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Abstract—Physical layer network coding (PNC) is combined
with multiple antennas to increase the spectral efficiency of
wireless communication systems. In this work, we present
a PNC framework including both uplink and downlink for
binary phase shift keying (BPSK). In the uplink, we propose
a scheme for detecting network-coded symbol (NCS) with
reduced complexity. For the downlink, we propose a trans-
mission scheme of NCS through maximum ratio transmission
(MRT) by defining the precoding vector as an average of
users’ channels. The bit-error-rate (BER) performances and
the comparison results with the conventional scheme in both
downlink and uplink are provided for the proposed low-
complexity PNC framework.

Index Terms—Physical Layer Network Coding, Low-
complexity scheme

I. INTRODUCTION

Physical layer network coding (PNC) is a promising
technique to exchange data between two devices through a
relay while increasing spectral efficiency [1]. Two phases
are required for this data exchange: The first phase, the
data transmission from user nodes to the relay node, is
called the multiple access channel (MAC) phase. In the
broadcast channel (BC) phase, the relay node broadcasts
the network coded symbol (NCS) to both user nodes. For
the network coding (NC), three time slots are required
to complete the overall framework, while a simultaneous
transmission is performed for the PNC scheme with only
two time slots. Then, the PNC scheme has significantly
increased spectral efficiency compared to the NC and the
conventional four time slot transmission, which can be
a primary technique for developing 6G applications [2].
This paper examines the PNC framework, where the relay
node is called the base station (BS), including both uplink
and downlink transmissions. In the MAC phase, all users
transmit the corresponding binary data to the BS, and the
BS decides the NCS. In the BC phase, the BS broadcasts
the NCS to two users. Then, the network coding operation
is applied to each user to obtain the other user’s data.

The PNC scheme has been analyzed to enhance spectral
efficiency in [2]. The comparison of the PNC and conven-
tional schemes in terms of BER and sum data rate has been
shown in [3]. In [4], [5], different quadrature amplitude

modulation (QAM) schemes have been considered for the
PNC, where the BER results of M-QAM are examined
through the closed-form expressions to analyze the effect of
the modulation scheme on the performance of the detection
of NCS.

Several recent advances have been analyzed in PNC
research, including the use of more efficient codes such
as polar codes and low-density parity-check (LDPC) codes
[6], [7], as well as the development of new signal process-
ing techniques such as iterative decoding, and successive
interference cancellation (SIC) [8]. Moreover, in [9], a deep
neural network (DNN) technique is adopted to an asyn-
chronous PNC system to increase the system’s throughput.

For the detection of NCS at the BS, mainly log-likelihood
ratio (LLR) based detection has been given after applying
zero-forcing (ZF) or minimum mean squared error (MMSE)
through a sum difference matrix [10]–[13]. In [10], the
combination of PNC and multiple antenna technology has
been provided to enhance the performance of the system.
Then, the LLR is performed with the help of sum and dif-
ference signals, and the NCS is decided by using the LLR
value. In [12], the multiple antenna technology has been
extended to a multi-user massive multiple input multiple
output (MIMO) system. In [13], deep learning techniques
have been used for the PNC with multiple antennas using
LLR-based detection. Since the LLR-based detection needs
information about noise variances, it brings complexity to
the overall system.

This paper considers a novel PNC framework, includ-
ing downlink and uplink phases, to reduce computational
complexity for 6G communications. To be specific, the
contributions of this paper are listed as

• For the uplink phase, we propose a low-complexity
NCS detection instead of LLR-based detection.

• For the downlink phase, a novel precoding scheme
based on maximum ratio combining (MRT) is pro-
posed instead of ZF precoding while transmitting NCS
to all users to improve the BER performance.

The remainder of this paper is organized as follows.
Section II gives the system model for the PNC scheme.
The proposed uplink and downlink PNC schemes with
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reduced complexity are given in Section III. The complexity
analysis is given in Section IV. The simulation results are
provided in Section V. Finally, the conclusion is discussed
in Section VI.

II. SYSTEM MODEL

A PNC system is considered, including K = 2 users
having one antenna and one BS equipped with M = 2
antennas as illustrated in Figure 1. The information is
exchanged between two users at a low data rate through
the BS to implement a reduced complexity framework. The
BS aims to decide the NCS correctly and broadcast it to
both users. Binary phase shift keying (BPSK) is used for
all data transmissions.

Fig. 1: System Model for the PNC scheme with two users
and two antennas.

The composite transmit symbol vector is defined by,

s =
[
s1, s2

]T
(1)

where si i ∈ 1, 2 is the BPSK transmitted symbol of ith
user. The composite uplink channel matrix is given by,

H = [h1,h2] (2)

where h1 ∈ CM×1 and h2 ∈ CM×1 are the uplink
channel vectors between the first and second user and the
BS respectively. Each element of the channel vectors is
experienced with Rayleigh fading.

The received signal at the BS is expressed by,

r = Hs+ n (3)

where n is the additive white Gaussian noise (AWGN) vec-
tor at the BS, with Gaussian distributed complex elements
with zero mean and σ2 variance.

Conventional Uplink SIMO-PNC
The manipulated composite transmit symbol vector

whose elements are the sum and difference of the users’
transmit symbols is defined as:

ŝ = Ds (4)

where the sum-difference matrix is [10]:

D =

[
1 1
1 −1

]
(5)

In addition to that, the manipulated composite channel
matrix Ĥ is given by,

Ĥ = HD−1 (6)

Then, the received vector in (3) is re-written by,

r = Ĥŝ+ n (7)

At the BS, the received signal is equalized by,

y = Gr (8)

where G = (ĤHĤ)−1ĤH is the ZF equalization matrix.
The LLR-based detection can be utilized to detect the

NCS [10] by

LLR = log

( exp

(
−

2

σ2
2

)(
exp

(
2y2

σ2
2

)
+ exp

(
−

2y2

σ2
2

))
exp

(
−

2

σ2
1

)(
exp

(
2y1

σ2
1

)
+ exp

(
−

2y1

σ2
1

))) (9)

where σ2
1 and σ2

2 are variances after equalization belonging
to the first and second users:

σ2
k = {GGH}k,kσ2, k ∈ {1, 2} (10)

Finally, for the LLR-based detection, the NCS is deter-
mined by:

sR =

{
1 LLR ≥ 0

−1 otherwise
(11)

We refer all BER expressions and derivations to [12].
However, LLR-based detection might have a higher com-

putational complexity. The next section proposes a reduced
complexity PNC framework, including both downlink and
uplink phases.

Conventional Downlink MISO-PNC
For the conventional downlink MISO-PNC scheme, a ZF

precoding is used to transmit the NCS symbol. Then the
received signal is given by,

r̃ = H̃Wds̃+ n (12)

where r̃ = [r̃1, r̃2] is the downlink received signal, H̃ =
[h̃1, h̃2] is the downlink composite channel matrix where
h̃1 and h̃2 are the downlink channel vectors of users and
s̃ =

[
s̃1, s̃2

]T
is the downlink composite transmit symbol

for the conventional system. Here, since we consider the
PNC system, the transmitted symbols for two users are the
same as s̃1 = s̃2 = sR.

Then, the precoding matrix for the conventional precod-
ing system W′ is given by,

W′ = H̃H(H̃H̃H)−1 (13)

After, the normalized precoding matrix is obtained by,

Wd =
W′

||W′||F
(14)
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Then, the estimated NCS in ith user b̃R is given by:

b̃R =


0, Re(r̃i) > 0

1, Re(r̃i) ≤ 0

(15)

where r̃i is the received signal at the ith user.

III. PROPOSED FRAMEWORK FOR PNC

Firstly, we propose an uplink single input multiple output
(SIMO)-PNC with reduced complexity for NCS detection.
Then, we propose a downlink multiple input single output
(MISO)-PNC for the transmission of NCS.

A. Uplink SIMO-PNC With Reduced Complexity

In the literature, the sum and differences are estimated
by the BS and mapped to the NCS using the LLR. The sum
and difference signals are also used in the proposed low-
complexity approach, but we do not employ LLR detection.
To have reduced complexity, the squared differences of the
sum and difference signals are defined at the BS.

In Table I, it is shown that exclusive-OR (XOR) opera-
tion in the bit level can be represented by multiplication
operation in signal level. Then, we can derive that the
squared difference of the sum and difference signals results
in a multiplication operation using simple algebraic steps.
First, the squared difference of the sum and difference of

TABLE I: Bit and Signal Level Mapping

b1 b2 b1 ⊕ b2 s1 s2 sR = s1s2

0 0 0 1 1 1
0 1 1 1 -1 -1
1 0 1 -1 1 -1
1 1 0 -1 -1 1

transmit symbols is taken as:

sm = (s1 + s2)
2 − (s1 − s2)

2 (16)

After expanding the squared terms, sm can be revised as:

sm = s21 + 2s1s2 + s22 − (s21 − 2s1s2 + s22) (17)

After the simplifications in (17), the expression for the
difference becomes:

sm = 4s1s2 (18)

However, the sum and difference of the transmitted
symbols’ exact value are unknown, and only the equalized
signals y1 and y2 are available at the BS. Therefore,
the squared difference of the equalized signals ym, is
determined as follows:

ym = (y1)
2 − (y2)

2 (19)

where y1 and y2 are the equalized signals of the users and
ym is the squared difference of them.

By defining the equalized signals explicitly, ym is re-
expressed as:

ym = (s1 + s2 + n1)
2 − (s1 − s2 + n2)

2 (20)

where ni is the noise coefficient at ith antenna of the BS.
After applying the algebraic operations, ym becomes:

ym = 4s1s2+2s1(n1−n2)+2s2(n1+n2)+(n2
1−n2

2) (21)

When we focus on the multiplication term of the trans-
mitted symbols, we can consider the remaining terms as a
simple noise term denoted by nm. Then, (21) is arranged
as:

ym = 4s1s2 + nm (22)

Finally, we propose to estimate the NCS sR as follows:

sR =

{
1, Re(ym) > 0

−1, Re(ym) ≤ 0
(23)

B. Downlink MISO-PNC

In the downlink phase, while transmitting the NCS, we
employ MRT precoding scheme where the precoding vector
is set to be a weighted average of two users’ channel
coefficients.

Then, the precoding vector w ∈ CK×1 is determined
given by:

w =

√
αg1 +

√
1− αg2

||
√
αg1 +

√
1− αg2||

(24)

where α is a parameter between 0 and 1 and the normalized
ith channel vector is

gi =
hi

||hi||
, i ∈ {1, 2} (25)

ith user’s received signal is given by:

rDL
i = hH

i wsR + zi, (26)

where zi is the AWGN in ith user whose mean and variance
are zero and σ2, respectively.

As a result, the NCS in ith user is decided by the
following rule:

b̂R =


0, Re(rDL

i ) > 0

1, Re(rDL
i ) ≤ 0

(27)

After that, each user obtains the other user’s data by per-
forming XOR operation between its own data and detected
NCS:

b̂1 = b̂R ⊕ b2 (28)

b̂2 = b̂R ⊕ b1 (29)

where b̂1 and b̂2 are the estimated bits of other user at the
considered user.
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IV. COMPLEXITY ANALYSIS

In order to illustrate that the proposed scheme has lower
complexity than the LLR-based NCS detection, we examine
the complexity based on the big O function. The proposed
scheme includes taking square operation, difference oper-
ation and decision operation to detect NCS. Since all of
these operations are functioned on the scalar values, the
overall complexity of the proposed system becomes O(1).
On the other hand, LLR-based detection includes logarith-
mic, exponential, difference and decision operations. While
detecting the NCS, both the proposed and the LLR-based
scheme have the complexity of O(1). However, the LLR-
based scheme requires determining noise variance after
equalization through the multiplication of two matrices of
G ∈ CK×M and GH ∈ CM×K . The complexity of the
multiplication of two matrices having the dimension of
m × n and n × p dimensions, respectively, is O(mnp).
Consequently, the complexity of the LLR-based detection
is O(K2M) while the proposed algorithms has only O(1).

V. PERFORMANCE RESULTS

We provide performance results by considering BER
results’ cumulative distribution function (CDF). The users’
signal-to-noise ratio (SNR) is uniformly distributed be-
tween 0 dB and 30 dB. Each element of the channel
vectors is generated through Rayleigh distribution. While
comparing the proposed framework with the conventional
case, the LLR-based detection is applied in the uplink
phase, and the ZF precoding is performed in the downlink
phase.
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Fig. 2: CDF of BER for the proposed uplink SIMO-PNC
and the uplink SIMO-NC.

In Figure 2, the CDF of BER results based on the de-
tected NCS for the uplink is shown for the proposed uplink
SIMO-PNC and the uplink SIMO-NC. It is demonstrated
that the proposed PNC and NC schemes give the same BER
performance while the PNC has doubled spectral efficiency
compared to the NC scheme.

Fig. 3: BER versus α for the SNR of users
are uniformly distributed between 0dB and 30dB.
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In Figure 3, the BER of each user and the average BER
of the PNC system are shown with respect to α values for
the proposed downlink MISO-PNC. It is concluded that
when the α gets closer to the one, the second user’s BER
is increased. On the other hand, when α gets closer to zero,
the first user’s BER is increased. Since it is observed that
the average BER of two users reaches its lowest value at
α = 0.5, α is chosen as 0.5 for the remaining simulation
results.

The CDF of BER for the proposed downlink MISO-PNC
and conventional downlink MISO-PNC with ZF precoding
scheme is illustrated in Figure 4. It is shown that the
proposed downlink MISO-PNC outperforms significantly
compared to the conventional scheme for the downlink
case.

In Figure 5, for the end-to-end transmission scheme, the
BER results are plotted for the proposed PNC framework
and conventional system with LLR-based detection in the
uplink and ZF precoding in the downlink. It is shown that
the proposed and the conventional schemes achieve the
same BER performance while the proposed PNC scheme
has 80% lower complexity than the conventional PNC
scheme.

VI. CONCLUSION

In this paper, we have proposed the reduced complexity
PNC scheme with BPSK for detecting NCS in the uplink
and transmitting NCS in the downlink. The proposed low-
complexity detection scheme gives the same performance
as the NC scheme for the uplink while doubling spectral
efficiency. For the downlink phase, the proposed downlink
MISO-PNC with MRT precoding significantly outperforms
the conventional downlink MISO-PNC scheme with ZF
precoding. The proposed PNC framework gives the same
BER performance as the conventional scheme while it
has much lower complexity since it employs algebraic
operations and the MRT precoding instead of LLR-based
detection and the ZF precoding. As a future work, the
proposed PNC scheme will be extended to the case of
higher-order modulations with more than two users and two
antennas at the BS.
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