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ABSTRACT

WAVE RADIATION FROM A TRUNCATED CYLINDER OF
ARBITRARY CROSS SECTIONS

Wave radiation problem in heaving motion from a vertical cylinder of circular
cross-section and truncated cylinder of an arbitrary cross-section in the water of finite
depth is studied. First, wave radiation from the circular cylinder is summarized which
was solved analytically by Yeung (1981). The water domain is divided into two regions:
the interior region below the cylinder and the exterior region outside the cylinder. The
interior and exterior solutions are matched by the continuity of pressure and normal ve-
locity in both cases. The vertical cylinder of a circular cross-section is solved by using the
separation of variables method in cylindrical coordinates. The coefficients of interior and
exterior solutions are related by the matching conditions. The system of equations formed
by these unknown coefficients has been solved. Then, the non-dimensional z component
of force is calculated by integrated pressure on the floating body. The real part and imag-
inary parts of this force give added mass and damping coefficients in heaving motion,
respectively. These numerical results are used for the verification of asymptotic solutions
of the present thesis. In the second case of this thesis, we treat wave radiation problems
in heaving motion from the non-circular cylinder by using an asymptotic method. The
asymptotic method of this thesis was suggested by Disibiiyiik et al. (2017). Disibiiyiik
et al. (2017) suggested the non-dimensional maximum deviation of the cylinder cross-
section from a circular one plays the role of a small parameter of the problem. The third-
order asymptotic solution is used. Unknown coeflicients of interior and exterior potentials
are solved by using Fourier coeflicients at each order of approximation. The advantage of
the method is that the boundary conditions can be solved for different cross-sections by

using the Fourier coeflicients. The results are compared with other numerical results.
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OZET

EN KESITI DAIRESEL OLMAYAN KESIK BIR SILINDIRDEN
DALGA RADYASYONU PROBLEMI

En kesiti dairesel olan bir dik silindir ve dairesel olmayan bir dik silindirden
dalma-¢ikma hareketinde dalga radyasyonu problemi calisildi. Analitik olarak Yeung
(1981) tarafindan ¢oziilen dairesel ara kesitli silindirden dalga radyasyonu problemi ver-
ildi. Su alani iki bolgeye ayrilmistir: silindirin altindaki i¢ bolge ve silindirin digindaki
dis bolge. I¢ ve dis bolgelerdeki ¢oziimler basincin ve normal hizin siirekliliginden iki
durumda da eglestirilmistir. Dairesel kesitli dikey silindir durumunda silindirik koor-
dinatlarda degiskenlerin ayrilmasi yontemi kullamlmgtir. I¢ ve dis bolgedeki ¢oziim-
ler eslestirme durumundan dolay1 baglantilidirlar. Bilinmeyen katsayilarin olusturdugu
denklem sistemi ¢Oziilmiistiir. Sonra, yiizen cismin iizerindeki basincin integre edilme-
siyle kuvvetin boyutsuz z bileseni hesaplanmistir. Kuvvetin gercek ve sanal kisimlari
dalma-¢ikma hareketinde sirasiyla katma kiitle ve soniimleme katsayilarini verir. Bulu-
nan sayisal sonuclar asimptotik ¢oziimle elde edilen sonuglarin dogrulanmasi i¢in kul-
lanilmistir.  Tezin ikinci kisminda, en kesiti dairesel olmayan dik bir silindir durumu
asimptotik bir yaklagimla ¢oziiliir. Bu tezde kullanilan asimptotik yaklagim Disibiiyiik
et al. (2017) tarafindan Onerilmistir. Silindirin ara kesitinin, gemberden maksimum boyut-
suz sapmast problemin kiiciik bir parametresidir (Disibiiyiik et al. (2017)). Problemin
liclincii mertebeden ¢oziimii asimptotik yontemle elde edilmektedir. I¢ ve dis potansiyel-
lerin bilinmeyen katsayilar1 her mertebede Fourier katsayilar1 kullanilarak bulundu. Sinir
kosullarinin farkli ara kesitli silindirler i¢in Fourier katsayilar1 kullamilarak ¢oziilmesi
yontemin avantajidir. Sonuclar farkli en kesitli silindirler icin daha dnce yapilan niimerik

caligmalarla karsilastiriimigtir.
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CHAPTER 1

INTRODUCTION

The hydrodynamic forces on fixed and floating structures or oscillating bodies
are research interests for researchers and engineers. The prediction of the diffraction
and the radiation forces on the structures is crucial. These structures are often used in
ocean engineering, such as bridge pylons, breakwaters, offshore platforms, wave energy
converters, floating offshore wind turbines and floating airports, etc.

The interaction of the incident waves with the body causes diffraction and deflec-
tion. Radiation forces come from the radiated waves generated because of the motion of
the body. The floating body oscillates time-harmonically in three-dimensional space that
is called six degrees of freedom. The sea waves and the movements in these waves have
nonlinear characteristics. The motions of the body are assumed to have a small amplitude.
The fluid flow around the floating body can be linearized by potential theory. The non-
linear and viscous effects are neglected. The mooring, which is also essential for motion
control, is ignored. Linear wave theory is applied for a vertical cylinder with a constant
water depth and the structure not submerged and extending to the free surface. Trun-
cated cylinders are mostly used in ocean engineering as wave energy converters (Zheng
and Zhang (2018)), spar platforms (Sudhakar and Nallayarasu (2011)), elliptic and quasi-
elliptic sectional bridge’s foundations (Liu et al. (2016), Eidem (2017), Liu et al. (2018)).
Also, Wan et al. (2017) studied numerical models on bridges floating on pontoons that are
the form of multiple elliptical cylinders.

An analytical solution to the problem of wave radiation from the circular cross-
section cylinder was proposed by Yeung (1981). The method was used before by Garrett
(1971) that was discussed the scattering of surface gravity waves by a circular dock. The
radius of the circular section was r=a, and the interior region was defined as r<a and the
exterior region as r>a, respectively. The inner and outer region problems were written
as potential functions in Dirichlet and Neumann types, respectively. Incident waves ex-
panded in Bessel functions. After that unknown coefficients were solved by matching

their normal velocities at r=a. The fact that the geometry was axisymmetric in circular



shape allowed the problem to be solved more easily. Black et al. (1971) used Haskind’s
theorem (Haskind (1957)) to the wave forces on a stationary body problem. In this case,
the far-field properties were sufficient. The study didn’t include direct calculations for
radiation forces. Yeung (1981) divided region into two parts: interior and exterior regions
to determine velocity potential. Eigenfunctions of these problems were matched and the
separation of variables method was used to find the unknown coefficients. Added mass
and damping for heave motion were computed and presented for the different radius to
depth and the bottom clearance to depth ratios. The velocity potentials were represented
in terms of Bessel and modified Bessel functions. These numerical results are used for the
asymptotic solutions of the present thesis. In another study, Drobyshevski (2004) obtained
hydrodynamic coefficients for a circular truncated cylinder for extremely shallow water
by using asymptotic methods. The distance between the bottom surface of the cylinder
and the seabed was very small and this small distance is used for asymptotic expansions.
Then, asymptotic expansions of potentials in the common region were matched. The au-
thor stated that as the distance under the cylinder decreases, the heave added mass rises
rapidly and is affected depending on the water depth. However, at the same depth, radia-
tion damping was weakly affected. Results were in agreement with Yeung (1981). Later,
Bhatta (2007) studied the effect of water depth and draft on hydrodynamics. The results
showed that the heave added mass was greater for the higher draft for cylinders with the
same water depth.

Studies on structures with non-circular cross-sections were examined by Chen and
Mei (1971), Williams and Darwiche (1990), Lee (1995), Yu et al. (2019). The scattering
and radiation from elliptical cylinder were studied by Chen and Mei (1971) that used the
separation of variables method in the elliptical coordinate system and representing the
velocity potential in terms of infinite series of Mathieu and modified Mathieu functions.
Williams and Darwiche (1990) studied wave radiation from an elliptical cylinder in two
cases: cylinder was submerged or floating on the free surface. In their study, a theoreti-
cal solution was given for the radiation of small-amplitude water waves. The numerical
results are presented for the added mass and damping coefficients for truncated elliptical
cylinders with different eccentricities and drafts. Again, velocity potential in elliptical
coordinates was written as Mathieu functions. Lee (1995) analytically solved the heave

radiation problem for the rectangular structure. But this problem was in two-dimension.



Lee (1995) also solved the problem with the boundary element method to compare, and
the results were very close. They pointed about that the added mass coeflicient increase
if the width of the structure and the water depth increase, the radiation damping increase
if the width of the structure increase. Yu et al. (2019) extended their studies to cylinders
with a different cross-section and, they suggested a semi-analytical solution for radiation
problem. The method for finding unknown hydrodynamic coefficients by matching veloc-
ities in the common region was the same as in other studies. However, the radius function
was defined in cylindrical coordinates and the boundary conditions are solved by writing
the radius function into the Fourier series. Added mass and damping were calculated for
cylinders with circular, cosine, elliptical, and quasi-elliptical cross-sections with the same
depth and same cross-sectional area (Yu et al. (2019)). The numerical results for cosine
type radial perturbation were calculated by using the Boundary Element Method and the
ANSYS AQWA software showed excellent agreement with the semi-analytical method.
Added mass and damping for the quasi-elliptic type were calculated in different drafts.
The results were used to compare with the asymptotic approaches obtained in this thesis.

The asymptotic solution of wave diffraction from a bottom-mounted vertical cylin-
der with different cross-sections was presented by Disibiiyiik et al. (2017) using the fifth-
order approximation which has good agreement with cosine type cross-section by Liu
et al. (2016). The asymptotic method in their work was proposed by Mei et al. (2005).
The method is useful for structures with arbitrary cross-sections. Mansour et al. (2002)
expressed the diffraction problem for a vertical cylinder with cosine type cross-section
as a series dependent on the perturbation parameter of the velocity potential. The series
expansion of the velocity potential was written in the boundary conditions and the zeroth
and first-order equation systems were obtained. They continued with numerical calcu-
lations such as the integral equation method and the Green functions. The zeroth-order
system was the same as the circular cylinder case. The integral equation method and
the asymptotic method were closed when the perturbation amplitude was small. Liu et al.
(2016) solved the diffraction problem by expanding the radius function and boundary con-
ditions on the surface of the cylinder to the Fourier series of Bessel and Hankel functions.
Disibiiyiik et al. (2017) suggested velocity potential and shape function in terms of Fourier
series and applied fifth-order approximation to the diffraction problem for cylinders with

arbitrary cross-section such as elliptic, square, quasi-elliptic, cosine type. Asymptotic



results are close to other numerical and experimental results. The asymptotic method of
this thesis was suggested by Disibiiyiik et al. (2017).

Computational methods were reviewed by Mei (1978) for diffraction and radia-
tion problems. The first method was the method of the integral equation using Green’s
functions. The second method was the Hybrid element method which was based on the
finite element method. The author noted that the calculations are more practical when
compared to the integral equation method. Numerical simulations were also used in the
wave radiation problem. For example, Yu et al. (2019) compared the results obtained with
the semi-analytical method using the boundary element method. In another article, Islam
et al. (2019) used OpenFOAM analysis for box-type oscillating structures. They achieved
very close results with analytical solutions. They noted that CFD for box-type structures
is suitable for interaction problems. Especially, it can be used for wave energy converters.

Wave radiation problem can be also extended to different conditions such as cir-
cular cylinder in a channel (Linton et al. (1992)), a rectangular structure with a sidewall
(Zheng et al. (2004)), rectangular structure over a sill (Shen et al. (2005)), floating rect-
angular structure in oblique seas (Zheng et al. (2006)), cylinder in front of a vertical wall
(Zheng and Zhang (2016)), submerged cylinder in finite water (Jiang et al. (2014)), sub-
merged elliptical disk (Zhang et al. (1995)), etc.

In this thesis, wave radiation problem in heaving motion from a vertical cylinder
of circular cross-section and truncated cylinder of an arbitrary cross-section in the water
of finite depth is studied. First, wave radiation from the circular cylinder is summarized
which is studied before (Yeung (1981)). The water domain is divided into two regions:
the interior region below the cylinder and the exterior region outside the cylinder. The
interior and exterior solutions are matched by the continuity of pressure and normal ve-
locity in both cases. The vertical cylinder of a circular cross-section is solved by using the
separation of variables method in cylindrical coordinates. The coeflicients of interior and
exterior solutions are related by the matching conditions. The system of equations formed
by these unknown coefficients has been solved. Then, the non-dimensional z component
of force is calculated by integrated pressure on the floating body. The interior solution
is used to calculate the force. The real part and imaginary parts of this force give added
mass and damping coeflicients in heaving motion, respectively. The added mass and the

damping coefficients are proportional to acceleration and the body velocity, respectively.



These numerical results are used for the verification of asymptotic solutions of the present
thesis. In the second case of this thesis, we treat wave radiation problems in heaving mo-
tion from the non-circular cylinder. We studied by using an asymptotic method which
was suggested by Disibiiyiik et al. (2017). The non-dimensional maximum deviation of
the cylinder cross-section from a circular one plays the role of a small parameter of the
problem as in the paper by Disibiiyiik et al. (2017). A third-order asymptotic solution of
the problem is obtained as in the paper by Disibiiyiik et al. (2017). Unknown coefficients
of interior and exterior potentials are solved by using Fourier series of the shape function
at each order of approximation. The advantage of the method is that the boundary con-
ditions can be solved for different cross-sections by using the Fourier coefficients. The
asymptotic approach is applied for cylinders with different cross-sections such as elliptic,
quasi-elliptic, square, and cosine cross-section. The computational results are compared
with other studies.

The structure of the thesis is as follows:
In Chapter 2, some fundamentals of fluid dynamics such as incompressibility condition,
Euler’s equation, potential flow theory, and Bernoulli’s equation for unsteady irrotational
flow are given. The boundary conditions are presented. The body response in regular
waves are given.
In Chapter 3, the wave radiation problem in heaving motion by a vertical cylinder of the
circular cross-section is solved by separation of variables method in cylindrical coordi-
nates. The coefficients of interior and exterior solutions are related to each other by the
matching conditions which are based on the study of Yeung (1981). The matrix system
formed by these unknown coefficients has been solved. Then, the non-dimensional z
component of force is calculated. Real part and imaginary parts of F, give added mass
and damping coefficients in heaving motion, respectively. Added mass and damping for
0 < koa < 4 presented for different values of radius a and the distance d between sea
bottom and cylinder’s bottom surface.
In Chapter 4, the wave radiation problem in heaving motion by a vertical cylinder of an ar-
bitrary cross-section is solved by an asymptotic approach. The radius of the cross-section
of the vertical cylinder is described by the equation r = R[1 + £f(6)] where R is the
mean radius of the cylinder and & be the small non-dimensional parameter of the problem

(Disibiiyiik et al. (2017)). Wave radiation in heaving motion from a vertical cylinder is



studied by the third-order asymptotic method. The interior and exterior potentials, shape
functions are written in terms of the Fourier Series. Non-dimensional added mass and
damping coefficients are compared for cylinders with circular, cosine type, square, el-
liptic, and quasi-elliptic cross-section with the other numerical results. The presented
results compared with the numerical results of Williams and Darwiche (1990) and Yu
et al. (2019).

In Chapter 5, the conclusion is shown.



CHAPTER 2

FUNDAMENTALS OF HYDRODYNAMICS

2.1. Equations of Motion

In this section, we introduce some elementary equations of fluid dynamics.

The ideal fluid defined as (Acheson (2005))
e The fluid is incompressible,
e The density of the fluid is a constant which is not change with time.

e The force on the surface element ndS in the fluid is

pnos 2.1)

where the pressure p(x,y, z, t) is constant.

Consider a surface S drawn in the fluid which is fixed and closed with unit outward
normal n. Fluid will be entering the enclosed region V on S, and leaving it. The velocity
component along the n is u - n and the volume of fluid leaving through 4S in unit time is

u - ndS (Acheson (2005)). The net volume rate of leaving fluid is

fu -ndS (2.2)
s

The equation (2.2) should be zero for an ideal fluid and by the divergence theorem, we

have

fV -udS =0 (2.3)
s



The equation is satisfied on the region and incompressibility gives

(2.4)

everywhere in the fluid.

2.2. Euler’s Equation

The equations (2.5) and (2.6) are known as Euler’s equations for an ideal fluid:

Du 1
— =—-Vp+ 2.5
Dr - 5 Pte (2.5)
V-u=0 (2.6)
where g = (0, 0, —g) is the graviational term and it can be written as
g=-Vy since y =gz 2.7)
We can rearrange equation (2.5) and we get
0
A u-Vu= —V(E +)() (2.8)
ot Jol

since the density p is constant. The vector identity can be substituted into equation (2.8),

w-Viu=NVAuAu+ v(%mﬁ)

(2.9)
and we get the momentum equation into the form
0 1
—u+(V/\u)/\u=—V(£+—|u|2+)() (2.10)
ot p 2



2.3. Potential Flow

The vorticity equation w = V A u is zero for an irrotational flow, then we can say

that the velocity potential ¢ exists and defined at point P by

P
¢:f u-x 2.11)
0

where O is arbitrary point. The potential ¢ is independent in the simpliy connected fluid

region and the path between the points O and P. The equation (2.11) gives
u=Ve (2.12)

If incompressible, inviscid and irrotational flow is assumed, then we can define veloc-
ity potential ¢. The incompressibility condition in (2.6) provides the potential ¢ satisfy
Laplace equation.

V=0 (2.13)

2.4. Bernoulli’s Equation

Irrotational flow is assumed and u can be written as gradient of velocity potential,

1.e, u = V¢. So, Euler’s equation (2.10) becomes

\Y% 1
o) _ —V(B + —[u? +X) since VAVg=0 (2.14)
ot p 2

After integration of (2.14), we get Bernoulli’s equation for unsteady irrotational flow:

op . p

1 2
= = 2.15
o T ot Fx =60 (2.15)

where G is a time-dependent arbitrary function.



2.5. Boundary Conditions

The fluid motion appears from a deformation of the water surface and free surface

equation can be denoted by

z=1(x,y,1) (2.16)

2.5.1. Kinematic Condition at the Free Surface

Fluid particles on the surface have to stay on the surface. Let assume that F(x, y, z, 1)
stays constant for any particular particle on the free surface and F(x,y,z,t) = z—n(x, y, 1).
In other words, DF /Dt = 0 on the free surface, i.e.
oF

E+(u~V)F:0 on z=rn(x,y,t) (2.17)

2.5.2. The Pressure Condition at the Free Surface

Inviscid flow is assumed and pressure p at free surface is equal to atmospheric
pressure Py at z = n(x, y, t). If we assume that the P, and density are constant and choose
G(?) accordingly, we can rewrite equation (2.15) to simplify it, 1.e.

9¢

1
E+§|u|2+gn:0 on z=n(x,y,1) (2.18)

2.5.3. Linearization of the Surface Waves

Suppose that both free surface displacement r and fluid velocities u are small.
We can linearize the problem ignoring quadratic and higher terms. Moreover, expanding
equation (2.17) in a Taylor series at z = i and ignoring quadratic and higher terms, we

have

% = o on z=~h (2.19)

10



Similarly, the pressure condition (2.18) gives

Y ren=0 on z=h (2.20)

2.5.4. Body Boundary Conditions

The boundary can be fixed and rigid. Let rigid body moving with velocity u
through the fluid, the velocity of this surface is nonzero. The normal compenent of fluid
velocity must be equal to the normal velocity of the boundary surface itself. The fluid can-

not flow through the boundary surface (Newman (2018)). Boundary condition becomes

9 _
on

where n is the unit normal vector directed out of the fluid.

u-n (2.21)

2.6. Body Response in Waves: Added Mass and Damping

The interaction of the incident waves with the body causes diffraction and deflec-
tion. Radiation forces come from the radiated waves generated because of the motion
of the body. The floating body oscillates time-harmonically in three-dimensional space
that is called six degrees of freedom. We define three translational motions parallel to
(x,y,2) = (x1,x2, x3) as surge, sway, and heave, and three rotational motions about the
same axes as roll, pitch, and yaw, respectively (Newman (2018)). The velocity will be

sinusodial in time, we get
Ui(t) = Reliocé;e "], j=1,2,...,6. (2.22)

where &; is the amplitude. The wave amplitude is small to justify linearization. The

velocity potential can be written in the form

6
O(x,y,2,1) = Re| ) (€603, 2) + Agp)e™ (2.23)

J=1

11



where ¢; is the potential of a rigid body motion with unit amplitude and it is the solutions

of the radiation problem for j = 1,2,...,6.

0b;
Wi _iony, j=1,2,3.

on

0d:
Wi iorx xm)ys, j = 4,5.6.
on

on the body surface S. The unit normal vector is n and the position vector is r.

0
%:0, on S
ba = do + @7

(2.24)

(2.25)

(2.26)

(2.27)

where ¢ is the incident wave potential and ¢; is the scattering potential. This problem

defined as diffraction problem. Also, each potential satisfy Laplace’s equation.

Vi¢; =0, j=0,1,2,...,7.

The linearized boundary condition gives

2 0.
_0-_¢j+ﬁ:0, onz=h, j=0,1,2,...,7.
g 0z

The radiation condition gives

1/2

@j o< ()c2 +y2)1/2e_”‘R, as ()c2 +y2) o0, j=1,2,...,7.

(2.28)

(2.29)

(2.30)
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The equation (2.23) is substituted into unsteady Bernoulli’s equation. The quadratic and

higher terms are ignored. The total pressure is given by

0
p=—p(a—f+gZ)

= —pRe - pgz (2.31)

6
D €8+ Ao + gr))icre™
=1

The force F and moment M can be determined by integrating the fluid pressure over the

wetted surface S (Newman (2018)).

F n 6 _ n
=-pg ff zdS —pReZimquSje"” ff ¢,dS
M g rxn =1 g rxn

— pReiocAe™ f f ! ](¢0 + ¢7)dS (2.32)
rxn

S

The hydrostatic force in the form

F=—pg f f nzds (2.33)

S

and moment in the form

M = —pg ff(r X n)zdS (2.34)
s

The components of force and moment can be written as

6
Fi=Re ) ioc&e ' f;j, i=1,2,...,6. (2.35)
j=1
where
9
S

13



The coeficient f;; is the complex force in the direction i, due to a sinusodial motion of

unit amplitude in the direction ;.

fij = c?a;; — ioh;; (2.37)

The added mass coeflicient is a;; which gives the force component proportional to the
acceleration. The damping coefficient is b;; which gives the force component proportional
to the body velocity. These boundary conditions, real and imaginary parts of the force are

required for the radiation problem.

14



CHAPTER 3

WAVE RADIATION IN HEAVING MOTION FROM
A VERTICAL CYLINDER OF CIRCULAR CROSS
SECTION

Wave radiation from a floating vertical circular cylinder in finite-depth water is
studied analytically by Yeung (1981). The region is divided into two regions by Yeung
(1981): interior and exterior regions to determine velocity potential. Solutions for interior
and exterior problems are obtained by the separation of variables method. Eigenfunctions
of these problems are matched to find the unknown coeflicients. Added mass and damping
for heave motion are computed and presented for the different radius to depth and the
bottom clearance to depth ratios. The velocity potentials were represented in terms of
Bessel and modified Bessel functions. These numerical results are used for the asymptotic

solutions of the present thesis.

3.1. Mathematical Formulation

In this problem, we formulated boundary value problem for heaving of a vertical
cylinder with circular cross-section in finite depth water /. Seabed is horizontal and fixed.
Let the Oxy plane be the sea bottom, (7, ) be polar coordinates, and the z-axis point up-
wards. Gravitational acceleration g is in z direction. The cylinder extends from d to the
free surface. The floating body oscillates time-harmonically along the z-axis. If incom-
pressible, irrotational and inviscid fluid flow is assumed, the velocity potential O(7, 6, Z, t)

as given:

(D = U3¢§3 (31)
Us(t) = % = Re[—io&e™ "], where X; = & cos(ot) (3.2)
® = Re[-ioé&e ' $i(F,0,7)] (3.3)

15



where o is the angular frequency, &; the heave amplitude, X3 the displacement function,

Us the heave velocity, and i = V—1. Note that the dimensions of ®, Us, o, &, and ¢; are

L*/T, L/T, 1/T, L and L, respectively. Velocity potential satisfies Laplace equation and

exterior region 9 X
interior(region
Figure 3.1. Coordinate system and notations
boundary conditions on free surface, sea bottom and body:
VO =0
ov o0 -
| onz =h (Kinematic Condition)
0z Ot
0o - . .
m +gn=0 onz=h (Dynamic Condition at p = P)
op 10°0 -
—+—-———=0 onz=h (Combined D.C. and K.C.)
0z g or
oD
— =0 atz=0
7 atz
oo -
a—=V(D-n= Us(t)-n, onz=d,0<r<a
n
oo

— =VO0-n=0 atF=a, d<z<h
on
® >0 as 7— oo (Radiation Condition)

n(r, 0,1) defines free surface function, P, athmospheric pressure. The potential ®
is finite at 7 = 0.
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In this case, fluid motion has axisymmetric behaviour. In the paper Yeung (1981),
all space variables are non-dimensionalized by water depth /. For example, a represents
the radius to water-depth ratio (a/ h); d the bottom clearance to water-depth ratio (d/h).

The non-dimensional form of potential ¢3(= h¢) provides

D(r,0,7,1) = hRe[—icEse™ 7' ¢(r, 7)] (3.4)
Vi =0 (3.5)
2
% _p=0 onz=1, v="Lh (3.6)
0z 8
% -0 atz=0 (3.7)
0z
% _ 1 onz=d O<r<a (3.8)
0z
6_(;5:0 atr=a, d<z<l1 (3.9)
or
$—0 as r— oo (3.10)

The potential ¢ is finite at r = 0.

We will separate the region into two parts: interior and exterior regions. The
solution ¢(r, z) in the interior region (r < a) is below the cylinder (0 < z < d) and the
solution ¢“(r, z) in the exterior region (r > a) is outside of the cylinder (0 < z < 1) as in

the paper by Yeung (1981).
3.1.1. Inner Solution

The interior solution satisfies the equations (3.5), (3.7), and (3.8). It can be ex-
pressed as a sum of homogeneous and particular solutions to solve the inhomogeneous

boundary value problem which comes from the cylinder’s bottom surface.

¢ = ¢§1i) " ¢g‘) (3.11)

where ¢§f) and ¢§f) satisfy the following boundary conditions:

P ¢§11) P ¢§;>
A ) LI ) 3.12
(92 z=0 aZ z=d ( )

17



b (i)
Bl

0 (i)
= i =1 (3.13)
az z=0

8Z z=d

Separation of variables method is applied to get the solution of the differential
equation. We have homogeneous and inhomogeneous parts. The potential gbz") satisfies

the Helmholtz equation,

i L g i I
o = g =0, 4=10 (3.14)

s r s d

Then we have:
¢(i)_ i 2_r_2 (3.15)
r=24\" T2 '
o _ @ o Do jn

= + . A7), A;i=— 3.16
YT L e R g (10

where «; are Fourier coefficients and I is the modified Bessel function of the first kind

order zero since the interior potential ¢ is finite at r = 0. Hence interior solution is

. 1 r? a - Io(A;1) jm
)= = (2= S|+ 2+ Y 19, 4,=2 3.17
¢ (r9 Z) 2d (Z 2 ) 2 - a] I()(/lja) COS( ]Z)’ J d ( )

where r <aand 0 <z < d.
The coeflicients «; are not known at the moment. We need the exterior solution and

matching conditions which are given in Sections 3.1.2 and 3.1.3.
3.1.2. Exterior Solution

The exterior solution satisfies equations (3.5), (3.6), (3.7), (3.9) and (3.10). We
used separation of variables method to obtain the exterior solution ¢'“. The exterior

solution can be written as

69 2) = ) AR\ Zo(k2) (3.18)

=0
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where r > a and 0 < z < 1. The coeflicients A, are unknown coefficients and k, are

solutions of the relations kotanh(ky) = v and kstan(k;) = —v, £ > 1. The potential ¢“(r, z)

satisfies Helmholtz equation,
(e) 1 (e) 2 4(e)
o+ -7 + k¢ =0, (3.19)
r

1
¢§? " _¢§e) _ k2¢<€> =0, (3.20)
r

The functions R, given by

H"(kor), fort=0
Ry(ker) = (3.21)

Ko(kﬂ'), for £ > 1

where H(()l) is the Hankel function of order zero, and K is the Macdonald function
of order zero since the radiation condition.

cosh(ko)/N),  No = 1 (1 + sh2in))

Zy(kez) = (3.22)

cos(ka) /N2, Np =4 (1 +522)

The function Z; is normalized orthogonal set in [0,1] (see Appendix A).
3.1.3. Matching Conditions

The potentials ¢)(r,z) and ¢“(r,z) are matched at r = a by the continuity of
pressure and their normal velocities are same at r = @ and 0 < z < d by the continuity of

normal velocity between interior and exterior regions.

¢“(a,z) = $"(a,2) (3.23)
o (e) o (i)

Using the body boundary condition (3.9) and matching the velocities of ¢ and
¢? at r = a (3.24) gives:
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- : d<z<l1
D kAR () Zo(kez) =4
=0 ¢P(a,2), 0<z<d

(3.25)

where the prime and the subscript r denote the differentiation with respect to r. We can

multiply given piecewise function with Z,(k.z), £ = 0, 1,2, ... then integrate from O to 1:

1 d
f keAdR, (kea) [ Ze(kez) Pz = f é%qs“)(a, D Zo(ke2)dz
0 0

Using the orthonormal properties of the Z, (see Appendix A), we obtain:

d
’ 0 o
keA (R (kea) = f -0, 2)Zi(k2)dz
0

After some calculations, we get:

A= (A; +> ajs,-E,-[] kR,  £=0,1,2,...

=0
The quantity S ; is given by:

‘_j_ﬂl(')(ﬂja) _m
T2 h(a) T d

(3.26)

(3.27)

(3.28)

(3.29)

The unknown coeflicient A7 comes from integration of inhomogeneous boundary condi-

tion of interior solution. The integrals Ay and Ej., j = 0,1,2..., € = 0, 1,2... are defined

by:
—a sinh(kod) £=0

. d a @ 2dk0N1/2 s
Ap= | ¢, (@ 2Z(ke)dz = 0
o Or —asinded) g
2dkeN) ? -

_2(=1)/ sinh(kod) -0

QU

2 g Va2’
Eje=~ fd cos(1,2)Z(kez)dz = 4 © ”(f”‘o)}NO
0

d 2sin(ked—jr)  ked
(kgd—jzr)Nfl/z (ked+jm)?

(3.30)

(3.31)
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Using equality of potentials ¢ and ¢ at r=a (3.23) we have:
@ ¢ 1 a jr
? +jZ:1:ajCOS(/ljZ) :¢( )((,l,Z)— ZZ(ZZ__)’ /l] = g (332)

Now, find Fourier coefficients ;. Integrate equation (3.32) from O to d with respect to z

to calculate ay:

— d a
ap = AfRf(kfa)Eoz) - (— - —) (3.33)

Multiply (3.32) with cos(4;z) and integrate from O to d with respect to z to calculate «;:

2 © 1 M, &
;= E[ | 1) (a,z)cos(/ljz)dz—zlvfo (z —?)cos(/ljz)dz]

After calculations of the integrals,
- . 2d )
;= [ZAgRg(kga)Eng - (—1)fj27 i=1,2,.. (3.34)
=0

We can rewrite infinite system for a;:

@ = [Z A[R[(kt’a)Ejt’) -a; j=0,1,.. (3.35)
£=0
where
d a2 .
2T 95 .] = O
04;- _J3 u (3.36)
(-1 2, =1

The coefficient systems of a; and A, are related. We can substitude one system to the
other to eliminate the unknowns. We need the potential ¢ for the calculation of added

mass and damping coeflicients in heave motion. So, substitude equation (3.28) into (3.35)

and we get:
© (A} + Z(sx; a,SEg)RE
w:z(f 0 JRE; —at, j=0,1,... (3.37)
J o kgR[ J
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Q’S qu AR[EJg
R,E =0 = =01,
Z ¢ 15 {Z{; k[R -a; J

Rt’EjfESf
- a'sSs 7 = 8j ‘:091""
Z ; kR, 8j> J

We can replace «; with the identity

aj = Zd,-sas, j=0,1,...
s=0

where 6 j, is the Kronecker delta. Hence,

Do —enlas =g j=0.1,... (3.38)
s=0
where
© R,EE,
ejs —ck’]g ‘s, (3.39)
=0 (a4
g = N AReEje (3.40)
Jj = 7 .
£ kR,

The system of equations can be represented in matrix form:

1 —€p1 ce —€on @ 80
0 1—-e ... —€1n aq _ 81
_0 —€n1 T enn_ _a/n_ _gﬂ_
—_—— ——
A X b
ayg=go+ Z €0i; (341)

First, the matrix system is solved for «;, j = 1,2, ... since § vanishes. Then, we
can calculate o in case of j = 0 in the equation (3.41) and unknown coefficients A, in the
equation (3.28). Mostly, 12 equations are enough. In Appendix D, behaviour of «; and

A, for variying number of equations are given.
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3.2. Added Mass and Damping Coefficients

The velocity potential d(r, 6, z, ¢) for a vertical cylinder with circular cross-section
is defined as follows:

O(r,0,7,t) = hRe[—iocéze " ¢(r, 2)] (3.42)

The force can be determined by integrating the fluid pressure, p = —p%#f, over the wetted
surface of the cylinder S. The real and imaginary parts of F, are defined heave added
mass and damping coefficients (Newman (2018)). The added mass coefficient represents
the force component proportional to the acceleration and the damping coeflicient gives a

force proportional to the body velocity.

ffpnds__pf 0 1ds

Note that, n, = 1 and Plh=r.

dS = rdrdd

dS = h’rdrdo

27 a
F,= +pf f P o*&e 7 o(r, z)rdrdd (3.43)
0o Jo

27
F.=ph’c’& f f #(r,z).1rdrdd since max(e ") =1 (3.44)
o Jo

Body boundary condition 5%:) = 1 at z = d, r < a can be substituted into equation (3.42).

27 (i)
F. = ph’c?&; f f o (r, d)a¢ (Zd) rd (3.45)

- (1 ?\ a w— lo4r)
F. = ph’c? f f —(zz——)+—0+ T~ cos(A;d) |rdrde  (3.46
pied | ) 5lE 7] ZJW) (A;d) (3.46)

J=1
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where 4; = %T, J = 1. Integration of modified Bessel function of the first kind 7, is given

in Appendix B.

da? aoa al(4;a)
F.=ph’c?&2n| — — — a 3.47
= Pl Em| T - e+ Z( N 47

The non-dimensional added mass and damping coefficients in the paper Yeung (1981) are

given by the relation

F
+idy3 = ——— 3.48
M33 T+ 1433 o2 §3p7rc'z3 ( )

d a ao 4d
+il - _ = + — -1 3.49
M s = 5 784 " 2a JZ; -1 (]ﬂ)2 G4

where
I Aja i

Qe (3.50)

T2 e T d

3.3. Computational Results

The process start with calculation of v for different values of k, which satisfies
kotanh(ky) = v. If v is known, then we can find k, from the relation k,tan(k;) = —v by
using the Newton-Raphson method. The first four terms of k,a are presented in the Table
3.1 for various kpa where a = 1.0. First five coefficiens «;, A, and the result of added

mass and damping for different number of equations is shown in Appendix D.

Table 3.1. Solutions of k,a for various kpa and a = 1.0

koa=05 ka=10 kia=15 ka=20 ka=25 koa=3.0
kia  3.0664 2.8834 2.6714 2.4809 2.3271 2.2075
ka  6.2462 6.1602 6.0629 5.9708 5.8864 5.8085
kza  9.4002 9.3434 9.2795 9.2186 9.1618 9.1081
ksa 125480  12.5055  12.4578  12.4123  12.3695  12.3288
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Figure 3.2 and 3.3 show the non-dimensional added mass and damping for differ-
ent non-dimensionalized radius a with parameter d. Added mass coeflicients for a=5.0
and a=1.0 are close. Damping coefficients are approaching to zero and added mass coef-
ficients are approaching to a constant (approximately kpa > 1) for all the cases. Added
mass coefficients decrease, whenever d increases. Also, damping coefficients increase
whenever d increases (whenever kpa approaches to zero). However, at the same depth,
damping was weakly affected. Note that, these numerical results are important for the
asymptotic solutions of the present thesis. Because of the zeroth-order system of asymp-

totic approach is the same as the circular cylinder case.
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(a) (b)

() (d

d=0.10
d=0.25
— — —d=075
————— d=0.90

Figure 3.2. Added mass and damping coefficients for heaving motion: a = 5.0 and
a=1.0



(a) (b)

;Lss/a

3 4
(c) (d)
d=0.10
] d=0.25 |+
— ——d=075
T~ S R d=0.90 | |
@ 45 ]
3 4§ i
! |
35 1 ]
\
\ | 1
3y
\ 1
25 F I e _l
N [
> ki . . D -
0 1 2 3 4 3 4
koa

Figure 3.3. Added mass and damping coefficients for heaving motion: a = 0.5 and
a=0.2
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CHAPTER 4

WAVE RADIATION IN HEAVING MOTION FROM
A VERTICAL CYLINDER OF ARBITRARY CROSS
SECTION

The wave radiation problem in heaving motion by a vertical cylinder of an arbi-
trary cross-section is solved by an asymptotic approach. We can note that the asymp-
totic solution of wave diffraction from a bottom-mounted vertical cylinder with different
cross-sections was presented by Disibiiyiik et al. (2017) using the fifth-order approxima-
tion which has good agreement with numerical and experimental results. The asymptotic
method of this thesis was suggested by Disibiiyiik et al. (2017). The non-dimensional
maximum deviation of the cylinder cross-section from a circular one is assumed the small
parameter of the problem by Disibiiyiik et al. (2017). In this chapter, we studied a third-
order asymptotic solution. Unknown coefficients of interior and exterior potentials are
solved by using Fourier series of the shape function at each order of approximation.
The advantage of the method is that the boundary conditions can be solved for different
cross-sections by using the Fourier coefficients. The asymptotic approach is applied for
cylinders with different cross-sections such as elliptic, quasi-elliptic, square, and cosine
cross-section. The computatonal results are compared with other studies.

Yu et al. (2019) extended their studies to cylinders with a different cross-section
and, they suggested a semi-analytical solution to this problem. The method for finding
unknown hydrodynamic coefficients by matching velocities in the common region was
the same as in other studies. However, the radius function was defined in cylindrical co-
ordinates and the boundary conditions are solved by writing the radius function into the
Fourier series. Added mass and damping were calculated for cylinders with circular, co-
sine, elliptical, and quasi-elliptical cross-sections where same depth and cross-sectional
area is assumed. Added mass and damping coefficients for the quasi-elliptic type were
calculated in different drafts. The results were used to compare with the asymptotic ap-

proaches obtained in this thesis.
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4.1. Mathematical Formulation

We deal with a vertical cylinder with arbitrary cross-section of finite draft in finite
depth water. Seabed is horizontal and fixed. The bottom surface of the water is Oxy plane,
(r, 0) is polar coordinates, and z-axis point upwards. Gravitational acceleration g is in z
direction. The floating body oscillates time-harmonically along the z-axis. The cylinder
extends from d to the free surface (Figure 4.1). The radius of the cross-section is described
by the equation r = R[1+&f(6)] where R is the mean radius of the cylinder, ¢ be the small
non-dimensional parameter of the problem and f(6) is the smooth, bounded and periodic,
f(@) = f(0 + 2m), function which is the deviation of the shape of the cross-section from

the circular one (Disibiiyiik et al. (2017)).

r=R[1+5f(0)]

exterior region 9 X

z=0

Figure 4.1. Coordinate system and notations

If inviscid fluid flow is assumed, we can define the velocity potential as follows:

O(r,0,7,t) = hRe[—iocéze 7 ¢(r, 6, 2)] 4.1)

where o is the angular frequency, &; the heave amplitude, and i = V—1. The potential

o(r, 0, 7) satisfy the following equations:
V=0 4.2)

P 2
% =0 onz=1, v="r 4.3)
0z g
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9¢

a_Z:O atz:O
g—¢:1 onz=d, 0<r<R[l+ef(0)]
Z
0
6—:V¢-n:0 onr=R[l +ef(0)], d<z<1
n

¢p—>0 as r— o

where the normal vector n is the pointing out. The potential ¢ is finite at r = 0.

4.2. Vertical Cylinder with Nearly Circular Cross Section

If we expand equation (4.6), we get

_ 2 100 3
Vo= (6‘r’ rof’ oz
\%
n= %, f=r—R[1+¢&f(0)]
n= ! (1, —RSf’(H))
1 4 Rerop r

= : o ___ef'® 09} _
voon= | 4 Re"@P (ﬁr R[1 + &f ()] 60) B

R2[1+&f ()]

onr = R[1 +&f(0)].

4.4)

4.5)

(4.6)

4.7)

(4.8)

4.9)

(4.10)

4.11)

As in the cylinder with circular cross-section, we must divide the region into two

parts: interior and exterior. Then we will write the asymptotic expansions of the boundary

conditions provided by the interior and exterior potentials and calculate the unknown

coeflicients while the leading order £ — 0.

4.2.1. Interior and Exterior Solutions

The interior solution ¢(r, 6, z) satisfy the equations (4.2), (4.4), (4.5) and the
exterior solution ¢“)(r, 6, z) satisfy the equations (4.2), (4.3), (4.4), (4.6) and (4.7). The
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potentials are given by the asymptotic expansions up to O(&*) for a small parameter &.

¢0(r,0,2) = ¢ (1,60,2) + £\ (r,0,2) + £V (1,6,2) + £V (r,6,2) + O(e*)  (4.12)

¢(r,0,2) = ¢ (1,0,2) + 80\ (1,0,2) + €205 (1,0,2) + ¢ (1,6,2) + O(e*)  (4.13)

The potentials ¢(r, 6, z) and ¢'“(r,0,z) are matched at r = R[1 + &f(6)] and
0 < z < d by the continuity of pressure and the continuity of normal velocity between

interior and exterior regions.

¢RI + £f(0)],6,2) = gPR[1 + £f(6)],6,2) (4.14)
@¢(8) a¢(i)
= 4.15
on |=ri1+e10) on |r=Rri1+e®)] ( )

The partial derivatives d¢/d6 and d¢/0r on the R[1 + £f(6)] are approximated by their
Taylor series up to O(g*) at r = R. Then substitute asymptotic expansions of ¢'” and ¢
at » = R into conditions (4.11), (4.14) and (4.15).

The condition (4.11) gives:

(e) ve ¢(e) L RFO) ¢E)eir _f (9) ¢(e)

@ o BLO o 200

ve?| O+ RFOP ~ = FO f (0)py),

1,rr R 1,6 2 O,rrr R
(6) 3 () 1 2 2 4(e) 2 o (e) 1 2 g (e)
, R Oy ey, + —R FO)7¢, ., +2fO) (O, — —Rf O) f Oy g

3f<9> O 2f(9)f’(0)¢(e) A )¢“> :
R "~ fOF O, ~ —— + R O)¢3),

=0(" where r=R, d<z<I.
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The condition (4.14) gives:

2f2(6) (e) ]
2 0,rr

y+e |0 + RIOWS) | + e [¢<;> + RO} +

+8

© 4 R3f(9) o)+ %szw)%ﬁﬂr + Rf(0)¢(e)]

R f20) ) ]

¢(21) + Rf(9)¢(l) 2 0,rr

=¢) + & [qb(’) + Rf(0)¢,) ] +&

+&

| , 1
5+ RSO, + RO, + Rf<e>¢<'>]

+0(* where r=R, 0<z<d.

The condition (4.15) gives:

¢§)ei+8 ¢(e) + Rf(e)(ﬁgezr f( )¢(()eg)
0 R*f%(6 2f0)f'(6
2o+ R0y, - Do+ S04, HOD g rorr o,

[ 1
o)+ RSOP e, + —R2f<e>2¢(fi,, + 2f<9)2f'<9>¢£f3,, - 5Rf<9>2f'<e>¢f;j3,9

+ &£
3f(9)2f’(9)¢(e) L Jor O £O)e5,
m "~ fOf O, ~ —— + RO)¢3),
=0, + ool + RFOW), ~ 10,
[ {C R F2O) 2O fO) ;
o |0, - L0 g0+ L0 4 2TOT g0 _ 10y 0100,
b+ R3f(9) Porrry + —R2f<9)2¢§",,r + 2100 f (O)bey g 1Rf<9>2f'(9)¢83r,9
+&
3f<9>2f'(e>¢“> 2f(9)f’(0)¢(’) L L0, :
= =~ fOF O, ~ —— + RfO)¢3),

+0(" where r=R, 0<z<d.
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At the leading order as € — 0,

© 0, d<z<l1
0, (R6.2)=1 (4.16)
W, 0<z<d
VR, 0,2) = ¢ (R,6,2), 0<z<d (4.17)

We can say that ¢g) and ¢ée) are the velocity potentials of heave motion for the circular

cylinder. The problem for circular cylinder, r = R, is shown in Chapter 3.

, 1 ”\ 2y LA i
(0 2 0 04 J
L e A P . A7), A =L 4.18
0 =5 (Z 5 ) ot ]Z:;a Io(/lJ-R)COS( s 4, p (4.18)
5 = AL (kor)Zo(ko2) + ) AiKo(kir)Zitki2) (4.19)

I=1
where Z; = cosh(koz)/Né/ % and Z; = cos(k;z) /Nll/ 2 since Z; 1s orthonormal set in [0,1] (see
Appendix A). From the free surface conditions, k, satisfies kotanh(ky) = v and k; satisfies
kitan(k;)) = —v.

At the first order, we get

-Rf (9)¢Ef}, + m%&, d<z<1

)R, 6,2) = (4.20)
80— RFO)8L), + L0 L g0 0<z<d

¢V(R,0,2) = ¢\” + RFO) — RFO)P,,, 0<z<d 4.21)
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At the second and higher orders, we get

SR, 0,2) =

0,rrr

P ; 2MW@W
+Rf(9)¢( ) 1R2f(9)2 (i) - 0.0

1,rr 0,rrr

, ’ (@)
—F OO, — T2 1 Rf(0)¢

1,rr?

0,rr

0O(R.0,2) =4 + (1R2f<9>2¢<6> +Rf(9)¢(e))

1,r

- (%R2 FO7¢5 +Rf(0)¢' ) 0<z<d

1,rrr

FIRFOP £ O, + LOL % 2 Or O,

0, rr9 R R

(e)
HFOF O3, + T2 _ REO)pL),

¢(l) 1R3f(9)3 e _ %sz(e)z(ﬁ(e)

O,rrrr 1,rrr

R, 0,2) =1 2 £(@) £ ()8, + LRGP 1 O, + MW?mﬁ

O,rH

216 f )¢ , fuw
T+ fO)f (O, + —

1,rrr
2108, 10,
+—t— = f(O)¢) ,(0) + R$Y f(6)
1085,
LR

$0(R.0,2) =42 + R3f(9) Doy + %mﬂe)ng@ +RFO)¢5)

0,rrr 1,rr

— SRFO)0,, - SR O8G, + RFOWY,

1,rr

¢ 2FO)f O , e
~1R (0%, - ——F—L + fO) O,
168" P
LR,

; e 21O)f O}, ,
O — IR 0%, - =L + fOf Oy

— RO ey, — 3R [O70),, — 2f(6) [ (O)¢,

—Rf(O)5), + R3¢ f(0) + 21 (O)¢y [ (0)

, i i 37080, £(6)
—1Rf(O)dy) o f (0 + 3R?P)  f(6)* — ———

0<z<d

(4.22)

(4.23)

(4.24)

(4.25)
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where the portentials ¢§f)(r, 6,2), ¢§f)(r, 60, z) and their derivatives calculated at » = R. The

subnotation after comma represents the partial derivative of the function such as

0 _ o9y
0r — or -

The potentials ¢ and ¢, n=1,2,3 can be written in terms of Fourier coefficients

as

(9]

¢f’le) = Z [Apmocos(mb) + Bn,m,OSin(me)]H;(qp(kO )Zo(koz)

m=0

+ > > [Aumicosmd) + By ysin(mé)] K(hkr)Zy(hr2) (4.26)

=1 m=0

Im(/ljr)

80 = > > [Coumjcos(mb) + Dy jsin(mo)] LB

Jj=0 m=0

cos(4;z) 4.27)

The coefficients A, .1, Bymis Com,j and D, ; are unknowns at the moment. They
are found by using the boundary conditions (4.20)-(4.25). If the Fourier coefficients of

f(6) are known, we have

(c) o
f(0) = 07 + Z 9 cos(mb) + £ sin(m@) (4.28)
m=1

The derivatives of potenatials qbg)(r, 2), ¢§f)(r, z) at r = R (see equations (4.18) and (4.19))
and the Fourier series of the function f(#) are substituted into (4.20) and (4.21) to find
the solution of ¢(li)(r, 0,7) and ¢(f)(r, 0,z). First, we should eliminate the z dependence
in system of equations by using the function Z, is normalized orthogonal set in [0,1]
(see Appendix A). As in the circular cylinder, the coeflicients in the interior and exterior
potentials are dependent. So, we have to use these matching conditions to eliminate the
coeflicients A and B to find the coefficients C and D. In Subsection 4.3, the potentials ¢,(f),

n =0,1,2,3 is used to find force in z direction. Similarly, higher-order problems for ¢(2i),

(e) ()

5 » ¢, and gbge) can be solved. The identity for product of Fourier series are given in

Appendix C is required.
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In case the shape function depend on the small parameter € (r = R[1 + £f (8, )]),

f(6, &) can be approximated as

[0, ) = fo(0) + ££1(0) + & /2(0) + £ f3(6) + O(") (4.29)
© 0, d<z<l1
P (R.0,2) =1 (4.30)
O, 0<z<d
PV (R, 0,2) = ¢ (R,6,2), 0<z<d 4.31)
“RAO)S), + O d<z<1
$\ (R, 0,2) = (4.32)
(e) (i)
(t) Rfo(9)¢ffi, f0(9)¢09 _ f0(9)¢09 + Rfo(9)</>(ol),,, 0<z<d
¢V(R.60,2) = ¢ + Rfowm@ Rfy@)py)., 0<z<d (4.33)
e 200(O)f O o N <e>¢ )
—SR fo(0) ¢y, — L + fo(O)f; (OB + T
JHCLY e e
+2252 — RO, — RO, d<z<l
¢(6)(R 0:2) = 20O 08 710 )¢”
(l) 1R2f (0)2 ée’irr _ X Ig 0.0 fo(e)fo(e)QSE)eZH J1%0.0
e e i 2£0(0) 108
+Rfo(9)¢(1,ir + RfiO)y, + 5B [0y, + ——5—2
i 1 <6>¢ O i i
~foO) £ O8], — Tt — 2L+ Rf(O)¢Y + RO, 0<z<d
(4.34)
1 e 1 e e e
$O(R,0,2) =% + ( R2f0(9)2¢f)},+Rﬁ>(9)¢“+Rf1(9)¢>”)
(LR £0267 + REGF + RE©O)0? 0<z<d 4.35
SR’ + RO, + RAOF, ). 0<zs (4.35)
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(e)

O,rrrr

~R fo(6)’

~2fo(0) f;(O)), +
_2hOF O}, 2fo(9)fo(e)¢(”

2A©O)fO)8)
+fo(O) f;O)¢, )y — ———~

f2<9)¢‘” ¢,
R R

~Rf(O)85), — RAO)),.

f <9>¢“>

+

(e)

O,rrrr

(l) 1 R% f (9)3
—szl O 12O},

1 /
+3RAO? [ O,
¢(e) (R.6.7) = +3fo<9>2f5<9)¢gf; _ 2R6)f O,

— 1R* fy(0)*¢

1rrr

T + foO) O,

+ [10)f;6)
- RO,

— 1R’ fo(6)

IR0 f; O , +

(e)

1,rrr

= 21O f;(O),

2/0(0)f;O)')

R R

+£o(0) £[(O)85),

£ <0>¢£;H

+ O f0)6

A8

R

- R £1(0) fy(0)e;y),

S OSHOUS

R

0,70

_ 2hOf0)45,

R

+(0) £ Oy +

f <e>¢<” e
2 = RfyO)¢5),

—3Rf3 OBy, fo(6)

(e)

0,rr

fo(0)

- Rf2(0)¢

: RS g)rrrrf0(9)3 + 2f(; (9)¢g,)r9

%fo(e)aﬁ(’) fo(6)?

21O, fo(0)

- Rf1(0)¢

+IR2¢) [y (0)* -

L2 (9><z§i?9fo(9>

—£1(O)y . fo(6) —
+R2 f1(0) ), fo(6) +

+Rf2(9)¢3)rr + RO, -

b (9)¢8;

R

(e)

1,rr

£50)0 . 15(0) + ReS. fo(6)

2f (9>f0 ©)g,

- LOf; O,

£,

JHOH

7 (R.0,2) =4 + R3f O ¢,)

0,rrr

+ RAO);) + RAO)S) -

- R fi(0)fo(0)y,., + Rfo(0)¢5., —

+ —R%(e)zqsi‘ji, +

R0

R

0,rrr

RAO)8)) -

R*£1(6) fo(0)8}

R

- le]%(9>2

—Rfi(0)¢

7

(4.36)

, 0<z<d

@
¢] T

@

1,r°

O, + Rf(O)¢5)

0,rr

(4.37)

0<z<d
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4.3. Added Mass and Damping

The velocity potential d(r, 0, z, t) for a vertical cylinder with circular cross-section

is defined as follows:
D(r,0,2,1) = hRe[—icése 7' ¢(r, 6, 7)] (4.38)

The force can be determined by integrating the fluid pressure, p = —p%f, over the wetted
surface of the cylinder S. The real and imaginary parts of F, are defined added mass
and damping coefficients (Newman (2018)). The added mass coeflicient represents the
force component proportional to the acceleration and the damping coeflicient gives a force

proportional to the body velocity.
oD
F,= ds = - —.1dS
= mas = [ 5
S S
Note that, n, = 1 and 7/h = r.

dS = rdrd6

dS = Rrdrdo

27 R[1+£f(0)] _ _ ‘
F.= +pf f P o*&e™ 7 p(r, 0, 2)rdrdd
0o Jo

where max(e” ") = 1.

o 2 ~R[1+ef6)]
F,= 0'2§3ph3f f o(r,0,2).1rdrdo
0 Jo
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Note that, 2 = 1 atz = d, r < R[1 + £f(6)].

o pROsefO] 969(r 0.d
F. = c*&ph’ f f ¢(r, 6, d)%rdrd@
0 0 vé

o 27 R[1+£f(0)] ‘
= o2&l f f ¢(r, 0, d)rdrdd (4.39)
0 0

The added mass and damping coefficients are related with mass of cylinder. The non-

dimensionalized added mass and damping coeflicients are

+id F
l = — = _
H33 33 o2&pnR>(h — d)
1 2t PRU+efO1
= 7R(h—d) f f ¢"(r, 0, dyrdrdo (4.40)
- 0 0

The asmyptotic expansion of ¢ in (4.11) substituted into (4.39) and the integration of

,(f)r (with respect to r) are calculated which is denoted by gi,(f) n = 0,1,2. The limits of
the integral are 0 and R[1 + £f(0)]. The result of this integral should be approximated by
its Taylor series up to O(&*) at r = R. Because we have a problem about dealing with
the result 7,,(A;R[1 + £f(6)]). Then, the Fourier series expansion of f(6) is substituted.

Again, the identity for product of Fourier series in Appendix C is required. The remaining

numerical calculations are completed using Mathematica and Matlab.

R[1+ef(O)] R[1+ef(O)] . .
fo $O(r,0, dyrdr = fo [ (.0, d) + 8¢\ (1.0, d) + £°¢3 (1, 6,d) + O(*)rdr

=3ORI1 + £ 0)],6,d) — 30(0,6,d) + e3"(R1 + ££ ()], 6, d)
— 841(0,6,d) + 23 (R[1 + e£(0)],6,d) — £2¢5(0,6,d) + O(e’)

2
= £'5,(0) + 0),
n=0
where

1 ‘ (o8]
S.(6) = zsg;g + )8 cosmb) + S ) sin(mo)
m=1
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The equation (4.40) gives

1

TR Sw + Sty + €55 + 0, (4.41)

M3z +idsz =

where S é‘g is the force on the circular case. As a result of symbolic calculations, we can

conclude that § (()%), S (1%) and S (zco) consist of the coeflicients a, Cy , j and C5 , j, respectively.
The Fourier series of the shape function is necessary for finding the unknown coefficients
of interior and exterior potentials in Section 4.2.1. The results of the third-order approxi-

mation in equation (4.41) are compared with the previous studies in Section 4.4.

4.4. Added Mass and Damping Coefficients for Vertical Cylinder

with Different Cross Section

In this section, non-dimensional added mass and damping coefficients are pre-
sented. The asymptotic formulations and the Fourier series are used to calculate radia-
tion force in z direction from a truncated cylinder with elliptic, quasi-elliptic, cosine and

square cross-sections in finite water depth.

4.4.1. Added Mass and Damping for Vertical Cylinder with Elliptic

Cross Section

The scattering and radiation of gravity waves by an elliptical cylinder is studied
by Chen and Mei (1971) that used separation of variables method in elliptical coordinate
system and representing the velocity potential in terms of infinite series of Mathieu and
modified Mathieu functions. Williams and Darwiche (1990) studied wave radiation from
a elliptical cylinder in two cases: cylinder was submerged or floating on the free surface.
In their study, a theoretical solution is given for radiation of small amplitude water waves.
The numerical results are presented for the added mass and damping coefficients for trun-
cated elliptical cylinders with different eccentricity and drafts. Again, velocity potantial

in elliptical coordinates were written in terms of Mathieu and modified Mathieu func-
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tions. Yu et al. (2019) studied a semi-analytical model for wave radiation problem from
a truncated cylinder with a elliptical cross-section with eccentricity e = 1/2 and the non-
dimensional area of the elliptic cross-section was 0.257. Separation of variables method
in cylindrical coordinates were used and the velocity potentials were represented in terms
of Bessel and modified Bessel functions. In their paper, the potentials were written in
terms of Fourier series.

On the other hand, the asymptotic solution of wave diffraction from a bottom-
mounted vertical cylinder with elliptic cross-section was presented by Disibiiyiik et al.
(2017) using the fifth-order and third-order aproximations in case the shape function de-
pend on the small parameter € = e in equation (4.29) where e is the elliptic eccentricity.
The shape of ellipse closer to circle as e approaches zero. In the case elliptic eccentricity
is getting closer to one which means that ellipse is elongated and the method of shape
function depend on the small parameter does not provide accurate solution.

In the case of the vertical cylinder with elliptic cross-section which centered at
origin and eccentricity e = /1 — b%/a?. Let a be the semi-major axis on the x-axis and b
be the semi-minor axis on the y-axis. The radius function in polar coordinates (r, 6) are

given by

po_avi-e (4.42)

V1 — €% cos?(0)

Let the radius of ellipse be the equation r = aF(0),0 < 6§ < 2r and e = m =
0.661437 since b/a = 3/4. First, the Fourier coefficients of F(8) should be determined
to convert the radius function into the form r = R[1 + £f(0)] which is the presented
asymptotic solution in Section 4.3. We should determine R, € and Fourier coefficients of

lines of symmetry, F(0) = F(-6), F(’zr - 0) = F(g + 9):

f(0). The Fourier series of F(6) consists of cos(2mf), m > 0 since the ellipse has two

F(0) = % + Z F,, cos(2mb), (4.43)

m=1
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1 27 4 /2
Fopn=— f F(6) cos(2mb)do = — f F(0)cos2m&)ds, m=0,1,2,...
T Jo T Jo

The equation aF'(6) = R[1 + £f(0)] gives
R =aF,/2 ~ 0.574378

The maximum value of r = aF(6) is a, so that e = 2/Fy — 1 = 0.160676 and |f(0)| < 1,

where

- 2F2m
1) = ;fzm cosmd),  fon = 57

> = 0.891393, f, = 0.0955885, fo = 0.0113845, ... The shape of the ellipse with two

(4.44)

terms (dashed line) and three terms (dotted line) of (4.44) in equation r = R[1 + £f(0)]

are shown in Figure 4.2. Three terms in the series (4.44) is enough for the ellipse.

0.2

E I I I | |
-0.6 -0.4 -0.2 0.2 0.4 0.6 )

—02F

Figure 4.2. Ellipse with eccentricy ¢ = V7/4 (solid line) and aproximation of the
ellipse by the r = R[1 + £f(6)] with two terms (dashed line) and three
terms (dotted line) in the series (4.44)

First, equation (4.44) is substituted into equations (4.20)-(4.23) to find the unknown coef-
ficients of the interior solution. Secondly, the non-dimensional added mass and damping
coeflicients in heaving motion are calculated by the third-order approximation in equation
(4.41). In this case we should change (h — d) with d in equation (4.41) to compare the
non-dimensional results with the paper Williams and Darwiche (1990). Non-dimensional
added mass in Figures 4.3(a) and damping in 4.3(b) coefficients for elliptic cross-section

with eccentricity e = V7/4, a = 2/3 and d = 2/3. The present asymptotic method of the
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third-order in equation (4.41) (solid line) is compared with the solution by Williams and

Darwiche (1990) (dots).

(a) (b)

1.2 T T T 0.4

035 [\
03[

0.25

0.2 |

)\33

0.15

0.1 ¢

0.05

Figure 4.3. Non-dimensional added mass in (a) and damping in (b) coefficients for el-
liptic cross-section with eccentricity ¢ = V7/4 and d = 2/3. The present
asymptotic method of the third-order (solid line) is compared with the so-
lution by Williams and Darwiche (1990) (dots)

Similarly, we can choose an ellipse with a semi-major axis on the y-axis to compare with
the results in the paper Yu et al. (2019). Let a be the semi-major axis on the y-axis and b
be the semi-minor axis on the x-axis. The radius function in polar coordinates (r, 6) are

given by

po_oVl-& (4.45)

V1 — €2 sin*(6)

Let the radius of ellipse be the equation r = aF(0),0 < 6 < 2r and e = W =
0.866025 since b/a =1/2 and a = \5/ 2. Similarly, the Fourier series of F(6) consists of
cos(2mf), m > 0 since the ellipse has two lines of symmetry, F(6) = F(—6) and
F(3-0)=F(3+0)

F(0) = % + Z F,, cos(2mb), (4.46)

m=1
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1 27 4 /2
Fopn=— f F(6) cos(2mb)do = — f F(0)cos2m&)ds, m=0,1,2,...
T Jo T Jo

The equation aF'(6) = R[1 + £f(0)] gives
R =aF,/2 ~ 0.485387

The maximum value of r = aF(6) is a, so that e = 2/Fy — 1 = 0.456791 and |f(0)] < 1,

and

£(0) = ; fomcos(2mf) where  fy, = sz 2[;”0 (4.47)

where f, = —0.74047, f; = 0.186032, fs = —0.0518044, ...
The shape of the ellipse with two terms (dotted line) and three terms (dashed line)
of (4.47) in equation r = R[1 + £f(6)] are shown in Figure 4.4. Three terms in the series

(4.47) is enough for the ellipse.

/7N

04
0.2

-0.2~

—04|

Figure 4.4. Ellipse with eccentricy ¢ = V3/2 (solid line) and aproximation of the
ellipse by the r = R[1 + £f(6)] with two terms (dotted line) and three terms
(dashed line) in the series (4.47)

As in the first example, equation (4.47) is substituted into equations (4.20)-(4.23) to find

the unknown coefficients of the interior solution. Then, the non-dimensional added mass
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and damping coeflicients in heaving motion are calculated by the third-order approxima-
tion in equation (4.41). Non-dimensional added mass in figures 4.5(a) and damping in
4.5(b) coefficients for elliptic cross-section with eccentricity e = V3 /2 and d = 0.5. The
present asymptotic method of the second-order (solid line) and the third-order in equation

(4.41) (dashed line) is compared with the solution by Yu et al. (2019) (dots).

(a) (b)
1.2 0.4
0.35 [\,
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Figure 4.5. Non-dimensional added mass in (a) and damping in (b) coefficients for el-
liptic cross-section with eccentricity e = V3/2 and d = 0.5. The present
asymptotic method of the second-order (solid line) and the third-order
(dashed line) is compared with the solution by Yu et al. (2019) (dots)

The present asymptotic method of the third-order gives good result with the result by Yu
et al. (2019). Although the ellipse in the paper Williams and Darwiche (1990) was closer
to the circle than the ellipse in the paper Yu et al. (2019), the present asymptotic method

in equation (4.41) gives better results for Yu et al. (2019).

4.4.2. Added Mass and Damping for Vertical Cylinder with

Quasi-Elliptic Cross Section

A quasi-ellipse contains a rectangle in the middle of two semicirles (Figure 4.6(a)).

In this case semicircles on y axis. In Figure 4.6, the length of rectangular part is B and
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the radius of the semicircles is D/2. The equation r = F(0) describes the quasi-ellipse in

Figure 4.6(a) in the polar coordinates, where x = rcos(6) and y = r sin(6).

D B
2cos(0)’ 0 <6 < arctany
Bsin(0)+ \/D2—B2 cos2(6)
2 ; arctan® < 0 < m — arctan®
( ) 2 cos(6)’ T arctanD <O0<m+ arCtCll’ZD
—Bsin(0)+ \/D2~B2 cos?(6)
3 ,  m+arctand < 0 < 2r — arctan®
D B
2cos(0)’ 21 — arctan ) <0<L2r

The Fourier coefficients of F(6) should be determined to convert the radius function into
the form r = R[1 + £f(6)] which is the presented asymptotic solution in Section 4.3. We
should determine R, £ and Fourier coefficients of f(6). The Fourier series of F(6) consists
of cos(2mf), m > 0O since the quasi-ellipse has two lines of symmetry, F(0) = F(-6),
F(3-0)=F(%+0)

F(0) = % + Z F,, cos(2mb), (4.48)

m=1

1 27 4 /2
Fyn=- f F(0) cos(2m)do = — f F(@)cos(2mb)do, m=0,1,2,...
T Jo T Jo

Let the non-dimensional area of quasi-ellipse be 0.257 with the axial ratio is 2. We get
B = D, D = \r/ V4 + r and arctan(B/D) = 1. These values were used by Yu et al.
(2019). The equation F(0) = R[1 + £f(0)] gives

R = Fy/2 ~ 0.484642

The maximum value of r = F(0) is (D + B)/2,sothate = (B+ D)/Fy—1 ~ 0.368536 and

|f(®)] <1, and
2F‘2m

£(0) = ; foncosQ@mé) - where  fyy =~ (4.49)

where f, = —0.969188, f; = 0.0776783, fg = 0.0497145, ... The shape of the quasi-

ellipse with three terms (dashed line) of (4.48) in equation r = R[1 + £f(0)] is shown in
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Figure 4.6(b). Three terms in the series (4.49) is enough for the quasi-ellipse..

(a) (b)

D/2
D/2 D/2

B/2 02

x NSRS
o +03 -02 -0.1 01 02 03}

B/2

Figure 4.6. (a) Quasi-ellipse, (b) Quasi-ellipse with non-dimensional area is 0.257 and
the axial ratio is 2 (solid line) and the approximation by the radius function
r = R[1 + £f(6)] with three terms (dashed line) in the series (4.49)

First, equation (4.49) is substituted into equations (4.20)-(4.23) to find the unknown co-
efficients of the interior solution. Then, the non-dimensional added mass and damping
coeflicients in heaving motion are calculated by the third-order approximation in equa-
tion (4.41). The present asymptotic method of the third-order in equation (4.41) gives
good results with the result by Yu et al. (2019) for added mass for d = 0.3, d = 0.5,
d = 0.7 and damping for d = 0.3, d = 0.5. Damping coeflicients approach to zero for
0 < koh < 6 and added mass coeflicients approach to a constant (approximately koa > 1)
for all the cases. Also, damping coefficients for different values of d increase whenever d

increases (whenever koh approaches to zero).
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Figure 4.7. Non-dimensional added mass and damping coefficients with d = 0.1 and
d = 0.3 for quasi-elliptic cross-section with the axial ratio is 2 and the non-
dimensional area is 0.257. The present asymptotic method of the third-
order (solid line) is compared with the solution by Yu et al. (2019) (dots)
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Figure 4.8. Non-dimensional added mass and damping coefficients with d = 0.5 and
d = 0.7 for quasi-elliptic cross-section with the axial ratio is 2 and the non-
dimensional area is 0.25z7. The present asymptotic method of the third-
order (solid line) is compared with the solution by Yu et al. (2019) (dots)
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4.4.3. Added Mass and Damping for Vertical Cylinder with Cosine

Cross Section

The wave radiation problem for truncated cylinder with cosine cross-section,
r = 0.5[1 + 0.1 cos(36)], studied by Yu et al. (2019). In that paper, the numerical results
for cosine type radial perturbation were obtained by using the Boundary Element Method
and the ANSYS AQWA software showed excellent agreement with the semi-analytical
method. The radius of shape function in the form r = R[1 + £f(0)] is shown in Figure 4.9
which is the presented asymptotic solution in Section 4.3. We have R = 0.5, £ = 0.1 and

f(0) = cos(36).

Figure 4.9. The cosine type cross-section with radius » = 0.5[1 + 0.1 cos(36)]

In this case, f(6) = cos(360) is substituted into equations (4.20)-(4.23) to find the
unknown coeflicients of the interior solution. Then, the non-dimensional added mass and
damping coeflicients in heaving motion are calculated by the third-order approximation
in equation (4.41). The present asymptotic method of the third-order in equation (4.41)
gives good results with the results by Yu et al. (2019) for added mass and damping with
draft d = 0.5. Damping coeflicients are approaching to zero for 0 < kph < 6 and added

mass coefficients are approaching to a constant (approximately kpa > 1).
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(a) (b)

)\33

Figure 4.10. Non-dimensional added mass and damping coefficients for cosine type
cross-section with d = 0.5. The present asymptotic method of the third-
order (solid line) is compared with the solution by Yu et al. (2019) (dots)

4.4.4. Added Mass and Damping for Vertical Cylinder with Square

Cross Section

Let the radius function of square be the r = aF (), x = +a, —a < y < a and

y = +a, —a < x < a, in the polar coordinates, x = r cos(#), y = rsin(6), since

1 T n
F(6) = Toos@)’ 0<6<3, T=<0<2r
1 T 3n Sn Tn
e S0, F=0<T

The Fourier coeflicients of F(6) should be determined to convert the radius function into
the form r = R[1 + £f(6)] which is the presented asymptotic solution in Section 4.3. We
should determine R, £ and Fourier coefficients of f(6). The Fourier series of F(6) consists

of cos(4mf), m > 0 since the quasi-ellipse has four lines of symmetry, F(0) = F(-6),
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F(2-0)=F(3+0).F(2-0)=F(2+0).F(-2-0)=F (% +0):

ST}

F (o]
F(O) = 70 + ; F.,, cos(4mb), (4.50)
/4
J f F(0) cos(4mf)dd m =0,1,2, ...
T Jo

Let the non-dimensional area of the square be 0.257 and a = V(7/16) ~ 0.443113. The
equation F(0) = R[1 + f(0)] gives

R =aF,/2 = 0.497262

The maximum value of r = aF () is a, so thate = 2 V2/Fy—1 ~ 0.260216 and lf(O) <1,

and
2F4m

8F0

f(O) = Z Jfamcos(4mb) where  fy, = 4.51)
m=1

where f, = —0.535742, f3 = 0.168973, fi, = —0.0801686, fis = 0.0463187, fo0 =
—0.0300436, f4s = 0.0210227, fo3 = —0.0155181, f3, = 0.011918, f3¢ = —0.00943701,
fio = 0.00765587, ... The shape of the square with four terms (dashed line) and ten
terms(dotted line) of (4.51) in equation r = R[1 + &£ (0)] is shown in Figure 4.9. Ten terms

in the series (4.51) is enough for the square.

‘‘‘‘‘‘‘‘

Figure 4.11. The exact shape of the square (solid line) and approximation by the
r = R[1 + £f(0)] with four terms (dashed line) and ten terms (dotted line)
in the series (4.51)
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First, equation (4.51) is substituted into equations (4.20)-(4.23) to find the unknown co-
efficients of the interior solution. Then, the non-dimensional added mass and damping
coeflicients in heaving motion are calculated by the third-order approximation in equation
(4.41). The present asymptotic method of the third-order in equation (4.41) is for vertical
cylinder with nearly square cross-section for different values of d. Damping coeflicients
are approaching to zero for 0 < kph < 6 except d = 0.9 and added mass coeflicients are
approaching to a constant (approximately kopa > 1) for all the cases. Also, damping coef-

ficients for different values of d increase whenever d increases (whenever kyh approaches

to zero).
(a) (b)
5 2
d=0.1 d=0.1
fffff 403 ' ek
4 — — —d=05 1.6 d07 |1
d=0.7 d=0.9
d=0.9 1.4
3 1.2
? 8 1
3 <
2 0.8
‘ 0.6
e
1 kf
0 ‘ T >
0 1 2 3 4 5 6 4 5 6
koh

Figure 4.12. Non-dimensional added mass and damping coeflicients for vertical cylin-
der with nearly square cross-section for different values of d. The present
asymptotic method of the third-order is used.

4.4.5. Comparison of Added Mass and Damping for Different
Cylinders

Wave radiation in heaving motion is studied by the third order asymptotic method.
Non-dimensional added mass and damping coefficients are compared for cylinders with

circular, cosine type, square, elliptic and quasi-elliptic cross-section (in Figure 4.13) with
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same area, i.e., 0.257. Additionally, axial ratio of elliptic and quasi-elliptic cross-sections

is 2.

Figure 4.13. Cylinders with circular (solid line), cosine type (large dashed), square (dot-
ted line), elliptic (dashed line) and quasi-elliptic (dotdashed line) cross-
section with same area, i.e., 0.257x.

The shape of circular, cosine type and square are close to each other such that added mass
and damping coefficients are same in the Figure 4.14. On the other hand, the cylinder
with elliptic and quasi-elliptic have almost same added mass and damping coefficients
since their cross-section are close. The cylinders with elliptic and quasi-elliptic cross-
sections have less added mass and damping than the cylinder with circular, cosine and
square cross-sections. Damping coeflicients are approaching to zero for 0 < kyh < 6 and
added mass coefficients are approaching to a constant (approximately kok > 1) for all the

cases.
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Figure 4.14. Non-dimensional added mass and damping coefficients for different cross-
sections with d = 0.5



CHAPTER 5

CONCLUSION

Wave radiation problems in heaving motion from a vertical cylinder of circular
cross-section and truncated cylinder of an arbitrary cross-section in the water of finite
depth are studied. The water domain is divided into two regions: the interior region
below the cylinder and the exterior region outside the cylinder. The interior and exterior
solutions are matched by the continuity of pressure and normal velocity in both cases.

In Chapter 3, the wave radiation problem in heaving motion by a vertical cylin-
der of the circular cross-section is solved by using the separation of variables method in
cylindrical coordinates. The coefficients of interior and exterior solutions are related to
each other by the matching conditions. The matrix system formed by these unknown co-
efficients has been solved. Then, the non-dimensional z component of force is calculated.
Real part and imaginary parts of F, give added mass and damping coefficients in heaving
motion, respectively. Added mass and damping for 0 < kpa < 4 presented for different
values of radius a and the distance d between sea bottom and cylinder’s bottom surface.
Added mass coefficients for a = 5.0 and a = 1.0 are close. Damping coefficients are
approaching zero and added mass coefficients are approaching a constant (approximately
koa > 1) for all the cases. Added mass coeflicients decrease, whenever d increases. Also,
damping coeflicients increase whenever d increases (as kpa approaches zero). However,
at the same depth, damping was weakly affected. These numerical results are important
for the asymptotic solutions of the present thesis. Because the zeroth-order system of the
asymptotic approach is the same as the circular cylinder case.

In Chapter 4, the wave radiation problem in heaving motion by a vertical cylinder
of an arbitrary cross-section is solved by an asymptotic approach. The radius of the
cross-section of the vertical cylinder is described by the equation r = R[1 + £f(6)] where
R is the mean radius of the cylinder and & be the small non-dimensional parameter of
the problem which is suggested by Disibiiyiik et al. (2017). In this thesis, the third-
order asymptotic method was obtained. The interior and exterior potentials and shape

functions are written in terms of the Fourier Series. The potentials are matched by the
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continuity of pressure and normal velocity in both cases. Then the Fourier series of the
shape function is written in boundary conditions. The zeroth-order potentials ¢g)(r, z) and
¢§f)(r, z) are independent of Fourier coeflicients, the first-order potentials gb(li)(r, 6,z) and
¢(le)(r, 0, z) are linear forms of these coefficients, the second-order potentials ¢(2i)(r, 0,2)
and ¢(2e)(r, 0, z) are quadratic forms of these coefficients. When the force in the z-direction
is calculated after the necessary asymptotic and Taylor series expansions, it includes the
constant coefficients of interior potentials. Non-dimensional added mass and damping
coefficients are compared for cylinders with circular, cosine type, square, elliptic, and
quasi-elliptic cross-section with the other numerical results. The shape of circular, cosine
type and square are close to each other such that added mass and damping coefficients are
the same. On the other hand, the cylinder with elliptic and quasi-elliptic have almost same
added mass and damping coefficients since their cross-sections are close. The cylinders
with elliptic and quasi-elliptic cross-sections have less added mass and damping than
the cylinder with circular, cosine and square cross-sections. Damping coeflicients are
approaching zero for O < kph < 6 and added mass coeflicients are approaching a constant
(approximately koh > 1) for all the cases.

The advantages of this method are the higher orders can be solved sequentially
using hydrodynamic coefficients of the circular cylinder and Fourier Series. This method
can be applied in geometries where the Fourier series of the shape function is known. The
cross-section of the cylinder can be written as a Fourier Series and the method gives better
results if the value of ¢ is small. The disadvantages of this method are when epsilon is
close to one; the method does not give good results with other numerical calculations. As
the number of orders of the asymptotic approach increases, the numbers of terms increase,

and solving systems of equations slows down.
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APPENDIX A

THE FUNCTION Z, NORMALIZED IN [0,1]

cosh(ko2) INY?, Ny = (1 + 2o}

Zy(kez) = (A.1)

cos(he2) /N, Ne = §(1+ 2520)

The function (Z,(k,z), Z;(k,z)) is normalized orthogonal set in [0,1] as shown below

1 1
cosh(2kyz) + 1
f (Zo(ko2) Pz = f cosh@h) + 1,
0 0 2Ny
sinh(2koz) sinh(2kg)
= 2kOOZ +Zl: 2k00 +1:1 (Az)
2N0 0 2N0 )

For¢=1,2,3, ..., we have

1 1
cos(2k,z) + 1

Z(ke2)Pdz = —d

fo [2e(kez)l de f(; 2N, ¢

sin(2k¢z) sin(2ky)
% T2 5+

2N, 'o 2N, (A.3)

f ' cosh(koz)cos(kez)
dz
0

1
f Zo(ko2)Ze(kez)dz
0

dz

1/2 77172
Ny“N;
sinh(koz)cos(k;z) | ! kpsinh(koz)sin(kez)
- 172 771/2 - gz 4
koNO N ¢ 0 0 koNO N ¢
_ sinh(koz)cos(kez) U kecosh(kyz)sin(kez)|! kf; f U cosh(koz)cos(kez)
TN LT T RN bR T NN

f cosh(klo?cloi(kgz) dy = (smh(k?/)zco]s/(zlq) N kgcosh(lljg)si;zz( g)) ) ( - _i ) (Ad)
0 N,?N, koN,°N, k2N)*N, ;
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We can rearrange the right-hand side of the equation (A.4) to use the dispersion relations

kotanh(ko) = v and ketan(ky) = —v,

sinh(ko)cos(ke) N kecosh(ko)sin(ke)  sinh(ko)cos(ke) ( ketan(ky) )

koNy*N, " NN kN PN kotanh(ko)
nh(k k -
- o costle) (1+7)=0
kON()/ N[/ 1%
So that,
1
f Zy(koz)Z¢(kez)dz = 0 (A.5)

0

Fort=1,2,3,...,j=1,2,3,..., £ # j and we have

1 ' cos(kez)cos(k;
f Zy(ke2)Zj(kz)dz = f (kez)cos( Jz)dz
0 0

N;/ZN}/z
U cos(kez + k j2) + cos(kez — kjz)
= NN dz
0 4 Nj
sin(kez + kjz) | sintkez — kjz) |

— +
NN ez + )l 2NN (ks — ki)l
sin(ke + k;) sin(k; — kj)
— +
2N, NPk + k) 2NN (e - k)
_ (k= ky)sinthe + k) + (ke + ky)sinthe ~ k)
= NN~ i)

We can use sum and difference formulas for sine,

(ke = kj)sin(ke + kj) + (ke + kj)sin(k; — kj) = 2(kgsin(ke)cos(k;) — kjcos(ke)sin(k;))

kjtan(kj))

= 2ksin(ke)cos(k)) |1 -
esin(ke)cos( J)( ketan(ky)

= 2kesin(k;)cos(k;) (1 — %) =0
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I
f Zi(ke2)Z(kjz)dz = 0
0

So, the inner product <Zg, V4 j> = 0¢j, where 0;; is the Kronecker delta.

(A.6)

(A.7)
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APPENDIX B

DEFINITION AND PROPERTIES OF MODIFIED BESSEL
FUNCTION [

d*w w
2 2, .2
— +z— (" + =0
z dz? z dz @ +vw
Solutions of the differential equation are modifed Bessel functions /.,(z) and K,(z). 1,(z)

is called the modified Bessel function of order v of the first kind.

Q) _ V) o+ L)
07 z
So, we get
) _ ) (B.1)
0z
f tly(t)dt = z1,(2) (B.2)
0

from (9.6.27) and (11.3.25) in Abramowitz and Stegun (1970).
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APPENDIX C

THE PRODUCT OF TWO FOURIER SERIES

The product of two Fourier series gives a Fourier series. Disibiiyiik et al. (2017)

used for the product of Fourier series in the system of equations of diffraction problem.

ao N .
f(O) ~ > + ; a,,cos(mb) + b, sin(mo)

g(0) ~ % + Z cucos(mb) + d,, sin(mo) (C.1H

m=1

1(0)2(6) ~ % + Z A,,cos(mb) + B,,sin(mb)

m=1
where Fichtenholz (2001)
aoc, 1 —
An = 02 + 5 ;[am(cmwz + Cm—n) + bm(dm+n + dm—n)] (C2)
B—“Od"+1i[ (den + ) = b ) (C3)
n — 2 2 ol am m+n m—n m Cm+n Cm—n .
dpn=—-d,_,and a,,_, = a,_, if m—n < 0.
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BEHAVIOUR OF «a; AND A; FOR VARYING NUMBER OF

Table D.1. Behaviour of «; and A, for variying number of equations

APPENDIX D

EQUATIONS

N=5,d=05,a=0.5,k =1.0,
(33, A33) = (0.61354,0.22437)

a; A[
Re Im Re Im
0 0.3994 0.2176 0.1727  0.0051
1 -0.0022 0.0001 -1.4472  0.0636
2 0.1240 -0.0054 -8.8840 0.3306
3 -0.0372 0.0015 -20.4621 0.9664
4 0.0156 -0.0005 -37.1218 2.4864
N=10,d=0.5,a=0.5,k = 1.0,
(us3, A33) = (0.61052,0.22444)
a; Ag
Re Im Re Im
0 0.3995 0.2175 0.1706  0.0052
1 -0.0004 0.00001 -1.4651 0.0647
2 0.1252 -0.0054 -8.9842 0.3354
3 -0.0347 0.0014 -21.6485 0.9895
4 0.0157 -0.0006 -48.4433 2.9390
N=20,d=05,a=05,ky=1.0,
(us3, A33) = (0.60979, 0.22447)
a; Ag
Re Im Re Im
0 0.3991 0.2175 0.1704  0.0052
1 -0.0004 0.000008 -1.4660 0.0649
2 0.1252 -0.0055 -8.9912 0.3358
3 -0.0341 0.0014 -21.8397 0.9948
4 0.0156 -0.0006 -50.2130 3.0113
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