)
e

In this sum, the term with n = 0 corresponds to the single vortex Green’s function G (128),
while other terms reflect the inﬁuence of boundaries

1
G (z; zk)——— Zlnlz—qu |+— Z In

n==+1 n=-—00

n=—00 z
<k

- —q (132)

Here the even vortex images contribute to the first sum, while the odd images to the second one.
The Green function G has several properties [31]. To prove them we can use g-exponential
representation of the Green function.

20



J. Phys. A: Math. Theor. 41 (2008) 135207 O K Pashaev and O Yilmaz

9.4. Green’s function and the g-exponential function

From (59) we find the stream function

N z 2k
1 El\a2) Bl
Y=—=—> T |Injz—z+In AGEA f*) : (133)
o Eu (5 B )
k=1 A\ (1—g)r?) "I\ U=q)z%
and from (130) the Green function
1 Ey(i=gz ) Bz
6120 = e — a1 L 1o | EATE k) -
4

= 2 ’
2 rqu((lf;k)rg)Eq((l—;z)zzk)

where, to have suitable boundary values, we added the constant term —(1/27) Inr;.

9.4.1. Symmetry of Green’s function. Obviously, the Green function written in form (134) is
symmetrical

Gr(z, z) = Gr(z, 2). (135)

9.4.2. Boundary values. At the outer circle C; : |z| = r,, the Green function vanishes
Gi(z,2)lc, =0 (136)

and at the inner circle C; : |z| = ry,

1 r
Gi(z,z1)le, = — In|—]. (137)
2 Zk
Differentiating (130) and using (47), we have the relation
oGy 1 -
— = —Vi(2), 138
5. 2 k(2) (138)

where V;(z) is the complex velocity (39) due to the vortex at z; : V(z) = 211\7:1 Vi(2). We
apply this relation to the normal derivative (like in (6)) then for the contour integral

G v S o (0
—ds = — Vi =— ResiV, 139
) oL ﬁ (@) = — 3 Res{Ti(e)} (139)
I=1
and by the residue theorem we have an infinite sum of +I"; corresponding to all images
of vortex z; inside Cy at positions r{ /Zx, zx/q, r{ /Zxq. zk/q* . .., which compensate each

other.

10. N-vortex polygons in the annular domain

In section 7 we studied a single vortex motion in the annular domain. Now we generalize this
result by constructing a new exact configuration of N vortices. This problem is an extension
of the Lord Kelvin’s problem of stationary rotation of the system of N equal vortices located
at the vertices of a regular polygon in the plane. For the cylindrical domain it was considered
by Havelock [33]. And now we are studying this system in the annular domain. Recently, this
problem has become relevant again, in connection with experiments on magnetized electron
columns in plasma confined in a cylindrical trap [24, 25], and a mathematically similar problem
for the point vortices in liquid helium in a rotating cylinder. Both of the problems could be
studied in the annular domain. Moreover, an addition of one more cylinder to the origin of the
cylindrical domain could modify the phases of particles by the Aharonov—Bohm effect [11].
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10.1. Angular velocity

As is well known the system of N vortices in the plane, in addition to the energy, admits
three integrals of motion, corresponding to the pair of translations and one rotation [28, 29].
However, for our problem in the annular domain only the energy and angular momentum,
corresponding to rotation of the system, survives. Multiplying equation (116) by I'xz, then
adding all equations together and with the complex conjugate ones, we find (see appendix A)

d (&
P (E FkaZk) =0, (140)
k=1

which implies the conservation of angular momentum

N
1= Tz (141)
k=1

10.2. N-polygon solution

The conservation of angular momentum implies the existence of dynamical configuration
of vortices, rotating with a fixed angular velocity. In the present paper, we restrict
consideration to the simplest case when all circulations of vortices are equal to each other
I =T,k=1,..., N. We suppose that all vortices are located at the same distance r from
the center (r; < r < ry), at vertices of the regular N polygon, described by roots of the unity.
Then we have the ansatz

() = etk (k=1,... N). (142)
Substituting (142) into (117), we find the rotation frequency (for details, see appendix B)

N

r N —1 1 l’2 D2 }"2 2
0=5— S Z[an<1—r—22e‘~l>—an(1—r—2ew)]. (143)

CI—IJ-=1 1

At first glance this expression looks complex valued. However, since el (G=1,...,N)
are roots of the algebraic equation zV = 1 with real coefficients, then all complex roots appear
as complex conjugate pairs. Therefore, both g-logarithmic terms and hence the frequency w,
are real valued.

For the single vortex case, when N = 1, frequency (143) reduces to the one obtained
in (87). However, vanishing of the frequency of rotation at the geometric mean distance

r = Jrira, is no longer true for the N-vortex problem. Indeed at this distance the last two
terms in (143) cancel each other and we obtain
'(N —1)
0= —>". (144)
47? riry

It is worth noting that at this distance the vortex polygon is rotating with the frequency,
independent of the parameter ¢, and hence independent of the ratio r,/r;. The cylinders r|
and r, are images of each other in the cylinder r = ,/rir,. Moreover, the rotation frequency
is the same for any pair of coaxial cylinders determining the point (ry, ;) on the hyperbola
r=r?/r withr, > ry.

Existence of stationary polygon configuration with @ = 0 is related to the existence of a
solution of the following g-logarithmic equation:

N
> Lo (1- ﬁei%f —Ln, (11— ﬁe—i%”f — u(q —1). (145)
pr 1 r2 1 ri 2
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A particular solution of this equation when N = 1 and r = ,/rir; is given by (89), (90).
Existence of the solution for arbitrary N is an open problem. However, as we show in the
following section, for sufficient large ¢ the solution exists for any N.

10.3. The N-vortex polygon in the g — oo limiting cases

The problem of the N-vortex polygon inside and outside of a cylinder have been considered
by Havelock [33]. In this section, we show that his results appear from our new solution in
the limit ¢ — oo.

10.3.1. The N-vortex polygon outside of a cylinder. For r; = const and ”22 = quz — 00 the
problem reduces to the N-vortex polygon outside the cylinder with radius r;. In this limit, we
have (for details of calculations, see appendix C)

r 2N
w=-—=106N-1) - —S——= (146)
4r 1 —r /r2N

which match exactly with result [28, 33].

10.3.2. The N-vortex polygon inside of a cylinder. For r, = const, the limit g — oo implies
ri=r? / q — 0. We have the following (see appendix C):

2 _ 42N [,2N
Amr r; /r

This coincides with [28, 33].

11. Conclusions

We have shown that the infinite set of images for a vortex in the annular domain between
two coaxial cylinders is given completely in terms of the g-logarithmic function for complex
velocity and in terms of the Jackson g-exponential function for the complex potential. Recent
results on Padé approximation for the g-elementary functions [17] could be an efficient
approximation in the vortex image problem, by restricting the number of images. For example
in paper [19], in order to compute the g-logarithm, with reference to Sebah, the following
formula is proposed:

N
1
In,(1+2z) = + , 148
g(1+2) z;qnﬂ rn(2) (148)
where
o0

(_1)nflzn
rn(z) = —, (149)

N ;qN”(q”—l)

with N being any positive integer. Then the application of this formula to our problem
gives N-vortex images approximation. An advantage of this representation is in its very fast
convergency which could be useful for numerical and analytical computations.

By conformal mapping of the annular region to the rectangular one and composing
g-exponents, the stream function has been represented in terms of the Jacobi theta function
and coincides exactly with known results. Since the annular region can be conformally mapped
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to the exterior of two cylinders in the plane, our solution also provides the solution of the latter
problem in terms of g-elementary functions.

The g-elementary function representation of the problem allowed us to efficiently deal
with an infinite set of vortex images. By the image picture, we constructed the Green function
in the domain and the Hamiltonian structure in terms of these functions. As an application,
we constructed the novel N-vortex polygon solution in the annular domain.

We would like to note that the elementary relation between the hydrodynamical problem
and g-calculus considered in this paper could be applied to several physical situations with
the same geometry, such as the electrostatic problem or the problem of anyons [11]. Instead
of vortices we can consider problems with sources as well. Moreover, our image picture also
suggests a g-lattice structure for the spherical shell, consisting of two spheres with radii ; and
rp in n dimensions.

Finally, our results suggest an intriguing link between the point vortex problem and other
areas of applied mathematics with which the subject a priori would seem to have no connection
whatsoever. The notion of g-elementary functions has proven extremely powerful in other
areas of mathematics, for example in combinatorics and theory of quantum groups, as well
as in theoretical physics, for example in quantum field theory of many bodies. We think that
interplay between model problems in fluid mechanics and basic mathematical structures, such
as g-elementary functions will allow non-trivial results to be obtained concerning the vortex
problem in the multiply connected domain.
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Appendix A. Conservation of angular momentum

Here we show the conservation of angular momentum (140). We rewrite system (116) in the
form
N oo N e’}
. 1 I;(1— ]k) 1 1 T
k=5 - — (A.1)
2711jl k= Zj anzzzk—zq anjlngoozk uzq

(k=1,..., N), where § j is the Kroneker delta. Multiplying with I';z; and adding together
with its complex conjugate counterpart, we have

N
d 1

— INzize | = —(A+B+0). A2
” (; kaZk) 2ni( +B+C) (A2)

For the first term, we have the double sum

A= ZZrkr (1—5k,)< Sk A—_Zk_) (A.3)

k_Z] Zk_Zj

Zk

k=1 j=1
N
0 (=8 )
=ZZ( = )(Zkzj—z,zk)zo (A4)
oo el
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vanishing as a product of the symmetric and the skew-symmetric tensors. For the second term,
we have

N N +£x w Zk
B:Z Zrkrj(z — - —— ) (A.5)
k=

1 j=1 n=+1 k—Zjq k=24

o0 N N 1 1
= an Z <FkF/ |: + p }) (Zkzj —Zjzk) =0 (A.6)
=1

lzx —2;9"1*  |zj — wq")?

N N 0 _ _
=Y Y (M - ) @

kzj — g zZj — g

2z — r1q") (22 — rigq")

o0
N N
—irZ"ZZ Lk (Zxzj — 22 =0 (A8
- lq ( _ 2 ZkZ] Z]Zk = V. . )
As aresult

d (&
T <Z FkaZk) =0. (A.9)
k=1

Appendix B. N-vortex polygon frequency

Here we derive the frequency of rotation for the N-vortex polygon (143). We substitute
2(t) = re®t i ¥k =1,... N) (B.1)
to the system

al § 1 & Tk Z;
_E _ ) _
Zk) w—2z; 2w Zk(q =D [ t (1 Zj) En <1 Zk)}

] 1(j# j=1

. Wz }’2
‘z—&k@—n[ (=) i (1= e rm @)

Then for frequency w, we have

—~

w = (B.3)

r
2mr?
The first sum is standard and has appeared before for the N-vortex problem in the plane [30].
We have

A i 1 i [1 - cos ZU=0] —isin 200 B4
1= — 2miG—k/N T .
J=10#k) 1 ¢ ! J=1(j#k) 2(1 — COS jT)
N .
1 . w(j—k)
=z I —icot ——— ). B.5
2 Z ( N (B.5)
J=10#k)
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Due to the relations
a w(j — k)
Z cot ——— =0 k=1,...,N) (B.6)
J=10i#k)

it becomes
A = ) B.7)

Another way to get the same result is just to note that in the sum (B.4) the roots of unity are
symmetric relative to k, so that every pair of complex conjugate roots gives the contribution

1 1
1 _ e2nil/N + 1 _ e—2nil/N

=1, (B.8)

while the real root (when N is even) at angle w gives 1/2. The elegant proof of (B.7) can be
done in terms of g-numbers. We define g-number [ N], with complex base z so that

N1 2 N-1
[N]. = 1 =l+z+z°+---+z2" . (B.9)

As a complex polynomial this number has N — 1 primitive roots of unity z; = exp(2wil/N),
I=1,...,N—1,

N
N —

(Nl = —— =(@—z)@—2) (2 —zn-1) (B.10)
The logarithmic derivative of this relation gives

d N-1

N1

dz Z

TN T (B.11)

(V] Z z—z

Taking the limit z — 1 from both sides, we find
N-1

1 N —1
Z | _enil/N — o ° (B.12)
=1

To calculate the second term in (B.3) we need the following lemmas.

Lemma 1. The sum

Zan etiF k=) k=1,....,N) (B.13)
is real. It follows easily from the fact that complex roots of unity appear by complex conjugate
pairs.

Lemma 2. The sum
Z Ln,(1 - eii%’“‘*f)) = NLn,0=—-NH(q) (k=1,...,N), (B.14)

where H(q) is the g-harmonic series (83), converging for g > 1.

Proof. Expanding, we have
(o) 1 N

N N oo
1 2 . 2 2w N
L ilf(k j) il*(k—])n - _ +i=Tkn +i<tn ].
>t -y Loy Ly iy

j=1 n=1 n=1 j=1

(B.15)
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To estimate the last sum

N
S=Y (eFiFry (B.16)
Jj=1
we use the identity
2 N-1 N -1
zZ(l+z+27+-+2" )=z =z(z—z)(@—22) - (2 — 2ZN-1)- (B.17)

-1
We have two options. If (a) n is not divisible by N, n # mN (for m-integer), then e* i51 is the
primitive root of unity. In this case from the above identity follows S = 0. (b) n is divisible by
N,n = mN (mis an integer), then eEINmN = e+i2mm — | andasaresult S = N. Substituting
to (B.15) we arrive with —N Y >, 1/[m] = —NH(q).
Due to lemma 2, we find that in (B.3)

[~ N
1 g r oy s
B = P ] Z an(l — e‘%(k_”) — Z an(l - e_‘%(k_”) =0. (B.18)
9= =1 j=1
It is easy to see that the last term in (B.3)
1 & r2 N r?
Cl=—or Lo, (1-2e &0 ) - Lo, (1 - e F¢D B.19
o | () R (e @

is independent of k, so that we have

1 N V22 2 r i
Cl:qu an 1_r_zeNj _an 1_7‘_26 . . (BZO)
j=1

1

Substituting into (B.3), finally we find frequency (143). ]

Appendix C. g — oo limit for N-vortex polygon

(1) When r; = const, r22 = qu2 — 00 to estimate g-logarithms in (143)

N
r |N—1 1 12 o rr
o e P R B G Sl
j=1
we use (97) and (99) so that
N 2w N
r |N—-1 rieivi r ) 1
= + = 3N —1+2 — 3. (C2
Ry 2 JXZI: rlzeizWﬂj —r? 4mr? ' o r%ei%j —r? ©2
To estimate the sum, we consider the logarithmic derivative
N
P'(2) 1
P(2) ZZz—z- €3
j=1 J
for polynomial P(z) =z — ri" /r?N . Taking the limit z — 1 we have
N 1 N
Z = . (C4)

2
- _ " ai2nj/N _
j=1 1 72 € 1 r
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As aresult, we find frequency (144) coinciding with [3, 28]:
2N

1— rIZN/VZN

r
W= (BN -1) —

4?2 €35

(2) When r, = const, r{ =r3 /q — 0, the frequency

N
r N -1 1 r o r?
w=2nr2 7 + E |:an (1—’36 NJ>—an (l—qr—ze N/ (C.6)

q—ljzl 2

by (97) and (99) transforms to

N P

r N -1 rle v/

w=— Al 5 e T C.7)
2rr 2 e e inJ — r22

Estimating the sum in a similar way as above, we have

- 27
i2r

N 2 -2z N
ree”'w 1 N
— e E = — . (C.8)
2N

2m - - 2
2 a—iNj 2 5 iori r
j=177e NI =1 1 — 5 el2mi/N 1 - 35

Finally, we get frequency (147):

r 2N

= N—1)— —
= g | ) 1—ryV /r2N

(C.9)
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