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ABSTRACT

INITIAL-BOUNDARY VALUE PROBLEM FOR THE
HIGHER-ORDER NONLINEAR SCHRODINGER EQUATION ON
THE HALF-LINE

We establish local well-posedness in the sense of Hadamard for the higher-order
nonlinear Schrodinger equation with a general power nonlinearity formulated on the half-
line {x > 0}. We consider separately the two different scenarios of associated coefficients
such that only one boundary condition is required, or exactly two boundary conditions
are required. We assume a general nonhomogeneous boundary datum of Dirichlet type at
x = 0 for the former case, and we add the Neumann type for the latter case. Our functional
framework centers around fractional Sobolev spaces H;(R,) with respect to the spatial
variable. We treat both high regularity (s > 1) and low regularity (s < 1) solutions: in the
former setting, the relevant nonlinearity can be handled via the Banach algebra property;
in the latter setting, however, this is no longer the case and, instead, delicate Strichartz
estimates must be established. This task is especially challenging in the framework of
nonhomogeneous initial-boundary value problems, as it involves proving boundary-type
Strichartz estimates that are not common in the study of Cauchy (initial value) problems.

The linear analysis, which forms the core of this work, crucially relies on a weak
solution formulation defined through the novel solution formulae obtained via the Fokas
method (also known as the unified transform) for the associated forced linear problem.
In this connection, we note that the higher-order Schrodinger equation comes with an
increased level of difficulty due to the presence of more than one spatial derivatives in
the linear part of the equation. This feature manifests itself via several complications
throughout the analysis, including (i) analyticity issues related to complex square roots,
which require careful treatment of branch cuts and deformations of integration contours;
(ii) singularities that emerge upon changes of variables in the Fourier analysis arguments;
(i11) complicated oscillatory kernels in the weak solution formula for the linear initial-
boundary value problem, which require a subtle analysis of the dispersion in terms of the

regularity of the boundary data.
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OZET

YUKSEK MERTEBEDEN DOGRUSAL OLMAYAN SCHRODINGER
DENKLEMI ICIN YARI DOGRUDA BASLANGIC-SINIR DEGER
PROBLEMI

Yiiksek mertebeden dogrusal olmayan Schrédinger denklemi icin yart dogru
{x > 0} tizerinde genel kuvvet tipinde dogrusal olmayan terim ile birlikte Hadamard an-
laminda lokal iyi konulmuslugu saglamaktayiz. Ilgili katsayilarin iki farkli senaryosuna
gore bir siir kosulu yeterli olan veya tam olarak iki sinir kosulu gerektiren durumlari
ayr1 ayri ele aliyoruz. ilk durum icin x = 0 durumunda homojen olmayan genel Dirichlet
tipinde sinir verisini, sonraki icin ise ilaveten Neumann tipini kabul etmekteyiz. Fonksiy-
onel ¢ercevemiz, uzaysal degisken agisindan Hj(R,) kesirli Sobolev uzaylar1 etrafinda
donmektedir. Hem yiiksek diizenlilikli (s > 1/2) hem de diisiik diizenlilikli (s < 1/2)
coziimleri ele aliyoruz: ilk durumda ilgili dogrusal olmayan terim Banach cebiri 6zel-
1ig1 araciligiyla ele alinabilmektedir; ancak ikinci durumda bu durum gecerli degildir ve
bunun yerine hassas Strichartz kestirimleri elde edilmelidir. Bu gorev, baslangi¢-sinir
deger problemleri ¢ercevesinde 6zellikle zordur, ciinkii baslangi¢c degerli (Cauchy) prob-
lemlerinin ¢alisilmasinda yaygin olmayan sinir tipi Strichartz tahminlerini ispatlamayi
icermektedir.

Bu ¢alismanin temelini olusturan dogrusal analiz, iligkili zorlanmis dogrusal prob-
lem i¢in Fokas yontemi (ayni zamanda birlesik doniisiim olarak da bilinir) aracilifiyla
elde edilen yenilik¢i ¢oziim formiilleri ile tamimlanan zayif bir ¢oziim formiilasyonuna
kritik bir sekilde dayanmaktadir. Bu baglamda, yiiksek mertebeden Schrédinger denklem-
inin, denklemin dogrusal kisminda birden fazla uzaysal tiirev bulundugu i¢in artan bir zor-
luk seviyesi ile geldigini belirtmek gerekir. Bu 6zellik, analiz boyunca birkac¢ karmasiklik
olarak kendini gostermektedir, bunlar: (i) Karmagik karekoklerle ilgili analitiklik sorun-
lar1, bu da dal kesimleri ve integral konturlarinin deformasyonlarinin dikkatli bir sek-
ilde ele alinmasini gerektirir; (ii) Fourier analizi argiimanlarindaki degisken degistirmeler
sirasinda ortaya ¢ikan tekillikler; (ii1) Dogrusal baslangi¢-sinir deger problemi i¢in zayif
coziim formiiliindeki karmagik titresimli ¢ekirdekler, bu da smur verilerinin diizenliligi

acisindan dagilmanin ince bir analizini gerektirir.
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CHAPTER 1

INTRODUCTION

The higher-order nonlinear Schrodinger equation (HNLS) on the half-line {x > 0}

is modeled by the partial differential equation

i, + iUy, + iy, + i6u, = klu|’u, (x,1) e R, x(0,7), (1.1)

where @,5,0 e R,8# 0, p >0, T > 0 and « € C. The dependent variable u = u(x,?) is a
complex-valued function with a domain where the spatial variable x belongs to the right
half-line and the temporal variable ¢ belongs to an interval, i.e u : R, X (0,7T) — C.

The initial condition is imposed as

u(x,0) = ug(x), x eR,. (1.2)

Determination of the boundary conditions is ruled by the sign of 8, which is the
coeflicient of the highest order spatial derivative of the main equation (1.1), as follows: If

B > 0, then the (Dirichlet) boundary condition is imposed as

u(0,1) = g(1), t€(0,7), (1.3)

while if 8 < 0, then the (Dirichlet and Neumann) boundary conditions are imposed as

u(0,1) = ho(1), u(0,1) = hy (1), te(0,7). (1.4)

The change in the number of the boundary conditions depending on the sign of 8
occurs naturally in the analysis. Therefore, there are two different initial-boundary value

problems for the higher-order Schrédinger equation, one of which is the single-boundary



condition case (1.1)-(1.2)-(1.3) that is posed when 8 > 0, and the other one is the double-
boundary condition case (1.1)-(1.2)-(1.4) that is posed when § < 0. This difference is
first realized in our study Alkin et al. (2024), and also guaranteed by the study Deconinck
et al. (2014), which explains the determination of the number of the boundary conditions

for the general case of the evolution equations, namely
O + P(—id,)u = 0, (1.5)

where P denotes any polynomial with order m and with a leading coefficient a. It says
that if m is an odd number (note that m = 3 in the case of HNLS), then the number of the

boundary conditions is given by

mlq>0,

2 (1.6)
mil g < 0.

=
The case that m is even is also studied therein, but this is out of our context for the higher-
order Schrodinger equation.

To improve the idea behind the number of the boundary conditions, we first take
the Korteweg-de Vries (KdV) equation, which satisfies (1.5) withm = 3 and a = 1, into
consideration as an example of such argument. The initial-boundary value problem for
KdV equation is posed with only one boundary condition Himonas and Yan (2022). As
another example, the heat equation is much more convincing about the importance of the
sign of the leading coeflicient for the spatial derivatives of an evolution equation. It is
known that the heat equation, i.e u, — u,, = 0, is well-posed, while its reversed version, i.e
u; + u,, = 0, 1s ill-posed. Many other examples of such partial differential equations can
be observed in the sense of the relation between the number of the boundary conditions
and the polynomial-behavior of the spatial derivatives.

We take the Dirichlet boundary condition for the case of § > 0, and the couple of
the Dirichlet and the Neumnann boundary conditions for the case 8 < 0. In fact, this is
not a strict choice for the initial-boundary value problem for the higher-order nonlinear

Schrodinger equation. We analyze the aforementioned cases in Chapters 4 and 5, respec-



tively, and the arguments therein can be analogously modified for some different type of
boundary conditions.

The effect of the sign of S is observed only on the boundary conditions. When
considering the corresponding whole-line problem, as we proceed in Chapter 3, there
is no need to separate the cases for 8 to be positive or negative. Therefore, the initial
value problem for the higher-order nonlinear Schrodinger equation can be studied at once
for any 8 # 0. This matches up with the previous studies Carvajal and Linares (2003);
Carvajal (2004, 2006); Laurey (1997); Staffilani (1997), where the whole-line problems
for the higher-order nonlinear Schrédinger equation are studied under no restriction on .

After the explanation of the mathematical model for the higher-order nonlinear
Schrodinger equation, we give the physical motivation behind this model. For the choices
B =06=0,a =1and p =2 on the main equation (1.1), the problem reduces to the cu-
bic nonlinear Schrodinger equation (NLS), which is a ubiquitous model in mathematical
physics with a broad spectrum of applications. However, NLS is not precise enough for
pulses in the femtosecond regime. In this case, a higher-order dispersive term is neces-
sary for a correction. This need let the higher-order nonlinear Schrodinger equation arise

originally in the form
1
ity + St + WP+ de (Bt + BP0 + Buluy) = 0. (1.7)

for modeling the femtosecond pulse propagation in nonlinear fiber optics Kodama (1985);
Kodama and Hasegawa (1987). Note that the nonlinear terms of the original model (1.7)
and the one we describe in (1.1) has two differences. Firstly, we take the nonlinear terms
involving derivatives as an absence (i.e 8, = 3 = 0), which causes to read the higher-
order nonlinear Schrodinger equation also as "truncated” HNLS in the literature. Sec-
ondly, we consider a more general power type nonlinear term |u|’u with p > 0, and treat
the cubic problem as a special case.

The higher-order nonlinear Schrédinger equation is studied in the well-posedness
point of view here. So, after the physical motivation, it would be appropriate to give also
the previous results about the well-posedness of the problem. We use a chronological
order for this purpose. In Laurey (1997), the local well-posedness of the initial value

problem (1.7)-(1.2) is obtained in H*(R) for s > %. Then, an improvement for the lower



bound for s has been published in Staffilani (1997) for s > i. Later, it is proved in Carvajal
(2004) that the initial value problem (1.7)-(1.2) is locally well-posed in H*(R) for s > —}L,
and this result is supported with a global well-posedness for s > Al, in Carvajal (2006). All
these results belong to a whole-line problem for the higher-order nonlinear Schrodinger
equation with a cubic nonlinear term.

The treatment for a more general power type nonlinearity is considered recently

in Faminskii (2023) for the initial value problem on the whole-line, namely

iUy + atyy, + ibuy + ity + Aul’u + iB(|ul’u), + iyulul? = 0, (1.8)

with the initial condition (1.2), and the well-posedness is studied for the case of p = 1,
therein.

When it comes to introduce the studies on the well-posedness of the initial-boundary
value problem for HNLS, we remark that a certain third-order model with cubic nonlin-
earity, which is renamed as the Hirota equation, is studied for only the single-boundary
condition case, see Huang (2020); Guo and Wu (2021); Wu and Guo (2023). However,
it is important to emphasize that in the present work we treat the case of a general power
nonlinearity, and obtain some regularity results for a larger class of Sobolev space. Re-
cently, for the initial-boundary value problem for the higher-order nonlinear Schrodinger
equation with a single boundary condition and a power nonlinearity, the global solutions
are considered in an independent area in Faminskii (2024) for the case of either p = 1 or
the boundary condition to be homogeneous.

After this quick survey in the literature, we introduce now our destination to-
gether with some details about the methods and the techniques that we utilize in the way.
Even though the higher-order nonlinear Schrodinger equation is considered as an initial-
boundary value problem on the half-line, we first obtain some regularity results for the
whole-line problems (also known as Cauchy problems) in Chapter 3. This chapter might
be considered as an ingredient for the main purpose. However, there are some results
important in itself. The multi-term nature of the spatial differential operator creates chal-
lenging difficulties in the proofs of the temporal estimates, due to the changes of variables
performed in order to extract the desired Sobolev norms. These difficulties are overcome

by introducing a proper cut-off function that depends on the polynomial structure of the



spatial differential operator.
In Chapter 4, we focus on the initial-boundary value problem for the higher-order
nonlinear Schrodinger equation on the half-line with a single boundary condition (the case

of 5 > 0), namely

iU + By, + QU + i0u, = f(u), (x,1) € Ry x(0,7T),
u(x,0) = up(x), xeRy, (1.9)

u(0,1) =g, te(0,7),

where a,0 € R, 8 > 0, f(z) = «|zlPzwithz € C,k € C, p > 0, and T > 0. We prove
the local well-posedness of this problem in the sense of Hadamard, namely, we prove
existence of a unique local-in-time solution that depends continuously on the initial and
boundary data in the Sobolev space H*(R) for s > 0. All of the results in this chapter are
presented in Alkin et al. (2024).

Then, we turn our interest to the double-boundary case (8 < 0) in Chapter 5 and

analyze the initial-boundary value problem

itt; + iUy + alty, + iou, = f(u), (x,t) e R, x(0,7T),
u(x,0) = up(x), xeR,, (1.10)

w(0,1) = ho(), u(0,) =i (1) 1€(0,7),

where @,0 € R, 5 <0, f(z) = «|zlPzwithze C,k e C,p>0,and T > 0.

The goal of Chapters 4 and 5 is to establish the local well-posedness theory for
the nonlinear initial-boundary value problems (1.9) and (1.10), respectively, at the level of
H;(R,) spatial regularity for the initial data. We are interested in both the high regularity
(s > %) and the low regularity (s < %) settings. The main distinction between the two is
that, in the low regularity setting, the well-known Banach algebra property of H{(R.) is
no longer available. Instead, handling the nonlinearity |u|’u when s < % requires use of
more advanced tools that revolve around the celebrated Strichartz estimates. Estimates of

this type measure the size and temporal decay of solutions in space-time Lebesgue norms

and have played a crucial role in the treatment of the Cauchy problem of nonlinear disper-



sive equations since their introduction in 1977 Strichartz (1977). On the other hand, the
use of Strichartz estimates in the analysis of initial-boundary value problems is a more re-
cent advancement. For the Cauchy problem, Strichartz estimates involve certain norms of
initial and/or interior data, while for initial-boundary value problems these estimates ad-
ditionally depend on information related to boundary data, for which temporal regularity
also plays a key role.

Our treatment of the nonlinear problem is crucially based on a contraction map-
ping argument applied to a weak solution formula for the associated forced linear initial-
boundary value problem. Therefore, the first contribution of the present paper is the
development of a sharp linear theory through the analysis of the solutions of the rele-
vant forced linear initial-boundary value problem. This is accomplished by decomposing
this linear problem into three simpler component problems: (i) a homogeneous Cauchy
problem associated with (an appropriate extension of) the initial datum; (i1) a nonhomo-
geneous Cauchy problem associated with (an appropriate extension of) the forcing; (ii1)
a reduced initial-boundary value problem involving the original boundary datum and the
spatial traces of the two aforementioned Cauchy problems.

A major emphasis in this work is placed on the regularity analysis of the solu-
tion to the reduced initial-boundary value problem of item (iii) above. This is done in
Sections 4.1 and 5.1, respectively for each cases of 5. Weak solutions of this reduced
initial-boundary value problem are defined via a boundary integral operator whose ex-
plicit form is obtained through the Fokas method (also known as the unified transform
method Fokas (1997, 2008)), which provides a rigorous treatment for the initial-boundary
value problems.

While the Cauchy problem for nonlinear dispersive equations has been broadly
explored through a variety of techniques, progress towards the rigorous study of initial-
boundary value problems for these equations is more limited. In fact, problems of this
latter kind can present significant challenges even at the linear level. For example, while
on the whole line linear evolution equations can be easily solved via Fourier transform
in the space variable, on domains with a boundary like the half-line no classical spatial
transform exists for linear equations of spatial order three or higher. Another important
obstacle arises in the case of boundary conditions that are non-separable. Moreover, even

when a linear initial-boundary value problem can be solved via classical techniques, the



resulting solution formula is not always useful, especially in regard to setting up an effec-
tive iteration scheme for proving the well-posedness of associated nonlinear problems.

At the linear level, the Fokas method bridges the gap between the Cauchy prob-
lem and initial-boundary value problems by providing the direct analogue of the Fourier
transform in domains with a boundary. Indeed, the method provides a fundamentally
novel, algorithmic way of solving any linear evolution equation formulated on a variety
of domains in one or higher dimensions and supplemented with any kind of admissible
boundary conditions. An alternative perspective that further establishes the Fokas method
as the natural counterpart of the Fourier transform in the context of linear initial-boundary
value problems stems from the nonlinear component of the method, which was developed
for completely integrable nonlinear equations and corresponds to the analogue of the in-
verse scattering transform in domains with a boundary. Then, noting that the linear limit
of the inverse scattering transform is nothing but the Fourier transform, it is only reason-
able that the linear limit of the nonlinear component of the Fokas method, namely the
linear Fokas method, should provide the equivalent of the Fourier transform for linear
initial-boundary value problems.

The analogy between the Fokas method and the Fourier transform has been solid-
ified by a new approach introduced in recent years by Himonas and Mantzavinos for the
well-posedness of nonlinear initial-boundary value problems. This approach is based on
treating the nonlinear problem as a perturbation of its forced linear counterpart, which is
of course a classical idea coming from the Cauchy problem. However, the linear formulae
produced via the Fourier transform in the case of the Cauchy problem are now replaced
by the Fokas method solution formulae (recall that Fourier transform is no longer avail-
able). As these novel formulae involve complex contours of integration, new tools and
techniques are required in order to obtain the various linear estimates needed for the con-
traction mapping argument. It should be noted that several of these estimates are specific
to initial-boundary value problems and do not typically arise in the study of the Cauchy
problem; they are results of particular importance, as they capture the effect of the bound-
ary conditions on the regularity of the solution of both linear and nonlinear problems. The
Fokas method based approach for the rigorous study of initial-boundary value problems
has already been implemented in several works in the literature: NLS on the half-line and

the half-plane Fokas et al. (2017); Himonas and Mantzavinos (2021, 2020), KdV on the



half-line and the finite interval Himonas et al. (2019); Himonas and Yan (2022), bihar-
monic NLS on the half-line Ozsar1 and Yolcu (2019), fourth order Schrédinger equation
on the half-line Ozsari et al. (2022).

Specifically for the higher-order Schrodinger equation, some certain analyticity
issues arise in the application of the Fokas method. This is because the method relies
on the construction of analytic maps that respect certain spectral invariance properties
of the linear dispersion relation. However, for multi-term spatial differential operators,
such a construction requires use of complex square root functions which, in many cases,
cause the invariance maps to be non-analytic on some parts of the complex spectral plane.
We handle this complication via suitable contour deformations around the branch cuts
associated with these maps.

The solutions of the fully nonlinear problems will be constructed as fixed points of

the solution operator formed by reunifying the respective solution formulae for the three

1
2°

linear problems of items (1)-(iii) above. In the high regularity setting of s > 5, the spa-
tiotemporal estimates established in the linear theory lead to a contraction mapping argu-
ment in the Hadamard-type space C([0, T']; H(R,)). The uniqueness in this space utilizes
the Sobolev embedding H{(R,) < L’(R.) (which is valid for s > %). In the low regular-
ity setting of s < %, the algebra property in H;(R,) and the embedding H{(R,) — L (R;)
are no longer valid and Strichartz estimates assume the key role instead. In that case, the
solution space is refined to C([0, T1; H(R,)) N LY((0, T); Hy"(R,)) with (u, r) obeying the
admissibility criterion (3.29) associated with the underlying evolution operator. However,

this only leads to a conditional uniqueness result in the aforementioned space.



CHAPTER 2

PRELIMINARIES

The study on the analysis of partial differential equations requires a remarkable
background about the fundamental tools from the functional, real and complex analysis
in addition to the theory pf partial differential equations itself. This chapter provides a
sufficient and brief collection of such arguments to be used where necessary in the whole
of this thesis.

We start with some different notions of the Fourier transform of a multi-variable
function f(x, ) for the spatial variable x and the temporal variable ¢ both belonging to
R. All the arguments below about Fourier transforms can be found in many fundamental
books and sources such as Strichartz (2003). We take the spatial Fourier transform of
f(x, 1) as

flk,1) = fR e f(x, Ddx, (2.1)

and the temporal Fourier transform as

fx, 1) = f e~ f(x, 1)dt, (2.2)
R

by assigning the burden of understanding which transformation (spatial or temporal) is
made to the letters k£ and 7 used as spectral variables. The inversions of the aforementioned

Fourier transforms are understood, respectively, as

Foon =~ f ™ f(k, t)dk, (2.3)
27T R
and
1) = i f ¢ f(x, T)dr. (2.4)
27T R

Considering the Fourier transform for a single-variable function g(x), which can

be defined by ignoring the temporal variable ¢ in (2.1), the well-known Plancherel theorem



says that

f lg(0)2dx = f 2Pk, 2.5)
R R

We should also recall the rule for the Fourier transform of the derivative of a
function, since we use this transform on a partial differential equation. For this purpose,

let P be any polynomial and h(x) = P (%) f(x). Then,
h(k) = P(—ik) f (k). (2.6)

Fourier transform provides an important definition for the fractional Sobolev spaces,
which are one of the most suitable settings to analyze a partial differential equation, since
it is not usually possible to make good enough analytic estimates on the solutions con-
structed for the partial differential equation. They provide a balance when comprising the
functions which have some, but not too great, smoothness properties. Following defini-
tions on the fractional Sobolev spaces can be found in Di Nezza et al. (2012) and many
other partial differential equations sources.

The fractional Sobolev space on the real line for s > 0 is defined by
e =fuel® | (148) 1e P@) 2.7)
and, in general for any s € R, it is defined by
HE =fues® | (1+8) 1e P®), 2.8)

where S’(R) is the set of tempered distribution, which is known as the dual space of S(R),
which consists of the infinitely differentiable functions that decrease rapidly together with
all their derivatives.

The fractional Sobolev norm is defined for all s € R by

il ey = ( f (1+&) |a<k)|2dk.) (2.9)
R

10



The space H*(€2) for an open interval Q in R is considered as the set of the restric-

tions to Q of the elements belonging to the space H*(R) with the norm
Ulgscoy =  Inf  |Vllgsw), where v|. = u. 2.10
il = dnf vl o (2.10)

The linear extension operator E : H*(Q) — H*(R") for Q c R” is defined to

satisfy the following statements:
(1) Eu=uin Q,
(i1) if Q is bounded, then Eu is compactly supported,

(i11) E is continuous, i.c.

IEullpsny < Cllullgs ) (2.11)

where C is the constant depending on n, s and Q.

Trace theory plays also a crucial role in the analysis for the local well-posedness

of partial differential equations, therefore we recall the following theorem:

Theorem 2.1 Tartar (2007) Let s > % Then, any function u € H*(R") has a trace, say
Tu, on the hyperplane {x,, = 0} such that Tu € H S‘%(R"‘l). Also, the trace operator T is

surjective from H*(R") onto H “"%(R”‘l).

The critical value s = % for the trace theory appears also in the Banach algebra
property of Sobolev spaces. The Sobolev space H*(R) is a Banach algebra if and only if
s > %, in other words, for u,v € H*(R), the identity |[uv||z:®) < llullzs@)|[VIlzs®) holds only
when s > %

Sobolev embedding theory is also important in the regularity analysis of the so-
lutions to a partial differential equation. Here are the statements for some embedding

rules.

Theorem 2.2 (Gagliardo-Nirenberg-Sobolev inequality) Assume 1 < p < n. There exists

a constant C, depending only on p and n, such that

el gz, ) < DU, (2.12)
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forallu € CL(R™).

Theorem 2.3 (General Sobolev inequalities in R) Let Q be a bounded open subset of R,
with a C' boundary. Assume u € H*(Q).

(i) If s < %, then u € L1(Q), where é = % — 5. We have in addition the estimate

”u”L‘i(Q) < C”””HS(Q)a (2.13)

where the constant C depends only on s and Q.

(ii) If s > %, then u € L*(R) with the bound
lullz=y < Cllullzsw)- (2.14)

where the constant C depends only on s.

After this important overview on Sobolev and Fourier theory, we continue with
some complex analytical tools. We utilize Fokas’ unified transform method in some dif-
ferent parts of this study, and this method requires two basic results from complex analy-
sis, which are Cauchy’s theorem and Jordan’s lemma. These two important requirements
can be found in any fundamental complex analysis book such as Brown and Churchill

(2009).

Theorem 2.4 (Cauchy’s) Let U be an open simply connected domain in C and vy be a

closed curve in U. If a function f : U — C is analytic, then

f f(z)dz = 0. (2.15)
Y

Lemma 2.1 (Jordan’s) Let V be open set in C. YR > 0, VN B(0, R) is the union of finitely
many simply connected regions. Let Cy := Ck NV NC* and if f : V — C is continuous
with

lim (max{ f@: ze c;}) - 0. (2.16)
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Then, Ya > 0,
lim et f(2)dz = 0. (2.17)

R— Cﬁ
We now state some well-known theorems that are widely recognized from real

and functional analysis. These can be found in Jones (2001) and/or Kreyszig (1991).

[ee)

%2y are summable

Theorem 2.5 (Dominated Convergence Theorem) Assume the functions {f;}

and f; — f a.e. Suppose also |fj| < g a.e. for some summable function g. Then,

ffjdxeffdx. (2.18)
R" R"

Theorem 2.6 (Inverse Function Theorem) Assume f € C'(Q;R) and f'(xy) # 0. Then,
there exists an open set V. C Q, with xy € V, and an open set U C R, with f(x) € U, such

that
(i) the mapping f : V — U is one-to-one and onto, and
(ii) the inverse function f~' : U — V is C.
(iii) if f € C/, then f~' € C/ for j € Z.

Theorem 2.7 (Fubini’s) Assume that f € L'(R"). Let n = m + I, then for a.e. y € R™ the

function f, € L'"(R"), and thus there exists

F(y) = jl;l f(x) dx. (2.19)

Furthermore, F € L'(R™), and

f F(®y) dy :f f(2) dz. (2.20)
R Rn

Theorem 2.8 (Riesz-Thorin interpolation) Let (U1, uy) and (U,, i) be two measurable

spaces. Assume that p; # p2, q1 # q», and that

T : LP'(Uy) - L"(Uy) (2.21)
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is bounded with norm M,, and that

T : L"™(U;) — L"(U,) (2.22)

is also bounded with norm M,. Then,

T : LP(Uy) - LY(U>)

is bounded with norm M < M ll‘gMg provided that 0 < 0 < 1 and *

Itis vital to use some elementary inequalities, which can be found in Evans (2022),

in the estimations of the solutions to partial differential equations. Here we list these
inequalities:

(i) Cauchy’s inequality with e: Leta,b € R and € > 0.

b2
ab < ea’ + —

P (2.24)

(ii) Young’s inequality with e: Let a,b,e > 0 and p,q € (1, c0) such that é + é =1
Then,

bl
ab < ead’ + ——

c©o’ (2.25)
where C(e) = q(ep)%.

(iii) Cauchy-Schwarz inequality: If u,v € L*(Q), then

||MV||L1(Q) < ||M||L2(Q)||V||L2(Q)- (2.26)

(iv) Holder’s inequality: Assume p, g € [1, oo] such that % + é = 1. Then, if u € LP(Q)
and v € L1(Q), we have

||MV||L1(Q) < ”u”LP(Q)”V”L‘I(Q)- (2.27)
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(v) Minkowski’s integral inequality: Let F be a integrable function on R” x R" and

1 < p < co. Then,

Po\p ’
(f (f F(x,y)dx) a’y) Sf (f |F(x,y)” dy) dx. (2.28)
R~ Rm Rm R~

(vi) Interpolation inequality for L”-norms: Assume 1 < s < r < t < co and 1 =

- - r

¢ + L2 Suppose also u € L*(Q) N L'(€). Then u € L'(Q), and

4 1-6
”u”U(Q) < ||u||LS(Q)||u”Lt(Q)- (229)

We lastly introduce some notations that we use for simplicity throughout the the-
sis. The first one is a < b, which is used for the inequality a < Cb, where the constant C
is independent of a and b. We also use the notation @ =~ b to indicate that a = b or a is
sufficiently close to b. We finish the basic requirements for this thesis with the following

notations:

Definition 2.1 (Big-oh notation) We write
f=0@ as  x—x, (2.30)

provided there exists a constant C such that |f(x)| < Clg(x)| for all x sufficiently close to

X0-

Definition 2.2 The set-theoretic support of a function f : X — R, written supp(f), is the

set of points in X where f is nonzero:

supp(f)={xeX : f(x)#0} (2.31)
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CHAPTER 3

CAUCHY PROBLEMS

In this chapter, the homogeneous and the nonhomogeneous Cauchy problems for
the higher-order Schrodinger equation have been separately analyzed to determine the
regularity level in Sobolev spaces. The Fourier transform theory provides quite suitable
advantages for this purpose. Firstly, we study the homogeneous problem in Section 3.1,
and then we continue with the nonhomogeneous problem in Section 3.2 by taking the
advantage of Duhamel’s principle, which intuitively acts the nonhomogeneous problem

as a set of homogeneous problems each starting afresh at a different time slice.
3.1. Homogeneous Cauchy Problem
We start with the initial value problem

iy + iBYxax + @yix + 16y, = 0, (x,1) e RXR, 3.1)
y(x,0) = yo(x), x€R,

where ,,0 € R, 8 # 0, and yy € H*(R).
We have the first result to control the L*((0, T'); H{(R)) norm of the solution y(x, 1)
to the homogeneous linear Cauchy problem (3.1) by the H*(R) norm of the initial datum

vo(x) as follows:

Theorem 3.1 Let s € R. The unique solution of the Cauchy problem (3.1), denoted by
vy = Syo; 0], belongs to C(R,; H{(R)) and satisfies the conservation law

”y('at)”H;(R) = ”yOHH;i(R) , teR (3.2)

s+l
Moreover, ifa2 +366 20, theny € CR,;H,” (-T,T)) for T > 0 and there exists a
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constant ¢ = c(s, a,8,0) > 0 such that

1
sup [[y(x, Il st < c(I+T2)|yoll sy » (3.3)

xeR H° TT)

ﬁ
while if a* + 386 < 0, then y € C(R; H,* (R)) and there is a constant ¢ = c(s,a,3,6) > 0
such that

sup [[y(x, )l

s+l
x€R H3 [®)

Proof Applying the Fourier transform (with respect to the spatial variable x) to (3.1),

< cllyollgsr) - (3.4)
and then integrating in the temporal variable ¢, we find $(k, 1) = e ¥’ §(k), where
w(k) 1= —iBk’ + iak® + i5k, (3.5)

which is purely imaginary for £ € R. Thus [y(k, 1)| = |99(k)|, and we have

G Dy = f (1 + K2Y9(k, )Pk = f (1 + ) Bo®Pdk = ol (3.6)
R R

which amounts to the conservation law (3.2). The continuity of the map ¢ — y(¢) from R,
into H3(R) follows from the dominated convergence theorem and the fact that yy € H}(R).

To this end, let 7,7, € R such that t, — t as n — oo, we have

S —w 2 .
IyCs 1) = Y0, Doy = f (14 82) 7@ — &7 o (k) dk, 3.7)
R

which tends to zero as n — oo, and we also have

f (1 +82) e ®m — O ok Pk < f 4(1+ &) 9o Pdk = 4llyollZy e, < oo.
R R
(3.8)

In order to prove the temporal estimates (3.3) and (3.4), we start from the Fourier
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transform solution representation

ymnzﬂmmmn:%j?mmwﬂwk (3.9)
R

Consider the real-valued map 7 = iw(k) = Bk* — ak® — Sk, together with its derivative

dT__ o 5 3 a\ cx2+3,86
%—la)(k)—:%ﬂk —2&/(—6-3,8((1(—@) —T) (310)

Notice that if &> + 386 < 0, then 7 is monotone and so k = (iw)~!(7) is well-defined. In
the case of strict inequality > + 356 < 0, we observe that iw’ (k) # O for any real k, and so

by the inverse function theorem we can change variable from k to 7 and rewrite (3.9) as

1 US| . dT
)= — i(iw) N (@x+itt & r: =1 , 311
y(x, 1) o fR e Yo((iw) (7)) i () (D) (3.11)
which represents the inverse (temporal) Fourier transform of the function
O (i) (1)
y(x,7) = 3.12
YT = W) () G-12)
So, we have ,
2 2t | Fo((iw) ™' (1)
XN = 1+7)7 |————— 3.13
”y( )”HtTl(]R) ,[R( ) la)/((l(l))_l(T)) ( )
In addition, notice that T = iw(k) = O(k*) and MIW = O(k™?) as |k| — oco. Therefore, by
the change of variable k = (iw)~!(r), we have
e P s sf@+ﬁ%ﬂ%%ﬂw@® (3.14)
H 3 (R) R

which amounts to estimate (3.4).
Next, consider the case a? + 336 > 0. Let § € C(R) be a function with a range

[0, 1] whose additional properties will be specified below. Then, we can write y = y; + y»,
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where

1 .
N0 = 5- f " O9(k) Do (k)dk,
TJR (3.15)

1 .
ety i= o [ - ooy
T Jr
Taking j-th order time derivative of y;, and using the range of 6 together with Cauchy-

Schwarz inequality, we deduce

. 1 ,
|3f)’1(X, T)| < —f lw(k)10()|[Fo(k)dk
27t Jsuppioy

1

= | (14 R)T etriow (1 + ) ik (3.16)

supp(6)

1
—s . 2
< (f (1 + kz) |w(k)|2]dk) ”)’OHH;(R) = c(s, J,0) ||y0||H;(R)-
supp(6)

We note that this inequality holds for any s € R. Thus, by the physical space characteri-

zation of the Sobolev norm, namely

u
WAlgry = D N0l oy 1 ENo, (3.17)
Jj=0
we obtain
1
V1 My < Gt OT H yollgscey (3.18)

for any u € Ny and any x, s € R. Note that the term T: appears due to the interval (=7, 7)
of the integral hidden in the L?-norm definition. Then, since given any m € R we can

always find u € N U {0} such that m < u, estimate (3.18) readily implies
1
[ly1(x, ')”H;”(—T,T) < c(s,m,0)T> ||)’0||H;(R) , m,s,x ER. (3.19)

In order to handle y,, we note that given @, 3,6 € R such that § # O satisfying

a* + 336 > 0 one can find k; = k;(@,6,8) € R, j = 1,2, such that (i) the roots ENT R ';;:Hﬁé

of w’(k) = 0 lie in (k;, k») and (ii) the mapping T = iw(k) is monotone (increasing when

B > 0, and decreasing when 8 < 0) on R \ (k, k). Now, let k3 < k; and k4 > k, be any
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two numbers and fix 6 so that it further satisfies the condition

1’ ke [klakZ]’
0(k) = (3.20)
09 k ¢ (k3’k4)9

as well as the condition 0 < |6(k)| < 1, k € R. Now, to apply the similar arguments that

we used to estimate y;,we can rewrite y, as

1 .
»(x, 0 = — f ™0 (1 = 6(k)) Hok) dk
R\[k1,k2]

o (3.21)
1 = 0w () '
_ ez(tw) (T)x+itt : ‘ ((w)) 1(‘[‘)) dr.
21t Jiwy®\[k ko)) i ((iw)~1(1)) Yo
Using the definition of the Sobolev norm, for each x € R we have
ly2 (e, P ey = f (1 + )5 [Pa(x, 7)Pdr
H3 (R) R
_ f (1+ Tz)%ll —9((ictf)_1(7‘))|2|1)70((i6;))_1(T))|2 Jr
(iw)(R\[k1 k2]) e’ ((iw)~ (1))
(1 + (k)T
< f 1 oK)k
R\[k1.k2] licw’ (k)|
< f (1 + ) BooPdk = IyolEe, (3.22)
R

where the last inequality follows from the fact that iw(k) = O(k*) and m = O(k™?) as
|k| — co. Hence, (3.3) follows from (3.19) and (3.22). Continuity in x once again follows

from the dominated convergence theorem. O

In addition to the estimates above, we need some information about the spatial
derivative of the solution y, of the homogeneous Cauchy problem (3.1) due to the exis-
tence of the Neumann boundary condition in the statement of the original problem for the

case 8 < 0.

Theorem 3.2 Let s € R. The unique solution of the Cauchy problem (3.1), denoted
y = S[yo; 0], satisfies if &* + 386 > 0 that, y, € C(RX;H,%(—T, 7)) for T > 0 and there
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exists a constant ¢ = c(s,a,8,0) > 0 such that

sup [0,y (x, Il

xeR

1
wSerm <c(l +T2)yollmym); (3.23)

while if a*+3836 < 0, then y, € C(R,; H,% (R)) and there exists a constant ¢ = c(s, a,3,0) >
0 such that

sup [10.yCe, s < cllyollasw)- (3.24)

xeR H, ? ®)

Proof Differentiating the Cauchy problem (3.1) with respect to the spatial variable x,

we get
1Y, +iBY o +aY, +i0Y, =0, (x,1) e RXR,

Y(X, 0) = YO(X), X € R’

(3.25)

where Y =y, and ¥ = (yo),. Note that y, € H{(R) implies Y, € H ;‘I(R). Using Theorem
3.1 for any s’ € R, we know by (3.3) that

1
sup 1Y (x, | e < (1 + T2)IYollyy w)- (3.26)
xeR H, - (-T.T)
Choosing s” = s — 1 gives for any s € R that
1 1
sup [[¥(x, )l ¢ < (1 + T2 Yol @) < e+ T2)llyollws@). (3.27)
xeR ¢ T.0)

which gives (3.23). Similarly, we can also obtain (3.24) by using (3.4), and the continuity
of the maps follows, one more time, from the dominated convergence theorem and the

regularity of the initial datum y. O

Such estimates on the second or higher-order spatial derivative of y can be easily
derived by following the same steps above, but this is out of context for our original
initial-boundary value problem. Therefore, we confine ourselves with these two results to
correspond them later with the Dirichlet and the Neumann traces of the solution y of the
initial value problem (3.1).

We also control the mixed Lebesgue norms L;'((0, T); H;"(R)) of the solution y to

the homogeneous Cauchy problem (3.1), where H*"(R) is the usual Bessel potential space
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defined with norm

(S]]

(3.28)

[V H?‘l {(1 + i) ?‘{f}(k)}

L'(R)

and (u, r) is any higher-order Schrodinger admissible pair, i.e. any pair (u, r) satisfying
3
nr>2, —+4+-=— (3.29)
u

More precisely, we have the following Strichartz estimate:

Theorem 3.3 Let s € R and suppose (u,r) is higher-order Schrodinger admissible in
the sense of (3.29). Then, the solution of the homogeneous linear Cauchy problem (3.1)

satisfies the Strichartz estimate

IV o, m @y S Vol - (3.30)

Proof By the definition (3.28) of the H*"-norm, we have

(3.31)

L{(0,T);LLR))

Recalling that $(k, 1) = e “®" $,(k), we have

00

! {(1 + 1) 0k, r)} - % f M (1412 5o(0dk = STe; 01(x, 0, (3.32)

—00

where ¢(x) = F~! {(1 + k2)7 yo(k)} (x). So, it suffices to prove that

1N [90;0]||L’,‘((0,T);L;(R)) < ||90||L§(R)- (3.33)
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For this, we note that by the definition of the Fourier transform we can write

Sle; 0](x, 1) = % f[(x, X', He(x)dx', (3.34)
R

where

I(X, )C,, t) = feik(x—x’—t6)+i(t/3k3—tozkz)dk. (335)
R

Then, it is proved (in Lemma 4.2) in Carvajal and Linares (2003) that
(x, X 0l S B75, 1 #0, (3.36)

where the inequality constant is independent of x, x’, t. Then, the desired estimate (3.33)

is inferred (in Theorem 4.1) in Carvajal and Linares (2003). O

3.2. Nonhomogeneous Cauchy Problem
We turn our interest now to the forced initial value problem

17 + 7y + @2 + 102, = F,  (x,1) e Rx (0, 7T),
(3.37)
72(x,0)=0, x€eR,

where F € L2((0, T); HX(R)).

Thanks to Duhamel’s principle, the solution of the nonhomogeneous problem

(3.37), denoted by S[0; F], can be expressed as

!
2(x,1) = S[0; F(x,1) = —i f S[F(,1);01(x, 1 = £)dt’
0
. !
_ i f f k0= B Ydkdr
2w 0 R

where, for each ¢’ € [0, ], S[F(-,'); 0] denotes the solution to the homogeneous Cauchy

(3.38)
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problem with initial data F(x, '), namely,

iy’ +iBy.  +ay. +i6y. =0, (x,£)eRx(0,T),
(3.39)
y'(x,0) = F(x,f), xeR.

We then have the following result, whose proof is based on the approach that was used

for the Korteweg-de Vries equation in Himonas et al. (2019).

Theorem 3.4 The unique solution of (3.37) satisfies the space estimate

sup |lz(-, l‘)”H;(R) < ”F”L}((O,T);H;(R)) , sSER (3.40)
1€[0,T]

Moreover, if =1 < s <2 with s # % then the following time estimate holds

supllze Ml s < max(TH(L + T3, TNl 2oy (3.41)
xeR H, ° 0.T)
where
=2 —1<s<g,
o=y F, l<s<2, (3.42)
%, s =2.

Remark 3.1 For2 < s < % due to the fractional norm ||0,z(x, -)||,,—, (see definition (3.44)

below) the analogue of the time estimate (3.41) turns out to be

sup [|z(x, )l

1 1
st < max{T:(1 +T72), T(T}”F”le((O,T);Hj(R)) +sup [|F(x, )l sl
x€R H, > (0,T) xeR H, -

©.1)

s+1

The appearance of the space C(R,; H'3 ~'(0,T)) via the relevant norm on the right-hand
side has a direct impact on the analysis of the nonlinear problem, as it eventually requires

one to establish an appropriate multilinear estimate for the term |||ulPu(x, )| B
H, > (0.T)

1
— 1 < 5 and so the algebra property

s+1

(note that the underlying range of s implies 0 < T~
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is not available). For this reason, a different approach might be preferable for showing
well-posedness in this higher range of s. In any case, this task lies outside the scope of the
present work, which instead focuses on solutions of lower smoothness and, in particular,

. - 1
towards the low regularity setting 0 < s < 3.

Proof In view of the Duhamel representation (3.38), the space estimate (3.40) readily
follows from the homogeneous conservation law (3.2).

We proceed to the time estimate (3.41). Restricting s > —1 allows us to employ the

physical space characterization of the Sobolev norm since then the exponent % 1S non-
s+l

negative. In particular, for —1 < s < 2, setting m := =~ and observing that 0 <m < 1, we

have

ll2Cx, Mgmo.ry = I20x 20,y + 1202 (3.43)

where the fractional part of the Sobolev norm is zero for m = 0 and for 0 < m < 1 is given

T T—t 2
|z(x, t + 1) — z(x, 1)
=2 [ [ D2 (3.44)
0 0

For each x € R, employing Minkowski’s integral inequality and subsequently using the

by

homogeneous time estimates (3.3) and (3.4) for @>+385 > 0 and a*+3836 < 0 respectively,

along with the Cauchy-Schwarz inequality, we obtain

T
llz(x, Ml 20,7y < f IS TFC, ); 01(x, - = )Ml 20,7 AT
0

T
l 7 ’
<(+TH f F Gyt )y it (3.45)
0
1 1
S T2+ T2) IFll20,ry:m3m)-
For the fractional norm, noting that

t 2
lz(x, 1+ 1) — z2(x, D> < ‘ f S[F(,t);0l1(x,t +1—1t)=S[F(,t);0](x,t - t)dt
0

t+1 2
+ ‘ f S[F(G,1);0](x,t +1—¢)dt
t



we have ||z(x, )|[> < I + J, where

m ~

T T—t 1 T 2
1::f f _ (f [SUFC, 0010 41 ) = STFC.£: 01k, = )] | i,
o Jo I\ Jo

(3.46)
T T-t
[
0 0

For I, we proceed as follows. First, we multiply the integrand by the characteristic

1 t+1 2
Jiv2m f SIFG,1);0)(x,t +1—¢t)dt'| dldt. (3.47)
t

function xo,7—» () so that y[or—4() = 1 for0 <[ < T —t and yo.r—;(I) = 0 otherwise. This
allows us to replace 7 — ¢t by T in the upper limit of the integral with respect to /. Then,
we use Minkowski’s inequality for the triple integral and, finally, we use the definition of
Xio.7-1({) once again to switch 7" by T — ¢ in the limit of the integral taken with respect to
[. Performing these steps and employing the homogeneous time estimates (3.3) and (3.4),

we find

e

T 2 T 2 T
2( f ISTFC, 1) 01(x, - = ), dt’) S( f IFC ey df’) T f IFC, Dllgeeydt.
0 0 0

1 2 1 2
T [STFC,£); 006, £ 4 1= 1) = STFC, ;0181 = 1) dldt)zdt’)

In order to estimate J, we consider the cases 0 < m < % and % < m < 1 separately.
The range % < m < 1 corresponds to % < s < 2 and hence we can employ the Sobolev em-
bedding theorem in x. In particular, substituting for S [F'(-,#); 0](x, ¢+ —1") via (3.9) and
then using the Sobolev embedding, the Fourier transform characterization of the Sobolev

norm, and the fact that w(k) is imaginary for k € R, we have

T T—t 1 1+l .
J S f f _ feikx—w(k)(l‘+l) f €w(k)t,F(k, Z,l)dt/dk
0 Jo 21 Jr t
T T—t 1 1 ‘ t+1 -
S f f ) _ felkx—w(k)(l‘+l)f ea)(k)t F(k, t/)dt/dk
o Jo I'"M|2n Jg t
T T—t 1 o\ 1+ o =
— w(k)t ’ ’
_fo fo ll+2mfR(1+k) ‘ft O F(k, 1 )dt

2
dldt

1
1+2
s LY®)
2

dldt
H(R)

2
dkdldt.
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Thus, by Minkowski’s integral inequality between the integrals with respect to ¢’ and k,
Cauchy-Schwarz inequality in the #'-integral, and Fubini’s theorem between the integrals

with respect to t and 7/,

T T—t 1 1+ 2

< fo vf(; ll+2m(f I|F(, ll)“H;(R) dtl) dldt
t

T T—t t+1

< f f f VFC Ol e, 2" di'dldi
0 0 t

T T ¢

= f ||F(.’t,)”§-1x(R)f l_2mf didldt

2 2m
f I, t)”H*(R) dr'.

(3.49)

The range 0 < m < % corresponds to —1 < s < 1, hence Sobolev embedding is no
longer available. However, the fact that m < % allows to proceed via the Cauchy-Schwarz

inequality in #" as follows:

T 1 T-1 1+l
i< [ f f ISLFC,1); 01(x, £ + [ — )P didl
0
:f 12mf f IS[F(-,); 0](x, £ — )Pt dedl
< f ——dl f IS[EC,1); 0](x t’)lli;(t,,T)dt’
0

Tl 2m 5
S1- 2mfO NEC, Ol A

(3.50)

Note that the equality above is due to the change of variable ¢ — ¢ — [, and the inequality
succeeding it follows by extending the range of the integrals with respect to ¢ and ¢ and
then interchanging the resulting integrals. The last inequality follows by Theorem 3.1.
Estimates (3.45), (3.48), (3.49), (3.50) combined with the Sobolev norm definition
(3.43) imply the desired time estimate (3.41) in the range —1 < s < 2 with s # %
Finally, we consider 2 < s < % As this range corresponds to 1 < m < %, the

Sobolev norm (3.43) must be modified to

2Cx, Nmo.ry = Iz, ')Ilf,; o 1820691, - (3.5
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Differentiating (3.38) in ¢, we have
!
dyz(x, 1) = —iS[F(-,1);0](x,0) — if O[SLF(, 1), 01(x, 1 = 1)]dt'. (3.52)
0
We begin by observing that
1 o
S[F(-,1);0](x,0) = o fe””‘F(k, Hdk = F(x,1t). (3.53)
R

Moreover, by using the Fourier transform property for derivatives, which is given in (2.6),

we note that

H[SIF (1) 0l(x,t =1)] =0 [ 1 f OOk, 1)k
R

2
1 . .
=5 f [l RO Fk, 1)k (3.54)
T JRr

= S[(=B8° + iad* — 60,)F(-,1');0](x,t — 7).

Therefore, (3.52) can be rewritten as
!
8,z2(x, 1) = —iF(x,1) — i f S[(—B3 + iad? — 60,)F(-,1);0](x, t — ')dt’ (3.55)
0
and so

10:2(x, Mz, < NF 20+

f S[(—B3 + iad* — 60,)F(-,1); 0](x, t — t')dt’
0

L}0.T)

The first term on the right-hand side can be handled as follows:

IF(x, ')”L}(O,T) < sup||F(x, ')||L,2(0,T) <|IFl (3.56)

1, .
xeR LY(OT:H? (R)
For the second term, extending the range of integration in ¢ and then applying Minkowski’s
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integral inequality in combination with Theorem 3.1, we have

f S[(—B3 + iad* - 60,)F(-,1);0](x,t — ')dr
0

L20,T)

T
SA+TY) f (=88} + iad? = 60)F (. 1)| 1 5, dF
0 X

T T T
s<1+T%>[ﬁ | i +lad [ O2FC0] a0l [ ||axF<-,t'>||H;l<R>dt’]
0 : 0 0

T T T
s(1+T2)[B [ 1RGOy 410t [ WO+ 01 [ ||F<~,r'>||L;<R>dt’]
0 0 0

aiF(’ t,)

T
<+ Té)f WFC, 2wy At (3.57)
0
Together, estimates (3.56) and (3.57) imply the bound
18:2(x, Mz S T2+ T I Fll2g0 20 (3.58)

which corresponds to the desired estimate (3.41) in the case s = 2. O

As for the homogeneous Cauchy problem, we need some information also about
the spatial derivative of the solution, namely z,, of the nonhomogeneous Cauchy problem
(3.37) due to the existence of the Neumann boundary condition in the boundary data of

the original problem.

Theorem 3.5 The unique solution of the Cauchy problem (3.37) satisfies if 0 < s < 2

with s # % that

1 1 o
sup [l9.z(x, Ml 5 s max{T2(L+T2), T F 20,730 (3.59)
xeR - 0.1) '
where
2 0<s<3;
o = (3.60)
%, % <s<2
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Proof We apply the similar arguments that we used to prove Theorem 3.1. Indeed, we

differentiate (3.37) with respect to the spatial variable x, and get

iZ;+ 2 +aZ, +i0Z, =G, (x,t) e Rx(0,7),
(3.61)
Z(x,0)=0, xeR,

where Z = 7z, and G = F,. Note that F € L?((0, T); H:(R)) implies G € L?((0, T); H ' (R)).

Using Theorem 3.4 for any —1 < s’ <2 with s' # %, and then taking s* = s — 1 yields the

desired estimate. O

The higher-order Schrodinger equation is studied in this paper with the Dirichlet
and the Neumann boundary conditions. So, all these estimates on the solutions of Cauchy
problems (3.1) and (3.37), together with their first derivatives are sufficient. However,
by applying same procedures, these estimates can be treated for any other boundary data
couple involving second order derivative by restricting the interval for s to a smaller one.

Regarding L/'L” Strichartz-type estimates for the nonhomogeneous linear Cauchy

problem (3.37), we have the following result which is a consequence of the homogeneous

Strichartz estimates given in Theorem 3.3.

Theorem 3.6 Let s € R and suppose (u, r) is higher-order Schrodinger admissible in the
sense of (3.29). Then, the solution of the nonhomogeneous linear Cauchy problem (3.37)

satisfies the Strichartz estimate

Wzl 2oy @y < WF Iz o,r):m:@))- (3.62)

Proof Letting H(x,t,t") := xr<ny(@)S[F(-,1"); 0l(x,t — t'), we rewrite ||z]| LAO.T):H (R)) AS

T
”Z”L’[‘((O,T);H;”(R)) = H‘f(; H(., -, t)dt (3.63)

LAO,T):HY (R)
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Therefore, in view of the homogeneous Strichartz estimate (3.30), we readily infer

T
”Z”L‘;((O,T);Hj"(R))Sf WHC, - Ol oy @y A1
0

T T
< f IS TFC, ) 01C, - = Ol o.rymrmy A S f WEC gy At
0 0
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CHAPTER 4

SINGLE-BOUNDARY CONDITION CASE

In this chapter, we analyze the initial-boundary value problem for the higher-order
nonlinear Schrodinger on the half-line for the case which the problem is needed to be
stated with only one boundary condition. So, we focus on the nonlinear initial-boundary

value problem

itt; + iUy + ally, + i0u, = f(u), (x,t) e R, x(0,T),
u(x,0) = up(x), xeR,, 4.1)

u(0,1) =g, te(0,7),

where @,0 € R, 8> 0, f(z) = «|z]Pzwithze€e C,k e C, p>0,and T > 0.

Analysis of this nonlinear partial differential equation is proceed here by com-
bining a remarkable work on the linear theory and the fixed point argument to relate the
results from the linear theory to the nonlinear problem. Therefore, we first consider the

linear forced initial-boundary value problem

iU + iUy + Uy, +iou, = f,  (x, 1) e Ry X (0,7),
u(x,0) = up(x), x€R,, 4.2)

u,1) =g, te(0,7),

where @, 0 e R, >0and T > 0.

We emphasize that this linear problem is stated with three given data, namely
the source f, the initial condition u,, and the boundary condition g. Each of these data
effects naturally the solution u of the problem (4.2), and this situation makes the analysis
very hard to be handled in one hand. Instead, we use a decompose-reunify technique,
which is also used analogously in Ozsar1 and Yolcu (2019) for the biharmonic Schrodinger

equation, to observe the effects of these three data separately. Firstly, we decompose the
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linear forced initial-boundary value problem (4.2) into three rather simpler models to be
reunified after a brief analysis.

The first decomposed model is the homogeneous Cauchy problem

iy, + iByxx + @yyx + 00y, = 0, (x,1) e RxR, 43)
y(x,0) = yo(x), x€eR,

where a,0 € R, § > 0, and yy = Eyuy denotes an extension of 1, with respect to a fixed

bounded extension operator E, : H{(R,) — H}(R), namely, we have

Ivollzswy < ol )- 4.4)

This problem is studied in Section 3.1 for any initial data y, € H°(R) and any S8 # O.
As the second decomposed model, we consider the nonhomogeneous Cauchy

problem

iZ; + B2y + @2 + 102, = F, (x,1) e RXx(0,7T),

4.5)

72(x,0) =0, xeR,
where ,6 € R, 8 > 0, and F = Eof € L¥((0,T); HS(R)) is a spatial extension of
f € Ltz((O, T); H}(R,)). This problem is also studied in Section 3.2 for any source
F € Ltz((O, T); H{(R)) and any 8 # 0. Therefore, we can utilize directly from the re-
sults that we obtained in Chapter 3 for Cauchy problems.

As the last decomposed model, we consider a reduced initial-boundary value prob-

lem
igl‘ + iﬁQxxx + a"]xx + léc]x = O’ (xa t) € IR+ X (0’ T,)9
g(x,0) =0, xeR,, (4.6)
q(0,1) = go(t) := Eplg — ¥(0,-) = 2(0,)](®), t€(0,T"),
where a,0 € R, 8 > 0, T" > T, y(0,1) and z(0,¢) are the solutions to the homoge-
neous and nonhomogeneous Cauchy problems (4.3) and (4.5) evaluated at x = 0, and
E,: Ht(‘”l)/ 3(O, T) - Ht(”l)/ 3(R) is a fixed bounded extension operator satisfying the ad-
ditional property that supp go € [0,7”). It is provided that the traces y(0,¢) and z(0, )
s+l

are well-defined and belong to H,* (0, T) in view of Theorems 3.1 and 3.40. The con-

struction of such an extension is analogous to the one provided in detail in Section 3 of
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Himonas and Mantzavinos (2020) in the context of the linear Schrédinger equation. In
particular, we note that, for continuous Sobolev data, a compactly supported extension
can be constructed thanks to the compatibility between the initial and boundary data at
(x,1) = (0,0).

On the contrary to the Cauchy problems, the reduced initial-boundary value prob-
lem (4.6) is not studied here yet. Therefore, we need to pause before the meticulous
declaration on the reunification of these models, and work on the analysis the problem
(4.6) in an independent zone. And then we will continue to explain how to bring these

models together.

4.1. Reduced initial-boundary value problem

We consider the reduced initial-boundary value problem

iq; + iBGrex + qx +10q, =0, (x,1) € R, X (0,77),
q(x,0) =0, xeR,, 4.7)

q(()’ t) = gO(t)7 re (0’ T,)a

where @,6 € R, 8> 0,7" > T and gy € H'T (0,T").

Firstly, we apply Fokas’ unified transform method to obtain a formula representing
the weak solution ¢, and then using this formula, we analyze the regularity level of these
solutions, as we did for the ones of the homogeneous and the nonhomogeneous Cauchy

problems in Chapter 3.

4.1.1. Solution formula

We first assume that ¢ is sufficiently smooth up to the boundary of R, x (0,7")

and decays sufficiently fast as x — oo, uniformly in [0, 7’]. The definition of the standard
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Fourier transform on R applied on the piecewise-defined function

b 0’
F(x) = { Feo, x> £ € 120, o), (4.8)
0, x <0,

gives rise to the half-line Fourier transform pair

fk) = f i e ™ f(x)dx, Im(k) <0,
Lo (4.9)

flx) = — f e fkydk, x> 0.
27T R

Note that the above half-line Fourier transform makes sense for all Im(k) < 0 and not just
for k € R as its whole-line counterpart. Taking the half-line Fourier transform (4.9) of
(4.7) and integrating over (0, ), we obtain the following spectral identity known as the

global relation:

e Gk, 1) = (—BK> + ak + 6) go(w(k), 1) + (iBk — i) g1(w(k), 1) + BZa(w(k), 1), Imk <0,
(4.10)

where w is given by (3.5) and the temporal transforms g;(w(k), t) are defined by
! ’ .
gk, 1) = f diq0,0)dt’, keC, j=0,1,2. 4.11)
0
Then, by the inversion formula in (4.9),

| B — — —
g0 = f RO (=B + ak + 6) Zow(k), 1) + (iBk — i) Bi(w(k), ) + BEaw(k), )| dk.
T J-
(4.12)
The transformsg; and g, involve the unknown boundary values ¢.(0, 7) and ¢,,(0, ?).

In order to eliminate them from (4.12), we proceed as follows. For D := {k € C :
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Re(w(k)) < 0}, consider the region

a? + 366

+ a\2 2
D" := DN {Im(k) > 0} = {Im(k) > 0 : 3(Re(k) - ﬁ) - Im(ky” - —5

< o}, (4.13)

which is depicted in Figures 4.1, 4.2 and 4.3 for the various signs of the quantity a? + 3436.

Then, thanks to analyticity (Cauchy’s theorem) and exponential decay, it follows that

1 : — — —
g1 = > f MO (I + ark + 6) Zo(w(k), ) + (iBk — ia) Ta(w(k), 1) + BRa(w(k), 1)] dk,
T Jop+
(4.14)
where the contour dD* is positively oriented, i.e. it is traversed in the direction such that

D+ stays to the left of the contour, as shown in Figures 4.1, 4.2 and 4.3.

\ 3

D+

c. cy
Figure 4.1. The region D* for o + 336 > 0.

at \3B2 12 +a?+3B6

3B
with branch points b, = i (a +24a? + 3,85) (shown in red) stays outside the region D™.

\ x

In this case, ¢, = and the square root branch cut 8 = (—oco,b_] U [b,, o)

Y

Figure 4.2. The region D* for a* + 356 = 0.
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In this second case there is no branching.

A

Y

Figure 4.3. The region D* for o + 336 < 0.

In the third case the branch cut B (shown in red) is taken along the vertical line segment
connecting b, to b_ and so part of it lies in D*, thus a local deformation around B is
performed as shown in Figure 4.5 below.

This deformation from the real line to the boundary of D™ is a direct consequence
of Fokas’ unified transform method. In Fokas (2008), every details of such deformation
can be found for some rather simpler initial-boundary value problems such as the heat
equation. In particular, it is also very well explained how such deformation can be handled
for Schrodinger equation in Himonas and Mantzavinos (2020). However, for the readers
that are not expert about the method, we prefer to explain the details of this deformation
for higher-order Schrodinger equation itself without expecting no background about the
method. We just kindly demand to be trusted to show these details only for some part
of the contours, namely the one occurs on the first quarter plane for the simplest case
@’ + 366 = 0 as in Figure 4.2. It can be then understood well how to obtain (4.14) from
(4.12). To this end, we construct a closed contour C := C; U C, U C3, where C; is the
line segment(or may be considered as a ray) [c,, R) for R — oo on the real axis, and Cj is
the slanted line, with the reverse direction, that occurs on the boundary of D* in the first
quadrant, and C; is the circular arc moving counter-clockwise to connect R with Cs.

Observe that the integrand, say G, ,(k), of (4.12) is analytic in C, therefore

fo,,(k) dk =0, (4.15)
c
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by Cauchy’s theorem. On the other hand, Jordan’s lemma implies that

f G (k) dk =0, (4.16)

C

as well. Combining (4.15) and (4.16), we obtain

f Goy(k) dk = — f G..(k) dk. 4.17)
C C3

So we can deform C; to (—C3), where the minus sign is understood in the directional
sense.

Applying this idea to any related part of the deformation, we obtain (4.14) from
(4.12). The fact that the integral (4.14) is taken along the deformed contour dD* will
allow us to eliminate the unknown transforms g; and g, from (4.14) by employing two
additional spectral identities emanating from the global relation (4.10) through suitable
transformations that keep the spectral function w(k) invariant. In particular, both of these
identities are valid along D" and so we will be able to use them simultaneously. It is
important to emphasize that the two additional identities are not valid along R, which is
the reason why the deformation from R to dD™ that leads to (4.14) is necessary.

In order to determine the symmetry transformations, we solve the equation w(v) =

w(k) for v = v(k).

(i) If @® + 36 > 0, then the two nontrivial symmetries are

57 (4.18)

1

; 2 4(a?+365)|°
(e-2). @[(k ‘) w] |
The square root term in (4.18) is defined as follows. Denoting the two branch points
by b, := #(a/ + 2+/a? + 3B6), we write k — b, = |k — b.|e" with -7 < §_ < m and
0 < 6, < 2, which correspond to branch cuts along [b,, c0) for (k — b+)% and along

(—o0, b_] for (k- b_)%. Then, we associate the square root in (4.18) with the single-valued
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function

a ? 4(0/2+3,86) : i(0,+6_)/2
{(k—@) _9—ﬁ2 = \/lk—b+||k—b_|e , (4.19)

which is analytic for all k ¢ B := (—o0,b_] U [b,, o). In turn, this definition ensures that

v, are analytic for all k € C \ 8. Importantly, as shown in Figure 4.1, BN D* = (.

(i) @® + 386 = 0. In this case, the symmetries are the two entire functions

(4.20)

as shown in Figure 4.2.

(iii) @ + 386 < 0. In that case, the symmetries are again given by (4.18); however, as

a

@a
k— b, = |k—b,|e® 2 with 0 < 6, < 27 and corresponding branch cuts along the

the branch points b, are now complex conjugates along the line Re(k) = we write

vertical half-lines from b.. to % — {00, so that

1
2 2
{(k - %)2 - W} = k= bl Tk — b_| O 4.21)
is single-valued and analytic for all k € C \ B, where B is the finite vertical segment con-
necting b, and b_, as shown in Figure 4.3. Note that BND* # 0 as part of the branch cut
B lies inside the region D*. For this reason, before employing the symmetries v for the
elimination of the unknown transforms g, and g; from (4.14), we use Cauchy’s theorem to
deform the contour dD* in (4.14) to the modified contour dD*, which corresponds to the
positively oriented boundary of the region D* shown in Figure 4.5. This way, the branch
cut B is avoided prior to the use of the symmetries v., allowing us to take advantage of

analyticity inside the region D* later.

39



Y

Figure 4.4. Deformation of dD* to D" for 2 + 386 = 0.

This deformation is carried out in order to stay away from the point %, which is a zero of

the quantity v_(k) — v, (k).

Y

Figure 4.5. Deformation of dD* to D" for a? + 386 < 0.

This second deformation is done in order to avoid crossing the branch cut B (shown in

red).

In view of the above discussion, we rewrite (4.14) as

1 . — _ —
g0 = o f M (< + ark + 6) Zo(w(k), 1) + i (Bk — @) B (w(k), 1) + Balw(k), 1)| dk,
r
(4.22)
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where the integration contour I' is given by

oD", a®+ 3836 > 0,
I'= (4.23)

oD*, a*+3B5<0.

Replacing k by v..(k) in the global relation (4.10) and using the fact that w(v.(k)) =

w(k), we get the spectral identities

eV gvo(k), 1) = (—ﬁvi(k) + av. (k) + 5)fg‘0(w(k), 1)+ i (Bv.(k) — @) Ty (wk), 1)
+Bg(wk), ), Im(v.(k)) <O0.

(4.24)

We emphasize that the above identities are valid only for k such that Im(v.(k)) < 0. Thus,
in order to employ them for the elimination of the unknown boundary values from (4.22),

we need to ensure that I' C {Im(v.(k)) < 0}. This is proved in the following lemma.

Lemma 4.1 Let v. = v.(k) be the nontrivial (i.e. v. # k) solutions of the equation
w(v) = w(k) as given by (4.18) or (4.20), depending on the value of a* + 3B5. If k € D+,
then Im(v,) < 0.

Proof For all k = kg + ik; € D* such that v(k) # k satisfies w(v) = w(k), we must have
BOA + kv +k*) —a(v+k)—6 = 0. Writing v = v + iv; and taking real and imaginary

parts, this equation is equivalent to the system

Vevi = ck;, Ve =7 =d, (4.25)

~ k 3k
where Vg = vg+ % —35 VI = Vitg,c = -t andd = 3k 43k +4 kR+4ﬁ2+ Ifv;, = 0,
then v; = —3 < 0 as k € D* and we are done. So let us assume v; # 0. Then, combining

the two equations in (4.25) we obtain v} +dvi—c*k; = 0, which can be solved for V2 to yield
\/d2 4c2k? .. .o .
V= M —% + 4 ‘i—z + ¢?k?. Note that only the positive sign is acceptable since

Vi€ R =72 >0. Thatis, 7> = £ + € + 22 implying v; = \/——+,/ +c%k2. In
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Ck[

turn, from the first of equations (4.25) we get vg = + and so

d 2252
—2+\/ T teky

k d [&
. \/_5 + [+ R (4.26)

Ve = + Ck[ kR+
R==* -5t 55
e ¥ 2
—§+ T+C 7

Observe that the radicand of the outer square root involved in the above expressions is

a non-negative number and hence that square root is a real (non-negative) number. In
addition, note that expressions (4.26) are consistent with equations (4.18) and (4.20);
however, their dependence on ki and &; (as opposed to k) is not suitable for discussing the
analyticity of the associated expressions for v, which is why (4.18) and (4.20) were used
earlier for that purpose. On the other hand, (4.26) are the forms convenient for proving
Lemma 4.1.

The case of the negative square root sign in (4.26) is straightforward as then v; < 0
for all k; > 0 and, in particular, for k € D+ as desired. On the other hand, the case of
positive square root sign in(4.26) requires more work. More specifically, by definition

(4.13), for k € D* we have

2 2
oz) _k%_a/ +3,85§0’ 4.27)

3lkr — —
( T 3p°
which can be rearranged to —3k% + 1k7 + s5kr + % > 0. For k; # 0 (note that k; = 0

. . . . K} .
implies v; = 0 and we are done), this is equivalent to 1= + k?j{ > c%k? or, after completing

2
k; 2 k; 2 k7 2
the square, (Z] + %’) > < + k2. Hence, £ > -4+ < + 2kl or £ <-4 — & + 2k

and, as the second inequality is not possible because it would imply that k7 < 0, taking

the square root of the first inequality and using the fact that k; > O for k € D*, we obtain

2 .
0> —% + \/—g + w/dI + ¢?k? = v; as desired.

The proof so far has been under the assumption that v(k) # k; however, although

v # k by hypothesis, there could still be points in D* where v(k) = k and hence this
scenario must also be considered. In that case, recalling that v, satisfy S(v2 + kv, + k%) —
a(v. + k) — 6 = 0, we infer that if k € C is such that v.(k) = k then 38k*> — 2ak — 6 = 0.

Ifo?+385 > 0, thenk = ke = £+ Yo ¢ Rie & = Im(vy) = 0 and we
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are done. If ® + 386 < O, then k = k, = 3“—[3 + i—‘_(z;%. Note that k. ¢ D* since

Im(k_) < 0. Also, k, ¢ D* because if a2 + 366 < 0and k € D* then by (4.27) we must
a?+385 _ N —(?+3B6) V—(a?+3p5)
have k; > N > 7

—
Lemma 4.1. O

= Im(k,;). This completes the proof of

Thanks to Lemma 4.1, both of the identities (4.24) are valid for k € D+ and hence
can be solved simultaneously as a system for the unknown transforms g;(w(k), ) and

g2(w(k), 1) to yield

w(k)t
gi1(w(k), 1) = B (2) 0] [q(v.(k), 1) = q(v_(k), )] + ikgo(w(k), 1), (4.28)
_ ew(k)t . .
g (w(k), 1) = B = v 0] [By-(k) — @) q(v+(k), 1) = (B (k) — @) q(v-(k), 1)]
(4.29)
~ Kgo(w(k), ).
Substituting these expressions in the integral representation (4.22), we obtain
g(x, 1) = L f MO (38K + 2ak + 6) Zo(w(k), Dk
2 Jr (4.30)
1 ael v-(k)—k v -k '
+ o i e [—v_(k) s q(vi(k), 1) —v_(k) .0 q(v_(k),t)|dk.

Note that the definition (4.23) of I in conjunction with the choices of the contour
AD" shown in Figure ensure that v_(k)—v, (k) stays away from zero. Indeed, for o> +385 >
0 the solutions of v_(k) — v,(k) = 0 occur at the branch points b., which lie on the real
axis and outside segment [55(a — va? +3B6), 55( + va? + 3B6)] forming the base of
I = D" (see Figure 4.1). Moreover, for a? + 336 = 0 the quantity v_(k) — v, (k) vanishes
at %}, which is bypassed by I' = dD* as shown in Figure 4.4. Finally, for o + 365 < 0
the roots of v_(k) — v, (k) = 0 are again at the branch points b.. and so they stay below the
contour I' = dD* depicted on Figure 4.5.

Therefore, using analyticity (Cauchy’s theorem) along with exponential decay as

k| > oo inside D* or D*, as appropriate, we conclude that the second k-integral on

the right-hand side of (4.30) is equal to zero. (To see the decay, note that |e*"=| =
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e Im®x+Im(v)y and use Lemma 4.1 together with the fact that x,y > 0.) Consequently, we

deduce the solution formula

g(x, 1) = —%r f ™D (k) go(w(k), t)dk. 4.31)

r

In fact, noting that [e=®(~")| = ¢Re@®)'= and recalling that, by definition (4.13),
Re(w(k)) < 0 inside D", we see that the exponential e**~“®(=) decays as k| — oo inside
D* for all x > 0, ¢ > ¢t. Thus, combining this decay with analyticity, in the second
argument of the time transform g, we can replace ¢ by any fixed 7’ > ¢ and thereby obtain
the following equivalent version of the solution formula (4.31), which is more convenient

for the purpose of linear estimates as we will see below:

g(x, 1) = —%T f " =oB1 (k) go(w(k), T Ydk. (4.32)
r

4.1.2. Compatibility between the data

Recall that the initial and boundary data of the initial-boundary value problem
(4.2) belong in the L?-based Sobolev spaces H “(R,)and H,(”l)/ 3(0, T), respectively. More-
over, in view of the range of validity of Theorem 3.4 for the nonhomogeneous Cauchy
problem established earlier, as well as of Theorem 4.1 for the reduced initial-boundary
value problem proved below, we will restrict our attention to the range 0 < s < 2 with
s F %

For % < s < 2, continuity becomes relevant to our analysis and it turns out that we
need to impose a compatibility condition between the initial and the boundary data. More

specifically, note that if % < s < 2then i %1 < 1. Therefore, both of the traces uy(0)

(3]

and g(0) are well-defined. Furthermore, since y(0, -) and z(0, -) belong to Ht(”l)/ 3 (0,T) by
Theorems 3.1 and 3.4, the traces y(0, 0) and z(0, 0) are well-defined and equal to u,(0) and

0, respectively, due to continuity and the initial conditions in problems (3.1) and (3.37).
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Thus, using continuity at zero for the function g, € H;”l)/ 3(R) defined in (4.7), we have
80(0) = lim go() = lim [g(1) = y(0,7) = 2(0, )] = §(0) = ¥(0,0) = 2(0,0) = g(0) — uo(0)
which, upon imposing the (natural) compatibility condition
up(0) = g(0), % <s<2, (4.33)
implies that the boundary datum of the reduced problem (4.7) vanishes at = 0, i.e.
80(0) = g(0) = y(0,0) = z(0,0) = up(0) — up(0) =0 =0, % <s<2. (4.34)

This feature will turn out to be convenient in the proof of Theorem 4.1 which follows

next.
4.1.3. Sobolev-type estimates

We now establish the basic space estimate in the initial-boundary value problem

setting. More precisely, we prove the following theorem

Theorem 4.1 Let s > 0. Then, the unique solution of the reduced initial-boundary value

problem (4.7) satisfies

lgC. Ollzse,y < ¢ (1+ NT7eT)ligoll s (4.35)
H,3 0.1
uniformly for t € [0,T'], where ¢ > 0 is a constant that only depends on «, 3,6 and s.

Proof We employ the Fokas method solution formula (4.32). First, recalling the def-

inition (4.13) of D* and the various scenarios depending on the sign of a® + 3836, we
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parametrize the integration contour in (4.32) as I' = (—y;) Uy, U y3 with

a — \382m? + a2 + 366

y1(m) = +im, A<m< oo,

3B
vo(m) = m+iAd, c_<m<cy, (4.36)
+ +/38%m? + a? + 335
7’3(m):a \/ﬁm c & +im, A<m< oo,
3B
where, ¢, = el S W and A > 0 is a fixed non-negative real number, behaving like

a cursor, such that

1=0. a® +3B6 >0, (first panel in Figure ) (4.37)
1 @ o? +3B5 <0. (Figure)

In view of the above parametrization, for any j € N, we have

A .
0t =~ [ ) e Gty oy, ) LT i (438)
7T Jeo dm

dliw(y2(m))]
dm

dliw(ys(m))]
dm

1 “ . i iy2(m)x—(w m)t ’
"3 f (iy2(m)y V= Cr2mig, ((y,(m)), T') dm (4.39)

1 _00 . j iyz(m)x—(w m)t = ’
"3 f (iy3(m)) e Crsmg (w(y3(m)), T') dm (4.40)
A

= q1(x, 1) + qo(x, 1) + g3(x, D).

As the terms ¢; and g3 are analogous, they can be handled in a similar fashion and
hence we only provide the details for the estimation of g, given by (4.38). To this end, we
need to recall an important lemma known as the boundedness of the Laplace transform in

L2(R,).

Lemma 4.2 [Lemma 3.2, Fokas et al. (2017)] Suppose that Q(k) € Li(RJr). Then, the
map

Q(k) — foo e Q(k) dk (4.41)
0
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is bounded from L(R.) into L3(R.) with

‘ f ) e 0k) dk
0

After recalling this important lemma, we continue to our current proof. Since,

s G = f

00 00 d )

< VAl Qi) (4.42)

Li(R+)

2

dliw(y(m))] aml ax
dm

f (i1 (m)) M =g (w(y, (m), T')

by the boundedness of the Laplace transform in L*(R.), we have

dli

im (4.43)

llg: (-, D%, < ly1(m)| ~g
L2(R.)
2

Let 7(m) = iw(y;(m)), m € [A, ). Note that 7(m) € R since y;(m) € dD* and
Re(w(k)) = 0 for k € D" and, more precisely, Range(t) = [iw(c_), o). Furthermore,
since 7/(m) # 0 on (4, 00) and T — oo as m — oo, it follows that 7 : [A, 00) — [iw(c_), 00)

is monotone increasing and so 7/(m) > 0. Then, (4.43) becomes

g1 ¢, D2z, S f 1 ()P go(=i(m), TP [/ (m)]* dm
' . (4.44)

= ﬁ )P Tgo((m) [ (m)]? dm

after observing that the time transform (4.11) of gy at 7" is in fact the Fourier transform

of go thanks to the fact that gy has compact support inside (0, 7’), namely

go(=it(m), T") =go(t(m)). (4.45)
Next, we have the following auxiliary result.
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Lemma 4.3 There is a constant ¢ > 0 depending only on «, 8,6 such that

y1 ()7’ (m) <

— < c<oo.
meldo0) [1 + 72(m)] =

We prove Lemma 4.3 after the end of the current proof. Employing it in combina-

tion with (4.44), we obtain

lga (I S f [1+ 7] 5 [Go(x(m) P (m)dm
P

» (4.46)
= f (1+ 75 [go(n)Pdr = ligoll® 1.,
iw(c-) H 2 (R)
uniformly for ¢ € [0, T’], completing the estimation of g;.
We proceed to the estimation of g, given by (4.39).
Case 1: a* + 386 > 0. Then, A = 0 and by the definition of y, we can rewrite ¢, as
¢2(x, 1) = _ZL f (im)’ ™" g (w(m), T') o (m)dm. (4.47)
T Cc—

so that g, (-, 7) can be regarded as the inverse (spatial) Fourier transform of the function

0, mé (c_,cy),
Or(m,t) = (4.48)

—i(im)/ e~ ™" go(w(m), T") w'(m), m € (c_,cy).

Note that |e“™¢| = 1 form € (c_, c,), p € R. Hence, using the definition of the ¢-transform

(4.11) and the Cauchy-Schwarz inequality, we have

Bo(w(m), T < VT ligollz0.1)- (4.49)
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implying via Plancherel’s theorem that

n@um@@n=f‘@mmmwmsrmwgwmf|m%dmm%m
- - (4.50)

2 2
e H,3 0.1

with the various constants depending on a, 3, 9, and ;.

Case 2: a* + 386 < 0. Then, A > 2—'_(;;% > 0 and, by the definition of y,,

1 * j N
lg2(x, 1)| < z—e_“f Im? + A% |e_(“’(’"+”l)t go(wim + i), Ty w'(m + i/l)| dm. (4.51)
7T Cc—

Recall that for k € D*, we have Re(w(k)) < 0, which implies |e“" V| < 1 for m €

(c_,cy), p €10, T']. Therefore, similarly to (4.49),
Bo(w(m + i), T < VT ligoll 2.7 (4.52)
Combining (4.51) and (4.52), we deduce

T’ -1
lg2(x, DI < ¢ VT Igoll 20,7

Taking the square of the above inequality, integrating with respect to x € (0, o) (for this

step, recall that A > 0), and then taking square roots, we obtain

C T/ T/
lg2C Dll2e,) £ —= VT"e" lIgollz0 < VI7e lIgoll i,
Vi Yo

H,

where the constant of the last inequality depends only on «, 3,6 and j.
The desired estimate (4.35) has been established for s € N. The proof for s > 0

follows by interpolation, which is given by the following theorem:

Theorem 4.2 Lions and Magenes (1972) Let it be a continuous linear operator of X into
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Hy and of Y into Hy for each defining Hilbert spaces. Then, n is also a continuous
linear operator from the intermediate space [X, Y]y into [Hx, Hylg for 0 < 6 < 1, where
[X, Y1y is the domain of the operator I1'™ for a self-adjoint positive operator 11 satisfying
(u,v)x = (Iu, [Iv)y for all u,v € X.

Now, we prove the auxiliary lemma that we used just before.

Proof [Proof of Lemma 4.3] First, we make a few observations. From the definition

(3.5) of w and the triangle inequality,
lw(k)| = Bk — lak® + 6k = BlkI* - (Iallkl2 + |5||k|) :

.. Va2+2819 .
In addition, for |k| > w we have |a|lk|> + |0]/k] < %ﬁlk|3 and so, noting also that

Re(w(k)) = 0 along D",

1 1

B < N
1+ [iw®)]? ~ 1+ %zlklf’ 1+ ko

liw(k)| > 5|k|3 =

(4.53)

Observe further that |y;(m)| > m thus |y,(m)| can be made as large as we wish by taking

m € [4, 00) large enough. Therefore, using (4.53), for large enough m we have

1 1 1
[+ 2m) 1+ GanmE ~ T+ e

On the other hand, for |k| > 1 we have |k|> > |k| and so by the triangle inequality

' (k)] < 3Bk + 2lalikl +16] < 3B + 2lal + [6)(1 + |kP).

From the definition of 7y, there exist non-negative constants c;, ¢, depending on a,f,d
such that

lyi(m)| < cym and |y|(m)| < c;, m €[4, ).
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Hence, there are some constants c; > 0, M > A depending on «, 3, 6 such that

y1 ()] | (y1 (m))y| (m)| _ o P A+ m)P)
H+2m)s 0 A+mPy!

<c3, m>M.

However, by continuity of the function on the left-hand side on the compact interval

[, M], there is also some constant ¢4 > 0 depending on @, 3, ¢ such that

2j1 |,y 4
mmnnﬂM@?MMS% m € [, M].
[1+72(m)]5

Combining the last two inequalities yields the desired estimate with ¢ = max{cs, ¢4} < 0.

O

4.1.4. Strichartz-type estimates

It turns out convenient to reparametrize the contour of integration in the solution
formula (4.32) of the reduced initial-boundary value problem (4.7) asT' = I'; U, U T3

with

2 2 +3B5
Fl(m)=m+i\/3(m—£) —u, —oco<m<c_,
3B

35°
I'y(m) = m + iA, c.<m<cy,, (4.54)
2
[3(m) =m+i\/3(m—%)2— %, cy <m< oo,

a+ 38212 +a?+3B5

3p
tion, formula (4.32) can be expressed as the sum

where, as before, ¢, = and A4 > 0 satisfies (4.37). With this parametriza-

.3 3
__ ¢ ikx—w ()t~ Nt . _
q(x, 1) = o JEZI fr, e go(w(k), Tw'(k)dk =: j§:1 q(x,1).

51



We first consider g, which after recalling also (4.45) takes the form

i . 1 - ’ 7
q1(x,1) = 5 f MMM g, iy (m))) o (T (m); (m)dm
- (4.55)

_ L f N eir‘(m)x_‘“(rl(m))’( f ) e lP1()’)£b’)dm
2 PSS -0

where W, is the inverse Fourier transform of

B (m) = { —igo(iw(T'1(m))) ' (Ty(m) (m), m<c_,

m>cC_.

b

Then, introducing the kernel

K(y; x,1) = f R e Y)dm (4.56)

o0

with amplitude

_y ,3(m—i 2 424385
pim;x) =e o (4.57)

and phase

P(m; x,y, 1) = m(x —y) + iw('1(m))t

2 (4.58)
=m(x —y) +t|-88m> + 8am® +2(5— %)m— %5},
we can rearrange (4.55) in the form
1 (o)
q1(x, 1) = [Ki()¥1](x) := ﬂf K(y; x, )1 (n)dy. (4.59)

This writing provides the starting point for proving the following central estimate of

Strichartz type.

Theorem 4.3 Let s > 0 and (u, r) be higher-order Schrodinger admissible in the sense of
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(3.29). Then,

1 1
, _— S 1+ T/ /7+§ s+l 460
gl rym @y s (1+(T7) )HgOHHt 5 0.1 (460

where H;'(R,) is the restriction on R, of the Bessel potential space Hy'(R) defined by

(3.28) and the inequality constant depends only r, s.

Proof We will use a standard duality argument. Let n € C.([0,T']; D(R,)) be an

arbitrary function. Then,

2

T’ 00 )
f f ( f Ky x, 0¥ (y)dy) n(x, Hdxdt
0 0 —oo

00 T’ )
= f Yy f f K(y; x, 1) n(x, n)dxdt dy
- OT' Ooo
f f K(y; x, 1) n(x, Ndxdt
0 0 L2(R)
4.61)

T’ 00
Set K»(y) := f f K(y; x, )n(x, t)dxdt. By the definition of the L>-norm, we have
0 Jo

T/
f <K1 (t)\Pl7n(" t)>L%(R+) dt' =
0

< ¥ill2g)

00 T’ T’ o o -
”KZHiZ(R) = f ( f f f f 7(()7’ X, I)U(X, t)?((y, x” t’)n(x/’ t/)dxdx/dtdt/)dy
—® 0 0 0 0
T’ T’ 00 00 L
- f f f f U(X» t)’](x', t’)K3(X, X’; t, t’)dxdx’dtdt/
0 0 0 0
T’ ™ T/ o
) f f G t)( f f (', 1) Ks(x, X' 1, t’)dx’dt’)dxdt
0 0 0 0

where Kx(x, x';t,1) := f K(y; x, YK (y; x', ' )dy. Then, by Holder’s inequality in (x, ¢)

and then Minkowski’s integral inequality between x and ' we deduce

T’ %)
f f n(x', )Kz(x, x'; ¢, " )dx'dt’
0o Jo

I
0

We begin with the estimation of the interior L(R,)-norm. Using the definition

2
”KZ”LZ(R) S ||77||L¢,((0,T/);L§,(R+))

LHOT ;L5 (R )

dr
Liy(Ry)

< ! !
< ||77||L§‘ (O.T")LY (R+)

f n(x', t")Ks(x, x';t,t")dx’
0 40,17

(4.62)
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(4.56) of K, we rewrite K3 in the form of an oscillatory integral:

Ks(x, Xt t,) — f (f e—i¢(m;x,y,t)p(m; x)dm)(f ei¢(m’;x’,y,t’)p(mr; x’)dm’)dy

C_ 00 c
— f p(m’x)f e—l¢(m;x,y,t) (f ei¢(m,;XI’y’t,)p(m/; x/)dm/) dydm

Recalling the definition (4.58) of the phase function ¢ and introducing the function

im’ x'—w( (m" )t

e p(ml9 -x/), m' € (—00, C—]’

Qm’; x',1') =

m’ € (c-, ),

we have via the Fourier inversion theorem

00 C_

= Qe imxte@im)r ! f e ( f emimy Q(m';x',t')dm') dy

21 J_wo oo

— 27Te—imx+¢u(rl(m))t Q(m x/ l,).
Thus, for m € (—o0, c_] we deduce

00 C_
f e—iqﬁ(m;x,y,t) (f ei¢(m,;x,’y’t,)p(m,; x/)dm/) dy — Zﬂe—id)(m;x,x',[—[’)p(m; X,)

(%) (%)

and, consequently,

C_

Ks(x,x';1,1") = 27rf e X I= b x + X )dm.

—00

Next, we employ the following fundamental result.
Lemma 4.4 Let K(x,y,z,1) = f ei¢(m;x’y”)p(m;z)dm, where x,z € R, and y,t € R.

Then,
IK(x,y, 2.0l S 175, 1 #0, (4.63)
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where the constant of the inequality is independent of x,y, z, t.

The proof of Lemma 4.4 relies on the classical van der Corput lemma and is provided after
the end of the current proof. Observe that Lemma 4.4 with y, z, f replaced respectively by
X', x4+ x',t—t yields

1
K30, X' t, ) S e =173, t#¢,

with inequality constant independent of x, x’, f and #'. This dispersive estimate implies

C ’ ’ ’ -1 ’
f n(x, t)K3(x, x';1,t")dx St =213, - (4.64)
0 LYRy)
On the other hand, we also have
‘ f n(x', )K3(x, x'; ¢, 1" )dx’ < @), (4.65)
0 L3(Ry)

Indeed, we have

2
dx

2 00
L2(Ry) fo

‘ f n(x', 1)K (x, x5 1, 8)dx’
0
f m(f e mxX I 1y (s x + x’)dm) dx’
0 —o

= (2n)’ f
0
) Cc_ 00 2
< (2n)? f ( f e~ s ( f e_",s(’")ln(x',t')ldx’) dm) dx,
0 —o0 0

where s(m) = \/3(m - %)2 - %. The claimed estimate (4.65) then directly fol-

lows by invoking the following lemma, which provides a generalization of the L*(R,)-

f n(x', t)Ks(x, x';t,t")dx’
0

2

dx

boundedness of the Laplace transform, and is established after the end of the current

proof.

Lemma 4.5 The estimates in (i) and (ii) below hold true for f € Li(—oo, c)and [ €
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L2(R,), respectively.

W | f m & Fam)dm

f e—xs(m) f( X) dx
0

g ||f| |L,2,L(—oo,(;_) s
L2(Ry)

i) |

S W2,y
L3 (~co.c)

Now, (4.64) and (4.65) together with Riesz-Thorin interpolation theorem yield for

any r > 2 that

_2
Sle—7| ”Iln(t/)llL;’(R+)» (4.66)
Li(Ry)

f n(x', )Kz(x, x';t,t")dx’
0

where ri =1- % and we have also used (3.29). Hence, for any n € L! ,((O, T’);L;’(RJr))

we obtain

T’
j(:

We handle the right-hand side via Hardy-Littlewood-Sobolev fractional integra-

(oo} T/
—_— 2
f n(x', t)Ks(x, x'; ¢, )dx’ dr' < f |t = £ Iy gyt -
0 LL(R) 0 *

tion, which is given by the following:

Theorem 4.4 (Theorem 1, Stein (1970)) Let0 <y < 1,1 <r < g < oo, é = % -y If
f € L'(R), then the integral

(Lf)@ = f [t =27 f()ar (4.67)

'eR

converges absolutely for almost every t. If, in addition, 1 < r, then

15y < €raor 1 lirce, - (4.68)
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We combine the resulting inequality with (4.62), we infer

1Kol = Wl o,z
which can be combined with (4.61) to yield

g1 llzeo. ez S I¥ill2)- (4.69)

Differentiating the expression (4.55) j times in x and repeating the above argu-

ments, for any j € Ny we conclude that

163l S 10 illze < IIgolle%l(R)- (4.70)

Observe that the left-hand side of estimate (4.70) is simply the L/'((0, T"); W*"(R.,))-norm
of ¢g;. In this connection, note that, according to a classical result by Calderén Calderén
(1961), for any j € Ny, 1 < r < oo the Sobolev space W/(R) and the Bessel potential
space H*"(R) coincide (i.e. they are equal as sets). Thus, for any j € Ny, 1 < r < co we

have ||{|gir®) = II'llwir®) and so

g llyirg,) = inf G llwir) = inf NG 1l prirey == Nlg1llsrg,y - 4.71)
GIEW!(R) gi1€H" (R)

q1lr.=q1 qilry=q1

Observing that the left-hand side of estimate (4.70) is simply the W/"(R,)-norm of ¢, in

view of (4.71) we see that (4.70) is in fact equivalent to
19111 0.7y r..p) = Nl H% ® 4.72)
Finally, by interpolation we deduce

u PN TS S s+l . s > 0, 473
||Q1||L,((0,T VHY (Ry)) ”gOHHf ® ( )
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completing the estimation of ¢ .
In order to estimate ||g;|| LT HY (Ry))» We use (4.47)-(4.49) (note the difference in
notation, as ¢, in those expressions now corresponds to 6£q2) as the portions vy, and I'; of

the two parametrizations (4.36) and (4.54) coincide. In particular,

1

107g2C, Dllz e,y = (f | Q> (m, t)l’dm)r

(o)

Cy }
< () lgollyz 7, f e (ml'dm) = ¢ T gollzorm:
C_
Therefore, for any j € Ny we find
: 1,1 1,1
10221l 0,1 y;10m.)) = Cj,r(T')“+2||go||L,2(o,T') < Cj,r(T’)“+2||go||H.r%l(o o
.3 (0,

and, using again the equivalence of the Bessel potential and Sobolev norms (4.71) along

with interpolation, we conclude that

s> 0. (4.74)

1,1
H "N ggS S T/ ‘7+§ s+l N
921l 0.7y ey S (T7) llgO”H,3 o

As the estimation of g3 is similar to that of g, the proof of Theorem 4.3 is com-
plete. O
We first recall the important Van der Corput lemma to continue with the proofs of

the auxiliary lemmas that we used on the way.

Lemma 4.6 (Van der Corput, Stein (1970)) Suppose that a real-valued function ®(x) is
smooth in an open interval (a,b), and that |®®(x)| > 1 for all x € (a,b). Assume that
either k > 2, or that k = 1 and ®’(x) is monotone for x € R. Then there is a constant cy,

which does not depend on ®, such that

b
f ei/lll)(x) dx
a

<At (4.75)

forany A € R.
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Proof [Proof of Lemma 4.4] By the Fundamental Theorem of Calculus, K can be rewrit-
ten as
- dI
K(x,y,z,1) = - ——(m; x,y, 1) p(m; 2)dm,
e dm

where I(m; x, y, 1) := f €0 g Integrating by parts using the fact that I(c_; x, y, 1) =

m

d
0 and p(m;z) — 0 as m — —co, and noting also that d—p(m;z) > 0, we get
m

- d
K(x,y,2,0)] < f (s x, v, 0 =2 (m; ) dim.
_ dm

(%Y

Noting that [¢®)(&; x,y,1)] = 488]t/, we can employ Van der Corput lemma for I with
n) = ¢(&; x,y, t) to infer that |I(m; x, y,t)| < |t|‘%, t # 0, where the constant of inequality
is independent of m, x, y, t. In turn, for any ¢ # 0 and z > 0 we obtain

C_ dp

1 1 1
IK(x,y,z,0)| < |t]73 f d—(m;z)dm = |5 < |13,
_oco M

which is the desired estimate. m]

Proof [Proof of Lemma 4.5] First, we prove part (i). By definition of s(m), we have

ds(m) _ 3(m— %) V3 \8H(m) + cops

dm s(m) s(m)

2+3B6
382

with ¢, 5 = . Therefore, upon change of variable s = s(m), we get

(v}

C— 1 00
f:m e f(m)dm = @fx e_“f(m(s))\/ﬁds = ) e " fa(s)ds,

where

1 s
S (m(s)) 5 € (4, 00),
fa(s) := v Vs +caps

0, s & (4, 0).
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Using the L?-boundedness of the Laplace transform, we get

foo e P fi(s)ds
0

< fallzg.y-
L2(R4)

Finally, note that

AR, = f ()P 5——

stm)
d d
- oy —dn < MR

aﬂ6

Next, we establish part (ii). Setting F(m) := f e~ f(x)dx and using the
0

Cauchy-Schwarz inequality, we have

2
= —xs(m) _ xs(m) 1 1 _xs(m)
e f(X)dX 2 x)x4 X de 2 dx
0

< (foo xs(m)lf(x)|2x2dx)( xs(m) 2dx) .
0

1 00
Then, since the second integral on the right-hand side is equal to f e urdu =
0

Vs(m)

|F(m)|* =

s(m)

C_ C_ 00 1 1
2d — f (f —xs(m) 2 id )d )
f:m |F(m)P’dm = \r A\ Vo e f (ol x2dx |dm

Finally, noting that

00 (o)
o 1 s 11 s s 11
x2e M dm = —f e s i x2—————ds < e s 2x1ds < cn,
—0 Vs(m) V3 Ja

we arrive at the desired estimate

f " \FOm)dm < f I FPdx
—00 0
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completing the proof of the lemma. O

4.2. Linear reunification

The nonlinear analysis will be performed by using a solution operator u +— ®u
associated with the original forced linear initial-boundary value problem (4.2). To this
end, thanks to the superposition principle we reunify the solution representation formulae
corresponding to (i) the homogeneous Cauchy problem (4.3), (ii) the nonhomogeneous
Cauchy problem (4.5), and (ii1) the reduced initial-boundary value problem (4.6). More

precisely, given u, we formally define the map

Qu :=ylo, + Z"lo, + 4"l0.1)

I ikx—w(k)t, » ~u ’ (476)
= S[Eouo; 01|, +S10; f(Ew)]|, — > j; e W () Zo(w ), TdK| .
where Q7 = R, X (0, T) for some T > 0 to be determined and
go(®) = Ep{g(-) = S [Eouo; 010, ) — S [0; f(Ew)](0, -)}(2) 4.77)

with the temporal transform gj(w(k), T’) defined according to (4.11). The extension op-
erators E, and E, were defined below problems (3.1) and (4.7) respectively; importantly,
E) satisfies inequality and E;, induces compact support on gy, namely suppgo C [0, 7"),
T’ > T. Moreover, the operator E is a similar bounded fixed extension operator. In par-
ticular, for s > 1 we take E = Ey while for 0 < s < 1 we take E from Hi(R,) N Hy'(R,)
into H{(R) N Hy"(R) for a certain r > 2 to be specified later.

In view of (4.76), we define the solutions of the nonlinear problem (4.78) as the
fixed points of the operator @. Thus, our goal will be to prove the existence of a unique
such fixed point in a suitable function space. Throughout our analysis, we assume u, €

s+l
H{(R,)and g € H,

’fOC(RJ,) with s € [0, 2] \ {%} and the compatibility conditions (4.33) in
place as necessary. We first treat the high regularity case % < s < 2 in which we are able
to employ the algebra property of H{(R,), and then move on to the low regularity case

0<s< % in which we address the lack of the algebra property by refining our solution
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space motivated by the linear Strichartz estimates.
4.3. High regularity local well-posedness

We consider the nonhomogeneous initial-boundary value problem for the higher-

order nonlinear Schrodinger (HNLS) equation on the half line

it + iUy + ally, + i0u, = f(u), (x,t) e R, x(0,T),
u(x,0) = up(x), xeR,, 4.78)

u(,1) =g, te€(0,7),

where @,0 € R, 8> 0, f(z) = «|z]Pzwithze€e C,k e C,p>0,and T > 0.

We prove the following result in this section.

Theorem 4.5 (High regularity well-posedness) Let % < s <2and p > 0. In addition, if
p € 27, suppose that

ifse€eZy,thenp >sifpeZ,andodd;|pl >s—1ifp ¢ Z,,
(4.79)
ifs¢Zy,thenp>sifpeZ, andodd;|pl > |slifp ¢ Z..

1

Then, for initial data uy € H}(R,) and boundary data g € H%

t,Joc

(R,) satisfying the com-
patibility condition (4.33), there is T = T (uy, g) > 0 such that the initial-boundary value
problem (4.78) for the higher-order nonlinear Schrodinger equation on the half-line has
a unique solution u € C([0,T]; H{(R.)). Furthermore, this solution depends continuously

on the initial and boundary data.

Our goal is to establish local well-posedness in the space X; := C([0, T]; H{(R,))

for some T > 0 to be determined. We consider X7 as a metric space with the metric

dy, (uy, up) = |luy — usllx,, wur,us € Xr.
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Note that any closed ball in X7 is a complete subspace.

Showing that @ is into. The conservation law (3.2) in Theorem 3.1 and the boundedness

of the spatial extension operator E, imply

IVlo,x, < IS TEouo; Olllcqo,rimmy = IEouollasmy < luollmsw, ), (4.80)

which takes care of the first term in (4.76). For the second term in (4.76), let u € X7 and
combine the nonhomogeneous estimate (3.40) in Theorem 3.4 with the algebra property

in H(R) to yield

T

1210, < 102 F By e < [ 1Bl
) o Ex O

(4.81)

T T
+1 +1 +1
sfﬂ%%ﬁmmmsfnmﬁﬁmﬂme&.
0 ’ 0 ’

Regarding the third term in (4.76), using estimate (4.35) in Theorem 4.1 and the bound-

edness of the temporal extension operator E;, we get (say with 7" = 2T)

llg"lo,mllx, < llgllx, < (1+ VT7eT)||1g4ll s
H,3 (0,1
! (4.82)

< (1+ VT7e) gl s <(1+ VTNl wi .
S ( e )”go”H,T‘(o,T)~( VTe )”gO”H,Tl(O,T)

By using the definition of g( in (4.7) and temporal trace estimates (3.3), (3.4) and (3.41),

we obtain

1
llgoll =1 Slgll s+ (1 + T2)luoll e,
H,3 0.T1) H,3 0.T1) (4.83)
1 1 -
+max{T>(1 +7T2), T} ||f(E0M)||L,2((0,T);H;(R)),
with o given by (3.42). By using the definition of the solution space X7 and the bounded-

ness of the spatial extension operator E\, we have

1
||f(E0M)||L,2((o,T);H;(R)) < Tzllullf;l- (4.84)
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Using the definition (4.76) of ® and combining estimates (4.80)-(4.84), we deduce

[Py < co|c1(Dlluollme,) + (DI =+ cs(Dlulle" | (4.85)

° (0.1

where the positive constants ¢y, ¢,, c3 are given by ¢(T) = (1 + \/TeCT)(l + T%), c(T) =
(1+ VTeT), c5(T) = T + (1 + VTe)T2 max{Tz(1 + T?), T} and ¢y is a non-negative
constant independent of 7" and only depending on fixed parameters such as a, 3, 6 and s.

In view of estimate (4.85), we set R(T") := 2A(T) with

A T = T s —+ T S+
(T) Co(cl( Mzl e,y + c2( )”g”H,T]m,T))

and choose T small enough so that A(T) + coc3(T)R(T)**' < R(T) or, equivalently,
cocs(T)RP(T) < % We note that such a choice is possible because c3(7) — 0 and

R(T) remains bounded as T — 0*. Then, for that choice of T, the map ® takes the closed

ball Bg)(0) C X7 into itself. It remains to show that ® is a contraction on Bg7(0).

Showing that @ is a contraction. Let uy, uy € Brr)(0). Then,

1D = D)lly, = ||20r = 2lor |y, + 4 ko = 4 lonly,
< [IST0; f(Eoun) = FEUN e g0 1y (4.86)
+(1+ VTeT)

uj u)
g —8&oll e
0 0 H,3 (0,7)

We then recall the following difference estimate (e.g. see Batal and Ozsar1 (2016)).

Lemma 4.7 Let s > % p > 0 satisfy (4.79) and ¢, ¢y, ¢, € H*(R). Then,

lleilP @1 = leal”all sy < (||901||p T lleall S(R)) ller = @allusw).-

Employing Lemma 4.7 and the arguments used earlier in (4.81), we deduce

510 £ (Eour) = FEUN | g0 rpaisimy S Tl + leallg Moty = wollxy. (4.87)
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Moreover, for the difference of boundary data we have, similarly to (4.83),

Uy

u 1 1 o
gy — &o'll =t < max{T2(1 +T2), T} || f(Eour) = f(Eou2)ll 20,15
= 6D (4.88)

1 1 )
< max{T2(1 + T2), TV T2 (llully, + llually s — uallx,

where o is given by (3.42). Combining (4.87) and (4.88) with (4.86), we obtain
[P@1) = P(u)llx, S ca(T)(lually, + lually My — wuallx, S e3(TIRP(T)lluy — wallx,. (4.89)

Note that c3(T") — 0" and R(T) remains bounded as T — 0*. Therefore, for sufficiently
small 7 > O the map ® is a contraction on Bgr)(0), and hence ® has a unique fixed
point in Bg7)(0) which, as noted earlier, amounts to local existence of a unique solution

to the initial-boundary value problem (4.78) for the higher-order nonlinear Schrodinger

equation on Bgr(0).

Extending uniqueness to Xr. To prove uniqueness over the entire space X and not just
the closed ball m, we suppose that u, u, € Xr are two solutions associated with the
same pair of initial and boundary data (u, g). At first, we consider the case of u,, u, being
sufficiently smooth and, along with their derivatives, decaying sufficiently fast as x — oo.
This allows us to proceed via energy estimates. In particular, we note that the difference

w = u; — u, solves the following problem:

th + iﬁwxxx + AWy + iawx = f(ul) - f(MZ)’ (.X, t) € R+ X (09 T)»
w(x,0)=0, xeR,, (4.90)
w0, =0, te(,T).

Multiplying the main equation by w, integrating in x, taking imaginary parts, and using

65



Lemma 4.7 and the embedding H}(R,) — LY (R,), which is valid for s > %, we find

B

—5 s (0, O +Im f [f (1 (x, ) = flua(x, 0)]W(x, dx
0

1d ,

< f (e D + s, DY, Dl
0

2
S (”ul(t)”pi(RJr) + ”uZ(t)”pi(R+))||W(t)||L)ZC(R+)

2

Setting y(#) := [[w(Dll;2x,), the above energy estimate is satisfied provided that y'(¢) —
cy(t) <0, 1t € (0,T) for some non-negative constant c. Solving this differential inequality
alongside the condition y(0) = [[w(0)l|;2&,, = 0 (note that w(x, 0) = 0), we obtain y = 0

i.e. w = u; — up = 0. The case of rough u,, u, can be treated via mollification.

s+1

Continuous dependence on the data. For (ug, g) € HJ(R,) X H,},

3
Lloc

(R4), let
Tinax :=sup { T > 0| there is a solution associated to the data (1, g) on [0, T']}.

Then, either Tp,,x = o0 or else T < oo and there is no solution # € X7 since otherwise

max

the lifespan of u could be extended beyond T, by starting with initial datum equal
to U(Timax). Therefore, we may let u € C([0, Thax); HJ(R,)) be the maximal solution
associated to the data (u, g); then, for T < Ty, 1n particular, u|j 7 is the unique solution
in X7 established above.

Let T < Thax be small enough that @ is a contraction on Bgr)(0) for any solution

s+1

associated with data (vo,h) € H}(R,) X H 3

t,Joc

(R,) and satisfying

||V0||H;§.(R+) + |7l
H

t

w2 (ol + gl 1 ).
3.(0,7) H 3 0T)

If follows that if 6 > 0 is small enough, for (v, #) satisfying

Ivo — wollgw,y + 118 —All w1 <6
H, > (0,T)
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the associated solution v belongs to Bg)(0). Therefore, u and v are both fixed points of
® on Bgr(0) associated with the pairs of data (uo, g) and (vo, 1), respectively. Then, the

corresponding nonlinear estimates from the contraction argument imply
e = vilx, = l[Ou = Dvlly, < c(T)lluo = vollmsey + lg = All w1 ) S 8e(T).
H,* (0.7

which amounts to continuity of the data-to-solution map. The proof of Theorem 4.5 for

well-posedness in the high regularity setting is complete.
4.4. Low regularity local well-posedness
In this section, we prove the following theorem:

Theorem 4.6 (Low regularity well-posedness) Suppose

1 6 6(p + 1 2(p + 1
0<s<=, 1<p<—0ro, M:M, ;= (p )_
2 1-2s p(1 —2s) 1+2sp

(4.91)

s+1

Then, for initial data uy € H}(R.) and boundary data g € H,;

’fOC(RJ,), with the addi-
tional assumption that if p = 1—Lzs (critical case) then ||uollg:r,) is sufficiently small,
there is T = T(ug,g) > 0 such that the initial-boundary value problem (4.78) for the
higher-order nonlinear Schrodinger equation on the half-line has a unique solution u €
C([0,T]; HER))N L0, T); HyY (R,)). Furthermore, this solution depends continuously

on the initial and boundary data.

The various linear estimates established in here will now be combined with a
contraction mapping argument in order to establish local well-posedness in the sense of
Hadamard for the nonlinear initial-boundary value problem (4.78). In view of these linear
results, the solution space will change as we transition from the setting of high regularity
(% < s < 2) to the one of low regularity (0 < s < %). More specifically, in the former
case well-posedness will be established in the space C([0, T]; H}(R,)) for a appropriate
choice of T > 0 (see Theorem 4.5), while in the latter case that space will be refined

by intersecting it with the Strichartz-inspired space L}'((0, T); Hy"(R,)) for an admissible
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choice of exponents (i, r) in terms of the nonlinearity order p and the Sobolev exponent
s according to (3.29) (see Theorem 4.6).

In this setting, we work under the assumptions (4.91). The lack of the algebra
property brings in the need for the various Strichartz estimates established previously and

hence motivates the solution space

Yr = C([0,TT; Hi(R,)) N LI((0,T); HY'(R,)).

It is convenient to also consider the associated space on the whole spatial line, namely

Yr = C([0, T1; HX(R)) N LE((0, T); HY'(R)).

The following lemma will serve as the low regularity analogue of the algebra property

and Lemma 4.7.

Lemma 4.8 Let (s, p), (u,r) satisfy (4.91) and suppose ¢, ¢1,¢, € L'((0,T); Hy"(R)).
Then,

p=p-1
p p+l
[l "OHL)«o,T);H;(R» ST el o ryarey (4.92)

p I4 )
(11 ey * 10200 myeray) - 101 = @2lizoryamecey
(4.93)

|||901|p901 - |902|p902||L}((0’T);H;(R)) < Tﬂ_ﬁ_l

Lemma 4.8 corresponds to the one-dimensional analogue of inequality (6.17) for
the two-dimensional nonlinear Schrodinger equation proved in Himonas and Mantzavinos
(2020). Note, importantly, that the admissibility conditions (4.91) are different than those
in Himonas and Mantzavinos (2020) due to the third-order dispersion of the higher-order
nonlinear Schrodinger equation. Thus, the proof of Lemma 4.8 does not follow from
Himonas and Mantzavinos (2020).

We need the following two results about the fractional derivatives to prove Lemma

4.8.
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Proposition 4.1 (Fractional chain rule, Proposition 3.1, Christ and Weinstein (1991))
Suppose that F € C'(C), a € (0,1), 1 < p,q,r < o0, and r™' = p™' + g7 '. Ifu € L°(R),
D% € L1(R), and F'(u) € LP(R). Then D*F(u) € L'(R) and

ID*F(W)llr®y < CIF @)l Lo @)D utll o). (4.94)

Proposition 4.2 (Fractional product rule, Proposition 3.3, Christ and Weinstein (1991))
Leta € (0,1), 1 < p1,p2,qi,qo, 7 < o0, and r~' = pl.‘1 +g;! fori = 1,2. Suppose that
f el (R), D*f € L'*(R), g € L2(R), D*g € L1"(R). Then D*(fg) € L'(R) and

ID*(fOllr@ < Cllfllen @lIDgllia @ + Cligla@ID® fllm @) (4.95)

Proof [Proof of Lemma 4.8] By Holder’s inequality,

T Lo
et el o) < T ]( fo e ;;;@dt) s

p+1

p+l _ T u H . .
O Ty HE ®) = ( fo lle (o)l i..,(R)dt) . Hence, in order to establish

(4.92), it suffices to prove that

On the other hand, ||¢||

ID° (e o)l 2z) < NI, 1€(0,7), (4.96)

HY(R)

for 6 = 0 and 8 = s. To this end, we set F(z) := |z|’z, z € C. If s # 0, by using the chain

rule for fractional derivatives, we have

ID*F(e)llr2m) < IIF ,(QO(I))”L%‘(R)”DS‘P(I)”L}(R) (4.97)

+ 1. Noting that |[F’(¢(1))| < (p + DIg(1)|?, we further find

IE" (@@, )$||90(f)||p% ; (4.98)

5
i (R L’ (®)
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1

while for pi“ = — — s we also have the embedding

IIQD(I)IIL:TH(R) S lleOllgyr@)- (4.99)

Combining (4.98) and (4.99) with (4.97), we obtain (4.96) for 6 = s # 0. Notice that
r=2(p+ 1) for s = 0. Therefore,

+1 +1
OOl 2@y = IIso(t)II’L’ZQ,H)(R) = eI, &)

which corresponds to (4.96) for 6 = 0.
Regarding inequality (4.93) for the differences, we first consider the case s = 0
which implies r = 2(p + 1). Using the standard pointwise difference estimate for the

power-type nonlinearity and then applying Holder’s inequality in x, we get

1

T 00 1
e er = ool el oz S f ( f (l()ol(xat)lp+|902(x,t)|p)2|(ﬁl(x’l)_902(xat)|2dx) dt
PR T 0 —00

T
< f (IO, g + a2 ONZ, ) o1 (1) = @2 (Dlgerolt
) . .

and the desired estimate (4.93) for s = O follows via Holder’s inequality in z.

2(p+D)
1+2sp

71,22 € Cand é(p) = (1-p)z2+pz1, p € [0, 1], we have £(0) = 71, E(1) = 22, ' (p) = 71— 22,

Moreover,

Next, let us consider the case s # 0, in which r = . First, observe that for

1
d
a2 — lalPz = f = (EPEQ) dp
o ap

_(p+2)
2

1 1
(@1 -2 fo o + Bz - 2) fo EEI2E)dp.
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Combining this writing with the fractional product rule, we find

ID*F(e1(0) = D F(@2(l 2wy S ID°(@1(0) = @2(0D)llzwy sup W]

2r
pel0,1] L2 (R)

#ller® = @0l g [ sup {ID* GO0}
x pel0,

where = = 3 — 2 w(t) = (1 - p)pa(t) + pr(1) and G(z) = F'(2) = B2l + 41222,

Observing that |G’ (w(2))| < p(p + D)w(£)|P~! for p > 1, we use the fractional chain

rule to infer that, for p > 1,

ID* (GOl 71 gy S WP 22 ID WOz

-1
SlwdN”y  ID'wO @ < WOl (@)’

L’ (R
where % = ﬁ - % In the above, the second inequality is due to the fact that, in view
of (4.91), r, = —2D_ — _K2_ and the third inequality follows from the embedding

(p=D(1-25) 3(p=1)?

(4.99). Furthermore, notice that rz_—’z = %‘ and so, using once again the embedding (4.99),

wOPP|| 2= = [w@| < WO o
[lw(@)l ||L§2T2(R) | ()”L:TP(R) Il ()”H; ®

Combining the last three estimates, we deduce

1D F(g1(1) = D FeatDlzey < (lor@s g, + o2 ) ko1 (1) = 220l

Then, integrating over (0, T'), applying Holder’s inequality in 7, and combining the result-

ing estimate with the case of s = 0, we obtain (4.93) for s # O and p > 1.
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. _ 1 _ 1425 , 1=2s _ 1 , 1=2s _ 1 , 3
Finally, for p = 1 we note that 5 = == + = = - + = = ~ + T Therefore,

ID*F(¢1(1)) = D*F(p2()ll 2y S I1D*(01(1) = 2Dz ) sup [w@)ll «
pel0,1] L7 (R)

Hmm—mwgwhgﬂmwmmmmwh
x PelO0,

! o) 1018 = 2(D)llyrey

S (G Y] A

with the last step thanks to the embedding (4.99).

Now, we are ready to prove Theorem 4.6 for low regularity solutions.

162 so that 271 > 0. We work
e m

Existence. First, we consider the subcritical case p #
again with the solution operator (4.76), which was obtained via linear reunification. The-

orems 3.1 and 3.3 imply

Vo lly, < IVllg, < [[Eouollrw) < luollms.)s (4.100)

while Theorems 3.4 and 3.6 along with inequality (4.92) and the same argument that was

used in (4.81) yield
p=p-1
Il llyy < N2“llg, S (T +T ¥ )IIMII’EI- (4.101)

Now, we estimate the last term in (5.61), we separate g;(¢) defined in (5.62) as
follows:

g6(0) = Ep{g(-) = S [Eouo; 010, )}(1) — Ep{S10; fFEw(0, )}@) = g5 (1) — g5°(1), (4.102)

which yields to rewrite
(4.103)

q“lor) = 6]“’1|(0,T) - qu’2|(0,T)-
By using the arguments in (4.82) and (4.83), we have

||q”’1|(O,T)||YT < (1 + \/Te"T) ((1 + T7) ol + ||g||Hs§71<OJ) : (4.104)



To estimate ¢"?|( 1y, We use a rearrangement argument which is analogously used
for the Schrodinger equation on the half-plane in Section 6 of Ref. Himonas and Mantza-

vinos (2020). Indeed, we observe that

1
2r
L[ "
= f e i)' (k) ( f 0TS [0; f(Ew)](O, T)d‘l') dk
r 0

21

: T’ 4
_ ! f eikx—w(k)tiw/(k)( f ew(k)r( f S[f(Eu);o](o,r—t’)dt’)dr)dk
2 r 0 0

T/
= —if g (x,t — 1)dr,
0

by Fubini’s theorem and the continuous (since s < %) extension by zero of S[f(Eu);0]

q"*(x.1) f e Wi (k)gy*[w(k), T'1dk
r

outside [0, '], where ¢* denotes the solution of the reduced initial-boundary value problem

(5.2) with the boundary data S[f(Eu); 0]. Hence, Theorems 4.3, 3.1, and 3.4 implies that

u ¢ 1,1 1
l4“*lonl,, < (1 +e TTﬂ+2) (I + THIfEWl L o.rymsz. - (4.105)

Using (4.92) and combining the above estimates, we obtain
1RG)lly, < co(er(Dllttollmce. + c2(Dllgll s+ ex(Dlully), (4.1006)
H73 (01 T

where the positive constants ¢y, ¢, ¢3 are given by ¢;(T) = (1 + VTeT + T%ﬁ%)(l + T%),
e(T) = (1 + NTeT + Ti*2), ex(T) = (T + T %) + (1 + VT + Ti* )T max{T3(1 +
T2),T%)} and ¢ is a non-negative constant independent of 7 and only depending on fixed
parameters such as a, 3, 6 and s.

For the contraction, given u;, u, € Y7 we employ inequality 4.93 together with the

same arguments that led to (4.89) to infer

1@@1) = Pully, S cs(T)(Ilrlly, + llually ey = ually, . (4.107)
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This estimate implies the existence of a fixed point in Y7 for sufficiently small 7 > 0 via
the same arguments that were used in the proof of Theorem 4.5.

Next, we consider the critical case p = ﬁ. The difference here compared to the
subcritical case is that the limit ¢3(7) — 0" as 7 — 0" is no longer true; however, @ is
still a contraction provided that the data (and, correspondingly, the radius of the closed

ball that depends on the size of the data) are chosen sufficiently small.

Uniqueness. We adapt the method used for the Cauchy problem in the proof of Propo-
sition 4.2 of Cazenave and Weissler (1990) to the framework of initial-boundary value
problems.

First, consider the subcritical case p # % Let u; = ®(uy), up = ®(uy) € Yr be
two solutions associated with the same pair of initial and boundary data. Suppose to the

contrary that there is ¢ € [0, 7] for which u;(¥) # u,(¢), and let
ting :=Inf {t € [0, T |u1(2) # us(1)}.

Taking #, < fiyr such that 7, — 7 . as n — oo, we see that u,(f,) = uy(z,) by definition
of tins. Thus, in view of the fact that u,, u, are both continuous from [0, T'] into H}(R.,),
taking the limit n — oo we deduce that u;(finr) = ua(tinr) =: ¢ € HJ(R,) makes sense. Set
Ui(t) = ui(t + tyyr) and Uy (t) = uy(t + tr). Then, U; and U, are both solutions on the

temporal interval [0, T — #;,¢] that satisfy the same initial and boundary conditions, namely

Ui(0) = Uy(0) = ¢, Uily=o = Uszly=0 = (- + tinf) =: &inr-

Since U; and U, are continuous in t, by the definition of #,¢ there is a 6 > 0 such that
U, # U, fort € (0,0). Let t = t;¢ + € with € € (0, 6) fixed and to be specified below. We

have

_ . _ P P
WUy = Uallps 0.0y S Cmf(E)(HU1||L,:((O,E);H.Xy,r(R+)) + ||U2||L¢((0’E);H§,V(R+))) 4.108)

: ||U1 - U2||L¢‘((o,e);H;;“(R+)),
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p=p-1
where cjpr(€) 1= €«

tentier max{e%(l + 6%), €”}. Let € € (0, 6) be small enough so that

cint(e)(1UIIIT +|UalI7 ) <1, (4.109)

L ((0,€);:Hy (R+)) L (0,0:Hy" (R+))

which is possible because cj,s(€) — 0* as € — 0*. Then, (4.108) implies that U; = U, on

(0,€) C (0, 0), leading to a contradiction. Hence, uniqueness follows.

6

In the critical case p = T

although the limit ¢;,¢(€) — 0" as € — 07 is no longer
true, the uniqueness argument remains valid as (4.109) still holds due to the fact that, due
to the dominated convergence theorem, the norms [|U1|2(o,e):m37 r.y) @0d 1 U2l 20,0157 8. )
can be made arbitrarily small by taking € small enough.

Finally, the continuous dependence of the unique solution in Y7 on the initial and

boundary data can be proved as in the high regularity setting, thereby completing the

proof of Theorem 4.6.
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CHAPTER 5

DOUBLE-BOUNDARY CONDITION CASE

In this chapter, we study the initial-boundary value problem for the higher-order
nonlinear Schrodinger equation with double boundary conditions needed. We state the

model first.
iU + iUy + auy, + iou, = f(u), (x,t) e R, %X (0,7T),

u(x,0) = up(x), x€eR,, 5.1
w(0,1) = ho(), u(0,1) =hi (1) 1€(0,7T),
where @,6 € R, <0, f(z) = «k|zlPzwithze C, k€ C, p>0,and T > 0.

The change in the sign of 8 from plus to minus causes an increment for the number
of boundary conditions for the higher-order Schrédinger equation. We feel obligated to
explain that this change entails some significant differences when studying the problem
separately from the case that § > 0. Before the higher-order Schrodinger equation, let
us consider a much more simpler problem, namely the heat equation. When the sign of
the term with the greatest order in the spatial derivative is plus, the initial-boundary value
problem for the heat equation is well-posed. On the contrary, when this aforementioned
sign is minus, it is well known that the problem is ill-posed. So this gives us the first
hint on the importance of the change for the sign in the spatial leading coefficient. As a
second motivation, it is clearly explained in Deconinck et al. (2014) that for the evolution
problems with an odd order in the spatial derivatives, such as the higher-order Schrodinger
equation, the sign of the leading coeflicient decides the number of boundary conditions
needed for this problem.

Taking all of these into consideration, we approach the problem (5.1) as an entirely
new problem in itself. Once we get into the details of its analysis about the well-posedness
point of view, we encounter two possible scenarios, one of which is the similarities with
the problem for the case 8 > 0, which is studied in Chapter 4, and the second is the
differences in details. Therefore, while working on this problem, we will avoid repeating
ourselves on one hand, and on the other hand, we will try to maintain the integrity of the

problem itself.
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We apply the same method that we used in Chapter 4 for the problem (4.1) stated
for the case B > 0. Indeed, we first consider the linear version of the problem, and
then use a decompose-reunify argument to observe the effect of each data separately, then
finally pass from the linear theory to the nonlinear analysis to obtain the results on the
well-posedness of the problem. Since the decomposed Cauchy problems are studied in

Chapter 3 for any 8 # 0, we directly start with the reduced initial-boundary value problem.

5.1. Reduced initial-boundary value problem

We consider the initial-boundary value problem

iq; + iBGxxx + @qux + i6g, =0, (x,1) € Ry X (0,T),
q(x,0) =0, xeR,,

q(0,1) = go(?) := E}(ho — y(0,-) — 2(0,))(®), t€(0,T),
q:(0,7) = (1) := E)(hy = y«(0,-) = (0, ))(®), 1€ (0, T"),

(5.2)

where @,0 e R, <0, 7" > T, y(0,t) and z(0, 7) are the traces of the solutions of Cauchy
problems (3.1) and (3.37), respectively, at x = 0, and Ei : H:%j 0, 7) — H,%j(R) are
two fixed bounded extension operators for j € {0, 1}, satisfying the additional property
supp g; € [0,T"). It is provided that the traces 6£y(0, t) and ﬁiz(O, t) are well-defined and
belong to Ht$ (0,T) for each j € {0, 1} in view of Theorems 3.1, 3.2, 3.40 and 3.5.

We first obtain a representation formula for the weak solution g(x, ¢) of (5.2) by
using Fokas method. To this end, we assume ¢ is smooth and decays sufficiently fast as
x — oo, uniformly in ¢ € [0, T"].

Applying the half-line Fourier transform (4.9) to the main equation in (5.2) and

integrating in the temporal variable #, we obtain an identity, which is known as global

relation:

"Mk, 1) = (=BK> + ak + 6)Zolw(k), 1] + (iBk — ia)g1[w(k), 1] + BZ2[w(k), 7], Imk <0,
(5.3)
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by denoting
!
gk, t) = f edq0,7)dr, keC, j=0,1,2. (5.4)
0

and

w(k) = —iBk> + iak* + i6k. (5.5)

Multiplying both sides in (5.3) by e™®" and then taking the inverse Fourier transform
(4.9), we obtain for (x,t) € R, x (0, T’) that

1 o
g = 5 f PG Dk, (5.6)

(%)

where g(k, 1) = (=Bk* + ak + 6)go[w(k), 1] + (iBk — ia)g,[w(k), t] + B&2[w(k), 1].

Note that the equation (5.6) involves the unknown boundary condition ¢.,(0, ),
which is hidden in the boundary 7-transform g,. We eliminate this term by first deforming
the real axis to a suitable contour in the complex plane, and then utilizing the invariant
properties of the polynomial w(k) in the global relation (5.3).

We introduce the region D* := DN C*, where D = {k € C: Re w(k) < 0} and
C* :={k € C: Imk > 0}. Observe that D* can be defined explicitly as follows:

2 2
D+E{k€C+ : 3(kR_i) _k%—%;"%>0}, 5.7)

where the real and imaginary parts of k are denoted by kg and k;, respectively. See Figures

5.1, 5.2 and 5.3.

Figure 5.1. The region D* for a® + 356 > 0.
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Figure 5.2. The region D* for a® + 356 = 0.

Figure 5.3. The region D* for a® + 356 < 0.

a+2\a?+3B5 kb = a+\a?+365 ke =
Ta 2 = T’ 3 =

Note that in each figures, we define k; =

a-\a2+3p5 k= a-2\a?+3Bs and ke = i\ -3(a?+349)
38 s R4 — s 5 — — .

3B -3
Using the analytic behavior and exponential decay of the integral in (5.6), we can

deform the real axis to the boundary of dD* and obtain

1 () =
q(x1) = >~ f "M 5(k) dk, (5.8)
oD+

where 0D" is oriented, as depicted in Figures 5.1, 5.2 and 5.3, in such a way that D" stays
on the left to its boundary 0D™.

Note that the global relation (5.3) is not valid in dD*, since Im k > O for k € D~.
On the other hand, the right hand side of (5.3) involves the terms depending on w(k). So,

we try to rewrite this relation by changing k£ with some v(k), which makes the equation
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valid for any values of k € D* and also keeps w(k) stable. In order to determine these
invariant maps, we solve the equation w(v) = w(k) for v = v(k). But, this argument should
be handled carefully. Since w is a third order polynomial defined on C, the fundamental
theorem of algebra ensures that we can find three roots, counting multiplicity, for v in
terms of k. The first root is trivially v(k) = k. We have two more roots and these roots

satisfy

v2+(k—%)v+(k2—%k—’g)=0 (5.9)

Clearly the solution of the equation (5.9) has two solutions, say v;(k), v,(k) € C, counting
multiplicity. But, we need to find distinct and nontrivial maps, i.e. vi(k) # k, va(k) # k

and also v; # v,. This can be possible if only if

3 2 2+ 386
( “)_u:o

A=k 55 7

Therefore, we need to stay away from the following values of k, depending on o? + 3306:

a£2 \/a?+366 5
33 a” + 3,85 > 0,

L, @ +3B65 =0, (5.10)

£2i\- 2-3
a+13—ﬁ“ﬁ5, a? +3B6 < 0.

For the case a*+386 < 0, the given values of k in (5.10) is outside of D*. However,
when a? + 386 > 0, the aforementioned values of k is involved in D*. Thanks to Cauchy’s
theorem, we can deform the contour D* to the modified D* to keep these values of k

defined in (5.10) away from the domain of the integral in (5.8). See Figures 5.4 and 5.5.

ka
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Figure 5.4. Deformation of dD* to dD* for a? + 385 > 0.

Figure 5.5. Deformation of dD* to dD* for o + 385 = 0.

We define k;’s are defined for j = 1,4 as before, and c; = AR Lt e i W, cy =
CNFLICI ith A as defined in (5.30).

The above discussion guarantees that the maps v; and v, are distinct and not iden-

tical for the values of k € I', where

oD*, a®>+3B6 >0,
r= (5.11)

oD", a®+3p36 < 0.

Therefore we can rewrite (5.8), to use the invariant properties of the maps v; and

V,, as follows:

1 .
q(x, 1) = > f "0 (k) dk. (5.12)

r

Let us define these maps explicitly. Solving (5.9), we obtain

1
k « 3 @, a®+3B6\2
Vl,Z(k) = —5 + E + (—Z(k - @) + 3—ﬂ2) s (513)
where,
2= Ade?,  6e[0,2n), (5.14)

for any z € C with the principal argument 6.
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We should emphasize that v, and v,, as defined in (5.13), are analytic for the
values of k € D* when a? + 385 < 0, and of k € D* when o? + 3856 > 0. Observe
that the intersection of the branch cuts and the corresponding region D*, or E 1s empty
set. Indeed, the values of k defined in (5.10) also correspond to the branch points of the
term with complex square root in (5.13). So, the extra deformation D* also preserves the

analyticity of these maps.

Remark 5.1 Note that v\ and v, can also be defined as single-valued functions depending
on k. Even though this has no pros on our process, we refer to the corresponding part in

Chapter 4.

As we mentioned before, we use the invariant properties of these maps on the
global relation (5.3), since this relation is not valid for k € I'(Note that Imk > O on I').
The idea, which is changing k& with the maps v, and/or v,, makes sense if and only if Im

vi(k) < 0 and/or Im v,(k) < O for k € I'. To this end, we prove the following lemma.

Lemma 5.1 Ifk € D+, then Im vi(k) <0, and Im v,(k) > 0, where

‘__k g___ o a* + 386
vi(k) := 5 ﬁ ( (k ) 37 ) , (5.15)
and ]
_k a* +3B5\?
va(k) = =) + B + (——(k - —) 37 ) ) (5.16)

Proof We have a system of equations from the real and the imaginary parts of the

equation (5.9), where v stands for v; and v,. Namely, we have

kR a k[ a 3kR
R - = [—-="%k 5.17
(V’”z 2/3)(V’+2) (4ﬁ 4)’ 47
ke a\ ki\ 3 2 3 @, > 6
+———| —|v+=| = —Skh+k+ +— + —. 5.18
(VR 2 2ﬁ) ( 2) gttt gty O
Define g := vg + % — V= vy +42,¢: = 2eand d := —3k3 + 3k2 + s5kr + 3 4/32 +5
and then substitute (5.17) into (5.18). We obtain
¥ +dv; — c*k; = 0. (5.19)
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Solving (5.19) for 77, we get

k —d [d?
V[:—El— \/74‘ Z+C2k2,

which is clearly less than or equal to zero, or

ko |-d @
= —— R - kz’
v 2+\/2+ T te

which is greater than or equal to zero by the definition of the domain D, .

Indeed, by definition (5.7), for k € D* we have

2 +365
g — Ly g LI
3B 3p
which can be arranged to
3 1 a 0
ki — —ki — —kg — — < 0.
4R 47 o 48 =

For k; # O(note that if k; = 0, then we are done) this is equivalent to

kb k2
22 5 I
ck1_16+d4.

After completing the square, and then taking square root we have

—k; —d /d2 522
. - - >
7 +\/2+ 4+ck_0.
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On the other hand, v; corresponds to the one with the negative imaginary part, since

k Are(k*
Im v, (k) = —5’ _ \/lk*lsin( rgz( )) <0,

2 *
for k* := -2 (k— %) + "23?2&, since % € [0,7) and k; > 0. Hence, Im v,(k) > 0

follows directly. O

Remark 5.2 Lemma 5.1 has a significant importance on the discussion about the number
of the boundary conditions for the higher-order Schrodinger equation for the case 3 < 0.
Indeed, the only valid identity, i.e. (5.20) below, for k € T, has three unknowns g, g;
and g,. So, we have one equation with three unknowns. This means one variable can
be written in terms of the other two, which have to independent. In conclusion, this
explains why the problem (5.1) need to be studied with two boundary conditions when
B < 0. In general for evolution equations d,u + P(—id,)u = 0, where P denotes any
polynomial, Fokas method gives an opportunity to determine the exact number of the

boundary condition needed. This idea is explained briefly in Deconinck et al. (2014).
By Lemma 5.1, we have an identity as
" V1q(vy,1) = (Vi + avi + O)Folw(k), 1] + (iBvi — i)gi[w(k), 1] + Bgalw(k), 1, (5.20)
which is valid for k € D*, since Im v, (k) < 0. Solving (5.20) in terms of g,[w(k), ¢] gives
Baalw(k), 1] = (Bvi = avi = §)golw(k), 1] = (iBv1 — i)z [w(k), 1] + "Gy, 1).

Hence, we rewrite

gk, 1) = (k= vi)(@ = Bk = Bv)Zolw(k), 1] + iB(k = v)Zi [w(k), 1] + " ©'q(vy, 1),
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and obtain

1 ,
qx1 = f O (k= vi)(@ = Bk = Bv)Zolw(k), 1] + iB(k — vi)gi [w(k), 1]) dk

r
1 ‘
+ — f e®g(vy, Hdk.
27T r

The second integral and the contribution of the first integral from # to 7’ above are

equal to zero by Cauchy’s theorem, and we obtain

1 .
q(x.1) = f O (ke = vi)(@ = Bk = Bv)Zolw(k), T'] + iBk — vi)g1[w(k), T']) dk,
r
(5.21)

or equivalently, by rewriting v; explicitly, we have the representation formula as follows:
1 . ~ ’ ~ 7
q(x.1) = — f O (o (k)Zolw(k), T'] + 1 (k)1 [w(k), T') dk (5.22)
r

where

2 2 2 %
Bo(k) = —%818 Fak+ Z—ﬁ 15+ (Bk—0) (3 (k - 1) n LW) (5.23)

4 38 332
and 1
38, . (3 a\ a?+3p5)
¢](k) = Tk -+ lﬁ (—Z (k - %) + 3—182] , (524)

where 22 is defined as in (5.14) for any complex z.
Compatibility conditions. Under the regularity results of each decomposed model,

we restrict the range for s to [0, 2] — {%, %}. We need to impose the first condition

up(0) = hp(0) (and naturally gy(0) = 0),

3
<s$2,s¢§ (5.25)

as in Chapter 4. In addition, if 3 < s < 2 then 1 <

3 < 2. Therefore, both of the

Wl

traces uy(0) and £,(0) are well-defined. Furthermore, since y,(0,-) and z,(0, -) belong to
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Ht% (0, T) by Theorems 3.2 and 3.5, the traces y,(0,0) and z,(0,0) are well-defined and

equal to u((0) and 0, respectively. So, we need to impose also the second condition
, 3
uy(0) = h;(0) (and naturally g,(0) = 0), > <s<2. (5.26)

Sobolev-type estimates. We have the following space estimate.

Theorem 5.1 Let s > 0. Then, the unique solution q of the reduced initial-boundary

value problem (5.2) satisfies

1
laC Mg < ¢ (14 VTT) 3 llgoll e (5.27)
b=0

3 (01)

uniformly for t € [0,T'], where c depends only on s, a,f, 9.

Proof We utilize the representation formula given in (5.22) obtained by Fokas method
for the solution g. Parameterize I" depending on the different scenarios on the value of

a? + 386 as follows:

Uvys Uys U (=y4) U (=ys) Uve, if a®> + 366 > 0,
roo] VYU (=y4) U (=y5) U s B (5.28)
Y1 Uy U (=y4) Uy, if a®> + 366 < 0.
where
yi(m) = m, —o0o <m<cy,
vo(m) = ¢y + im, 0<m< A4,
+ +/38%m? + a? + 3B6
Ys(m):a V3B +a? + 3f +im, A<m< oo,
b (5.29)
a— +382m? +a® + 365 '
Ya(m) = + im, A< m< oo,
3p
vs(m) = c; + im, 0<m< A,
Ye(m) = m, cy <m < oo,
such that ¢; = A Lt W, ¢ = T T W, and the real number A, that behaves
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like a cursor depending on the constants @, 8, 9, is defined to satisfy the following:

A= N2 e 024385 <0,

-3 (5.30)
VOB cd<oo  ifa’+36520.

Notice that ¢; = ¢; = 55 when a* + 366 < 0.

Using the above parameterization, we can rewrite (5.22) as follows:

6 1
g0 = D> qux1), (5.31)
n=1 b=0
where
1 .
Gnp(x, 1) = o f X g, (o, (M) (W (y,(m)), T” Yy (m)dm (5.32)
In

together with a special definition

G20 = Ga1 = G50 = g5 = 0, if a* + 386 < 0, (5.33)

for covering the absence of y, and s in this case. The intervals I, of the integral (5.32) is
defined as

Il = (_OO’ C—]a

L =(=1I5) =(0,2),

(5.34)

L = (—1y) = [, ),

I6 = [C+9 OO)
The minus sign in front of I, and /5 in (5.34) is used in the directional sense. In addition,
in (5.32), ¢, is given in (5.23) and (5.24), respectively for r =0 and r = 1.

We analyze each of twelve elements g, ., defined in (5.32)-(5.33), of the solution
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g, separately. Let us start with g ,(x, ), which can be rewritten explicitly as

1 o (m ~ ’
q1p(x, 1) = o f " (m)gy(w(m), T )dm. (5.35)

(o8]

This integral represents the inverse (spatial) Fourier transform of the function

—w(m)t = T’ if .
Ql,l,(m;t):{e S (m)Bw(m), T, ifm < ci; 536

0, ifm > cy.

On the other hand, using the compact support condition on the boundary data g,, we have

Zp(w(m), T") = gp(iw(m)), (5.37)

for b € {0, 1}. Therefore, we get

A

||91,b("t)”?-1;(]g+) = ||q1,h(',t)||i1;(R):f (1+m2)x|QA1,b(m,l‘)|2dm

< f (1 + m2)Ylgs(m)PIg5iw(m))Pdm.

Let us define (m) := iw(m) = fm* — am?® — dm. The map 7 is real-valued and monotoni-
cally decreasing if @ + 385 < 0. When a? + 385 > 0, 7 is still monotonically decreasing
on (—oo, c;]. Therefore, there is no harm to change variable from m to 7. So, at first we

have
lg16C ey S f (1 + m*)’lgp(m)I*18s((m))Pdm.

And then, note that there exists a constant ¢ depending on «, 3, ¢ such that

(1 +m®)*lgp(m)?
meer (1 +72(m)) "+

<c < oo, (5.38)
7'(m)

S+

1—
3
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See Lemma 4.3 for an analogous argument in details. So, we get

C1
2 2 stl=b 2
oG O, < f (1 + 220m) 13, (cm) P (m)dm
iw(cr) 9. stlob 2 ) )
_ f 1+ e <Nl wrs = gl s
o H 3 ®) H, 3 (0,1)

Note that iw(c;) € R. Hence, we obtain for » = 0, 1 that

lg16C Olliye,y S NIl sz (5.39)
H, 3 (01

Using the same steps, it is straightforward to obtain for b = 0, 1 that

oG Dllise) < Ngoll sre (5.40)
H, 0,77)

Consider g, 5, now. Recall that it is defined in (5.33) specially as g,;, = 0, when
a*+366 < 0. So, we assume > +385 > 0 for this case. We use the interpolation technique

here. For any j € Ny, we have

. A
&g p(x,1) = i f (iy2(m)) €72 02N, oy ())& (W(ya(m)), T') dim, - (5.41)
0

and so,

A 2
f (iy2(m))! e 02N gy, () ()8 (W(y2(m)), T') a’m' dx

0
(5.42)

: 1 0
FRars( M, = 75 f
|| xQZ,b( )HL%(RJr) 47'[2 0

Observe that
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A
fo (iy2(m)) 202y (s (1)) (W(y2(m)), T') dm

IA

A
fo &I s )|y (v )] 85w Cya(m)), T dm

2831’

A
e 3V f ey (m)l|gp(y2(m))| 86 (w(y2(m)), T")| dm,
0

IA

since Re(—w(yx(m))r) = —Bm(A® —n?) < 2L for 0 < m < 1and 0 < r < T". So, we

have
2

cT’ 00 00
1002 Dl < 55 fo ( fo e 2 ()1 (ya )] (8 (w(y2(m), T (0, 2) dm) dx,

(5.43)

where ¢ = _;—fg. Then, by the boundedness of Laplace transform, we have

A
1010250 DI, | < €T fo s )l ra )P 12wy m)), T Pdm.— (5.44)

Using the definition (5.4) of g, together with Cauchy-Schwarz inequality, we get

A
j 2 T’ 2 2j 2 T’ 2
1020 Dl | S € T'||gb||L2(0T,)f 2P Cram)Pdm < €T T gyl
xUN4 ¢ U, 0 s

(5.45)
Therefore, we obtain for b = 0, 1 that
925 Dl < €™ VT lgnllzor < €T NT Il s (5.46)
Using the same steps, it is straightforward to obtain for b = 0, 1 that
lgss( Ollaseny < €7 VT ligoll s (5.47)
H, 3 (017

For the other estimates on ¢, ; for n = 3,4 and b = 0, we use the corresponding
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part in the case of 8 > 0. Although the change of the sign of § sometimes creates differ-
ences about the analysis of the higher-order Schrodinger equations, such as the number of
the boundary condition, we can also observe similarities in the details. Indeed, the bound-
aries y; and 74, defined in (5.29), coincides with the ones defined for the single boundary
condition case. It is also straightforward to apply the arguments therein for » = 1, and

hence we have

g6 C Ol ey S NIl serze (5.48)
H, 3 (01

forn = 3,4 and b = 0,1. Combining all estimations above (5.39)-(5.48) in the view of

(5.31), we complete the proof. O

Strichartz estimates. We have the theorem.

Theorem 5.2 Let s > 0 and (u, r) be higher-order Schrodinger admissible in the sense of
(3.29). Then,

1
T’ 1.1
gl oty < (1+ €T (@D2) 3" gl sege (5.49)
= H, 3 (0,1

where Hy'(R,) is the restriction on R, of the Bessel potential space Hy' (R) defined by
(3.28) and the inequality constant depends only r, s, while ¢ depends on a, 3,6 and r.

Proof We use the same definitions (5.28) and (5.34) of g and T', respectively. For the
estimation of g; ;(x, 7), we switch the initial-boundary value problem to a Cauchy problem.

Combining (5.35) and (5.36), we rewrite

e
QI,b(x,t):er MM, L (m)dm, (5.50)

which is defined only for x > 0, but it makes also sense for the negative values of x. There-
fore, we extend this equation for all x € R, and then we observe that (5.50) represents the

solution of the Cauchy problem

i(q1.6)r + iB(G1p)xxx + @(G1p)xx +10(q1)x = 0, x,t€R,
q1,5(x,0) = Q1 (%), xeR.

(5.51)
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Then, by Theorem 3.3 and the inequality (5.39), we have

||q1’b||L§‘((O,T’);H;"(R+)) = ||qu’”L/f((o,T/);H;’(R)) s Q1) @ S ”gb”H”é’b(O ™ (5.32)
f )
The same idea yields directly the estimate on ge ;(x, 1), 1.€.
< wib ,
||q6’b||L¢'((0,T’),Hﬁ’(R+)) ~ ||gb||Hl % b(O’T’) (5 53)

Consider g, 5, now. Recall that if a + 366 < 0, then g,;, = 0. So, we assume

a?® + 386 > 0 in this case. We first have

||q2’b||L’,’((O,T’);H§"(R+)) < Ty ||q2’b("t)||Hj"(R+)) ' (5.54)

Using the interpolation inequality for L”-norm(see Preliminaries), we have for

each j € Ny that

. . 2 . 1-2
187a25C. 0 ey < 126G Dl (#2565, - (5.55)
By (5.45), we already have
. 2 | 2
181025 Dl e, 5 €T TV Ngoll g 1o (5.56)

On the other hand, we have directly by the definition of g, and (5.41) that

; 1-2 T’ 1_1 1-2
N gay < €T T Mgl 2 (5.57)

Combining all above (5.54)-(5.57), using the equivalence of Bessel and the Sobolev
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norm (4.71), and then interpolating for the non-integer values of s, we obtain that

’ 1.1 ’ 1.1
a2l 5 € @V ligllzory < e T lgall e o (558)

Similarly, one can obtain

cT’ ’ l+% ‘
||q5’b||L’,'((O,T');H§’V(R+)) s (I) ”gb”H[”%‘b(O’T,)' (5-59)

As we did for the Sobolev-type of estimates, we use our previous results for the

terms g, for n = 3,4, that is proved as follows:

s+1-b . (5 60)

<
QH,b L/:((O,T,),H;r(R_,_)) ~ ||gb||H1 3 (O,T’)

forn = 3,4 and b = 0, 1. Combining (5.52)-(5.60), we complete the proof. O

5.2. Solution map

It is classical to use a fixed point argument for nonlinear analysis of a partial
differential equation. To this end, we define a solution operator u — ®u associated with

the forced linear initial-boundary value problem (4.2) as follows:

Ou :=ylo, + Z"lo, + ¢"lo.1)

1 1 ikx—w(k)t Su 4
= S[E0“0;0]|QT + S[O;f(Eu)]|QT t o JZ:(; frek (k) (aﬁj(k)gj[w(k), T ])dk‘(oj),
(5.61)

for some T > 0 to be determined, Q7 := R, X (0,T), and

85(1) := Epthj(-) — 3LS [Eguo; 01(0, -) — &S [0; f(Eu)](0, )}(@). (5.62)
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Note that all the notations and the letters are defined, explicitly before, as in their
corresponding decomposed model.

We use the linear theory as a tool to study the well-posedness of the main nonlinear
problem (5.1). To this end, in view of (5.61), we define the solutions of the nonlinear
problem (5.1) as the fixed points of the operator ®. Throughout our work, we assume u, €

s+l

HY(R.). g0 € H,;, (R,) and g, € H

t,loc

(R,) with s € [0,2] — {%, %} and the compatibility

conditions (5.25) and (5.26) in place as necessary.
5.3. Local well-posedness

In this section, we prove the two main results for both high and low regularity

setting for the local well-posedness of the problem (5.1).

Theorem 5.3 (High regularity well-posedness) Let s € (%, 2] - {%} and p > 0. In addi-
tion, if p ¢ 2Z, suppose that

ifse€Z,,thenp >sifpeZ,andodd,|p]>s—1ifp¢Z,,
(5.63)

ifs¢Z.,thenp > sifpeZ,andodd,|p] > |slifp & Z,.

s+1-j

Then, for initial data uy € H}(R.) and boundary data h; € Ht’l?(RJr) for j = 0,1,
satisfying the compatibility conditions (5.25) and (5.26), there is T = T (up, ho,hy) > 0
such that the initial-boundary value problem (4.1) for the HNLS equation on the half-

line has a unique solution u € C([0,T]; H}(R,)). Furthermore, this solution depends
continuously on the initial and boundary data.

Proof We claim to establish local well-posedness in the metric space X7 := C([0, T]; H{(R,))

for some T > 0, with the metric
dy, (uy, up) = luy — usllx,, uy, u € Xr. (5.64)

Note that any closed ball in X7 is a complete subspace.

For local existence, we need to show that the map @ is onto and is a contraction.
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Using the similar arguments as we used before

||)’|QT||XT S lluollgs e, ) (5.65)
and
Loy, < Tlully:". (5.66)

Considering the last term in (5.61), we get (for say 77 = 2T)

1
’ T’
lal0nlly, <l < (1+ NTeT) 3 lgill o

= (g

1
< (1+ VTeT “N s
s e );ng,nmém
(5.67)

By definition of g, for j = 0, 1, and the temporal estimates of the corresponding

Cauchy problems, we obtain that
1
”gjllH$(0 - < ||hj||H$(O - + (1 + T2)||uoll g3, + C(T)||f(E0u)||L,2((0,T);H;;(R)), (5.68)

where ¢(T) := maX{T%(l + T%), T77} together with o ; defined for j = O and j = 1,
separately as in (3.42) and (3.60).

By definition of X7 and the boundedness of E,, we also have

1
If Bl 201y < T2l (5.69)

Combining all the estimations above, we deduce that

1
1R@lly, < (1+T2) (1+ VTe™ ) lltole. + Ol + (1+ VTeT) D" IR ey
j=0

H, 3 (0.7)

(5.70)
In view of (5.70), we set R(T) = 2A(T) with

1
AT) = (1+T%) (1 + NTe") ol + (1 + \/TecT)Znh;qu%( :
J=0 !

0,7)

95



and choose T > 0 small enough so that A(T) + ¢(T)R"*!(T) < R(T), or equivalently,
c(T)RP(T) < % Therefore, the map @ takes the closed ball Bg(0) C X7 into itself.

We show that @ is a contraction, now. Let u;, uy € Brr)(0). Then,

1DCu1) — D) llx,

o, — |Z“2|QT||XT + ||q“‘|(o,T) - |61”2|(0,T)||XT

S IST0; f(Eour) — f(Eou)llcqo,ri:Hsm))
1
+ (1+ V17e” P L] | NI
( );ug, &7l ot

Using Lemma 4.7, we have

IS10; f(Eour) = f(Eou)llcqo.ryazmy S Tlully, + lually s — uallx, - (5.71)

We also have for j = 0, 1 that

A

lg"' — g7l s
J J Ht 3 (O,T)

(DI f(Eour) = f(Eou)llr2o.ry:m5m))

7

1
c(MT2(luallg, + lually My = sl -
Combining all above, we obtain
1 1
1P~ Pu)llx, S (DTl +lually M —uallx, S «(TYT2R(T)llus—uallx,. (5.72)

So, @ is a contraction for small T > 0, since R(T") remains bounded and c(T)T% -
0as T — 0, and therefore @ has a unique fixed point in Bg(0), which amounts to local
existence of a unique solution to (4.1) on Bg(0).

For the extension of this result to X7, and also for the continuous dependence on
the data, we refer to our previous work in Chapter 4 with a tiny change in the boundary

data. This is straightforward, therefore the proof for Theorem 5.3 is completed. O
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Theorem 5.4 (Low regularity well-posedness) Suppose

1 6 6(p+ 1) 2p+ 1)
=— r=—"
=01 -2y 1+ 2sp

(5.73)

s+1-j

Then, for initial data uy € H{(R,) and boundary data g; € Htg(RJr), j = 0,1, with
the additional assumption that if p = 1—L2s (critical case) then |lug||psw,) is sufficiently
small, there is T = T(up,g) > 0 such that the initial-boundary value problem (5.1)
for the HNLS equation on the half-line has a unique solution u € C([0,T]; H}(R,)) N
LY((0,T); HY (R,)). Furthermore, this solution depends continuously on the initial and

boundary data.

Proof We define the space
Yr := C([0, T]; Hy(R+)) N L{((0, T); Hy' (R.)),

together with
Yr = C([0, T); HY(R)) N L((0, T); Hy'(R)).

First, we consider the sub-critical case 1 < p < ]_LZS so that ‘%H > (. Taking the solution
operator, defined via linear unification in (5.61), into consideration, we have the following
estimations.

By Theorems 3.1 and 3.3, we obtain

||y|Qr||YT < lluollas®,)s (5.74)

and by Theorems 3.4 and 3.6, together with (4.92), we also obtain

pu=p-1
ol < (74T ) Il (575)
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To estimate the last term in (5.61), we separate g;f(t) defined in (5.62) as follows:

§4(1) = Eythj() = 08 [Equg: 010, (1) = EpldiS [0: F(Ew)(0,)}1) = g (1) = 84%(1),

(5.76)
which yields to rewrite
4"lor = 4" o — 4%l (5.77)
By using the arguments in (5.67) and (5.68), we have
1
||q”’1|(o,r)||YT < (1 + \/Te"T) (1 + T)lluollse,) + Z ||hj||H$<o,r> : (5.78)
j=0 ,

To estimate ¢"2|( 1y, We use a rearrangement argument which is analogously used
for the Schrodinger equation on the half-plane in Section 6 of Ref. Himonas and Mantza-

vinos (2020). Indeed, we observe that

1 < .
u,2 _ ikx—w(k)t 1 ~u,2 ’
q-(x,t) = o jéo ﬁe 1) J(k)gj [w(k), T'|dk

1 T
— % Z feikx—W(k)t¢j(k) (f ew(k)ra{;S [0’ f(EM)](O, T)dT) dk
j=0 VT 0
| T’ %
= __l Z feikx—W(k)l‘(pj(k) (f ew(k)‘ra{; (f S [f(EI/t), O](O, T— t/)dt/) dT) dk
2n ‘= Jr 0 o
T

= —if q (x,t —1)drt,
0

by Fubini’s theorem and the continuous (since s < %) extension by zero of S[f(Eu);0]
outside [0, '], where ¢* denotes the solution of the reduced initial-boundary value problem
(5.2) with the boundary data 8{;5 [f(Eu);0]. Hence, Theorems 4.3, 3.2, and 3.5 implies

that

%o lly, < (1+eTTa2) A+ TONFED 0. (5.79)
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Using (4.92) and combining the above estimates, we obtain

1
1R@)lly, < c1(Dlluollisce..) + c2(Dllully" + e3(T) Z [l | S (5.80)
= H, 3 (0T)

Rest of the proof directly follows by the arguments that we use in Chapter 4. The

proof is completed. O
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CHAPTER 6

CONCLUSION

The main target of this thesis was to prove that the initial-boundary value problem
for the higher-order nonlinear Schrodinger equation on the half-line is locally well-posed
in the Hadamard sense, in other words, we proved the existence of a unique local-in-time
solution that depends continuously on the initial and boundary data in the Sobolev space
H’R) for s > 0. We figured out in the details of our analysis that the initial-boundary
value problem for the higher-order nonlinear Schrodinger equation must be considered
in two separate scenario depending on the sign of the coefficient of the term involving
highest order spatial derivative. This observation arose naturally thanks to Fokas unified
transform method, which plays a crucial role to define a formula that represents the weak
solution of the corresponding reduced linear initial-boundary problem. Together with the
reduced model, we also analyzed the homogeneous and the nonhomogeneous Cauchy
problems for the higher-order nonlinear Schrédinger equation in order to use their restric-
tion on the half-line and then define a solution map for the linear forced initial-boundary
value problem.

Linear theory for the higher-order Schrédinger equation created some analytical
challenges due to the presence of more than one spatial derivatives in the construction of
the model. By handling these challenges, this thesis provided a first, complete treatment
via the Fokas method of a nonhomogeneous initial-boundary value problem for a partial
differential equation associated with a multi-term linear differential operator. In this point
of view, these details can enlighten the analyses of some other evolution equations that
have similar multi-spatiodifferential structure.

Nonlinear analysis was treated via a contraction argument for both high (s > %)
and low (0 < s < %) setting. In the former setting, we handled the nonlinearity via
the Banach algebra property; while in the latter setting, since this is no longer the case
and, instead, we used Strichartz type of estimates. This is especially challenging in the
framework of nonhomogeneous initial-boundary value problems, as it involves proving

boundary-type Strichartz estimates that are not common in the study of Cauchy problems.
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