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certain elliptic curves, and the error term is best possible due
to the Sato-Tate conjecture.
© 2023 Elsevier Inc. All rights reserved.

1. Introduction

In 1927, van der Waerden [46] proved a celebrated theorem regarding the existence
of arithmetic progressions in any partition of the positive integers with finitely many
classes. This is one of the fundamental results of Ramsey theory, and this theorem
has been strengthened in many different directions. In 1936, a strengthening of van
der Waerden’s theorem was conjectured by Erdés and Turdn [19], which states that
any subset of positive integers with a positive upper density contains arbitrarily long
arithmetic progressions. For a subset A of positive integers, its upper density is defined
as

- An{l,...,N
d(A):limsup‘ Nl }l
N—o00 N

In 1953, this conjecture was confirmed by Roth [35] for arithmetic progressions of length
three. Actually, his proof shows not only the conjecture is true for arithmetic progressions
of length three, but it also provides an explicit upper bound for the largest size of a
subset of {1,..., N} with no non-trivial arithmetic progressions of length three (which
is denoted by r3 (N)). In 1969, Szemerédi [42] extended the aforementioned result to
arithmetic progressions of length four, and then in 1975 he developed his combinatorial
method to resolve the conjecture for arbitrarily long arithmetic progressions, see [43].
The affirmative answer to Erdés and Turan’s conjecture is now known as Szemerédi’s
theorem, which is one of the cornerstones of additive combinatorics. There is also a
finitary version of Szemerédi’s theorem which is equivalent to Szemerédi’s theorem itself.
Let € > 0, and let k be a positive integer. Then, there is some N (e, k) such that if
n > N(e, k), then any subset of {1,2,...,n} with at least en elements contains a k-
term arithmetic progression. The smallest such N (e, k) is called the Szemerédi number
denoted by S(e, k).

A second proof of Szemerédi’s theorem was given by Furstenberg [20] using ergodic
theory in 1977. Furstenberg’s proof was a major breakthrough in terms of both his tech-
niques, which gave rise to many natural generalizations of the theorem, for example the
density version of the Hales-Jewett theorem [21] and the polynomial Szemerédi theorem
[4]. Despite their depths and impacts, the proofs of Szemerédi and Furstenberg fail to
give upper bounds for ri (V) (which is the largest size of a subset of {1,..., N} with
no non-trivial k-term arithmetic progressions), since Szemerédi’s proof applies van der
Waerden’s theorem and Furstenberg’s proof uses the axiom of choice.
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Gowers developed new Fourier analytic methods to reprove Szemerédi’s theorem for
arithmetic progressions of length four [22] in 1998, and arbitrarily long arithmetic pro-
gressions [23] in 2001. In fact, he gave not only a proof of the full Szemerédi’s theorem
but also a quantitative bound for ry (N).

As well as in the integers, Szemerédi-type problems have been extensively studied
in subsets of finite fields. While much work has been done on the problem of whether
subsets of finite fields contain arithmetic progressions, in this study we concentrate on
how many arithmetic progressions we have in certain subsets of finite fields. Here, we
consider the set S, = {t? : t € F,} and we obtain the exact asymptotic for the number
of k-term arithmetic progressions in this set. Our approach relies on the estimation of
character sums, which has been a recurrent topic in number theory. A typical exponential
and character sum is of the form

T, = Z (g1, .oy xp))

(mh“wfn)e]Fg

and

T= Y X)),

(1500 ) EFD

where ¢(z1,...,x,) € Fpla1,...,2,] of degree d, 1(x) is a non-trivial additive character
and x(x) is a non-trivial multiplicative character on the finite field F,. The expectation
is the estimate

T3] < ep™?, (1)

where ¢ is a constant depending on n and the degree d of the polynomial ¢(z1, ..., z,),
and this is sort of a randomness. The above estimation corresponds to the Riemann
hypothesis in finite fields. The estimation (1) was first achieved by Hasse [25] for single-
variable smooth cubics and then generalized by Weil [48]. For each odd prime number p
and for each non-linear polynomial f € Z[X], we denote the Weil sum by

s(f,p) = Z ep (f(2)),

z€lF,

where e, () = €27®/P_ In 1948, Weil proved as a consequence of his work [48] in algebraic
geometry that if p is an odd prime number and f € Z[X] is a non-linear polynomial
with f ¢ pZ[X], then we have

Is(f,p)| < (deg f —1)-/p.

The higher dimensional version for the estimation of the exponential sum 77 was
obtained in the seminal works of Deligne [16,17] where he proved the Riemann hypothesis
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for finite fields that was also conjectured by Weil. More precisely, Deligne [16] proved that
if p does not divide d and if the homogeneous part ¢; with degree d of ¢ defines a smooth
hypersurface in P"~!  then the expected estimation for Ty holds with ¢ = (d — 1)".
Later on, Katz [28] proved the multiplicative version of Deligne’s result and obtained an
estimation for the sum 75. In this article, our algebraic sets that we encounter are highly
singular and this is why we need singular character sum estimations. An estimation of this
type was proved by Rojas-Leén [33], extending the work of Katz. In a very recent work,
Rojas-Ledn [34] deduced an estimation for multi-variable multiplicative character sums,
which extends the well-known estimates for both classical Jacobi sums and one-variable
polynomial multiplicative character sums. The result of Rojas-Le6n [34] will be crucial
to prove our first theorem of this paper, and we obtain an asymptotic for the number
of k-term arithmetic progressions (k-APs) in S, with a better error term. Moreover, our
error term is sharp and best possible when k € {4,5}, owing to the celebrated Sato-
Tate conjecture (a theorem now), see [3,8,24,45]. Observe that our estimate in the next
theorem is reminiscent of the Riemann hypothesis in the sense of finite fields.

Theorem 1.1. Let k > 4 be a positive integer and p > 3 be a prime number. The number
of k-APs in S, is given by

where

k-2 k-2 3
e (2242 vy

and ci is an explicit computable constant depending only on k.

When we look at the historical process of the distribution of quadratic residues or
counting quadratic residue patterns in finite fields, it is seen that it has been widely
handled by different mathematicians. Over the past 100 years, for £ > 1 and an odd
prime p > k, it has been desirable to count how many k-tuples of consecutive numbers
a,a+1,...,a+k—1in F have predetermined quadratic residue or nonresidue behavior.
For a choice of k signs e1,...,e; € {1}, set

,— 1
Np(el,...,ak)—‘{aeﬂ?px : (%) =g fori_l,...,k}

9

where <5) is the Legendre symbol. In 1896, Aladov [1] counted each quadratic residue
patterns of length 2, and some quadratic residue patterns of length 3 in F¢. In the
1930s, Davenport [13,14] considered this counting problem for k > 4. It was shown [27,
Chapter 9] that for k signs €1,...,e, € {£1}, and an odd prime p > k,
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‘Np(sl, N T Ea

k
k—1 =
k| <k =D vp+3

Moreover, quadratic residue patterns with gaps that are not necessarily consecutive was
also counted: if p > k and ¢y,. .., c; are distinct in [F), the set

{aE]FPX : (a—l—ci) =&; fori:l,...,k}
p

has a size N, and it satisfies

p

k
‘Np—z—k <(k=1)Vp+ 3.

See also [9]. When we fix ¢; = 1 for each 1, this yields that the number of k-APs in S,
is given by

where
[H| < (k1) p* + Ok(p).

In this case, it is seen that the estimate in Theorem 1.1 for the number of k-APs in S,
has a better error term than that of (2).

In our following result, we obtain the formulas which give the exact number of non-
trivial arithmetic progressions of length 3 in the set S,,. Note that “non-trivial” means
that the common difference of the arithmetic progression is not zero.

Proposition 1.2. Let p be an odd prime number. The number of non-trivial 3-APs in S,

is given by the following table:

The formula The prime number p

1
g(p+3)p71 p =1 (mod 8)

p =3 (mod 8)

i
I
w
S|
I
—

p=>5 (mod 8)

—~ —~ =~
3
—

- T =

p =7 (mod 8)

i1
+
=

0| =0 00|
—~ o~
S|
I
—
_ = =
S|
|
—

A formula that determines the number of non-trivial 4-APs in S, can be given in the
following result, and it depends on the number of points on the elliptic curve

E:y? =z(z+3)(z+4).
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Since we will use elliptic curves in some of our formulas, it would be necessary to point

out that an important aspect of the study of elliptic curves is devising effective ways of

counting points on the curve. There are several approaches to do so, and the algorithms

devised have been proved to be useful tools in the study of various fields, see [29,38,39].
We also note that the error term in the following theorem is sharp.

Theorem 1.3. Let p > 3 be a prime number. The number of non-trivial 4-APs in S, is
given by the following formula:

e+t (p=DEp+1) pl
16p2 16p2 2

() () () (o ()

1 (-1
+ 16 (?) (p—1) (#EF,) —p-1),

where the elliptic curve E over F), is defined by
E:y? =z(x+3)(x+4),
and ;) is the Legendre symbol. Moreover, the number of non-trivial 4-APs in S, is

given by

_+Rp’

p
16

where
1
Ryl < 5 9t +0(),

and the error term R, and the above coefficient % are best possible in the sense that
O(p%) cannot be replaced by a smaller function of p, and % cannot be replaced by a
smaller constant.

The resulting formula for the number of 5-APs in S, is quite long and involves more
elliptic curves. The exact formula can be found in its proof.

Theorem 1.4. Let p > 3 be a prime number. There exist explicitly computable polynomials
f € Z[X], g S Z[Xl,Xg,Xg,Xd and hl € Z[Xl,XQ} with degf = 3, degXlg =3 and
degy, hi =2 fori e {1,2,3} such that the number of 5-APs in S, is given by

I CO RO H ) BT ) B

32p3 32p3 32p2
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where the elliptic curve E; over I, is defined by

By y? = a(x +3)(z + 4),
By y? = 2(x +4)(z +6),
By :y? =x(x+8)(x +9),

and (5> is the Legendre symbol. Moreover, the number of 5-APs in Sy is given by

and the error term is best possible in the sense that O(p%) cannot be replaced by a smaller
function of p.

Can we take our question above a step further, and give a formula that calculates the
number of 3-APs in the set of cubes

Cp={t*:teF,}

in IF,? In addition to our results which make use of Gauss sums for the number of non-
trivial 3-APs in S, we give the following result using Kummer sums for the number of
non-trivial 3-APs in C),.

Theorem 1.5. Let p be a prime number with p = 1 (mod 3). Let ), denote the number
of non-trivial 3-APs in C,. Then,

(p+2?> p-—1 p+2
4 7 - Ap+8) L%
Qp 27p + 27p (pep +4p +8) 3
where ¢, € Z with ¢, = O(,/p) is a computable constant which depends on p. If p is of
the form u? + 27v? for some integers u and v with u = 2 (mod 3), then

3
Qp = @;7;) erQTpl(ZuprIQer@ -2

In Table 1, using SageMath [36], we give the calculations of the formulas, we obtained
in our theorems above, for some certain values. Note that if p # 1 (mod 3), then C), =F,
and so @, =p(p — 1).

Short Outline of the Paper: In the next section, we will give the basics of finite Fourier
analysis and some fundamental theorems of arithmetic geometry and exponential sums
that we will use frequently in the manuscript. Section 3 contains the proof of Theorem 1.1.
In Section 4, we will prove Proposition 1.2. The proof of Theorem 1.3 and the proof of

Theorem 1.4 are contained in Section 5 and Section 6, respectively. Section 7 consists
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Table 1
The number of non-trivial 3 and 4-APs in S, and C), for prime numbers
p between 20 and 50.

20 < p <50 #3-APs in S, #4-APs in S, #3-APs in C)

23 66 44 23x22
29 98 28 29x28
31 120 30 50
37 162 54 60
41 220 120 41x40
43 210 84 70
47 276 138 47 x46

of the proof of Theorem 1.5. Finally, in Section 8, we will give some results concerning
Salem sets and the Sarkoézy problem.

2. Preliminaries

In this paper, we make use of Fourier analysis on finite abelian groups. In particular,
our main tool will be the Fourier transform of functions which are defined on the finite
cyclic group Zy. Throughout this note, ey : Zy — C is defined as ey (z) = e>™*/N for
any x € Zy. This function has the following well-known property, which is known as
orthogonality:

S eN(mu):{o if u 0, 3)

e N ifu=0.

Given a function f: Zy — C, its Fourier transform fat m € Zy is defined by

fm) =N 3" en(—am)f(x). (4)

r€LN

Basically, the Fourier transform of f : Zy — C is another function that is defined
as the average of the values f(z) multiplied by the corresponding roots of unity, namely
en(—xm), x € Zx. It has numerous useful properties. Among them, the one we require
is the inversion formula. The inversion formula states that with the above definition of
the Fourier transform, we can recover f from its Fourier coeflicients via the formula

f@) = 3 en(am)fim). (5)

meZn

This basic feature of the Fourier transform appears frequently in the proof of our
results. Surely, there are much more practical properties of the Fourier transform. For
more detailed information about Fourier analysis on Zy, one can consult [41].

In the following definition, we describe an arithmetic progression in Z.
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Definition 2.1 (Arithmetic progressions). An arithmetic progression of length k (k-AP)
in Z is a sequence of k-integers such that each difference between two consecutive terms
is the same constant.

We say that a set A C Z contains arbitrarily long arithmetic progressions if for any
k € N, there is a non-trivial k-AP in A. There are some distinctions between arithmetic
progressions in Z and Zy. We define an arithmetic progression in Zy in the following
way.

Definition 2.2. A k-term arithmetic progression in Zy, g, Z2, ..., Tx_1, iS a sequence of
integers satisfying

20, =wi1 + Tipa (mod N),
foralli=1,....k — 2.

The disadvantage is that arithmetic progressions in Z y are not necessarily arithmetic
progressions in Z (they might “wrap around”). For instance, in Zig2, {65,100,33} is a
3-term arithmetic progression but not in Z. Nevertheless, there is a relation between
lengths of arithmetic progressions in Z and Zy. The following proposition was stated
by Bourgain without proof in [7]. Thus, we felt the need to prove this proposition.

Proposition 2.3. If there exists a non-trivial (2k2 -2k + 1) -AP in Zy, then there is a
non-trivial arithmetic progression in Z of length k contained in this given arithmetic
progression in Z .

Proof. Let x1,x2,...,%9k2_2k+1 be a non-trivial (2k32 —2k+ 1)—AP in Zy. Now, we
divide the interval [0, N) into k disjoint parts

By the pigeonhole principle, there exist an interval [W, %) and a,b € {1,...,k+1}
with @ < b and i € {1,...,k} such that

i —1)N iN
T, Tp € u,z— and x, # xp ¢

k k
| | | | | | | |
1 1 1 1 1 1 1
0 N (—1)N Ty T iN (k—1)N N

k Tk k Tk
N
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Note that after choosing the appropriate representation of the elements of the arithmetic
progression on classes modulo N, we consider the elements as integers.
Hence, the set {xa, Ty Tat2(b—a)s - - -1 %+(2k—2)(b—a)} has the following properties:

. |xa+(i71)(b7a) — xa+i(b—a)| =dforie {1,2,...,2k — 2},
e a+(2k—2)-(b—a) <2k®>—-2k+1fora,be{l,...,k+1}.

® is an arithmetic progression on one of the intervals
(=2N, N) and [0,3N). Now, without loss of generality, we assume that {xa+i(b—a) }22582
is a (2k — 1)-AP on [0,3N). If {xaﬂ-(b,a)}fif N [2N,3N) # 0, then there exists an

arithmetic progression of length at least k on the intervals [N, 2N) since d < N/k. For
2k—2
- i=0

d < N/k, there exists an arithmetic progression of length at least k& on one of the intervals
[0, N) and [N, 2N). Thus, we conclude that there exists a non-trivial k-AP in Z obtained

from the k-AP on one of the intervals [0, N) and [N,2N). O

It means that {xaﬂ-(b_a)}?ig

the other case, if {a:a_,_i(b_a)} N [2N,3N) = 0, by the pigeonhole principle and as

The proposition above provides a way to connect Z y-progressions to Z-progressions.
In particular, finding a (2k2 —k+ 1)—AP in Z N gives rise to the existence of a k-AP in
{1,..., N}. In the further parts of this note, we prove that there are long APs in some
special subsets of Z . Hence, if we lift those sets up to Z, that is to say, see them as a
subset of Z, then we obtain Z-APs.

The characteristic function A(z) of a set A C Zy is defined as

1 if A
A(x): ITxe A,
0 ifxé¢ A

We will often use the following lemma, which determines the number of k-APs in the set
ACZy.

Lemma 2.4. Let A be any subset of Z and k > 3. Then, the number of k-APs in the
set A is

Nz‘A|k
Nk

+H,

where

H =N?2 > A(xy) -+ Axp—2)A(my + 239 + - + (k — 2)xp_)

)

. (—2CE1 -3z — -+ — (k’ - 1)337@72)-
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Proof. Let A be any subset of Zx and k > 3. Define

An®) = {(y1,92, -, yr) eAk:yi+1 —y;=tforie{l,....,k—1}}

as the number of k-term arithmetic progressions in A with common difference ¢.
So, the number of k-APs in A is equal to

Z Qn(t) = Z Z Aly)A(yr +1) -+ A(ya + (k= 1)t). (6)

teZn YVIELN tELN

If we use the Fourier inversion formula (5) for each of the terms in Equation (6), namely
for

A(yl +t)7A(y1 + Qt)a B ~7A(y1 + (k - 1)t)7

we obtain the following sums which depend on the Fourier coefficients of A:

S ovt) = Y Aw) Y enlwoly +6)Alx0)

teZn y1,t€ELN T0€EZLN
Y en(@r-aly + (k= 1)1) A(zy—2)
T 2€LN

= > A(y1)A(zo) -+ Alwr—2)en (y1(zo + 21 + -+ + 25-2))

(ylA,IoA,Il,m,Ik—z)
> en(t(@o + 2z + -+ (k= Dap_2)).

tEL N

By orthogonality, we have

> en(t(@o + 2+ + (k= Day2)) =

t€EZ N

N lfx0+2$1++(k71)$k_2:0,
0 otherwise.

From this orthogonality relation, we obtain that

> Qnt)=N > Ay) A1) - A o) A(=221 — -+ = (k — 1)zg_2)
teZn (Y1,71,%2,...,Tl—2)
. €N(y1(—l‘1 — 2$2 — s = (k — 2)xk_2)).

Then, one can conclude that

Y Qnt)=N* > A(m1) - Alwp—o) Ay + 220+ Bws + -+ (K — 2)zp_2)
teZn L1,L2,...,Tk—2

~

. A(—2.’131 — 31‘2 — = (]f — l)l‘k_g).
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We denote this again by

2 k
S oni =240 g

=~
tEZN
where
H =N? Z Alzy) - A(wg_o) Ay + 200 + - + (k — 2)zp_2)
(z1,22,...,Tk—2)F0
. ;{(-21‘1 — 31‘2 —_ . — (k _ 1)xk—2),

and the proof is complete. 0O

Now, we introduce the notion of a Salem family. These are certain families of sets that
lie in Z . We call the sets in a Salem family as Salem sets. Lott [30] showed that it is
possible to guarantee the existence of a 3-AP in Salem sets. In the last section, we will
focus on the existence of long arithmetic progressions in Salem sets.

Definition 2.5 (Generalized Salem family). Let {An}nep be a family of sets with Ay C
Zxn and a € (0,1), where B C Z~( is infinite. The family {Ax}nyep is said to be an
a-Salem family, if there exists a constant C' depending on « such that for all N € B and
all nonzero m € Zy,

[An(m)] < C- N1 AN|*,
and the constant C' is called the a-Salem constant.

The definition of a Salem family is based on the magnitude of the values of its Fourier
transform. For instance, for a positive integer n > 2, one can consider

Qp ={t": teFp},

and the sets {Q) },cp constitute a %—Salem family, where P is the set of prime numbers.
Proof of this can be obtained from [48]. Now, we continue to give the necessary back-
ground in order to prove our results and obtain some properties of the families {Sp},cp

and {Qg}pe]p.

Definition 2.6. Let p be an odd prime number. An integer a which is not divisible by p
is said to be a quadratic residue modulo p if it is congruent to a perfect square modulo
p and is a quadratic nonresidue modulo p otherwise. The Legendre symbol is a function
of a and p and it is defined as
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1 if @ is a quadratic residue modulo p,
a
<—> =< —1 if a is a quadratic nonresidue modulo p,

p
0 ifp]|a.

Below we list three important properties of the Legendre symbol which will be fre-
quently used.

Proposition 2.7 ([32]). For integers b and ¢ with p b,

pi (b£+c) o

£=0 p

Proposition 2.8 (/32]). Let a,b and c be integers, and let p be an odd prime. Then

Pl bl e B —<%> ifpf(b2_4ac),
Z( p ) (%)(p—l) ifp | (b* — dac) .

£=0

Remark 2.9. Let £ be an odd positive integer and m > 1. Let a;; € F), for 1 <7 < k and
1 <37 <m. Then

3 <a11x1+~-~+a1mmm>_”(ak1x1+-~-+akmxm>_0

p p
T1,22,...,Tm €Fp

This equation is quickly obtained by defining new variables y; = ax; for a chosen a € ),

with (%) = —1. This property will be used frequently without being specified in the
following sections.

In 1924, Artin estimated the correctness of the following theorem on elliptic curves.
However, Artin was not able to prove his estimate. In 1933, Hasse proved the estimate
of Artin. Then, Weil generalized the result of Hasse, as we mentioned in the previous
section. The following two theorems will play an important role in finding the number
of arithmetic progressions of length 4 and 5 in S,,.

Theorem 2.10 (Hasse [47, Theorem 4.2]). Let E be an elliptic curve over the finite field
F,. Then, the order of E(F,) satisfies

p+1-#E(F,) <2Vp.

Theorem 2.11 ([} 7, Theorem 4.14]). Let E be an elliptic curve defined by y? = x3+Ax+B
over the finite field IF, where p is an odd prime. Then,

#EF,) =p+1+ >

<x3 + Ax + B)
zelF,

p
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Let & > 6 be a positive integer. When estimating the number of arithmetic progres-
sions of length k in S,, we need a conclusion that yields more than Hasse’s theorem.
In 2022, Rojas-Leén proved an estimate for multi-variable multiplicative character sums
over affine subspaces of A}, which generalizes the well-known estimates for both classical
Jacobi sums and one-variable polynomial multiplicative character sums [34]. The follow-
ing theorem proved by Rojas-Leo6n is of fundamental importance in finding the number
of arithmetic progressions of length % in S, with a better error term.

Theorem 2.12 (/3/, Corollary 2/). Let k = F, be a finite field, with ¢ = p* a prime power.
Let x1,...,xn : F; — C* be n non-trivial multiplicative characters. Let Ly, ..., Ly, :
A — Al be affine linear forms, with L;(t) = a; 1t1+ -+ -+ a; ata +bi, and let V; C A¢ be
the hyperplane defined by L;(t) = 0. Suppose that the affine map Az — A} defined by the
L; is injective (that is, that the matriz (a;;) has rank d), and that for every I C {1,...,n}
with |I| < d+ 1 we have dim (N;erV;) < d — |I|. Then, we have the estimate

> X1 (La(t) - Xn (Ln(t)| < Dy - "2,
teke

where

d
Dy = (-1)"+> " (-1)" a;,

j=1
and a; is the number of subsets I C{1,...,n} with |I| = j such that NierV; # 0.

Observe that the algebraic sets occurring in the previous theorem are highly singular,
so one cannot apply the results of [28] and [33] immediately. Although the character sum
estimates are in the realm of analytic number theory, the technique behind them is the
use of /-adic cohomology and Grothendieck’s trace formula, see also the works of Deligne
[15,18].

Given that p and ¢ are two distinct odd primes, suppose we know whether ¢ is a
quadratic residue of p or not. The natural question is as follows: will p be a quadratic
residue of g7 One of Gauss’ favorite theorems, which is the law of quadratic reciprocity
answers this question. The law of quadratic reciprocity is a very deep theorem with over
two hundred fifty proofs.

Proposition 2.13 (6, Theorem 1.2.6] Law of quadratic reciprocity). Let p and q be two
distinct odd prime numbers. Then,

() ()=

holds.
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For an odd prime number p, an integer a and k € Z~g, a general Gauss sum is defined
as

-1

Gi(a,p) = Z ep(am®). (7)

=0

=

When k& = 1 and p 1 a, as mentioned before, the sum of all p-th roots of unity, which
is a geometric sum and can be easily evaluated to be zero. When k£ > 2, the task of
determining the sum then becomes considerably more difficult. In fact, even for the
initial case k = 2, it took Gauss several years to accomplish this. In late May of 1801,
Gauss conjectured that

P ifp=1 (mod 4),
Ga(1,p) = {Z\/ﬁ if p=3 (mod 4). v

On August 30, 1805, Gauss wrote in his diary that he devoted some time to this problem
every week for more than four years before he was able to prove his conjecture on the
signs of these sums [5]. The sum Gs(a,p) introduced by Gauss in 1801 is now called the
quadratic Gauss sum.

Theorem 2.14 (6, Theorem 1.5.2]). Let a be an integer not divisible by a prime p > 2.

Then
( )\/]3 ifp=1 (mod 4),

p—1 a
Ga(a,p) = mz ep(amQ) = (;) Ga(1,p) = i€%> VP ifp=3 (mod 4).

=0
We also recall Weil’s theorem from the introduction.

Theorem 2.15 ([48]). Let p be an odd prime number. Let f € Z[X] be a non-linear
polynomial such that f ¢ pZ[X]. We denote the Weil sum by

s(f,p) =) e (fl@),

zelF,

where e,(x) = e*™*/P. Then, we have

Is(f,p)] < (deg f—1)-/p.

In additive number theory, another theorem that comes on the scene, which is in a
similar spirit of Szemerédi’s theorem, is Sdrkozy’s theorem. Sarkozy [37] and Furstenberg
[20] independently proved the following result in the late 1970s, now commonly known
as Sarkozy’s theorem:
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Theorem 2.16 (Sdrkézy’s theorem, [37]). If A is a subset of positive integers with a
positive upper density, then there are two distinct elements of A whose difference is a
perfect square.

In the last section, we will get some results considering the generalized Sarkozy prob-
lem for a-Salem families.

3. Proof of Theorem 1.1
Proof of Theorem 1.1. Let p > k be an odd prime number. Let

Qp(t) = [{(z1,..., k) € S§ | wig1 —a; =t fori € {1,....k—1}}| 9)

denote the number of k-term arithmetic progressions in S, with common difference ¢.
By Lemma 2.4, the number of k-APs in S, is equal to

2 S k
b |p,j’ +R,
where
R=7p? Z 3;(:61) e 3;(33]@,2)?;(1‘1 +2r0 4+ (k= 2)xp—2)
(z1,22,...,x5—2)F#0
- Sp(—2wy — 3ag — - — (k — 1)ag_s).
Note that when 0 # m € F,,
~ 1
Sp(m) = — Z ep(—ma)Sp(x)
p
z€lF,
1
== ep(—max)
szSp
1

I
|
».é-b
|
El
+
-

Il
S
VRS
o
VRS

|
“\3
N—
S
+
T
N———

[l
2|
[\
_
<
o
N
|
“3’3
N———

where
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1 ifp=1 (mod4)
E =
i if p=3 (mod 4),

~ 1
and S,(0) = 5] = p2—; in case m = 0.

Next, we find the upper bound mentioned for the error term R. By the expression

of R and the Fourier transform of S, which were given above, it is sufficient to find an
upper bound for the following expressions in forms A, B,C and D since they are the
largest ones:

o 05) e, 2 ) ()
. ( = amxam> ((m BLILIESE “WM) o)

1 k—1-m 1 o
B = 2(&) - <_‘11)
P2 (2yp)™ " %Z P

(a1+1)zaq +-- +(anl+1)-La-,” =0

. (_:L'a'm) <_a1xa1 - amxam) (11)
p p ’

Zays-Tam
—Q1Taq — —AmTa,, =0

< xam)<a1+1)xa1+~-p-+(am+1)xam>’ (12)

o () w5 )5

Taq s Tam

—Q1Tay — " —AmTa,, =0

(a1+1)zaq +--+(am+1)za,, =0
(13)

where a; € {1,2, ...,k — 2} such that a; # a; when i # j, and m € {2,...,k — 2}. Now,
we observe that in case of m = 1, the equations from (10) to (13) are equal to zero. By
the properties of the Legendre symbol, we get

S () () () = () 2 ()

Taq

Then, it follows from orthogonality that

()2 () o
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Thus, equation (10) is equal to zero. As a1 € {1,2,...,k — 2}, we also have

> () ()

(a1+1)xq; =0

Similarly, the other equations are shown to be equal to zero.

We first find the upper bound for (10). Since we cannot apply Theorem 2.12 imme-

diately to the sum, we bring the expressions to the appropriate forms. Using change

of variables, namely z,, = x,, 24, for i € {1,...,m — 1}, and by the properties of the

Legendre symbol, A above becomes

p2 ) (p + 1)167277” . Z —ZLa, . Ly, 1
ok . pk—2-m .pm;z p P P

TaysesPap, 1
. <a1xa1 — = U 1Ta,,_, — am)
p
<(a1 =+ 1) Tgy + -+ (am—l =+ 1) T L 1)
» .

Now, we calculate (14) with the help of Theorem 2.12.
Take affine linear forms Ly, ..., Lyt : A7 — Al as

Lm(x) =—Q1 Tgq, t "+ —Qm_1-Tq,,_, — Qm

Liii(z) = (a1 4+1) - 2oy, + -+ + (am-1+1)  Za,,_, + (am +1).

(14)

The affine map defined by L; is injective since the matrix (a;;) has rank m — 1. Now,
let V; € A}*"! be the hyperplane defined by L;(x) = 0 for each i € {1,...,m + 1}, and

Ic{1,...,m+ 1} be a subset with |I| < m. When |I| =m,

vi=0

iel

that is to say dim (N;erV;) = —1. When |[I| <m — 1,

dim(ﬂ%) <m—1—|I

icl
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holds since the intersections of the hyperplanes V; do not coincide with themselves.
Hence, by applying Theorem 2.12, we get the following inequality

=

1
Al < oF Dy -p? + Ox(p2), (15)

where

m—1
Dp = (=1)"' 4+ ) (1) g

j=1

and ¢; is the number of subsets I C {1,...,m + 1} with |I| = j such that

(Vi #0.

iel

m+1
Cj = ]

when j € {1,...,m — 1}. Using the well-known identity

m+1 m
ZJAV(fﬁza

Notice that

J

the value D, becomes

B e ("

— J

= (=D (=D)™A + (-1)™(m+ 1)+ (-1)™H) = m. (16)

<~

Therefore, (15) and the previous equality yield that

=

1 3
|Al < 2—k~m~p3 + Og(p?).

Now, we rewrite the other forms and bring them to the form A. Note that the prop-
erties of the Legendre symbol and change of variables will be used again. If we arrange
the indices on (11) and (12) using

(a1+1)$a1+"'+(am+1)xam:O and _alxal_"'_a“m‘ram:07

we get the following sums:
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p2 : (p + 1)k717m 2 : “Ta; \ [ “Tam-
ok ,pkflfm .pm2+1 P P
Wap, 1

(a1 + 1) xe, +-+ (am-1+1) xam_l)

( p
m ap +-F m — Um— Ay —
(e bt o ), -
p
p?-(p+ 1)t Z “Tay \ [ ZFam—s
2k . ph—l-m . "5 P P
aproTag, q
<a1xa1 +-tam-1%a,,_, ) <(am —a1)Za, + -+ (Am — Gm—1) Ta,,_, )
p p '
(18)
Similarly, if the same method as in form A is applied for (17) and (18), we get
m s 1
Bl< 2ot 1 0ulph). (19)
m
Ol < 2 pt 4 0o (20)
If we first use —a124, — - - — @mTq,, = 0 to rewrite the indices of the form D, we get

the following sum in order to find the upper bound for (13):

x5 e

LayrLay, 1
(1-aytar)ee; ++(1=a, am—1)za,, =0

. (awal - Fam-1%a,, )
p

Then, again if the same method is used as in forms B and C, we deduce that
m 3 1
D] < 35 - p* + Ok(p?). (22)

There can be at most 2¥~2 expressions for (10), (11), (12) and (13) in the error term
R. We also know that half of these expressions are zero by Remark 2.9. Thus, we deduce
the upper bound for R as

k—2
k—2 m 3 k—2 k-2 3

m=2
using the equality

k—2

g(k;Q)-m:; <kn_12)'m‘(k—Z)Z(’f—2)-2’“‘3—<k—2)_

=1



S. Eyidogan et al. / Finite Fields and Their Applications 91 (2023) 102264 21

Moreover, if the sums for the error term contributing to p are determined and calculated,
as in our proof, the constant ¢ can be found explicitly. O

An Application of Theorem 1.1 Let {5, }, en be a sequence of sets such that p; = 5 and
p; is a prime number. This time, we consider S,, as a subset of {1,...,p;} C N. Let us
make an assumption for now. Assume that when i > j > 1,

Spiﬂ{l,Q,...,pj}:Spj.

Let us define

A={]JS,,.

i>1
Claim: The set A contains arbitrarily long arithmetic progressions.

Proof. Let & > 3 be a positive integer. By Theorem 1.1, for a sufficiently large prime
number p;, the set S),, contains non-trivial arithmetic progressions of length 2k — 2k +
1 modulo p;. It follows from Proposition 2.3 that S,, contains non-trivial arithmetic
progressions of length k in Z. Hence, A contains arbitrarily long arithmetic progressions.
(Thus, we proved the claim without using Szemerédi’s theorem.) 0O

Now, let us prove the above assumption, namely the existence of such sequences.

Proposition 3.1. Let ¢ be a prime number such that ¢ = 5 (mod 8) and Sy be the
set of quadratic residues modulo q, that is S, = {k € {1,2,...,q} : 2? = k
(mod q) for some x}. Then, there exists a prime number p > q such that p =5 (mod 8)
with

Spn{l,2,...,q} =S,

Proof. Let ¢ be a prime number such that ¢ =5 (mod 8). Now, let us divide the primes
in {1,2,...,q} into two sets according to be quadratic or quadratic nonresidue modulo g.

Let p1,...,pr € {1,2,...,q} be the list of primes where <&> =land2=¢q,...,qr €
q

{1,2,...,q} be the list of primes where <&> = -1
q
For i € {2,...,r}, choose a; € {1,...,¢;} such that (al) = —1. Consider the follow-

i
ing congruences:

5 (mod 8),
1 (mod p;),for each i € {1,2,...,k},

X
X
X

a; (mod g;),for each i € {2,3,...,r}.
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By Chinese Remainder theorem, the solution set is an arithmetic progression

(a+n-8pr - prg2- - qr),

where 0 < a < 8p; - prqa - - - . Moreover, ged(a, 8py + - - prge - - - ¢») = 1. Recall Dirich-
let’s theorem on arithmetic progressions [2, Theorem 7.9], which states that if a and ¢
are relatively prime positive integers, then there are infinitely many primes of the form
a + nf with n € N. By Dirichlet’s theorem, the above arithmetic progression contains a
prime number, say p > ¢. Combining the law of quadratic reciprocity and p = 5 (mod 8),
we obtain that for any odd prime s,

0o -

Thus, (2—?) =1 if and only if <E> =1.As <£> = (l) =1foreach i€ {1,2,... k},
s p

Y23 pi
pi\ - P\ _ [ai\ _ .
we get (> = 1. Similarly, as () =(—) =-1foreachie{23,...,r}, we have
b 4qi qi
i 2
%) = —1. Also, as p = 5 (mod 8), we obtain that <5> = —1. This completes the
proof. O

4. Some applications of quadratic Gauss sums
In this section, we prove Proposition 1.2 using quadratic Gauss sums.
Proof of Proposition 1.2. Let p be an odd prime. Let

Qp(t) = {(z,y,2) €Sy |y —a =2 -y =1} (23)

denote the number of 3-term arithmetic progressions in S, with common difference ¢.
By Lemma 2.4, we have that

_ p2|Sp|3 2 3 (NS (NT (_
ZQp(t) 3 +p ZSP(E)SP(E)SP( 20). (24)

telF, £#0

Recall that when 0 # m € Fp,

where

1 ifp=1 (mod 4),
E =
¢ if p=3 (mod 4).
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Using » <

L#0

P ES0505 2é)=p2;(2ip<1+€(7€)\/ﬁ))2(%<1+5(%)\/§>>

) , we conclude that

SRR

Note that
-1 p—1 1 ifp=1 (mod 4),
() =cv= =it (25)
D -1 ifp=3 (mod 4)
and
2 P21 1 if p=1or7 (mod 8),
<_> =(-1)"=s = L (26)
p —1 ifp=3or5 (mod 8).

When we assume p =1 (mod 8), it follows from equations (25) and (26) that

~ ~ 1
P
Sp(£)Sp(£)Sp( — 1) (p—1).
> S5, 20) = 5 Bp+1)(p—1)
140
Hence, we find that the number of non-trivial 3-APs in .S, is

D> Qnt) — 1Syl = <p2 (p;;)l)‘”’Jr (p—1)8f>p+1)> - (p_;1>

teZ,

_(=1(@+3)
3 .
In addition, if the processes are done by considering, respectively, conditions p = 3

(mod 8), p =5 (mod 8) and p = 7 (mod 8) in the same way, we obtain the following
formulas

(P=Dp=3 @e-Hep-1) , -HEp+1)
8 ’ 8 8 '

The above proposition actually gives the number of non-trivial solutions of the Dio-
phantine congruence x?+y? = 222 (mod p). Now, we consider this situation from another
perspective. When we look at the significant developments on arithmetic progressions
in recent years, it can be seen that the Diophantine equation z™ + y” = 22" has no
non-trivial primitive solutions in Z~g when n > 3, and this was proved by Darmon and
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Merel [11]. An integer solution (x,y,z) is called primitive if ged(z,y,2) = 1. In con-
trast to the Darmon-Merel Theorem, we will observe that for n > 3, the congruence
2™ + y™ = 22" (mod p) has a non-trivial solution when p is a sufficiently large prime
number. In order to get this observation, it is enough to show that there exist non-trivial
arithmetic progressions of length 3 in ) = {2" : x € F,}, and this can be achieved by
van der Waerden’s theorem [46].

Remark 4.1. For n > 3, Q) = {z" : z € F,} contains non-trivial arithmetic progressions
of length 3 when p is a sufficiently large prime number.

Proof. Let m = |IFPX/ (pr)n|. Note that 1 < m < n. Let {g1,92,...,9m} be a set of
representatives of FX/ (FX)", in other words

Define a coloring ¢ of {1,2,...,p — 1} by m-many colors as follows. For each a €
{1,2,...,p— 1}, there is a unique g; such that a € g; (IFPX)”. Set ¥(a) = 4. By van
der Waerden’s theorem [46], if p is large enough, there are distinct elements z,y, z € Fy
such that

4y =2z and $(x) = $(y) = ¥(z) = i.

As we can write x = gz}, y = gy, 2z = ¢;2], we obtain nonzero distinct elements
ap,yp, 2 € (F))" = Qn\ {0} such that o} +yI' = 227, O

5. Proof of Theorem 1.3

First, let us calculate the sums specified in the following lemma, which we will need
in the proofs of Theorem 1.3 and Theorem 1.4.

Lemma 5.1. Let p > 3 be a prime number and for nonzero m € IFp,
~ 1 1 —-m
S, = 3o+ 555 ().
8 2 2yp \ p
where

o 1 ifp=1 (mod 4),
R if p=3 (mod 4).

Then, for a,b,c,d € F), with abcd(ad — be) # 0, we have
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W 3 Stsieonsiom = (5455 ((5) () + (7)) o -»

m#0

am > S,(m1)S,(m2)S,(emy + dms)

cmi+dmo#0
ami+bmo=0
ma#0, m1#£0

(e () (551) - (52

p
(I11) Z §p(m1)§p(m2)§p(am1 + bmg)gp(cml + dms)
cmi+dma7#0

ami+bma#0
ma ?50, ma 750

S Y -0 (S #EE) - )

(PROROHGIIEE
(EEENEE
(5 o ()
- o ((%“’) + (‘de> + (%) + (%)) (p—1)

where the elliptic curve E over IF, is defined by

L 5
T 16p8°
L 5
_16p3€
L 5
_16p35
1

E:y* =x(z — be)(x — ad).

Proof. (I). As ab # 0, we see that

> 5, (m) S, (am)S, (bm)

z( () G () (o (57)

Since we know that the sum of product of terms containing an odd number of Legendre
symbols is zero, we just need to calculate the product of terms containing an even number
of Legendre symbols. Thus, we obtain that

> Siomsemsom =3 (g5 + 55 ((5)+ (5) ()

m##0 m#0

N CRORE)IS
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(II). Since amy + bmg = 0, we have

>

cmi+dmo#0
ami+bmso=0
ma#0, m17#0

Then, by (1) the desired equality is obtained.
(III). Now, let us calculate the last sum:

~

>

cmy+dma#0
ami+bma#0
ma#0, m17#0

where

T(1)

cmi+dmo#0
ami+bma#0
mao#0, mq17#0

>

cmi+dmao#0
ami+bmao#0
m2#0, m17#0

>

cmi+dmao#0
ami+bmao#0
ma#0, m17#0

>

cmi+dmo#0
ami+bms7#0
ma#0, m17#0

>

cmy+dmo#0
ami+bmo7#0
ma7#0, m1#£0

>

cmy+dmao#0
ami+bmo7#0
ma#0, m17#0

>
4

cmi+dma7#0 16p

ami+bma#0

ma#0, m1#0

_|_

_|_

+

+

_|_

T(2)
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—mq

—Mo

—ami — bmy

—cmy — dmo

+

cmi+dmo#0
ami+bmao#0
ma #0, ma 750

2 1611)2 (

p

)

p

)

p

)

p

Sp(m1)8p(ma)Sp(emi+dms) = > 8,(m1)S,(—b~ am1)S,((c—db~ a)my ).
m1#0

S, (m1)S,(mg)S,(amy + bmy)S,(cmy + dmg) = T(1) + T(2) + T(3) + T(4),

). @
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1 —mq
T(3) = Z 16p7/25( p )
cmy+dmao#0
’I?”L2>
p
ami+bma#0
ma#0, m17#0

ami+bmo#0
cmy — dmg
e )

ma#0, m1#£0

+ Z 16p7/2
cmiy+dmao#0
cmy+dmo#0
ami+bmo#0

ma#0, m17#0

+ Z 16p7/2

cmi+dmo7#0
ami+bmo#0
ma#0, m17#0

T4 = Y 16;5 e’ < )

cmi+dmo7#0

—ami — bmy )

ami+bma#0
ma#0, m17#0

1 3 —mq
+ Z 16]95/28 < D

cmi+dmo7#0

ma#0, my#0

1 3 —m1
+ Y

cmi+dmo#0
ami+bma7#0
ma7#0, m1#£0

:
a0 )
|
|

1 g —mo
_ (
5/2
cmy+dmao#0 16p/ p
ami+bmo7#0

mo#0, m17#0

27

(35)

(36)

We start by calculating (27). First, we edit the index of the sum by the inclusion-

exclusion principle:

cmy+dmao#0
ami+bmo#0
ma#0, m1#0

N —cmy — dma
= e
16p? p p

ma#0,m1#£0

cmq+dmo=0
ami+bmo7#0
ma#0, m17#0
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1 - —emy — d
Z - 362( m1> ( cmy m2>. (43)
cmy+dma#0 P p p

amy+bmo=0
ma#0, m17#0

Then, by Proposition 2.8 or by a change of variable, we obtain that

Z 1 2 (—ml) (—cm1 —dmg)
3
cmi+dmo#0 16p p p

ami+bma#0
S () e

ma#0, m17#0
By arranging the coefficients in equation (44), we calculate (28), (29) and (30), re-

spectively:
Z 1 2 (—m1> (—aml—bm2>
3
cmi+dmo#0 16p p p

amy+bma£0
() o,

mo#0, m17#0

16p3
cmi+dmo#0 P
ami+bmo7#0
mo#0, m17#0

16p3
cmi+dmo#0 P
ami+bmo7#0
mo#0, m17#0

o () (=)o

If the same method in (43) is applied for (31) and (32), then we deduce that

Z 1 2 (—aml — bm2> <—cm1 - dmg)
3
cmi+dmo#0 16p p

p
ami+bma#0
ma#0, my#0

(3 (o
) E) (3 ()

p p
ma#0, m17#0
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Also, it is quickly obtained that

1 ~D(p-3
3 _-D@-3)

4 4
cmi+dmo7#0 16]9 16p
ami+bma7#0
ma#0, m1#£0

Now, we compute (34) with the help of Theorem 2.11. Observe that

Z 1 <m1> <m2> (am1 — bm2> (cm1 — dmg)
2
cmy+dma#0 ].6]9 p p p p

ami+bmo7#0
ma #07 mq 750

B Z 1 (—m1> (—mg> (—aml—bmg> (—le—dm2> (45)
a0 1692\ P P p p '

First, let us make (45) convenient to use Theorem 2.11. The change of variable

mo =1 - M

is bijective, so we have

1 Z (—ml) (—m-m1> (—aml—bm~m1> (—cml—dm-m1>
2
16p*  mzo N P p p p

w0 (5) 25 (5) (55

Next, we deal with the sum

G E5) @

Consider the curve y*> = —x(—bzx — a)(—dx — ¢) = —bdx>® — (bc + ad)x?® — acz, which
can be rewritten as (—bdy)? = (—bdx)3 — (bc + ad)(—bdx)? + acbd(—bdz). By replacing
—bdx with x and —bdy with y, we arrive at the elliptic curve

E:y?* =23 — (bc + ad)z? + acbdx = x(x — be)(x — ad). (47)

Hence, by Theorem 2.11, we obtain that

Z (—m(bm +a)(dm +c¢)

: ) — #E(F,) —p—1 (48)

melF,

where the elliptic curve E over F, is defined as above (47).
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By Remark 2.9, we compute that each sum in 7'(3) and T'(4) is zero. Thus, we conclude

that
T(0) 4+ 72) 4 76) 4 70) = goze ((£) + (F=2) ) -1
e () (55)) ey
“we () (5)) e
£ () (=)
e ((5)+(5)) o0
e ((57)(5) oo
NOEIRD
G 0= 0 (S #EE) -p-1). o

Now, we are ready to prove Theorem 1.3.

Proof of Theorem 1.3. Let p > 3 be a prime number. Let

Qp(t):|{(sc,y,z,v)eSf,\y—x:z—y:v—z:tH (49)
denote the number of 4-term arithmetic progressions in S, with common difference ¢.

By Lemma 2.4, the number of 4-APs in S, is equal to

S |4 ~ ~ ~ ~
S Q=T ST 508, m2) S, (—2mn — 3m2), (ma +2ms). (50)
{cF, p (m1,m2)#(0,0)

Note that the following system of equations

—2£E1 — 3%2 =0
T+ 229 =0

has a unique solution since we have
’2 3‘ Y
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which is invertible in F,,. Denote the last splitted term by

H = p? Z S, (m1)8,(m2) S, (—2my — 3ma)S,(my + 2my)

+plSol D 8(m1)S,(ma2)Sy(my + 2ms)

m1+2mo#0
—2m1—3mo=0
mo#0, m17#£0

ISl Y. Sp(ma)Sp(m2)Sp(—2my — 3my)
72771,173177,2750

mi1+2mo=0
ma#0, m17#0

+p2 Z Sp(ml)gp(mQ):S'\p(mel — 3m2)§p(m1 + 2m2)

—2m1 —3ma#0
m1+2ma#0
ma7#0, m1#£0

By Lemma 5.1, we compute the five sums mentioned above respectively:

T > 8y(m2)S,(—3ma2) Sy (2my)

mo#0, m1=0

(e () ) (2))os

L= Y S(m1)Sy(—2m1)S,(m1)

m17£0, 177,2:0

(@ (20 Gon

Ty= Y 8,(m1)Sy(m2)S,(my + 2my)
m1+2ma#0
—2m1—3mo=0
ma7#0, m1#£0

(w5 ((3)-(5) () o-v-
Ti= Y Sp(m1)Sy(ma)Sp(—2m1 — 3ma)

72?77,1 73m2 750
mi1+2mo=0
ma#0, m17#0

(@ (D)) B

31
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Now, let us calculate the last sum by (I17) of Lemma 5.1:

Ti= Y Sp(m1)Sy(ma)Sy(—2my — 3m2)S,(my + 2my)
—2777/1—3777,2750
m1+2ma7#0
mo#0, m1#0

P Dp=3) 12<p—1>(‘71)<#E<Fp>—p—1>

16p* 16p
5 (0)- () () (2

L (/1 N
16p3 p

-2 —6
)+ (7)+(5) -
p p
where the elliptic curve E over F), is defined by
E:y*=x(z+4)(z+3).

Thus, we conclude that the number of non-trivial 4-APs in S, is given by the following

formula:
T a5 - 5
w5l (52 ((5) < (3)+ (5)) o
w5 (g 52 ((5)+ () + () o
w5l (g 52 ((5) () + (3))) o
sl (g 52 ((5)+ (3)+ (3)) o
P20 L0 (2) EE) -1
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o (5)+(6))
— —€ — |+ (- p—1
16p p P ( )
i (5)+ () (5)-(5)
——€ — ) +t{— )+ — )+ |— p—1
16p p p p p ( )
- |Sp|-
When the above equation is rearranged, the desired formula is deduced.

Next, we prove the second part of the theorem by applying the Sato-Tate conjecture,
which is a theorem now. Recall by Hasse’s theorem that

lp+1—#E(F)| <2/p.
Write

#E(]Fp)_p—l
\/1—) 9

where 6,, € [0, 7]. By SageMath [36], our elliptic curve

2cost), =

E:y*=x(z+3)(z+4)

has no complex multiplication and its j-invariant is 35152/9 ¢ Z. Then by the Sato-Tate
conjecture [3,24], we know that

«
<N:0<L0,< 2 1

lim iy < 0= 0y < o :—/Sin29 df = —(a —sina - cos «)

N—c0 {p < N} 7r ™

for any a € [0, 7]. Let € > 0 be given. Then, choosing a € (0, 7] sufficiently small with
respect to € and assembling the first part of the theorem, the Hasse bound and the
previous consequence of the Sato-Tate conjecture, the number of non-trivial 4-APs in S,
is given by
2

p

4R,

16

where

1 : 1 :
(g - E)pg < |Rp| < (g +e)p3

holds for infinitely many prime numbers p. Hence, the error term O(p%) and the constant

% are both best possible. O
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6. Proof of Theorem 1.4

We will make use of the following two lemmas in the proof Theorem 1.4.
Lemma 6.1. Let p > 3 be a prime number and for nonzero m € Fp,
~ 1 1 —-m
Sm) =+ 5= ().
! 20 2p \ »p
where

o 1 ifp=1 (mod4),
i ifp=3 (mod 4).

Then, for a,b,c,d,e € F, with
abed(ad — be) # 0 and e(a — cd)(b — ce) # 0,

respectively, we have

Ty Y Sp(m1)S,(ma)S,(amy + bmg)S,(cmy + dmy)

m17£0, ma2#0
(1 1, b(bc — ad) —a(be — ad) p?—1
- (8193 Tt i ( ) " P 2p

(»— 11%;2 —3) 67 (p—1) (%) (#E(F,) —p—1)

()0 () () ()
() ()
() ()
()4 () () ()

where the elliptic curve E over Fy, is defined by

(57)
(e ((57) (559)+ (559) 5
+

+

I o

E:y* =x(z — be)(x — ad).
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(IIl) Z §P(m1)§p(m2>§p(m3)§p(am1 + bms + cmg)

ami+bmao+4cms#0
dmi+emo+mz=0
m1#0,m2#0,m37#0

= Z §p(m1)§p(m2)§p(—dm1 - emg)gp((a —cd)my + (b — ce)my).
(a—cd)m1+(b—ce)ma#0
—dmi—ema#0
ma#0, m17#0

Proof. (I'). Combining (I1) and (III) in Lemma 5.1, we obtain (I’).
(IT"). Using dmy + emg +ms3 = 0, we get (II'). O

Lemma 6.2. (I"") For a,b,c, 3, € F, with abcBy(c — avy) # 0, we have

ami+bma+cms#0 p p

my+pma+ymz#0
m17#0,ma#0,m3#0

() ) (==

(II") For a,b,c,a, B, € F, with abcaBy # 0, we have

Z <—m2) (am1+bm2+cm3)

ami+pma+yms#0 p p

m170,m270,m370
()5 (25

Proof. (I'") By the inclusion-exclusion principle and the properties of the Legendre
symbol,

LI EE) s (e e

ami+bmao+cms#0
m17#0,m27#0,m37#0 m1+Bmae+ymz=0
m1#0,m27#0,m37#0

G )

ami—+bmo+cmsz=0
my#0,ma#0,m37#0

ez (5

(b—ap)ma+(c—ay)ms#0
ma#0,m3#0

_ Z (albm2 —|—a1cm3) (—m2> 3 Z (ﬁmg —|—'ym3) <—m2)
M2 £0,ms£0 D p D p

ma#0,m3#0
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T ()

(b—aB)ma+(c—ay)msz=0 p

ma#0,m3#0
_ Z (bm2+cm3> (—am2> B Z <5m2+7m3> <—m2>
B p p B p p
m2 m3 ma27U,m3
N Z ( Bc—~yb)ym ) ((ca'y)mg).
a0 p p

It follows from Proposition 2.8 that

05 (3) 5@ g =)

m3750

Then, this yields (I").
(IT") By the inclusion-exclusion principle,

Z <—m2> (am1+bm2+cm3>
p p

ami+pfma+yms#0
m1#0,m2#0,m37#0

S () ()

11 20,2 70,m3 £0 P

B Z <—m2> <am1—|—bm2+cm3)
p p

ami+pmae+ymz=0
m17#0,m2#0,m3#0

- ¥ (—;n2>z<am1+bm2+cm3>_ ) (—m2>(bm2+cm3>

mo#0,m3#0 my p mo7#0,m37#0 p p
B Z (—m2> ((b—aalﬁ)m2 —|—(c—aalv)m3>

—a"1Bma—a " tyms#£0 p p

ma#0,m3#0

B Z (—m2>z<am1+bmg+cm3> 3 Z (—m2> (bm2+cm3)

s P P p P

2#£0,m3#£0 my mao#0,m3#£0
(52)

B Z (—amg) ((ba —aB)ms + (ca — av)m3>

maAOma£0 N P b

am ba — — — -1
N Z < 2) ((a aB)ms — (ca — ay)y Bmg).
p
m2750

Then, it follows Proposition 2.7, Proposition 2.8 and change of variables that
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2= (2 ) -0+ (=) oo+ (T o). o

Now, we are ready to prove Theorem 1.4.
Proof of Theorem 1.4. Let p > 3 be a prime number. Let
Qp(t) = |{(z1, x2, x5, 24, 25) € S;;’ | g1 —x; =t forie{1,...,4}} (53)

denote the number of 5-term arithmetic progressions in S, with common difference ¢.
By Lemma 2.4, the number of 5-APs in S, is equal to

Q) IS \5

telF,

+p? > S, (m1)S,(m2) S, (ms)S,(—2my — 3mg — 4ms)
(m1,m2,m3)#(0,0,0)

~

: Sp(ml + 2mo + 3m3).
Denote the last splitted term by

H=p|S,| > §,(m1)S,(m2)S,(—2m1 — 3mg) S, (my + 2my) (54)

m1#0,ma2#0

+pISpl Y Sp(ma)Sy(ms)Sy(—2ma — 4ms)S,(my + 3ms)
m1#£0,m3#0

+pISpl Y. 8p(m2)Sy(ms)S,(—3ma — 4ms)S,(2ma + 3ms)
ma#0,m3#0

+ |Sp|2 Z §p(m3)§p(_4m3)§p(3m3)
m37$0

+ |Sp|2 Z §p(m2)§p(_3m2)§p(2m2)
mg;ﬁ()

+18p* D Sp(m1)Sy(~2m1) Sy (my)
ml;éO

+ p|Sp| > Sp (1) Sy (m2) Sy (m3) S (—2my — Bmy — 4ms)
—2777,1 3m2 4777/3;&0

mi1+2ma+3mz=
m17#0,m2#0, m37é0

+p|S,| > S,y (m1)S,(ma)S,(m3)S,(my + 2my + 3ms)
—2m1 —3m2—4m3:O
mi1+2mao+3msz#0
m1#0,ma#0,m3#0

+ |Sp|2 Z gp(ml)gp(m2)§p(m3)
—2m1—3m2—4m3:0
mi1+2mo+3mz=0
m1#0,m2#0,m37#0
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+p? > Sy (m1) Sy (ma)Sp(m3)Sp(—2m1 — 3mag — 4ms)
72m173m2 74777,3750
mi+2mo+3mz#0
m1#0,ma#0,m3#0

. §p(m1 + 2m2 + 3m3)
By (I') in Lemma 6.1, we compute the first three sums mentioned above, respectively:

pISol Y. Sp(ma)Sy(m2)Sy(—2my — 3ms) S, (ma + 2my) (55)
m1#0,ma#0

o 2 (().().0)
32p3 32p?

t g 00 =0 (5F) BB —p 1),

where f1 and g; are two polynomials of degree 3 with respect to p, and the elliptic curve
E; over F), is defined by
By y? = 2% 4+ 72 + 120 = x(x + 3)(x + 4).

PS> S, (m1) S, (ms)S,(—2my — 4ms3)S,(my + 3ms) (56)
m1#£0,m3#0

i (0(3).().()

- 32p3 32p2

+ % (p* - 1) (%) (#E2(Fp) —p—1),

where f5 and go are two polynomials of degree 3 with respect to p, and the elliptic curve
E5 over F), is defined by
By :y? = 2% 4 102° 4 242 = 2(x + 4)(z + 6).

plS, > S, (m2) 8, (m3) Sy (—3my — 4ms) S, (2my + 3ms) (57)
m2#0,m3#0

s, 2 ((5)()-())

- 32p3 32p2

+ 3%) (p* —1) <_71> (#E5(F,) —p—1),

where f3 and g3 are two polynomials of degree 3 with respect to p, and the elliptic curve
Es5 over F), is defined by

By :y? =2 + 1722 + 722 = 2(x + 8)(x + 9).
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By (I) in Lemma 5.1, we calculate the other three following sums in (54), respectively.

_aw 2 (0(3).().())

) ~ —~ ~
mg;ﬁo
where f; and g4 are two polynomials of degree 3 with respect to p.
-1 2 3
3. \@ g fs(p) P (p’ (7)(5)(5))
|Sp|2 2720 Sp(m2)Sp(—3m2)Sp(2m2) = 32p° + 32p2 ) (59)
ma
where f5 and g5 are two polynomials of degree 3 with respect to p.
-1 2 3
o e e g, e (5):(2).(2))
|S| mz;éo Sp(m1)Sy(—2ma)Sy(ma) = 32p° + 32p? ) (60)
where fg and gg are two polynomials of degree 3 with respect to p.
Combining (II') in Lemma 6.1 with (I17) in Lemma 5.1, we arrive at
PSl D Sp(ma)Sy(ma)8y(ms)S,(~2my — 3my — dmy) - (61)
72m173m274m3;ﬁ0
mi1+2mo+3msz=0
m1#0,m27#0,m3#0
-1 2 3
s 0 0(3)-(2)-6)
- 32p3 32p2
f o (-1 (o) FEE) —p- )
32p D P ’
lS,| > Sp(m1)S,(m2) S, (ms) S, (my + 2my + 3ms) (62)
—2m1—3mo—4ms3=0
mi+2mo+3m3z#0

m1#0,m27#0,m37#0

=pS,l Y. Sp(2m2)S,(2ms)S,(—3ma — 4ms) S, (ma + 2ms)
—3777/2—477’7,3750
ma~+2m3#0
m3#0, m27#0

w7 (0(3)().())

o 32p3 32p2

+ % (»* —1) (%1) (#E4(Fp) —p—1),

where f7 and g7 are two polynomials of degree 3 with respect to p, and the elliptic curve
E, over F), is defined by
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Ey:y? = 2% + 4022 + 3842 = x(x + 16)(z + 24).

Notice that

p—1 p—1
#E4(Fy) —p—1= (x(x ki 16;(”3 + 24)) -y <4w(4x + 12)(4:5 + 24))

=0

- <w) = #E5(F,) —p— 1.

By (60), we have

1S, 12 > Sp(m1)S,(m2)Sp(ms) = |S,[* Y S, (m)S,(—2m)S,(m) (63)
—2my—3mo—4m3z=0 m#0
mi+2mso+3msz=0
m1#0,m2#0,m37#0

_aw , ((3).().()

- 32p3 32p2

Now, we calculate the last sum in (54) using Lemma 6.2:

p2 Z §p(m1)§p(m2)§p(mg)gp(—2m1 — 3m2 — 4m3)§p(m1 + 2m2 + 3m3)
72m173m274m3;ﬁ0

mi1+2ma+43ms#0
m1#0,m27#0,m37#0

(64)
= R(1) + R(2) + R(3),

where

=g Y () () (i)

—2m1—3m2—47R3750
m1+2ma+3m3z#0
m1#0,m27#0,m37#0
. (2m1 +3msy + 4m3) (65)

p

1 —-m —-m —mq — 2mg — 3m
2 1 3 1 2 3
r 2 32p3<p><p>( p >

—2TTL1 —37712 —4m3 #0
m1+2ma+3ms#0
m1#0,m2#0,m3#0

. (2m1 + 3msy + 4m3) (66)
p

1 —-m -m —mq — 2mg — 3m
2 1 2 1 2 3
r 2 32p3<p><p>( p >

—2TTL1 —3m2 —4m3 #0
m1+2mo+3m3#0
m1#0,ma#0,m3#0
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» (67)

1 -m -m —ms 2mq + 3mg +4m
9 1 2 3 1 2 3
o 2 32p3<p)<p)(p>( p )

72m1 73m2 74’!713 750
m1+2ma+3ms3#0
m1#0,ma#0,m3#0

1 —-m —m —-m —mi — 2mg — 3m
2 1 2 3 1 2 3
P 2 32p3<p)<p><p)< p )

—2m1—3mgo—4ms3z#0
m1+2ma+3ms#£0
my #O,mQ #O,mg #0

(2m1 + 3m2 + 4m3)

72777,1 73?77,2 74m3 #0
m1+2ma+3m3#0
m1#0,m27#0,m37#0

1 —mq — 2mg — 3m: 2mq1 + 3ms + 4m
2 2 1 2 3 1 2 3
o ) )

—2my —3ma—4m3#0 p
mi1+2mo+3m3#0
m1#0,m27#0,m37#0

1 -m
2 2 : 2 1
b 32p46 ( D )
—2m1—3mgo—4m37#0

m1+2ma+3ms#0
m1#0,me#0,m37#0

1 —-m
2 Z 2 1
r 32pt° ( p )
—2m1—3mg—4m37#0

m1+2ma+3ms#0
m1#0,m2#0,m37#0

1 —m
2 § : 2 2
b 32104E ( D )
—2m1—3mo—4ms37#0

m1+2ma+3ms3#0
m1#£0,m2#0,m37#0

()
(=)

and

() = S 321 i (—m3> (le + 3ma + 4m3> 75)

—2m1 —3ma—4ms#£0 p
m1+2ma+3ms3#0
m1#0,m27#0,m37#0

1 —ms —my — 2m2 — 3m3
+p° > = 452< ) ( ) (76)

—2177,1—3771/2—4177,3#0 p
m1+2ma+3m3#0
m17#0,m27#0,m37#0
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1 -m 2my + 3mao +4m,
2 Z 2 2 1 2 3 77
32p* ( p > ( D ) (77)

—2m1 —3ma—4mz#0
ma +2m2 +3m3 #0
m1#0,m2#0,m37#0

2
+p Z 7€
—2m1—3mo—4ms #0

mi1~+2mao+3ms#0
m1#0,m2#0,m37#0

()
v T el
()

(78)

mi — 2m2 — 3m3>

—2m1—3m2—4m3;ﬁ0 p
mi1~+2mao+3ms#0
m17#0,m27#0,m37#0

mi

2

+p Z 7€

—2m1 —3m2 —4777,3750
m1+2ma+3m3z#0
m1#0,m27#0,m3#0

my — 2m2 — 3m3>
D .

Let us calculate (65). Observe that

L Z (—m2> <—m3) <—m1—2m2—3m3) <2m1+3m2—|—4m3>
32p P P P P

—2m1—3mo—4m37#0
mi+2meo +3m3¢0
m17#0,m2#0,m3#0

- 1 maoms
“m, L ()
my#0,ma#0,m37#0
. (—Qm% — (Tmg + 10m3) my —
p

(2ma + 3mg) (3ma + 4m3)> .

We rewrite (81) in order to use Proposition 2.8. Since
b2 — dac = (Tmg + 10m3)® — 4-2- (2my + 3ms) - (3my + 4ms) = (mg + 2ms3)*,
equation (81) becomes

55 B (e enee)

32p mo+2m3z=0 m #0
ma#0,m3#0

1 m2m3> (m1 - 2m2 - 3m3> (2m1 + 3m2 + 4m3>
+ = :
32p Z Z ( D p

ma+2m3#0 my#0
ma#0,m37#0

Now, we compute (82) with the help of Proposition 2.8:

1 m2m3) (—m1—2m2—3m3) <2m1+3m2+4m3>
82) = ——
(82) 32p Z Z( P P

mo—+2m3z=0 mi
ma#0,m3#0
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7i Z (m2m3> (2m23m3) <3m2+4m3>
32p p p p

mo—+2ms3=0

ma#0,m3#0
5 X b-Dog Y
= — p— —_— —
32p mo+2ms3=0 32p mo+2ms3=0
ma#0,mz#0 m2#0,m3#0

- 55 (-1~ 0-D).

By Proposition 2.8, the inclusion-exclusion principle and Equation (48), we get that

(83) _ % Z Z (m2pm3> (—m1 - 2m2 - 3m3> (2m1 + 3m2 + 4m3>

mao +2m3;£0 mi1 p p
ma#0,m3#0

_L Z (m2m3> (2777,23777,3) <3m2+4m3>
32p p p p

ma+2mg#0
ma#0,m3#0

- 1 —2m2m3
32 2 ( >

ma+2mz#0 p
ma#0,m3#0

_L Z (m2m3> (—2m2—3m3> <3m2+4m3>

ma#0,m3#0

= % <2 (p—1)— (%) (p—1) (#E5(Fp) —p— 1)) -

Thus, we obtain that

— 5 (10 0= (T ) - D@EE) s D).

The other terms are quickly determined if the method when calculating (65) is applied.
Thus, the following calculations are obtained:

6= 35, ((3)po-0- (Z) - D @EE) -p-1).

(65)

60 =53, ((2)po-1- () b-D#BE) -p-1).
69 =55, ((2)po-0- () o= D#EE) -p-1).
)= 55, ((3)ro-0- () - @EE) -»-).
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(70y = 2= 1)(§2p—3 p+5)

- () () (2o

Also, applying (I”) of Lemma 6.2 to R(2) and applying (I1”) of Lemma 6.2 to R(3),
we obtain that

/N

and
=5 ((5) () () o-v.
=5 ((3) 1+ (3)) - .
=5z ((3) 1+ () o- v
=5 () () (5)) o0
-5 ((5)+(F)=(F) o0

- o (+ () ()

Considering the equations from (65) to (80), we have calculated Equation (64). Thus,
we obtain an explicit formula as expressed in the theorem.

Next, we prove the second part of the theorem by making use of a version of the Sato-
Tate conjecture, and for this we refer the reader to [3,24] and the generalized version of
[31, Corollary 2]. By the first part of the theorem and the Hasse bound, observe that
the contributions for the error term O(p2) come from a subsum in Equations (55), (56),
(57), (61) and (62), and they are all of the form

7 7= 1) () #BE) -5 -1

for some i € {1,2,3}, as
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#E4(Fp) —p—1=#Ex(F,) —p—1.
Let Vi = Vi(a,b) and Vo = Va(a,b) be the following two elliptic curves
y? =23 4 az® + bz
and
y? =23 — 2a2% + (a® — 4b)x

respectively, where a,b € Z and b(a® — 4b) # 0. Then the map

o(z,y) = <x+a+§,y(1—§2>)

yields an isogeny from V; to V5 with kernel {O, (0,0)}, see [40, p. 110]. Thus, one infers
that the elliptic curve C; defined by y? = z(x + 1)(z + 4) = 2® + 522 + 42 and the
elliptic curve Cy defined by y? = x(x — 1)(x — 9) = 2® — 1022 + 9z are isogenous over
Q. Therefore, for any prime number p > 3, the elliptic curves C; and C5 are isogenous
over F,,, and hence

#C1(Fp) = #C2(Fp)

by Tate’s isogeny theorem [44].
For the rest of the proof, let p =1 (mod 4) so that (_71) = 1. Next, we will obtain
that B4 (F,) —p—1= E3(F,) — p — 1. Now, for any prime p > 3

EE) - p-1=3 = S (el s sn)

=0 p x=0 p
P2l — 3) (& — P x
5 (st e

= #Cl(Fp) -p—1= #02(Fp) -p—1

=Z W)Jﬁw)

z=0 p

= #E3(]Fp) -p—1

In other words, the corresponding subsums of (55) and (57) coming from the elliptic
curves are equal. Recall the elliptic curve

By =2(x+3)(z+4)
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has no complex multiplication and its j-invariant is 35152/9 ¢ Z. As in the previous
theorem, set

Ei(F,)—p—1
2C089p:# 1( p) p ’

VP

where 60, € [0, 7]. Then by the proof of the Sato-Tate conjecture [3,24], one immediately
gets that

/6

) Hp < N:0<6, <m/6} 2 /_2 1

| = 0 df = — (27 — 3v3) = 0.022646
N Hp< N:p=1 (mod4)} @) S 48( - 3V3) ’
0

and cos(7/6) = v/3/2. Express the number of 5-APs in S, as

2

3—2+Rp,

where R, = O(p?). By the consequence of the Sato-Tate conjecture, for infinitely many
primes p = 1 (mod 4), Equations (55), (57) and (61) will bring an error term 7}, and

1

T,> —
P=32p

(p* — 1) 6cos(m/6)/p = % (p*-1) 3v3/p. (84)

The subsums in (56) and (62), namely

1

o =1 (2) () == 1)

and
3 7= (5H) BB - p- )

can cancel out at most

1 2
37])(17 —1)4yp

of the term in (84), by Hasse’s estimate. Hence, there are two positive absolute constants
c1 and ¢y such that the inequality

c1p? < |Ry| < cap?

holds for infinitely many prime numbers p. This yields that the error term O(p?) is best
possible. O
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7. Kummer sums and 3-APs

: . _ -1 2
Let p be an odd prime with p =1 (mod 3). Then, one has that |C,| = 1 + 221 = 222
where C), = {t3: t € F,}. Let

K(p) = ep(?)
z=0

be the Kummer sum. The Kummer sum is related to a cubic Gauss sum which we define
next. Let ¢ be a primitive root modulo p and w = ¢2™/3. Define the multiplicative cubic
character

x:Fp,— {O,l,w,wQ}

as follows: x(0) = 0 and x(g) = w. Thus, x(¢g™) = w", where r is the remainder when
m is divided by 3. Note also that x extends to N as a Dirichlet character. Let

7= x(@)ey(x)
z=0

be the cubic Gauss sum. One can observe that
p—1
= X(z)ep()
=0

as x(—1) = 1. We have that 7, has norm \/p, from [12, Chapter 3]. Thus, 7, = ,/pe»
and 7, = /pe” % for some angle 0,. Unlike the quadratic Gauss sum, there is no
specific formula for 6, and in fact there is an equidistribution result by Heath-Brown
and Patterson in [26] as p varies, and this refuted Kummer’s guess.

For x # 0, note that 1+x(z)+X(z) = 3 if z is in C}, and otherwise 1+ x(x)+X(z) = 0.
This yields that

K(p) =) (1+x(@) +X()ep(2) = 7 + T = 2y/p cos(6p).
x=0
Similarly, for a # 0,
p—1 p—1
K(a,p) =Y eplaz®) =Y (14 x(z) + X(x))ep(az)
=0 =0
=D x(@)ep(az) + ) X(x)ey(az)
x=0 x=0
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The following lemma yields the Fourier transform of the set C,,.

Lemma 7.1. For any nonzero integer m modulo p,

L x(m)my + x(m)Ty +2).

Cp(m) = %

Proof. Let m be a nonzero integer modulo p. Then

p—1
Cy(m) = %;ep<—mx>c,,<m> - 1—1, > eploma)

_ %(1 _ e,,(mx)) - %(1 + %pzlep(mﬁ))

zeC,—{0} z=1

1 ity 1 B
-2 (2 D3 ep<mx3>) ()7 + X7+ 2),

as x(m) = x(—m), and we also apply the previous observation above. 0O

Now, we are ready to count the number of non-trivial 3-term arithmetic progressions
in Cp.

Proof of Theorem 1.5. As we did in the proof of Lemma 2.4,

p—1
Qp = P2 (Cp(0))* +p* D Cp(m)Cp(m)Cp(—2m) — p+2
3 p—1 - . -
- (p;r?j) +92 Y Cp(m)Cp(m)Cp(—2m) — p+2 (85)

Notice that 7,7, = p, one has @(m) = @(—m), X(m)x(m) = 1 and x(m?) =
x(m)? = x(m) for any nonzero m modulo p. Then, using the observations above, for any
nonzero m modulo p, one sees that

Cp(m)Cp(m)Cp(2m)
1

= Tp?)(Y(m)Tp T+ (m)7 + 2)2(X(@m)7y + x(2m)7 +2)

- Tlps(y(mQ)Tj + X(M?)T? + 4+ 2p + 4X(m) 7
+ax(m)) - (X2, + x(2m)T +2)
= s (X% + X7 + 21 (0)72 + 327 + X2
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+ QY(m)ﬁg + 2p+4Hx(2m)1, + 2p+4)x(2m)7, + 4p + 8 + 4%(2))((171)75
A2+ X7, + ATDp + A DRO0T? + 30 ).

By orthogonality, for any non-principal Dirichlet character h modulo p, we have that

By the previous calculations and orthogonality of x and Y, Equation (85) becomes

(p+2?° p-1

p+2
+ — -
27p 27p

Qp = (X(2)75 + x(2)7° + 4p + 8 + 4x(2)p + 4X(2)p) (86)

As 7, = \/pe'®®, we have the first part of the theorem. Note that x(2) +x(2) = 2 if 2
is a cubic residue, and otherwise x(2) 4+ X(2) = —1. Also 7% + 7% = 2p>/2 cos(36),). By
[12, Chapter 3], one has that

cos(360,) = ——,
( p) 2\/5
where 4p = a? + 27b% and @ = 1 (mod p). By [12, Chapter 3], we know that

p—1

8 =pY_ X(t(1+1) = p(A + Buw),
t=1

for some integers A and B. Thus, 7,°> = p(A + Bw?). Moreover p = A2 — AB + B? and
4p = (2A — B)? + 3B?. This yields that

2A—- B
cos(36,) = N
and
sin(36,) = B—\/g
2\/p

Next, we compute the sum

2 =X(2)7) +x(2)7°.

If x(2) =1 = x(2), we already computed the sum. Now, suppose X(2) = w = e>™/3.
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2 = 2p%/% cos(36,, + 21/3) = 2p*/? (_ COS(239p) _ sin(3zp)\/§> (87)
:2py2<_2i;%3'_£%%) — —p(A+ B). (88)

Similarly, if ¥(2) = w? = e¢=27/3, then

24-B 3B
Wwpo 4

By assembling (86), (87), (89) and the value of x(2) 4+ %(2), which is an element of
the set {2, —1}, we deduce that

2z, = 2p>/? cos(36, — 27/3) = 2p>/? < ) = —p(A—2B). (89)

(p+2)3 p-1 p+2
p—- 4pr gy P T2
27p + 27p (pey +4p +8) 37

Qp:

where ¢, € Z is a computable constant which depends on p.

Lastly, suppose that p is of the form u? + 27v? for some integers u and v with u = 2
(mod 3). Thus 4p = (2u)? + 27(2v)2. Then by [10, Theorem 4.15], we know that 2 is a
cubic residue, in other words x(2) =1 =(2). Then, by (86) we conclude that

Qr=@;£P l;;mﬁ+ﬁ”+up+&—3§2
= (p;;j)?) + %(2193/2 cos(30,) +12p+8) — p+2
_ (p;;;)S N pQ;pl (252 22\7/% 129+ 8) — 1%2
= (p;;j)?’ + %(21@94— 12p+8) — 1%2 O

Example 7.2. Let p = 31. Then p = u? + 27v? where v = 2 and v = 1. Applying our
theorem, we deduce that there are 50 many non-trivial 3-term arithmetic progressions
in C3;. Let p = 43. Then p = u? +27v? where v = —4 and v = 1. Applying our theorem,
we deduce that there are 70 many non-trivial 3-term arithmetic progressions in Cys.

8. Arithmetic progressions and the Sarkozy problem in Salem sets

From now on, we will work with Salem families and under some Fourier coefficient
bounds, we will show the existence of long arithmetic progressions in Salem families.
Besides, we also deal with the generalized Sarkézy problem in Salem families by making
use of the Weil estimates on exponential sums. Note that the following result does not
give Theorem 1.1 if k > 4.
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Proposition 8.1. Let k > 3 be a positive integer and {An}nep be an a-Salem family with
the a-Salem constant C' such that o < 2. Suppose that |An| > 16(C + 1)2N"% for all
sufficiently large N € B. Then Ay contains a non-trivial k-term arithmetic progression
for sufficiently large N.

Proof. For any fixed a € (0, ﬁ} ,
constant C' and k > 3 be a positive integer. By Lemma 2.4, we know that the number
of k-APs in Ay is

let {An}Nnes be an a-Salem family with the a-Salem

N2|AN|k
R
where
R =N? > An(x1) - An(zp_2)An (21 + 200 + - - + (k — 2)ap_2)
(z1,22,...,25—2)#0
CAN(=2xy — 31y — - — (k — Dag_a).

Notice that there are k-terms in R related with the Fourier transform at the values

X1,Toy ..., Th—2, X1 + 203 + -+ + (kK — 2)zp_o and —2x1 — 329 — -+ — (k — 1)ag_oa.
Set y; = z; for i € {1,...,k — 2}, yp—1 = 21 + 220+ -+ + (k — 2)ap_2 and yx =
—2x1 — 3wg — -+ — (k — 1)xk—_o. We will look for an upper bound for R. There are two
critical situations of the terms yi,...,yx to be aware of: the former is terms being zero,

and the latter is terms being nonzero. First, we will prove that at the same time, at most
k — 2 of the terms can be 0. Recall that from the definition of R, we don’t let the case
1 =x9 =+ = x—2 = 0. Clearly, if one of y5 # 0 and the remaining y;’s are all 0, then
both yr—1 = 14222+ -+ (k—2)xp_2 = szs and yp, = =221 —3x2— - —(k—1)a)_2 =
—(s+1)xs are zero, and this yields that ys = 2; = 0 as well and this is impossible. Hence,
at most k — 2 of the terms can be 0. From elementary number theory, the following
congruence

az=b (mod N) (90)
is solvable if and only if ged(a, N) | b, and if it is solvable, then it has ged(a, N) many

incongruent solutions. Next, we analyze the case where k — 2 of the terms are zero. For
this purpose, we assume k — 3 of x1,...,z_o and one of

Yeor = 21 + 2oy + -+ (k — ks and g = —2y — 3z — - — (K — Dy
is zero. Say y; = x; # 0 and yx—1 = 21 + 2x2 + -+ + (k — 2)zk—2 = 0. Then since all

remaining terms are zero, we must have iz; = 0 and by (90), we have at most i < k
many choices for z; (a similar case holds for y;, = 2z1 + -+ + (k — 1)zk—2 = 0).
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Now suppose k—4 of z1, ..., x,_o are 0 and yr_1 = yr = 0. Without loss of generality
assume that x,,,xs # 0 with 1 <m < s < k — 2. Then, we have the following system of

equations:
(m4+ 1Dy + (s+ 1)z, =0
MLy, + sty =0,
and it gives that x5 = —x,, and (m — s)z,, = 0. Once again, we have at most k many

options for x,,. As a result, the contribution of this case to R is at most

k AN k—2 B N k AN k—24+2«

If £ — 3 of them are zero and say the terms y;,, ¥i,, ¥i, are nonzero, we get the sum of
at most (¥) many expressions in the following form

|An]*3 & ~ ~
5 AN (i, ) AN (Yi,) AN (Yis)- (92)

There are basically two cases for the choices of y;,, ¥i,, ¥is- The first option is they are
of the form z;,z;,ye where i, j are distinct and ¢ € {k — 1, k}, and the second option is
they are of the form z;,x;, x, where 7, j and ¢ are distinct. For the first option, we may
assume that £ =k — 1. Thus yp = —(¢ + 1)a; — (j + 1)z; = 0 and z; depends on z; and
there are at most k choices for z; when z; is fixed by (90). For the second option, we have
Yk—1 = Yr = 0, in other words, iz; + jz; +lxg = —(i+ D)z; — (j + 1)z; — ({ + 1)z = 0.
From this, we deduce that zy = —z; — z; and (i — {)z; + (j — {)z; = 0. Again, if z; is
fixed then there are at most k many choices for other variables. So the above sum (92) is
actually a single variable sum up to at most k many choices. It follows from the a-Salem
condition, the triangle inequality and the above observation that the contribution of this
case to R is at most

R\ AN 503 3 kY s An|F 313
If none of y;,,¥i,, - -, yi, is zero and the other equations are zero, we have (I;) many

expressions in the following form

A ;

N2 Nk_j AN(y’Ll)AN(ylg) : "AN(y’i_j)7

and similar to the above discussion, this brings the error term

k—j j o k—j+ja
k(I?)Nz'AN 7 i lAnP Nj—2:k<k->017|‘4N o
J J

NEk—Jj Ni NFk—j
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If none of y1, 42, ..., Yk—_2, Yp—1 and yx is zero, this yields the following most dominant

error term:

N? > An(y1) -+ An (ye—2) A (ye-1) An (yr)
(y1,92,-,yk)#0
< NQC«k |AN‘kaNk—2 _ Ck|A ‘ka
< NF = N
As C7 < (C + 1)k for any j € {1,...,k} and for any non-negative real number C, for
the error term R, we have the following estimate

|R| < k2F(C + 1)*| AP,
Next, we will see that

k28 (C + 1)*|An P> < |An|",

9 Nk 2
in other words

|AN|k(1—a) > k2k+1(0+ 1)ka—2

when N is large enough. Recall that |AN| > 16(C + 1)2N " if N is sufficiently large
and a < =5. Therefore, 1 —a > 1 — = . Then,

|A |k(1 a) > 16k(1— )(C +1 )2k(1—ﬁ)Nk—2 241@(1—— (C + 1)2k(1— 1) Nk—2
(94)
Observe that 2(1 — ﬁ) >1,4k(1— ﬁ) > 2k and 22F > k2F*! when k > 3. Hence, by
(94) and by the previous inequalities, we obtain that

1
|R| < W|AN|IC

when N is large enough. Therefore, when N is large enough

An|*
> vt = | +
teELN
An|*
> [~ in
> W|AN|I€~

There are |Ay| trivial k-APs in Ay. So, the number of non-trivial k-APs in Ay is at

least
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sl = 14n] = || ggldnt 1)

>16(C+1)2 N'% (2N1k_2 16F71(C + 1)2h2N k=D /k _ 1)
k—1
16(C +1)2 N7 (16 (C; D Nl/k1>,

which is positive if NV is sufficiently large. O

Now, let us make a convenient arrangement of Proposition 8.1 to prove a special case
of Szemerédi’s theorem when the Fourier coefficients are extremely small.

Corollary 8.2. Let~y (n) : Zso — Rso be an arithmetic function such that v (n) = O (n°)
for every e > 0. Let A be any subset of positive integers and {An}neg, where B is an
infinite subset of positive integers, be a family of subsets of positive integers such that
An = An{1,2,...,N}. Moreover, we regard An as a subset of Zn. If {An}neB satisfies
the following Fourier coefficient bounds and growth conditions

V(|AN]) N
N

An < >
|[An(m)| < and |An| > TN

for each N € B and m # 0, then A contains arbitrarily long arithmetic progressions.

Proof. Suppose that {An}nen 5atibﬁeb the Fourier bound condition |Z;( ) <2 |AN|)
when m is nonzero and |[Ay| > ( y holds for each N € B. Let k > 3 be given. It follows
from the definition of v that

when m is nonzero and

holds for sufficiently large N € B. Thus, Ay contains a non-trivial k-term Z y-arithmetic
progression for sufficiently large N € B by Proposition 8.1. Hence, A contains arbitrarily
long Z-arithmetic progressions by Proposition 2.3. O

As we mentioned before, the sets {S,} constitute a 3-Salem family. Now, we consider
the generalized Sarkozy problem for a-Salem families.

Proposition 8.3. Let {An}nep be an a-Salem family for some fivred o € (0, i) with

the a-Salem constant C, where P is an infinite subset of primes. Let f € Z[X] be a
non-linear polynomial. Suppose that
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|Ay| > DN
for all N € P large enough, where D = (2(deg f — 1)02)2(11—0). Then, for sufficiently
large N, the set Ay contains two distinct elements whose difference is f(i) for some

1t E€ELN.

Proof. For any fixed a € (0,2), let {Ax}nep be an a-Salem family with the a-Salem
constant C. Moreover, we may assume that f ¢ NZ[X]| by taking N € P sufficiently
large. Now, let us define

Q(t) = {(z,y) € AN x An 12—y = f(1)}].

So, the number of pairs in Ay whose difference is in the image of f is at least

1 1
Ty 2 OO g T Av@Anta+ )

If we use the Fourier inversion formula, then we get that

> Q)

> An(s)en(sz)An(m)en(ma) > en(mf(t)) (95)

teELN r,m,s€ELN teEL N
= > An()An(m) Y en((s+m)z) Y enx(mf(t).
s,mELN T€EZLN teZn

It follows from Equation (3) that

Z en((s+m)z) =

r€ZLN

{Nim+m_a

0 otherwise.

Therefore, one sees that

Y QW =N > An(-m)Ay(m) Y en(mf(t))

teZ N meZN tel N
= NAN(0)AN(O)N + N >~ Ay(—m)An(m) Y en(mf(t))
m#0 t€EZ N
=|AN?+ N Y An(-m)An(m) D en(mf(t)).
m#0 tEZ N

We denote this by

3 Q) = AN + R,

teEZn
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where

R=NY" Ay(-m)Ayx(m) > enx(mf(t)).

m#0 teZ N

By triangle inequality, Salem condition and Theorem 2.15, we infer that

IR < (deg f —1)- N2 > |Ay(~m)|| Ay (m)]
m#0

3 02 2«
< (deg f —1)- N2 [AN[N
= (deg f —1)-C%-V/N|An|?.
Hence, for N large enough
> Q= |lax?+
teZn
> [lav? - 17|
> |An[? = (deg f —1) - C*- VN|Ay|*™.

As we want to count the distinct pairs, we must subtract those off. There are at most
|An| of them. So the number of distinct elements whose difference is () for some i € Zy
is greater than or equal to

1
Tor 7 (AN~ (des f = 1) €2 VRIANE) ~ 4] >

[An|?
2deg f

- |AN|3
which is positive when N is large enough since a € (0, 2) and |Ayx| > DN , where
D= (2(deg f —1)C?)2 . 0O

Corollary 8.4. Let f € Z[X] be a non-constant polynomial and n > 2. Consider the
Diophantine equation

"t —y" = f(2). (96)

If p is a sufficiently large prime number, then (96) always admits a solution in F, with

T # .

Proof. Consider the family {QZ}pE]P” where ) = {t" : t € F,}. We know that this

family is a 3-Salem family and |Q2] > 1+ =1 Then, we conclude the corollary by the
previous proposition. O
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