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SOLITONS OF THE RESONANT NONLINEAR SCHRODINGER
EQUATION WITH NONTRIVIAL BOUNDARY CONDITIONS:
HIROTA BILINEAR METHOD

J.-H. Lee* and O. K. Pashaev'

We use the Hirota bilinear approach to consider physically relevant soliton solutions of the resonant
nonlinear Schrédinger equation with nontrivial boundary conditions, recently proposed for describing
uniaxial waves in a cold collisionless plasma. By the Madelung representation, the model transforms into
the reaction—diffusion analogue of the nonlinear Schrodinger equation, for which we study the bilinear

representation, the soliton solutions, and their mutual interactions.
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1. Introduction

For describing low-dimensional gravity (the Jackiw—Teitelboim model) and the response of a medium
to the action of a quasimonochromatic wave with a complex amplitude 1 (z,t), which is a slowly varying
function of the coordinate and the time, a novel integrable version of the nonlinear Schrédinger (NLS)
equation was recently proposed [1]:
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This has been called the resonant NLS (RNLS) equation. It can be considered a third version of the NLS
equation, intermediate between the defocusing and focusing cases. Although the RNLS model is integrable

Y. (1)

for arbitrary values of the coefficient s, the critical value s = 1 separates two distinct regions of behavior:
for s < 1, the model is reducible to the conventional NLS equation, but for s > 1, it is reducible not to
the usual NLS equation but to a reaction—diffusion (RD) system. In the latter case, the model exhibits
resonance solitonic phenomena [1].

The RNLS equation can be interpreted as a particular realization of the NLS soliton propagating in
the so-called quantum potential Ug(x) = [¢|4/|t¥|. This potential, responsible for producing the quantum
behavior, was introduced by de Broglie [2] and was subsequently used by Bohm [3] to develop a hidden-
variable theory in quantum mechanics. It also appears in stochastic mechanics [4]. Connections between
such nonclassical motions with the internal spin motion and the zitterbewegung were considered in a series
of papers (see [5]). Quantum potentials also appear in proposed nonlinear extensions of quantum mechanics
with regard both to stochastic quantization [6], [7] and to corrections from quantum gravity [8]. It is noted
that the RNLS equation, like the conventional NLS equation, can also be derived in the context of capillarity
models [9], [10].
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It was very recently shown [11] that the RNLS equation appears in plasma physics, where it describes
the propagation of one-dimensional long magnetoacoustic waves in a cold collisionless plasma subject to
a transverse magnetic field. The complex wave function satisfying the RNLS equation is a combination
of plasma density and the velocity fields as in the Madelung representation. The Bécklund—Darboux
transformations along with a novel associated nonlinear superposition principle were presented and used to
generate solutions describing the interaction of solitonic magnetoacoustic waves. This application requires
considering a solution of the RNLS equation with nontrivial boundary conditions at infinity. Our goal here
is to derive such solutions in the Hirota bilinear approach and to study their mutual interactions.

2. Magnetoacoustic waves in cold plasma

The dynamics of a two-component cold collisionless plasma in the presence of an external magnetic
field B [12], [13] for uniaxial plasma propagation

u = u(z,t)e,, B = B(z,t)e, (2)

reduces to the form [14]

dp 0 B
e + %(PU) =0,

ou_ ou_BoB
ot dxr  p Ox

0 (10B
%(5%)—3"’

(where we set B = 1 and the plasma density p = 1 at infinity). This system is equivalent to the Whitham

0, (3)

system and was also derived by Gurevich and Meshcherkin [15]. It describes the propagation of nonlinear
magnetoacoustic waves in a cold plasma with a transverse magnetic field. El, Khodorovskii, and Tyurina
recently showed [16] that a system of type (3) also occurs in the context of hypersonic flow past slender
bodies.

3. A shallow-water approximation

Here, we consider a shallow-water approximation of magnetoacoustic system (3). Rescaling the space
and time variables via 2’ = Sz and t/ = 3t, we have

ap 0 B
o0 + %(PU) =0, (4)

ou Ou  BOB

o Tlar toaw Y ®)
0 (10B
P am) =7 o )

Expanding B as a power series in the parameter 32 according to

B = p+ B°2(p, pars parars - - ) + O(BY) (7)

and substituting it in (6) yields

by — i(%g_p) (8)
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Substituting (7) in (5) yields

ou ou dp  L[1d% 2 09p & 19p\°’]
ot + You + ox' b p 0x’3  p? Ox' Ox'? p Ox' =0 )
up to O(8?). Accordingly, we obtain the system
dp 0
5 T ?(PU) =0, (10)
du  du  Bp 0 [18 1(1dp\°]
ot +u833’ + oz’ +0 oz’ [p dx2 2\ p oz - (11)

This describes the propagation of long magnetoacoustic waves in a cold plasma of the density p moving with
the velocity u across the magnetic field as given by (2) and (7) (see [17], [18]). The dispersion is negative
in this system, i.e., the wave velocity decreases as the wave vector k increases.

4. Resonant nonlinear Schrodinger equation

Introducing the velocity potential

S(x,t) = —%/ w(x',t) da’

such that u = —205/0x and integrating Eq. (11) once, we obtain the system

op 0 oS

5_28&“( 333) 0 (12)
S (a8 1 B2[1 0% 10p\*]
at+(a) +§p+2[;@‘§(pax>]—° (13)

(where we omit the primes). Combining p and S into one complex function

¢ = /pe ", (14)
we can represent system (12), (13) as the NLS equation with a quantum potential

1 0%y
] 2

5 T o2 ——|w| Y= (14067 ¥, (15)

i.e., as RNLS (1), where A = —2, s = 1 + 3%, and the quantum potential is expressed as

2 2
1 0°%p 1 9p :2L8 \/ﬁ (16)
p Ox VP 0x?

Because the parameter s > 1, Eq. (15) cannot be transformed into the NLS equation [1]. But by combining
p and S into a couple of real functions

e = /ped/P, e = /pe /P (17)



such that (™) > 0 and e(~) < 0, we can write Eqs. (12) and (13) as the RD system

9e® 02 1,00 _g, (18)
or Ox'? 232
where 7 = (t’.

Linearizing (15) near the “condensate” solution 1 = ,/pge "°*/2 results in the dispersion w =
VPok+/1—32k?/po. This dispersion is negative (i.e., the wave velocity decreases as the wave vector k
increases) and is unstable for short waves with k > k¢, where ke, = VPo /(. But this instability results
from truncating the dispersion relation

2 k2

T + B%k2/ po

(19)

for system (4)—(6) and does not correspond to any actual physical effect for shallow water waves [19].
Although this system is linearly stable for all wave numbers k, it is not known to be integrable. Therefore,
it is not as suitable for studying wave interactions as the RNLS, which is completely integrable and admits
a rich variety of exact solutions.

5. Steady-state flow and solitons

We now consider system (10), (11) for the steady-state flow. It describes motion with the fixed velocity
u(z,t) = up = const for which continuity equation (10) implies that dp/9t 4+ ug Op/dx = 0 or that the fluid
density has the traveling-wave form p = p(x — ugt), where 2’ = Bz and ¢ = 3t. Equation (11) in this case

10% 1(18p\°
+[___§<;%)}_a—const. (20)

This has a simple physical interpretation. Motion with a fixed velocity implies that the sum of all forces

gives

acting on the system is zero. In our case, Eq. (20) describes compensation of the nonlinearity by the
quantum potential. With (16) taken into account, this equation gives

2
o LoV, (21)
NGRS

p+

In terms of y(z) = \/p, z = ¥ — ugt, we then obtain the nonlinear equation

d?y a 14
@y _a Ly 22
2 YT oY (22)
or, multiplying by ¢’ and integrating once,
dy\* a2+14 2b = const (23)
=) —= —y* = 2b = const .
dz) —2Y T4
This equation has the solution
y = 2pdn[p(x — uot), K], (24)

where dn is the Jacobi elliptic function with the modulus k and p is an arbitrary constant. It is related to
the integration constants a > 0 and b < 0 by the equations

A (25)
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where k' = /1 — k2 is the complimentary modulus of the Jacobi elliptic function. These equations fix the
relation between the integration constants

b
_ 9,2
and the modulus k = /1 + b/(2p*). For the density p, we then have the traveling-wave solution
plz,t) = 4p® dn®[p(z — uot), K]. (27)

With fixed potential (21) from Eq. (13) for ug = —(2/5)9S/0x, we have the Hamilton—Jacobi equation

1 (‘95 oS a
_ — = 2

ot < ) a0 %)

which has a solution in the form
S—ﬂS—@l’—F u_%_FE t (29)

B ) 42
or, with (26) taken into account,
o U(2) 2 2

S:ﬁSo—?x—i— Z+p(2—n)t. (30)

For the degenerate case x = 1, which corresponds to b = 0 and hence a = 2p?, elliptic solution (27), (30)

becomes the soliton
p(x,t) = 4p® sech?[p(z — upt)],

u ul (31)
S = 5[50 - 70x+ (IO +p2>t}

A more general form of the traveling wave appears if we consider a solution of system (10), (11) in the
form u(z,t) = u(x—uot), p(z,t) = p(x—uot). Then the first equation in (10) implies that d[(u—uo)p]/dz = 0,
where z = x — ugt and

C
U =uy+ — 32
ot (32)

with C' = const. Substituting (32) in Eq. (11) and integrating once, we obtain

102 1 d%p 1 dp
§F+p+[————(pdz>}:A:const. (33)

Multiplying by p? and differentiating once, we obtain (the traveling-wave form of the KdV equation)

d3p dp dp
- 4+3p——-24-—") =0, 34
(d R (34)
which, after one integration, implies that
d’p 3
72 + p —2Ap = B = const. (35)
This gives the equation
dp\ 2
<d—i’> = —p> +24p> + 2Bp+ C? (36)



and the solution

1
plx —ugt) = o + (a3 — ay) dn? 5(043 —a)Y2(z — upt), K (37)

with the modulus k2 = (a3 — az2)/(as — aq) of the elliptic function, the constants a1, az, and asz, and

(aagaz)t/?

p (38)

u(x — upt) = up —

Solution (37) was first reported in [18]. In particular cases, we have the following reductions:

1. If a; = ap = 0 and hence xk? = 1, then (37) reduces to (27) with the parameter values az = 4k?
and b = —azk?/2 and the velocity u = ug.

2. If a1 = ay # 0, then again x? = 1, but the solution
ugt) = _ 21 s a2 —
plx — upt) = ag + (a3 — aq) sech 5 (g — 1)/ “(x — uot) (39)

has a nontrivial asymptotic behavior. The physical value relevant for plasma physics is a3 = 1,
which leads to lim|;|_ p = 1. Setting ag = o2, we can write the solution in the form

(0%~ 1)

plz —uot) =1+ cosh?[vo? = 1(z — uot) /2]

(40)

Using these results, we can now construct solutions of RNLS (15). Substituting Eqs. (27) and (30) in
Eq. (14) and changing the parameter k = p/3, we obtain the quasiperiodic solution

(' t') = 2Bk dnlk(z’ — uot), K] exp{—i [(bo — %x' + [UZ% + B%K*(2 — 52)} t’} }, (41)

where 2’ = Bz and t' = $t. In the limit x = 1, it gives the envelope soliton solution
(' t) = 2ﬁk; expq —i|po — Y0 + u_% + G232 | (42)
’ cosh k(z' — ugt’) 2 4 '
For RD system (18), we correspondingly have the dissipative periodic solution

e (' 1) = £26k dn[k(z’ — vT), K] exp{:l: [¢>0 - gx + {”; + k(2 - KF)H } (43)

where the velocity v = ug/3, k = p/3, and the dissipative analogue of the envelope soliton
(o 7y = 220 el afag - Lot [E 4 (44)
e = cosh k(x’ — vT) xp 09" 4 g

is the so-called dissipaton solution [1].
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6. Bilinear form and solitons

6.1. Trivial boundary conditions. The key for constructing multisoliton solutions is RD represen-
tation (15) of RNLS (18). Because the RD system is algebraically similar to the NLS equation, it is easy to
write the bilinear representation for it. Representing the two real functions e(t) and e(~) in terms of three
real functions,

+
e®) = 25%, (45)

we obtain the bilinear system of equations
(£D, — D2)(GH) . F)=0, D2(F-F)=-2GHqgH), (46)
The corresponding solution of RNLS (15) is

_ D(F-F 9?log F
()] = p = —ePel) = 252% :

a2
=40 02

(47)

The one-dissipaton solution of system (46) is given by G* = :l:e”li, F=1+en+m 11 and e®11 =
(kf + k)72, where i = kfz + (k)% + nf(o) and k& and nf(o) are constants. In terms of the redefined
parameters k = (k" 4+ ky)/2 and v = — (k" — k7), it takes form (44). In the parameter space (v, k), there
exists the critical value v = 2k such that for v < veir, we have ef — 0 at infinity, and the boundary
conditions hence vanish for the dissipaton. At the critical value, the solution is a kink steady state in
the moving frame e* = +ke** (1 F tanh k¢) with the constant asymptotic behavior e* — +2ke**éo for
x — Foo and e — 40 for £ — +oco. In the supercritical case v > vVepit, et — +oo for ¢ — Foo and
et — £0 for x — Fo0.

For the two-dissipaton solution, we have

ez 2 ~ ptE 2 _
G* = j:{e"li Fem 4 (#) e Ay (#) e s } (48)
21 11 12 22
+ — + — + — + — Y+ —— 2
P14t 6771-;;771 n 6771-::772 n 6772+J:771 n 6772—::772 ( +_kf_kf_ +_> 6171*'+171_ +773—+772_7 (49)
(kll )2 (le )2 (le )2 (kQQ )2 le le kll k22

where k@ = k¢ + k2, k% = k¢ — kb, and 5 = kfa £ (kF)2r + n*©. This solution shows the resonance

character of the dissipaton interaction [1].

6.2. Nontrivial boundary conditions. As Hirota first noted, the bilinear form of the equations
should be modified for the NLS equation of defocusing type with nonvanishing boundary conditions [20].
After substituting representation (45) in system (18), we choose the decoupling system in the form

(£D- = Dz + \)(GF-F) =0,  (D; =N (F-F)=-2G"G", (50)

where we introduce the constant A to be determined. Equation (45) and the second equation in (50) imply
that —e(te(-) = —482[\/2 — (log F)..). Expanding G* and F in Hirota’s power series,

Gt =4gf(l+egi +3g5 +...), F=1l+efi+fat..., (51)

and requiring that lim|,|_(log ')z, = 0, we obtain the boundary condition

;= lim [—eMe(7)] = lim {—4[32[% — (1ogF)m]} = —23%), (52)
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which fixes the constant A = —a;/(24?%). In the zeroth-order approximation, we have the system

(£D- = DI+ N(g5 -1) =0, (DI =N(1-1)=2g]g,- (53)
It has a solution of the form g = Be? | where B2 =pB13" = -N2=a/(46%), 0F = +kx + (k2 - M\,
and % = fye®0. Using the properties of Hirota’s derivatives
0
Du(fg 1) = S gh+ FDulg B,
) (54)
o°f of
D2(fg-h) = —5gh+2-=D,(g-h)+ fD2(g - h
2(fg-h) = 559h+25"Da(g - h) + fDz(g - h),

we rewrite the bilinear system as

(FD; +2kD, + D) (1 +egf + g +--)-(I+efi +Efa+---)) =0,

(55)
(D2 4+26)((L+efr+--)-(M+efi+---)) =2605(1+egi +--- )1 +egr +...).
6.2.1. One-soliton solution. In the first order, we have the system
(FOr +2k0, + 02)g7 + (£0- F 2k, + 97) f1 = 0,
(56)

(02 +263) f1 = B3 (g7 +97)
Considering a solution of the form gf = alie’” and f; = bie™, where 11 = k1z + wiT + 7Y, we obtain
al =yb1, ay =bi/7, and y1 = (w1 — 2kk1 + k?) /(w1 — 2kk; — k?), where dispersion formula is

Wi =k (2k £ /K +4063). (57)

We note that in contrast to the defocusing NLS equation, no restrictions on the values of k1 appear in our
case.

Truncating Hirota’s expansion at this level gives one dissipative soliton

jL+7i e

(*) — 1938% +[ka+(k2+263)T !
e pBEe o

; (58)

where we absorb the constant b; in the exponential form 7, = kyx 4+ w17 + 77§J + log b;. We then have the

one-soliton density ~ _
(e _ o AFme™) A+ em™)

p=—e 1 (1 +em)2 (59)
This solution can be represented in the form
+1 +1 ~
e®) = &\ /oyt et ke + (0 +255)7] <7 2+ L2 2_ L g) (60)
or R
e(+) — +\/O[_1 ge+{kib+(k2+25§)‘r] (’Y 4 1 4 (’Y _ 1) tanh g>’
1 1 1 1 (&1
(=) — _ ekt (24 (2 g n
e Vo 2Me 5 + 1+ 5 tan 5 )
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and the product is

o) g [14 =D
p=—c - [1 * 4~y cosh2(ﬁ/2)] (62)

with the asymptotic behavior lim|; . p — a1. Explicitly, it is

2
p=—ePelH) = oq{l + H sech? {k (z + (2k £ (/T + 453 )7 + xo)} } (63)

where 32 = 1/(4/3%a1). For the velocity field, we have

IESRECE (2~ Dy
u=————— = —2k— —. (64)
e=) e (v — 1) + 4y cosh?(7/2)

We consider the particular solution for £ = 0. It then follows that

w1 = :|:]€1\/ k% + 453 (65)

is the Bogoliubov dispersion from the superfluidity theory of a weakly nonideal Bose gas. For k1 > 20, it
has the nonrelativistic free-particle form wy =~ k?, while for k1 < 2o, it has the relativistic collective form
w1 & 20pk1. The solution for the plus sign of the dispersion has the form

/ /v2 — 432
e = %62587’ (v +y/v? — 432 tanh Ufﬂo(m + T + a:o)),
(1

v —
(66)
/o /02 — 4 2
) = = /M4ﬂ2 e~ 2807 <v —y/v? — 433 tanh Ufﬁo(x + T + xo)) ;
and the density is
2 4 2 /v2 — 4 2
p=—eFlel) = al{l +2 45260 sech2{ Y 5 bo (x +ovr+ a:o)] } (67)
0

This shows that soliton velocity is bounded below by the modulus |v| > 20, and the soliton hence has the
“tachyonic” character. These results show that in contrast to the defocusing NLS equation with the soliton
velocity bounded above (subsonic type), the RNLS soliton has a velocity bounded below (supersonic type).
Another difference is that the soliton of the defocusing (repulsive) NLS equation is a hole-like (bubble)
excitation with [4|? = p < 1, while we have a wall-like form p > 1 for the RNLS soliton.

6.2.2. Two-soliton solution. To construct a two-soliton solution following Hirota [20], we consider

ggi) =are” +aze™, fi=em +em. (68)
Substituting them in the bilinear equations

(FD, £ 2kD, 4+ D) (aFe™ +aFe™) - 1+1-(e" +¢™) =0,

2(D; +265)(1- (™ +e™)) = 265 (af €™ + aF €™ + ay ™ + aze™), .
we obtain the system
aif (F0r + 2k, + 92)e™ + (£, F 2k, + 02)e™ +
+ a5 (FOy 4 2k0y, + 02)e™ + (+0, F 2k0, + 92)e™ = 0, (70)

(ki +265) (€™ + ™) = Bil(af +ay)e™ + (a3 +az)e™].
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Using the dispersion relations

wi = ki (2k £ \/k? +463), i=1,2

4 (wl- — Zkkl) + kZQ

we obtain
(wi — 2'I€k1) — klz 1

_ Wi TR AR i, g T2 1 g

YT (s — 2kk;) — k2 L Y B

The last relations imply that
Wi — Zkkz = kZQ COth%

and
k; = 230 sinh %,

and hence
w; — 2kk; = 232 sinh ¢;.

(75)

We note that the two signs in dispersion relations (71) correspond to the simple replacement ¢; — —¢; in

the above formulas. First, we restrict our consideration to the same sign for both frequencies. In the next

order, we have the system

(FD; £ 2kD, + D2) (g5 -1+ g5 - fi+1-f2) =0,
(D2 +263)(2- fa+ fr- f1) = 263(93 + 95 + 97 97)-

We rewrite the first equation as

(F0, + 2k0, + 02)gF + (£0, F 2k0y + 02) f2 +
+ {afﬁ(wl — (.UQ) + 2k(/€1 — kg) + (kl — ]€2)2] +

a3 [F w2 — wn) £ 2k(ks — k1) + (b — k2)?JJem 2 = 0.
This implies a solution of the form
g5 = aje™ T, fa = brae™ ™t
Then the second equation in the system implies the relations
a;rz = afa;bu = eP1td2p,. aj, = ajay bz = ,3—(<151+¢>2)b127
hence

_ sinh®((¢1 — ¢2)/4)
sinh?((¢1 + ¢2)/4)’

and the first equation in (76) is satisfied automatically. As a result, we have the solution

+) _ 95 (1497 +95)
e\*) = +£243
14+ fi+ fa

or

goi(l + em=Ee1 + en2E o2 + b12e771+772i(¢1+¢2))

(£) _
e =420 1+ eMm + e + hygen+m

1000
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For the particular parameterization Sy = 1/2 (which implies that a1 = 1), we have the two-soliton solution
for the density

_ ALA_
 [sinh?((¢1 + ¢2)/4)(1 + em + em2) + sinh?((¢y — o) /4)em+n2]2’

(83)

where
Ay = sinh? 272 $1+ @2 (14em t¢1 4 6772i¢2) +ginh? 2L — 92 b1 — o emtmE(dr+d2)
4

(84)

i ¢1

N —smh—x—i— 2k sinh — —smh¢Z T+’I7(O), 1=1,2.

K3
If one of the parameters ¢; vanishes or if ¢; = ¢2, then the solution reduces to the one-soliton form. For
example, if ¢o = 0, then

sinh? (¢ /2)

=1+ .
p cosh? (1, /2)

(85)

Analyzing the two-soliton solution in the soliton moving frames, we can see that it describes a collision
of two solitons of type (85) moving in the same direction with the initial position shifts

4)
4)’

2 1 sinh((¢1 — ¢2)

_ (_1y\i—1
A= D LG ' sinh((61 + 02)

/ 1=1,2, (86)
/
and hence sinh(¢1/2)Az; + sinh(¢ps/2)Azg = 0.

We obtain a different form of the two-soliton solution if we choose opposite signs for frequencies (71),

and hence
wi =20 (Zk sinh % + B sinh (;51),

(87)
wz_ = 2ﬂ0 <2l€ sinh % — ﬂo sinh d)l) .
Then af = e, af = %2,
QTQ = afa;blg = €¢17¢2b12, CLl_Q = al_ag_blg = 67¢1+¢2b12, (88)
and )
le — COSh ((¢1 + ¢2)/4) (89)
cosh?((¢1 — ¢2)/4)
For By = 1/2, the two-soliton solution is
= B+ 5 (90)
[cosh?((¢1 — d2)/4) (1 + em + em2) + cosh® ((¢1 + o) /4)em +a]?”
where
By = cosh? ¢1 — ¢2 (1+ emEpr 4 6772$¢2) +cosh? 21 7= ¢1 + ¢2 ?71+772:|:<151$¢2
4
1
1 = sinh %(aj —21) + |2ksinh % + 3 sinh gbl} T, (91)

1
72 = sinh %(aj — 22) + [2k sinh % ~5 sinh (;52} T.

1001



N
iz
N
N
ll”’

ZALAY
L85
RLELZ7
L7
<Z> % L7

Fig. 1

It describes a collision of two solitons of form (85) moving in opposite directions with the initial position
shifts ) L A

Az; = (—1)i71— log ((¢1 +¢2)/ )’

sinh(¢;/2)  cosh((¢1 — ¢2)/4)

In Fig. 1, we show a 3D plot of this solution.

=1,2. (92)

For the velocity field, we have

(=) (+)

— Cx Cx —
YT T e T
EPYS cosh®((¢1 — ¢3)/4)a— + cosh®((¢1 — é)/4)b- _
cosh?((¢1 — ¢2)/4)(1 + em—91 4 ent92) 4 cosh? (¢ + ¢2)/4)em+m—91+62
_ cosh?((¢1 — ¢o) /4)ay. + cosh?((¢1 — ¢2)/4)by (93)
cosZ (61 — 02)/A) (L + 1 1 cm292) 4 cost® (1 + o) /A)em Tt oo’
where
as = sinh %e’ﬂ% + sinh %emi@, be = (sinh % + sinh %) eMm+mFortes (94)
It has the same phase shift (92) and describes a collision of two solitons of the form
ki sinh ¢; .
u=—2k sinh ¢ i=1,2. (95)

) cosh((n; + ¢;)/2) cosh((n; — ¢3)/2)’
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