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Abstract: Let M be a triangulated, oriented, connected compact 3-manifold with a connected nonempty boundary.
Such a manifold admits a unique decomposition into A-prime 3-manifolds. In this paper, we show that the adjoint
Reidemeister torsion has a multiplicative property on the disk sum decomposition of compact 3-manifolds without a

corrective term.
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1. Introduction

In this paper we focus on the adjoint Reidemeister torsions of triangulated, oriented, connected compact 3-
manifolds with connected nonempty boundaries. Let X denote the class of 3-manifolds M with connected
nonempty boundary such that every 2-sphere in M bounds a 3-cell. Let M and M’ be two manifolds in
the class X. Then the disk sum (also called boundary connected sum) M A M’ can be formed by pasting a
2-cell on the boundary of M to a 2-cell on the boundary of M’. The operation of disk sum A is well-defined,
associative, and commutative up to homeomorphism. A manifold M € X is called A-prime if it is not a
3-cell, and whenever M = PAP’ | either P or P’ is a 3-cell. In [5], Gross proved the following decomposition

theorem:

Theorem 1.1 ([5]) For any 3-manifold M (different from a 3-cell) with connected nonempty boundary, there

18 an isomorphism
M = M{AM>A ... AM;,

where the summands M; are /A -prime 3-manifolds, and they are uniquely determined up to order and

homeomorphism.

In 1935, Reidemeister introduced a new invariant, called now Reidemeister torsion, to classify 3-
dimensional lens spaces (up to PL equivalence) [10]. Later, Franz classified higher dimensional lens spaces
by extending the notion of this invariant [3]. In 1969, Kirby and Siebenmann showed that Reidemeister torsion
is a topological invariant for manifolds [4]. The invariance for arbitrary simplicial complexes was proved by

Chapman [2] and thus the classification of lens spaces of Reidemeister and Franz was shown to be a topological
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invariant. In 1961, Milnor disproved Hauptvermutung by using this invariant. He constructed two homeomor-
phic but combinatorially distinct finite simplicial complexes. Then he described Reidemeister torsion with the
Alexander polynomial which plays an important role in knot theory and links [6, 7].

The twisted chain complex of a 3-manifold M with a connected nonempty boundary is never acyclic, so
its first twisted homology group does not vanish. Hence, the computation of the adjoint Reidemeister torsion
of M via A-prime 3-manifolds involves a corrective term T (#,) coming from the homologies as a factor of
the adjoint Reidemeister torsion of M.

Throughout this paper G denotes a complex reductive algebraic group SL,(C) or PSL,(C) and
g is the Lie algebra of G. Let K be a cell-decomposition of finite CW-complex X and p : m(X) —
G be any representation. We denote the twisted chain complex by C.(K;gaq,), the subspaces of cycles
Ker{0, ®id : Cp(K;gaq,) = Cp-1(K;9aq,)} by Z,(K;gaq,), the subspaces of boundaries Im{d,1 ®id :
Cpr1(K;9aa,) — Cp(K;9aq,)} by Bp(K;gaq,), and the twisted p-th homology group of C.(K;gaq,) by
Hp,(K;gaq,) = Zp(K;gaq,)/Bp(K;gaa,)- For a given basis hi! of H,(M;gaa,), we denote by T, (M, {h}}3_)
the adjoint Reidemeister torsion of M twisted by a representation p : w1 (M) — G. In this paper, we show that
the adjoint Reidemeister torsion of M has multiplicativity property without a corrective term. More precisely,
we establish a multiplicative adjoint Reidemeister torsion formula for M in terms of the adjoint Reidemeister

torsions of A-prime 3-manifolds in the unique disk sum decomposition:

Theorem 1.2 Let M = A (M;). For each j € {1,...,n — 1}, we denote the disks on the boundaries of M,

i=1
and M;1 that are identified in the construction of M by ID)?. Assume that interiors of ID)? ’s are pairwise
disjoint in M. Let o : m (M) — G be a given representation with the restrictions Oty = ¥,. For a given
D2
basis hzﬂw of Hy(M;gaq,) and a basis hy’ of HO(]D)?;gAdQ‘ ), there exists a basis hé”i of Hp(Mi;gAde ) for
D2 i

J

each i € {1,...,n} such that the following formula holds

n

HT% (M, {h)}3 )
T, (M, {h)}5_g) = =

n—1 ) ]D)?
[17., @ {h'}
j=1 7
2 .
Moreover, if we choose h]g)j = fl(po(co)) for each j € {1,...,n— 1}, then we obtain

TQ(M, {hﬁ”}ﬁzo) = HTw,., (Mzw {hﬁ”i}ﬁzo)-

Here, fI is the map induced by the simple homotopy equivalence fI : {x} — ID)?, wo @ Zo({*};Ad,) —
Ho({*};Ady) is the natural projection, and C% is the geometric basis of Co({*}; Ad,).
In the theorem above, by interiors of ID)? ’s being disjoint we mean that the interiors of the images of inclusions

o(D?) and +(D?,,) in M; are pairwise disjoint whenever j € {1,...,n—2} and the point * is in the intersection

of all D? ’s.
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2. The adjoint Reidemeister torsion

Let X be a CW-complex with dimension n and let X denote its universal covering. Let us denote the
nondegenerate Killing form on g by B which is defined by B(A, B) = 4 - Trace(AB). For a representation
p: m(X) — G, consider the action of m1(X) on g via the adjoint of p. Let Z[mr(X)] be the integral group
ring.

Let K be a cell-decomposition of X and K be a lifting of K. By using the cellular chain complex

Ci (IN( ;Z), one can define the twisted chain complex as follows
C.(K;gaa,) = Cu(K;Z) @ g/ ~, (2.1)

where c @t ~y-0c®~-t for every v € m(X), m(X) acts on X by deck transformations, and the action of
7m1(X) on g is the adjoint action.

Let {e,...,eh, } be the set of p-cells of K giving us a Z-basis for Cp(K;Z). Choose a lift &/ of e/

for j =1,...,my. Then we get a Z[m (X)]-basis ¢, = {%’}Tz”l for C,(K;Z). Suppose that A = {ak}zi:mlg is a
B-orthonormal basis of g. Then ¢, = ¢, ®, A is a geometric basis for Cp(K;gad,)-

Consider the following chain complex
Ci = Cu(K;9aq,) = (0= Cr(K;9aa,)—Crno1(K;9a4d,) — -+ — Co(K;9aa,)—0).

For p € {0,...,n}, let
By(Cy) = Im{0p41 : Cpy1 — Cp},
Zp(Cy) =Ker{0, : Cp = Cp_1},

and H,(C.) = Z,(C.)/By(Cs) be p-th homology group of the chain complex C.(K;gaq,), which has the

structure of a C-vector space. Then we have the following short exact sequences

0 — Z,(CL) & Cp(CL) 225 B, 1(CL) — 0, (2.2)
0 — By(C.) <> Z,(C.) 22 H,(C,) — 0. (2.3)

Here, 2 and ¢, are the inclusion and the natural projection, respectively.
Let s, : Bp_1(Cyx) — Co(Cy), €, : H,(Cy) — Zp(C,) be sections of 9, : Cp(Cy) — Bp_1(Cy),
op + Zp(Cy) = Hp(C.), respectively. By Splitting Lemma, the short exact sequences (2.2) and (2.3) yield

Cp(C.) = By(C.) ® Ly(Hy(CL)) ® sp(Bp-_1(CL)). (2.4)

If by, and hy are respectively bases of B,(C.), and H,(C.), then by equation (2.4) the following disjoint union
b, U 4p(hy) Usy(bp-1)
becomes a new basis for C,(Cy).
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Definition 2.1 The adjoint Reidemeister torsion of a chain compler C.(K;gaq,) is defined as the following
alternating product

n

T(C.(K; gAdp)a {CP}Z:Ov {hp}gzo) = H [by L £, (hy) U sp(by-1), ¢y

p=0

(_1)(p+1)

e C*/{£1},

where [e,, fp] is the determinant of the transition matriz from basis £, to e, of Cp(C.).

Throughout this paper the adjoint Reidemeister torsion lives in C*/{%1}.

The adjoint Reidemeister torsion of a chain complex C.(K’;gaq,) depends on the choice of the homology
bases h,,, but it is independent of the conjugacy class of p, the choice of the lifts 'é? of the cells e? , and the
basis A (since A is orthonormal with respect to Killing form B) by [9, Section 0.2, Remarks al, a2 in p.10].
Furthermore, it is independent of the bases b, the sections s,, ¢, due to [7, Section 3, p.365].

Besides, by [7] the adjoint Reidemeister torsion of M is invariant under subdivisions, hence it defines an

invariant of manifolds with dimension less than or equal to 3. More precisely,

Definition 2.2 Let M be a smooth compact n-manifold with a triangulation K, where n < 3. For a given
representation p : w (M) — G and given bases {h,};_, of homologies, the adjoint Reidemeister torsion of M

can be defined as
Ty (M, {hy}_o) = T(C.(K; 8a4,): {€p}p=0, {hp}y=0)-

The adjoint Reidemiester torsion is independent of the triangulation K of M.

Mayer-Vietoris sequence is one of the useful tools to compute the adjoint Reidemeister torsion. The

following theorem is due to [9].

Theorem 2.3 Assume that X is a compact CW-complex with subcomplezes X1, Xo C X so that X = X1UX,
and Y = X1 N Xs. Let Y1,...,Y be the connected components of Y. For v = 1,2, consider the inclusions

Y& x, 4 X
Forv=1,2, and p=1,...,k, let p: 7 (X) — G be a representation with the restrictions P 1T (X,) = G,
p, m(Yy) = G. Then
7

(i) The following sequence is short-exact

1 2

i) w®(i ) — (4
0— @C*(Y;L;QAdpl ) (8 O*(XﬁgAdp‘ )@ C*(X2§9Adp‘ ) Uezge Ci(X;9a4,) — 0.
i Yu X X

(i) Corresponding to the sequence in (i), there is a Mayer-Vietoris long exact sequence in homology with

twisted coefficients

@ik
Hotooo — @Hi(YmgAdp‘ ) — Hi(XﬁgAdp‘ ) @ Hi(X2§gAd‘,‘ )
Iz Y X1

X2

Jt =3 )

(

Hi(X;gaa,) — OHia(Yuigaa, ) —> - (2.5)
7 Yiu
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(i4i) Choose a basis for each of these homology groups such as hiX for H;(X;9a4,) h;xl for Hi(Xy; gad, ),
X

1

h*? for Hi(XQ;gAdp‘ ), and h; Yu for H; (YM,gAdP‘ ). The long exact sequence (2.5) can be viewed as

X2

a chain complex. Indeed, the following formula holds

T,

k
o KON Ty (Ko (1) = T (X, ) [T Ty, O (07D

T(H., {has}).

The proof of Theorem 2.3 can be found in [7, Theorem 3.2] or in [9, Section 0.4, Proposition 0.11].

Notation 2.4 The torsion T(H.,{h..}) is called the corrective term. The same terminology is also used in
[1].

We have the following lemma.

Lemma 2.5 If d is the dimension of the CW-complex X, then the corrective term in Theorem 2.3 satisfies

3d+2
T (Mo, {hyp 2252, {013242) = T [, by]

p=0

_1)(p+1)
O (2.6)

Here, hj, = b, Us,(b,_1).

Proof First, we denote the vector spaces in the long exact sequence (2.5) (from right to left) by C,(#H.) for
p€{0,...,3d+2}. Then we consider the short exact sequences

Oy

0— Zp(Hy) = Cp(Hy) = Bp—1(H+) = 0, (2.7)
0= By(H) = Zy(Hs) = Hy(H,) — 0. (2.8)

For each p, let us consider the isomorphism s, : B,_1(H+) — sp(Bp—1(H+)) obtained by the First Isomorphism
Theorem as a section of Cp(H«) — Bp—1(H.). Using the exactness of H. in the short exact sequence (2.8), we

obtain

Hence, the sequence (2.7) becomes
0 — Bp(H+) = Cp(Hy) - Bp—1(H+) = 0. (2.9)
Applying the Splitting Lemma for the sequence (2.9), we have
Cy(He) = By(H.) @ 5, (By-1(H.)). (2.10)
Thus, the Reidemeister torsion of #, satisfies the following formula

3d+2 _1)(p+1)
T (., {h, 2452, {032242) = T [0, ] """ . (2.11)

p=0
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Here, hy, denotes the new basis b, U s,(b,—1) of Cp(H.) for all p. O

For further information and applications, we refer to [6, 9, 11, 12] and the references therein.

3. Main results

To prove Theorem 1.2, we need the following auxiliary results. The adjoint Reidemeister torsion is a simple
homotopy invariant (due to Remark 2.8 (a) of the preprint by Porti: Reidemeister torsion, hyperbolic three-
manifolds, and character varieties, 2016, arXiv:1511.00400). As a special case, we consider a closed disk D?.
Note that D? is simple homotopy equivalent to the point {*}. Since m(D?) is trivial, any representation
p:m(D?) — G is trivial. Hence, D? is a special complex by [7, Definition in Section 12.3]. Let f: {x} — D?
be a simple homotopy equivalence. Set ¢ = po fu : m1({*}) = G. Then it follows from [7, Lemma 12.5] that

T,(D?, {h5"}) = T, ({+}, {h{"}) (3.1)

for f,(h®*) =h{*.
Let K = K = {eg} denote the single 0-cell of {x}. As Z[r({x})] = Z[< ey >] 2 Z,

Co(K;Ady) = Co(K;Z) @ g/ ~ = g. (32)

Fix a B-orthonormal C-basis A = {a;}1'9 of g. Then co = {eo®ay }{™ is the geometric basis of Co(K; Ad,).

Consider the following chain complex

C. = C,(K; Ady) = (0 -2 Co(K; Ady) -2 0). (3.3)
Since the following equalities hold

Bo(C*) = Im{81 : C’l(C*) — Oo(c*)} = 0,
Z()(C*) = Ker{@o : Co(c*) — Cfl(c*)} = C()(K;Adw),

the 0-th homology of {x} twisted by ¢ can be given as follows
Ho({+}; Ady) = Ho(C\) = Zo(Cy)/Bo(Cy) = Co(K; Ady,) = g.

Then there are the following short exact sequences

0 — Zo(CL) <5 Co(CL) 2% B_1(C,) — 0, (3.4)
0 — Bo(C,) <5 Zo(C,) 2% Hy(C,) — 0. (3.5)

Here, 2 and ¢ are the inclusion and the natural projection, respectively. Let sg : B_1(Cy) — Co(C4) and
by : Ho(Cy) — Zp(Cy) be sections of the homomorphisms Jy : Co(Cy) — B_1(Cy), o : Zo(Cx) — Ho(C.),
respectively. Since By(C.) = B_1(C.) = {0}, the homomorphism ¢y becomes an isomorphism, so that the

section {y is the inverse of this isomorphism. Moreover, we have

Co(C,) = €o(Ho(C)). (3.6)
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Let h({)*} be an arbitrary basis of Hoy({*}; Ad,). From equation (3.6) it follows

T,({} (057} = [to(md), eo] - (3.7)

The following lemma is evident from equations (3.1) and (3.7).

Lemma 3.1 If hgz is a basis of Ho(D?;5 Ad,) which is the image of the basis h({)*} = po(co) of Ho({*};Ady)

under fi, then we get

T,(0% {8§"}) = [€o(h§™), 0| = [fol(po(c0)). o] = [eo, eo] = 1.

3.1. The Proof of Theorem 1.2
Let G be a complex reductive algebraic group SL,(C) or PSL,(C). Let M, My € X. We first focus on the
case where M is the disk sum of M; and M
M = My A Ms.
Cleary, M € X. From the Seifert-Van Kampen’s theorem it follows
m (M) = mp(My) * w1 (Ma).

Let ¢ : m(M) — G be a given representation with the restrictions g =1, : m(M;) - G and

1(My)
oy = Vo m1(Mz) — G. Moreover, we consider the restriction g , of the representation ¢ to 71 (D?).

We abuse the notation and denote the triangulations of respective manifolds by D? M;, M, and M. By

Theorem 2.3 (i), the following sequence is short-exact
0= Cu(D*igaa, ) = Cu(Mi;gaa, ) ® Cu(Maigaa,,) = Ca(M;gag,) = 0. (3.8)
D
It is well-known that for any 3-manifold N with nonempty boundary, one has dim(H(N;gaq,)) > 1,

where p: m(N) — G is a representation. Thus, C.(N;gaa,) is never acyclic. Hence, associated to the short

exact sequence (3.8), by Theorem 2.3, there is a Mayer-Vietoris long exact sequence in homology with twisted

coefficients
at 8
Moo 03 Hs(Mi;gaa, ) ® Hs(M2;gaq,, ) =5 Hs(M;gaa,)

o4 J

!

o) O
0 =% Ha(Mi;gaa, ) ® Ha(Ma;gaa, ) = Ha(M;gaq,)

o J

a/
0 1‘11(]\41;9Adw1 ) @Hl(M2§QAdw2) & Hi(M;gaa,)

o1 J

!

Y Is}
Ho(D?; gaq,, L) = Ho(Mi;8aa,, ) © Ho(Ms;gaa,, ) = Ho(M;gaa,) =+ 0.
D
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From the exactness of H., and the First Isomorphism Theorem it follows that 9} is the zero map and for each

i € {1,2,3}, the following isomorphism holds

K

R

Hi(My;gaa, ) ® Hi(Ma; gaa,, ) = Hi(M;gaq,)-

Let h£4 and h]g’2 be given bases of H,(M;gaq,) and HO(]D)z;gAdQ‘ ). By Lemma 2.5, the Reidemeister
D2

torsion of H. satisfies the following formula

11 —_1)(p+1)
T (M., {hy 1101:0»{0 1101:0) = H [h;,hp]( Y ) (3.9)
p=0

where hj, is the new basis b, U s,(b,—1) of Cp(H.) for all p. Since the Reidemeister torsion does not depend
on bases b, and sections s,, we can chose the suitable bases b, and sections s, to show that the existence of
the homology bases h]yl, hé”2 in which the corrective term in equation (3.9) is equal to 1.

e We consider the first part of the long exact sequence H., :

"

6// 6/ 8
0= Ho(D?; gaq,, L) = Ho(Mi;8aa,, ) © Ho(Ms;gaa,, ) = Ho(M;gaa,) =+ 0.
D

First, we use equation (2.10) for the vector space Co(H«) = Ho(M;gaq,). Since Imdy = {0}, we get
Co(Hs) =Imdy ® s,(Im Iy ) = Im dy. (3.10)

If we choose the basis h'™% of Tmdy as h)!, then h}! becomes the new basis hj, of Co(H.) by equation

(3.10). Since h}! is also the given basis hy of Cy(H.), the following equality holds
[h{, hg] = 1. (3.11)
Let us consider equation (2.10) for Cy(H.) = Ho(Mj; 9Ad,, ) @& Ho(Moy; 9Ad,, ). Then we obtain
Ci(H.) =Im o) @ s, (Im dp). (3.12)

Recall that the basis h™ % of Im 9, was chosen as h)? in the previous step. Note also that Im 8 is isomorphic

to Ho(]D)z;gAdQ‘ ), so that we can take the basis h™% of Im &) as ﬁé(h]gﬂ). By equation (3.12), we get the
D2
new basis for Cy(H.) as follows

by = {2 (mE"), s, (")}

Let n?, néwe, and n]g)Q denote respectively the dimensions of spaces Ho(M;gaaq,), HO(M£§gAd1,,Z)» and

HO(]D)Z;gAdQ‘ ) for £ =1,2. Since Ho(M1;gaq, ) and Ho(Mg;gAde) are subspaces of C1(H.), we have
D2 1

néwl +ng/12 = néw +nH0)2 = dim(C1(Hx))-
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M

o
Recall that h}! = {hé‘{} . is the given basis of Ho(M;gaq,). For i € {1,2,... ,nd" +nl"2}, there are nonzero
e
vectors (a, ,,a, ,, " ,a ay a, ) Such that
i1 4
an
nTgQ né\/l+ng2 0
/ (1, D? M
E a,,00(hy ) + § : @551 (hO,j) ’
j=1 J:n]g)2+1 =1
M M
D2 M D2 no o
ng ng +ng
Z / (1, D? Z M
ai,jao(ho )+ a’i,jsl (hoyj)
j=1 j=nB%+41

i=ng 41
are bases of HO(Ml;gAdwl) and Ho(Moy; 9Ad,, ), respectively. Moreover, A = [a, ] is an invertible matrix of
size (ng™ +nd?) x (g™ 4+ nl™).
Let h 4—2”%2 8’(hD2)+Z”3M+”32 hM ) f hie{l o+ )2}, Let us take th
et ho, =32 a, ;0y(hy jont? 11 %0551 (B, ) for each 4 RO £ ng 2 }. Let us take the

bases of Ho(Ml;gAdwl) and Ho(Mg;gAd%) as follows

M1
hy" = {(det A)"'ho 1} U {ho;};°, ,

M

hy™ = {ho,}"

M
1 +7l0 2

ngt 41
Then h; = {h)" h{™} becomes the initial basis of C;(#.), and we have
b}, h;] = 1. (3.13)
Considering the space Co(H.) = Ho(D?; gad, ) in equation (2.10) and using the fact that Im 97 = {0},
we can write the space Co(H,) as follows
Co(H) =Im o) & s,(Imdy) = s,(Im ). (3.14)

By equation (3.14), s,(89)(h2”)) = hD* becomes the new basis h} of Cy(H..). Since hD” is also the given basis
hy of Ca(H.), we get
[}, ho] = 1. (3.15)

e Let us consider the second part of the sequence H, for i =1,2,3

o a, oy
0 = Hi(My;gaa, ) ® Hi(Ma;gaa, ) = Hi(M;gaq,) = 0. (3.16)

Now we denote the vector spaces in the short exact sequence (3.16) (from right to left) as Cs;(H.),
C3i41(Hy) and Csiqpo(Hs) for i =1,2,3.
Note that the spaces Cs;12(H.) are equal to {0}. If we use the convention 1-0 = 0 for each i € {1,2,3}.
Then we get
[h3; 40, h3ipo] = 1. (3.17)
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By the exactness of H., we get the following isomorphism:

04

Hi(My;gaa, ) ® Hi(Ma;gaa,, ) = Hi(M;gaq,)
for i € {1,2,3}.
We use equation (2.10) for the space Cs3;(H.) = H;(M;gaq,). Since Im9;" = {0}, the following equality
holds
Cgi(H*) =Im ai @D s,, (Im 81”) =Im 81 (318)

Since Imd; equals to H;(M;gaq,), we can take the basis hi™% of Imd; as hM. By equation (3.18), hM

becomes the new basis hj; of Cs;(H.). As hM is also the given basis hs; of Cs;(H.), the following equation
holds
[hf;, hs;] = 1. (3.19)

Considering equation (2.10) for Cs;y1(H.) = Hi(Ml;gAdwl) &) Hi(Mg;gAdwz) and using the fact that
Im 8, = {0}, we obtain
Csipt1(Hy) =Im0; & s,,,, (Im ;) = s, , (Im ;). (3.20)

Since Hi(Ml;gAdwl) @ Hi(MQQGAde) and H;(M;gaq,) are isomorphic, the section s can be considered

3i4+1

hIm o

as the inverse of the isomorphism 0;. In the previous step, the basis i of Imd; was chosen as hM. By

equation (3.20), s,,,, (hM) becomes the new basis h}; | of Cs;q1(Hy).

3i+1
Let nM and niw" denote respectively the dimensions of spaces H;(M;gaq,) and Hi(Mg;gAdw) for

nM

£ =1,2. Note that HZ—(Ml;gAdwl) and HZ—(Mg;gAdwz) are subspaces of Cs;11(H.) and hM = {hl\/ﬁ} ' ig the

i J jo1
given basis of H;(M;gaq,). Moreover, the exactness of H, yields

nZMI + niwz = ’I’Lf\/[ = dim(C3;11(Hx)).

There are nonzero vectors (a, ,,a, ., " ,a, ,n) for k€ {1,2,... ,nM} such that
M M
nM i nM L
2 : M } : M
a’k,j S3i+1 (h”) ) ak,j s3i+1 <h”>
J=1 k=1 i=1 k=n"41

are bases of H;(Mz; gAdwl) and H;(Moy; 9Ad,, ), respectively. Moreover, A = [a, ] is an invertible matrix of

size (nM x nM).
M
We denote the basis element 23‘21 QS50 (h]\/][) by h,,,,, for each k€ {1,...,n}M}. Let us take the

bases of Hi(MUgAdwl) and Hi(MQ;gAde) as follows

nM1
hZ]’)\;[}H = {(det A)71h3i+1,1} U {h3i+1.k}k;2

nM

My _ .
h3;%, = {h3i+1,k}k:n{”’1+1‘
k2
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Then hs;1q = {hé\ﬁl, hé\fj_l} becomes the initial basis of Cs;41(H.) and we have
(h%; 1, haipa] = 1. (3.21)

Equations (3.11), (3.13), (3.15), (3.19), (3.21) yield

11

—_1)+1)
T(Heo {byp} il {0}2E) = [ [0, 777 =1 (3.22)
p=0
For p =0,1,2,3, we can choose the compatible geometric bases clg’2, c]]DVIl7 ci,”z, and ci’,” for the chain

complexes C’*(}D)Q;gAdg‘Dz ), C*(Ml;gAdw1 ), C’*(Mg;gAd%), and C,(M;gaq,) as in the proof of Theorem 2.3

(see, [9, Section 0.4, Proposition 0.11 (iii)]). Hence, by Theorem 2.3 and equation (3.22), the following formula
is valid

Ty, (M, {hp" o) Ty, (M, {h)™}0_)
- T,,_, (D?, {h§"}) '

To(M, {h)'}5 ) (3.23)

If we choose the basis h?” of HO(ID)Q;gAdQ‘ ) as fi(wo(co)). Then by Lemma 3.1 and equation (3.23),
D2

we have
To(M, {by'}5_) = Ty, (M, {b," }5 o) Ty, (M2, {hp2}5 ). (3.24)

Applying equations (3.23) and (3.24) inductively, the proof of Theorem 1.2 follows. Note that we can do
these inductions since the interiors of the images of inclusions 2(D%) and (D3, ;) in M; are pairwise disjoint

for each j € {1,...,n —2}.

Remark 3.2 In 1993, Miiller defines the Reidemeister torsion of compact smooth manifolds for unimodular

representations to show that the Reidemeister torsion and the analytic torsion of closed 3-manifolds coincide.

Following [8, Definition 1.23], a different choice of the lift K of X corresponds to a change of basis in the
vector space Cpn(K;gaq,) by a unimodular matriz. If we repeat the same process in Theorem 1.2 for unimodular

representations, then the resulting formula changes at most by sign. Therefore, the formula in Theorem 1.2 is

valid after taking absolute values.
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