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ABSTRACT

NUMERICAL INVESTIGATION OF GAS TRANSPORT 
THROUGH MICRO/NANO-SCALE POROUS MEDIA AT SLIP FLOW

Gas flow in micro/nano-scale porous systems is observed in many applications 

and technologies. Gas dynamics at such small scales differ from conventional fluid 

dynamics estimations due to rarefaction effects. In the literature, the Knudsen number 

(Kn) for the characterization of rarefaction effects on permeability is calculated based on 

a characteristic flow height estimated from the pore size, while the geometric parameters 

such as pore shape and pore-throat ratios are mostly ignored. Therefore, an accurate 

characterization of rarefaction effects could not be ascertained. For the first time in 

literature, a general characterization of gas transport through systems at different porosity 

and pore throat size values and at different rarefaction levels was obtained using a 

modified Kn definition. The characteristic height required for an accurate Kn of a porous 

system is defined using the "equivalent diameter" calculated from the corresponding 

permeabilities. Pore-level calculations were performed in a wide range of systems while 

the observed permeability variation by porous parameters was successfully described by 

an extended volume-averaged model developed as a combination of the Darcy, Kozeny-

Carman, and Klinkenberg models. The characterization systematic and volume-averaged 

model was applied for various cases of (i) two-dimensional porous, (ii) two-dimensional 

multi- porous, and (iii) three-dimensional complex porous system. For all these systems, 

the permeability values could be estimated in terms of the geometric parameters of the 

porous structures and rarefaction levels. In addition, the rarefaction effects on heat 

convection in metal foams were studied through Darcy to Forchheimer flow regimes 

using the Kelvin Cell structure. A 60% increase in permeability and a substantial decrease 

in inertial effects developed due to rarefaction, while Nusselt numbers were found mostly 

related to Reynolds number. Further, the influence of variation in gas thermophysical 

properties coupled with rarefaction as a function of increasing gas temperature for high 

heat flux applications was described. A 40% decrease in hydraulic conductivity for a 

temperature increase from 300K to 400K is observed, independent from the Kn number.

Keywords: Apparent gas permeability; Rarefaction; Pore connectivity effects; Velocity 

slip; Equivalent Knudsen number.
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CHAPTER 1

INTRODUCTION

Characterization of gas flow behaviors in micro/nano-scale porous media are 

observed in several industrial and environmental applications. Many promising 

applications at this level, including membrane filtration1, oil-gas recovery processes2,

gated/functionalized sensing3, geologic sequestration of CO2
4, and various lab-on-a-chip 

devices5, require proper flow characterization.

In order to accurately describe transport behavior through micro/nanoscale porous 

media, non-equilibrium effects should be characterized6. The interactions between fluid 

and wall at micro or nano confinement results in non-equilibrium in fluid dynamics. Such 

effects are resulted to the failure of classical continuity-based theories which are not able 

to solve the heat and mass transport. Effects of the non-equilibrium behavior are observed 

in the near-wall region. A possible solution procedure should be determined according to 

the extent of this near-wall non-equilibrium region into the entire flow domain.

The micro/nanoscales dynamics developing in the case of a gas flow is 

comprehensively studied subject because of practical and easy calculation methods 

available by gas Kinetic Theory (KT) and Molecular Dynamics (MD)7,8. Basically, the 

Knudsen number H) computed as the ratio of mean free path ( ) of gas molecules 

to the characteristic length of confinement (H, Lc) shows the degree of non-equilibrium 

gas dynamics. For system sizes larger than 20nm9, surface force effects are mostly 

negligible that gas dynamics are governed by so-called rarefaction effects. Four different 

flow regimes can exist in the system based on Kn calculation which is described below10:

I. For Kn < 0.001, flow is in the full continuum regime. The continuum and 

thermodynamic equilibrium assumptions are valid, and the flow can be described by 

Navier-Stokes (N-S) equations with conventional no-slip boundary conditions.

II. For 0.001 < Kn < 0.1, flow can be considered as the slip flow. The non-

equilibrium effects (slip velocity and temperature jump) dominate near the walls but 

continuum assumption within the fluid bulk is valid. In other words, the conventional 

boundary condition, i.e., no slip boundary condition, fails at the walls flow path. Usually, 
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the slip boundary models are applied to N-S equations to describe the rarefaction effects 

of this flow regime.

III. For 0.1 < Kn < 10, flow is in the transition region between slip and free 

molecule flow.

IV. For Kn > 10, the free-molecular regime should be considered. In this regime 

non-equilibrium effects dominate almost all gas bulk flow. The collisions between the 

gas molecules and wall surfaces are dominant and the inter- molecular collisions can be 

ignored. Under such conditions, usually other methods such as molecular dynamic (MD), 

direct simulation Monte Carlo (DSMC) or solution of linearized Boltzmann equation 

(LBE) are used to describe the flow at the molecular level.

Figure 1.1. Illustration of different gas flow regimes based on Kn number. 

At micro/nano scale gas dynamics is a coupled function of pore size and pressure. For 

example, a 5MPa reservoir pressure inside a 20nm pore or a 0.2MPa reservoir pressure 

inside a 500nm pore develops flows in the slip flow regime. The correlation between 

characteristic pore size, mean gas pressure, and the resulting Kn value is described in 

Figure 1.2. Depending on the flow regime, various forms of Kinetic theory-based 

solutions provide accurate results. A vast number of existing applications lie in the slip 

flow regime where the Naiver-Stokes is applicable with an appropriate velocity slip 

defined on the surface as practiced by many to resolve micro/nano porous transport. 
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Figure 1.2. Variation of Knudsen Number with Reservoir Gas Pressure11.

There are two main approaches frequently using in the literature to characterize the 

transport: Pore-Scale Method (PSM)12–14 and Volume-Average Method (VAM)15–17.

PSM yields very sensitive results however it is not an appropriate method for estimating 

the flow in large scale since every pore needs to be considered for calculations. Thus, 

VAM is mainly preferred instead of PSM. The application of volume averaging method 

on continuity, momentum, and energy equations causes appearing of extra terms in 

corresponding equations. These terms involve macroscopic properties such as 

permeability, Forchheimer, thermal dispersion, thermal tortuosity, and interfacial 

convective heat transfer coefficients. There are huge numbers of studies in the literature 

to specify the macroscopic flow parameters for various porous media18–22. The main aims 

in these studies generally were to understand the effects of the geometrical and/or flow 

properties such as porosity, Reynolds number, flow direction on the macroscopic 

transport parameters. Although the effects of many geometrical and flow parameters on 

macroscopic transport properties were studied and reported, still there are important 

parameters that have not been considered, such as pore to throat size ratio. 

While the characterization of gas dynamics using Kn is simple, describing a 

characteristic pore size for the complex structures of the porous systems is not trivial. 

Specific for PSM, almost all of the existing studies use height of the corresponding REV

to define the Kn number23,24. Such a perspective will result in incorrect Kn values and gas 

dynamic characterization. In general fluid dynamics, hydraulic diameter (dh) concept is 

devoted to estimate an appropriate characteristic flow height for an ambiguous flow 

shape. Many studies adapted similar dh calculations to predict an accurate Kn value for 

porous systems25. However, dh was also incapable of providing a general characterization, 
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as it cannot consider pore connectivity. Simply, two different pore structures at the same 

porosity will have the same dh but can have a different pore size to pore throat size,

creating very different flow characteristics. Hence, using dh will not yield a correct Kn 

number and characterization of gas dynamics.

1.1. Literature Review

1.1.1. Klinkenberg Theory

Permeability experiments are mostly performed using liquids to keep the 

experimental setup simple. Assuming incompressible flow, permeability of gas and liquid 

in a given porous system is the same. However, since the distance of gas molecules is 

more than the molecular spacing of liquids, such confinement size directly affects gas 

dynamics. When the spacing becomes comparable with the characteristic confinement 

size, non-equilibrium gas dynamics develop. For such a case, gas permeability of 

corresponding material becomes different than its’ liquid permeability. The first time this 

problem was observed and examined by Klinkenberg26, who proved that non-equilibrium 

significantly impacts the permeability values. Klinkenberg relates the gas permeability of 

a material to its liquid permeability as,

1 k
a

bK K
P

(1.1)

where Ka is the apparent gas permeability calculated from the intrinsic permeability value 

(K ) as a function of the gas mean pressure ( ) and coefficient bk is known as the 

Klinkenberg slip factor or Klinkenberg coefficient. In his original work, the bk is 

suggested as, 

4
k

cb P
r

(1.2)

pressure, and r is the effective pore radius. Equation (1.1) is very practical and easy to 

use, but the required bk value approximated by Equation (1.2) is incapable of describing 

various porous systems. Hence, subsequent researchers mostly focused on developing a 

better model to calculate the Klinkenberg constant for a general definition of non-
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equilibrium effects. First, researchers determined the Klinkenberg slip factor bk from 

permeability values estimated from real field results and lab experiments. Alternative to 

experiments, theoretical calculations of fluid dynamics inside the porous system, namely 

Pore Scale Methods (PSM), can find permeability directly from numerical solution of gas 

dynamics in a control volume representing the porous system (REV). Recent studies 

follow such a systematic approach to estimate the Klinkenberg constant. The most well-

known and cited works proposing a Klinkenberg slippage factor are summarized and 

tabulated in Table 1.1.

The size value of pore throat in porous media is shown by r, which is very difficult 

to measure exactly for a porous medium. As a result, Heid et al.27 proposed a power-law 

relation correlating intrinsic permeability (K ) and gas slippage coefficient b ,

kb K (1.3)

Later Sampath and Keighind28 proposed another way of representing the

correlation using porosity fraction as an additional parameter,

k
Kb (1.4)

To compute the intrinsic 

permeability the interception of straight-line on apparent permeability of Klinkenberg 

plot with respect to adverse mean gas pressure is used. The above two forms of relation 

are frequently used in the literature by many researchers to investigate gas permeability 

in rock, coal, sandstone, shale, etc. Some of these works which determined the 

Klinkenberg slippage factor numerically or by experimental methods are summarized and 

tabulated in Table 1.1.

Florence et al.29 applied a microflow model using a second-order coefficient for 

slippage of gas to find permeability for low and very-low permeability core samples. C. 

30 developed an instrument and theory which calculates Forchheimer coefficient, 

Klinkenberg permeability and Klinkenberg constant for more than 100 core plugs in an 

unsteady-state condition. Yu-Shu Wu31 used analytical methods and developed a new 

model for the Klinkenberg constant, which can be used for transient and steady-state gas 

flow through various geometries in porous media. Tanikawa et al.32 proposed a 

correlation based on Heid et al. and found the relationship between b parameter and water 

permeability. They found that the permeability of nitrogen gas was 2-10 times higher than

water. Darabi et al.33 model, known as apparent permeability function (APF) describes 
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gas transport inside an inter-connected shape of micro/nanopores with tortuosity effect.

Their APF models that are valid for a large scale of Knudsen numbers can be used in slip 

flow and Knudsen diffusion. QingBao & XiaoSong34 results recommended using a 

power-law relationship for the Klinkenberg constant. They concluded that the 

Klinkenberg effect on the fault rocks, both breccia, and gouge, is uniform. Civan35

proposed an equation for Klinkenberg gas slippage factor to describe the gas flow in fine

porous medium with respect to porosity, tortuosity and intrinsic (liquid) permeability. He 

demonstrated the effect of these parameters on rarefaction, apparent gas permeability, and 

Klinkenberg slippage factor by verifying the proposed correlation with experimental data. 

In micro-porous media and slip flow regime Zheng et al.36 proposed a model based on 

fractal theory to describe gas slippage factor for minor permeability values. They 

predicted gas slippage factor as a function of geometrical parameters of porous medium

which make the results of gas slippage coefficient similar to experimental data trend. 

Moghadam & Chalaturnyk37 paper suggests a new analytical expression to predict and 

explain the influence of gas slippage on transport. Their equation is simplified form of 

um. Wang et al.38

proposed two modified models to predict coal gas permeability with matchstick 

hypothesis model. They showed that under constant effective stress, Klinkenberg 

coefficient changes is in a significant range. Also, the result of second model was verified 

by the field data which assumed of uniaxial strain and non-variable high stress during the 

coalbed methane (CBM) recovery. Hooman et al.39 obtained Klinkenberg’s constant with 

respect to porosity, intrinsic permeability and gas properties. Their results were compared 

to existing experimental data in the literature and observed to be in good agreement. Li et 

al.40 offered analytical model including geometrical parameters of porous media such as 

pore radius, porosity and fractal dimensions with gas property as a function of

Klinkenberg. The model was obtained with respect to fractal capillary and microflow 

models to predict gas permeability. Zhu et al.41 used numerical simulation to estimate the 

gas transport with Klinkenberg effect for solid deformation and gas transport in coal 

grains, and then verified analytical solutions. Tao et al.42 suggested a coal permeability 

model take into consideration of gas stream in isotropic components with Klinkenberg 

model. The proposed model is based on strain effects while the Klinkenberg factor is 

included as a dynamic parameter (not empirical). In this way, the model becomes only 

function of deformation and changes of effective stress in the coal bed. Li & S.Sultan43

studied the Klinkenberg slippage effect by applying Monte Carlo molecular simulation 
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method at pore-scale level.  They used data fitting formula to increase the accuracy of 

their equation in the permeability computation, making the results of their proposed 

model consistent with the experimental observations of real rock samples.

Table 1.1. Proposed models for the calculation of Klinkenberg constant in literature.

Author Correlation Comments/Units

Klinkenberg (1941)
4

K
c Pb
r

, Field Data

Heid et al. (1950) 0.390.777( )Kb K Field Data

Florence et al. 
(2007)

0.5( / )Kb K Field Data

Stanley C. Jones 
(1972)

0.366.9( )lb psi K Experimental 
Study

Sampath and 
Keighin (1982)

0.530.0955( / )Kb K Experimental 
Study

Yu-Shu Wu (1998)
2

2 4 4
n i m w

K
n i n

P P q rb Ei
hk P P t

Experimental 
Study

Tanikawa et al. 
(2009)

0.37 0.0380.15 0.06 ( )Kb K Experimental 
Study

Darabi et al. (2012)
0.5

8 2
1K

avg

RTb
M R

Experimental 
Study

QingBao & 
XiaoSong (2014)

3 0.5570.2 10K lb K Experimental 
Study

Civan (2010) 0.50.0094( / )Kb K Analytical Study

1/28 3

2
32 4 1 2

2

t p g

p
p t p

D D R T Kb
MD

D D D
Analytical Study

Moghadam & 
Chalaturnyk (2014)

K
ab b
P

,
2

RTm c
M

2

0

4
,

4

m bb a
r

Analytical Study

Wang et al. (2014)

Constant effective Stress

0

0

. Me Me
ME He

He He
L

L

Mb bP M
P P

For coal: 
32 2c RTb
a M

Analytical Study
(Model verified by 
field data)

Hooman et al. 
(2014)

2

2 7.9 1

2

B
K

no slip

k Tb
d K

2 2
h

no slip
DK and 

2

tan
h

sD

m

Analytical Study
(Model verified by 
experimental data 
from literature)

(cont. on next page)



8

Table 1.1. (cont.)

Li et al. (2016)

1/2 1/23 32

12

T f g
K

T f

D D R T
b

MD D

Analytical and 
Numerical Study 
(validate by 
experimental)

0.36( )kb K
= 0.251 (Ref 3 

Numerical Study

Tao et al. (2016) Permeability module coupled to the Klinkenberg effect
Numerical and 
Experimental 
Study

Li & S.Sultan (2017) 418.5 10 PaKb Numerical Study

However, all the proposed models still could not provide a general 

characterization and remain mostly case specific. Regardless of the vast number of 

studies, there is still a need for improved fundamental understanding and proper 

quantification.

1.1.2. Pore connectivity effect

Determination of permeability, only by considering the porosity itself, could be 

resulted in misleading evaluations. Basically, if the pore throat structures are highly tight, 

then flowing of the fluid through the throats becomes very difficult due to the surface 

tension forces (Serra, 1984)44. In such cases, permeability estimation by measuring 

porosity does not lead to accurate results. Hence, to prevent any incorrect permeability 

predictions other geometrical parameters such as pore throat size should also be 

considered together with porosity. Micro/nanoscale porous media have rather 

complicated and tight porous structures. Particularly, for the unconventional reservoirs 

whose large pore dimensions and relatively small throat sizes make them different from 

the conventional ones, the ratio between pore and throat sizes is investigated in detail by 

several researchers, and some attempts have been made to define pore to throat size ratio 

as a function of porosity. For instance, Huang et al.45 investigated the effects of pore throat 

structure on gas permeability in tight sand reservoir using helium-measured porosity, 

pulse decay permeability, casting thin sections, scanning electron microscopy (SEM), 

nuclear magnetic resonance (NMR), and constant-rate mercury injection. They obtained 

those large throats result in larger throat radius and higher pore connectivity, resulted to 

higher permeability. In the work of Rezaee et al.46 the relationship between permeability, 
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porosity and pore throat size were examined with neural networks. The study showed that 

pore throat radius at 50% mercury saturation yields the best correlation coefficient for 

permeability, porosity, and pore throat radii for carbonates rocks. Glover and Déry47

investigated the effect of different grain size and pore throat size on the streaming 

potential coupling coefficient of porous granular media by theoretical and experimental 

methods. They developed a new equation which relates the variation of streaming 

potential coupling coefficient with pore diameter and pore throat diameter. With the 

proposed equation the streaming potential coupling coefficient of a reservoir rock can be

evaluated as a function of grain size and pore throat size. et al.48 conducted a study to 

understand water flow mechanism in nanochannels by using LBM. They showed that 

both pore-throat ratio and throat length can greatly affect water flow in nanochannels 

while the effect of interfacial layer on water flow in nanochannels becomes more obvious 

with increasing pore-throat ratio and throat length. Zhang et al.49 presents an experimental 

study of microscopic pore throat structure characteristics of tight sandstone reservoirs. 

They found that pore size distribution of tight sandstone reservoirs ranges from 2 nm to 

500 mm distribution. Pore throat analysis results showed that pore-throat size mainly 

control permeability stress sensitivity in tight sandstone reservoirs, which can affect well 

oil production. In the study of Gao et al.50, pore and throat parameters in tight oil reservoir 

were quantitatively measured using constant mercury intrusion technique. They found 

that the average throat radius, main flow throat radius and throat quantity were

independent from the porosity but show a good relationship with permeability. The low 

oil production in tight oil reservoir should be linked to the existence of larger pore throat 

ratio. Dianshi et al.51 measured the pore to throat size ratio in the range of 7.5-64 by using 

the rate-controlled porosimeter and nuclear magnetic resonance technique for the tight 

sandstone. Cao et al.52 performed mercury injection capillary pressure (MICP) and N2 gas 

adsorption (N2GA) to determine pore structure of Chang-7 tight sandstone. Their 

measurement yielded pore-to-throat size ratio results between 2 and 10.

1.2. Objective of the Thesis

The present study performs pore-scale analyses of gas dynamics and calculates 

volume-averaged properties of the corresponding micro/nano-scale porous systems. 
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Kozeny-Carman theory will be employed to model equilibrium gas dynamics, while 

nonequilibrium will be incorporated using Klinkenberg theory in the slip flow regime. 

For such a case, Klinkenberg constants will be described based on the pore properties 

(and Heq is calculated from Hagen-Poiseuille and Darcy formulations for the first time in 

the literature.

This dissertation has been divided into six chapters. In the first chapter, a brief 

introduction of gas flow in slip region is presented. Next, Klinkenberg theory is 

introduced, and a short literature review on this theory and the effect of pore connectivity 

is given. 

In Chapter 2, basic transport concepts of porous media and the theoretical 

background of pore-scale and volume-average methods are given. The definition of 

permeability based on Darcy and Forchheimer law is given. Lastly, the representative 

porous medium is defined, and accordingly the governing equations and boundary 

conditions employed on this system are given.

In Chapter 3, an extended Kozeny-Carman Klinkenberg model is proposed for the 

homogenous porous medium. The correct form of Kn number is proposed to include all 

the geometrical properties into one linear relation. Finally, the empirical model to predict 

permeability with high accuracy is proposed.

In Chapter 4, a two-dimensional system with an intraparticle porous medium is 

considered as the representative domain. The results were compared with mono-scale 

two-dimensional flow. It has been shown that the Kn definition based on permeability 

calculation is also valid for this type of structure.

Chapter 5 consists of the numerical methods used for determination of 

permeability in three-dimensional flow. Similar to previous sections, computational 

details and the results are presented in this chapter as well.

Finally, in Chapter 6, a pressure-driven gas flow through metal foams with Kelvin 

cell geometry at different rarefaction levels is studied. Permeability and convective heat 

transfer coefficient were calculated, and the required discussions on the results were 

made. At the final step, a mathematical relation is proposed to calculate the Nu number 

with high accuracy.
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CHAPTER 2

THEORETICAL BACKGROUND AND MATHEMATICAL 
MODEL

Characterization of transport in porous medium is a complicated task since 

existence of heterogeneities within the porous structures makes the transport phenomena

estimation difficult. To overcome the difficulties of characterizing flow in porous medium 

more appropriate techniques are required to investigate and solve the transport in porous 

media. .Mainly two major approaches known as microscopic and macroscopic 

approaches53,54 are addressed in the literature. By selecting the proper approach one can 

determine the velocity, pressure, and temperature distribution of porous medium more 

easily.

2.1. Pore Scale Method

In an open porous medium, where the void space and solid particles are

interconnected, flow takes place in the pores (or voids) between the particles. In

microscopic approach methodology, three-dimensional form of governing equations is

solved in the voids between solid structures. This method generates an accurate result for

velocity, pressure, and temperature distributions. For a Newtonian fluid under 

incompressible flow conditions with constant thermo-physical properties, conservation 

of mass, momentum, and energy for fluid phase can be written as below:

. 0V (2.1)

2
f f

DV p V F
Dt

(2.2)

2.f
p f f ff

T
c V T k T

t (2.3)

Since the microscopic approach study the fluid motions in the pores between 

particles entirely, it provides very sensitive results. However, application of such model 
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for porous medium with disordered or random geometry is very difficult and time 

consuming.

2.2. Volume Average Method

Since the application of microscopic methods (or pore-scale method) in a porous 

medium consisting of many pores is very complex, other practical solutions were

described in the literature. Such methods as macroscopic approaches are frequently used 

to analyze transport through porous medium by volume averaging. In this technique, the 

governing equations are solved with respect to representative elementary volume of 

porous structure. Thereafter, volume-averaged governing equations (i.e., macroscopic 

governing equations) are determined by excluding the discontinuity of any phase. Due to 

integration, additional terms appear in governing equations that involves volume 

averaged transport parameters (i.e., macroscopic transport parameters). As a result of this,

the obtained governing equations can be estimated for all single-phase space.

Application of VAM should start with a selection of representative elementary 

volume (REV)55,56. A control volume within porous media should be taken larger than 

the microscopic characteristic length and smaller than the control volume, as shown in 

Figure 2.1.

Figure 2.1. A microscopic control volume in a porous medium.

Applying volume average to any quantity over a control volume is computed as follows:

1
V

dV
V

(2.4)

REV (V)

Vc
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where V is the volume of a corresponding control volume. For instance, by using

Equation (2.4) the macroscopic velocity in x direction (u velocity) is described as below,

1
V

u u dV
V

(2.5)

If an average value of any parameter for one phase i s  r e q u i r e d  i ntrinsic averaging

is employed. For example, the average velocity of fluid phase, which is called pore or 

interfacial velocity, can be calculated from (2.6),

1

f

f

V
f

u u dV
V (2.6)

where Vf is pore volume. The relation between macroscopic and pore velocities is shown 

by Equation (2.7) which is known as Dupuit-Forchheimer57 relation,

/
fu u (2.7)

2.2.1. Darcy-Forchheimer Theory

In 1856 Henry Darcy58 found that the macroscopic (Darcian) fluid velocity 

through a column of sand beds is proportional to the pressure gradient and adversely

proportional to the viscosity of fluid. He found that mass flow rate and pressure gradient

are linearly coupled parameters with another parameter, which was later called as 

permeability. This relation is named as Darcy’s Law, and in one-dimensional form is 

shown by Equation (2.8),

f
xx

f

d pKu
dx

(2.8)

in which K is known as permeability. The permeability is known as tensor quantity that

the terms in diagonal row represent the permeability of the porous medium in principal 

directions. Permeability refers to the flow resistance inside porous medium. It depends 

on the micro-structure of the solid phase and is independent of the properties of the fluid59.

Darcy’s Law can be accurately utilized to attain average velocity in a porous medium for 

low Reynolds number flows (Re < 10) since it states a relation between viscous and 

pressure forces.
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Starting with Darcy’s definition, different techniques have been employed to 

calculate the permeability of porous medium. For instance, at a higher Reynolds number,

an additional quadratic term that includes inertial effects was s u g g e s t e d  by

Dupuit60 and Forchheimer61. This equation is called as Forchheimer extended Darcy’s

Law62,63, and in one-d imens ional form is calculated by the fol lowing equation:

2

1/2

f
f

f

d p Cu u
dx K K

(2.9)

where C is the Forchheimer coefficient. The first term on the right- h a n d side

represents the frictional drag (Darcy term), w h i l e the second term (Forchheimer)

refers to the drag. Hence, in order to estimate macroscopic velocity correctly,

permeability and Forchheimer coefficients should be known exactly.

2.2.2. Kozeny-Carman Equation

Generally, porous material’s permeability is measured by experiments. Modeling 

the variation of permeability by porous characteristics has been attempted by many29,64–

66. The most well-known one, the Kozeny-Carman theory67, aims to calculate the 

permeab h) of the corresponding 

porous system with an empirically determined constant CKC.

As a starting point, Kozeny performed his study for a system with a bundle of 

capillary tubes of an equal radius. First, the mean velocity for Hagen-Poiseuille flow in a 

channel with a diameter of dt was calculated (Equation (2.10)):

21

32

f
f

t

d p
u d

dx
(2.10)

Figure 2.2. Flow through a bundle of capillary tubes.

Later, Kozeny integrated Hagen-Poiseuille equation and Darcy’s theory together with the 

idea of tortuosity and proposed the following equation to calculate the permeability:

Flow
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2

32
tdK (2.11)

68 which can be explained as the ratio between real length of 

flow path in the porous medium to the length of flow path without porous medium (i.e., 

in clear fluid).

Kozeny’s proposed equation for the estimation of permeability was then revised

by Carman. Later called Kozeny-Carman equation, it has been widely used in the 

literature for laminar flow. Kozeny-Carman equation predicts the intrinsic permeability

of media with high accuracy. For the packed bed of spheres, the relation is given as:

2

16
h

KC

dK
C

(2.12)

here, dh is the pore hydraulic diameter, and A0 is the ratio of the fluid-solid interfacial 

area to the solid volume. The term denoted as CKC in equation (2.12) is called Kozeny-

Carman constant, that add the effects of the flow path, pore structure, and connectivity

(i.e., tortuosity and shape effects).

Although the KC equation is widely accepted and used extensively, the Kozeny-

Carman constant should be properly determined. Since, this equation is a semi-empirical 

relation, and the KC constant is an empirical constant, which was proved to be not a 

specified constant (varied value for different media). Accurate evaluation of CKC is an 

important aspect for applying KC equation to different transport process. There are many 

studies in the literature dedicated to the numerical and experimental determination of CKC.

In the original study of Carman, CKC was given as 4.8 ± 0.3 for packed beds with 

homogenous spheres and is usually taken to be equal to 569. There are many other studies 

from the literature also suggesting a constant value for CKC
70–75. For instance, different 

CKC values were found as 2.79, 3.62, and 3.80 for the different sphere radius of 2.5, 3.5, 

and 4.5, respectively, while the corresponding permeability values were validated by the 

experimental measurements76. Similarly, different CKC values were calculated at different 

porosity values for the staggered arranged porous systems; an inverse relationship 

between CKC and porosity varying between 0.4 and 0.88 was observed77. The literature 

related to the field of transport in porous media and examination of Kozeny–Carman 

equation is vast, and here only some of representative one was presented. Details and

various forms of proposed models for CKC can be found elsewhere78–82.
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Representative Porous System

Porosity and pore to throat size ratio are frequently used to quantify the structure 

of the porous medium. The voids of the porous media may be connected to each other 

(open-cell porous media) or may not have any connection with each other (closed-cell 

porous media). Generally, the thermal and hydrodynamic behavior of flow is investigated 

in open-cell porous media. For this reason, porosity ( ) which is the ratio of void volume 

with respect to total volume of the porous media is frequently used.

Void volume
Total volume (2.13)

, Representative 

Elementary Volume (REV) concept is commonly employed in the literature which is 

shown in Figure 2.3 (b). In such cases, the volume over which a measurement is 

performed yield a value, representative of the whole system. Most of explanations related 

to flow resistance in porous media are concerned that pores and fractures can be 

simplified into regular models, such as a spherical, capillary tube, matchstick, and cube 

model. However, the ideal square model is accepted by many researchers20,38,83,84.

Figure 2.3. a) The illustration of a porous medium, b) Representative Elementary Volume 
(REV) c) Different REV Models.

As discussed earlier, the structure and array of a random porous medium cannot 

be considered by porosity variations only. Changes in grain shape, particle distribution,

Fluid 
Flow

Sphere Model Matchstick Model Capillary Tube Model Cube Model

REVa b

c
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and size alter the connectivity and tortuosity of the pore space, and therefore, the 

collective behavior of porous medium. In this study, pore connectivity (Rpt) of the REV 

presented in the cubic model as shown in Figure 2.4 is calculated as:

Darcy
pt

HPore sizeR
Throat size a

(2.14)

Figure 2.4. a) Representation of a porous system and b) throat size ( ) variation at a given 
pore size (HDarcy .

Here, shows the throat size, which can be changeable. Therefore, Rpt can obtain different

values.

2.4. Governing Equations and Boundary Conditions

Permeability of considered porous media can be evaluated by investigating the 

microscopic governing equations. Velocity, pressure, and temperature distributions in the 

pores can be obtained via the solution of continuity, momentum, and energy equations, 

while slip velocity and temperature jump were applied on solid surfaces with a unity 

momentum accommodation coefficient, assuming diffuse reflections. 

For the incompressible and steady flow assumptions, the equations and 

corresponding boundary conditions required to solve the transport in the rectangular 

coordinates can be written as follows:

. 0V (2.15)

HDarcy3 2 1

b1
b2
b3

x

y

a

b

HDarcy
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2.V V P V (2.16)

2.p ff
c V T k T (2.17)
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TT T
n (2.19)

For fully developed velocity profiles in the main flow direction (x+) through the REV, 

the Darcy velocity and pressure gradient is calculated by the following relation:

2
0 0

1 Darcy DarcyH Hf

Darcy

u u dx dy
H (2.20)

2 0
0

1 Darcy

Darcy

f H

x x H
Darcy

d p
p p dy

dx H
(2.21)

Permeability is a tensor quantity and with respect to Darcy’s Law for a two-dimensional 

flow in Cartesian coordinate can be expressed as:

1 xx yx

xy yy

p
K Ku x

pK Kv
y

(2.22)

where Kxx, Kyx, Kxy and Kyy are components of permeability tensor. In this study, the 

permeability is computed solely in one direction (x+ or z+) since the structure of

considered porous medium is symmetrical in all directions. The permeability is calculated 

with respect to velocity and pressure fields by solving continuity and momentum 

equations. Darcy Law can also be converted into the non-dimensional form18 as follows:

Re (2.23)

where the corresponding non-dimensional parameters are, 

2 2 2

, , F
L P L LC

V L K K
(2.24)

The left-hand side of Equation (2.23) represents the macroscopic pressure drop, 

while the right-hand side is the reciprocal of the dimensionless permeability. It is clear 
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that there is a linear relationship between the inverse of the non-dimensional permeability 

and pressure drop.

The heat transfer between the solid surfaces and the fluid was calculated using the 

interfacial convective heat transfer concept. The convective heat transfer coefficient was 

calculated based on the difference between the surface average temperature of solid and 

the upstream inlet temperature of fluid (Tin) as:

w

w in

qh
T T (2.25)

Characterization of convection based on the upstream inlet temperature of fluid has been 

found useful for practical applications with a given inlet fluid temperature and frequently 

utilized by literature85,86,87. Correspondingly, the Nusselt (Nu), Reynolds (Re), and 

Knudsen (Kn) numbers are calculated as follows:

Nu
f

hL
k (2.26)

Re
V L

(2.27)

Kn
L

(2.28)

L is the characteristic length scale which in this study, the REV dimension (HDarcy or Lc)

is used to define the corresponding dimensionless parameters.
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-CARMAN-KLINKENBERG MODEL FOR GAS 
PERMEABILITY IN MICRO/NANO-SCALE POROUS 

MEDIA

Volume Average Methods (VAM) are frequently used to describe the transport in 

porous systems composed of complex flow patterns based on permeability from a more 

superficial perspective. Permeability is a material property usually determined through 

experiments and/or pore level fluid dynamic analysis. Due to the limited availability of 

permeability, there are numerous modeling attempts to provide simpler empirical 

prediction tools correlating permeability with the porous system parameters. Various 

forms of extended Kozeny-Carman (KC) models have created successful results as 

presented in literature80–82. However, these models fail to describe gas transport through 

micro/nano-scale systems. Unlike liquid flows, with decreasing system size, non-

continuum effects develop in gas dynamics due to (i) molecular surface force field and 

(ii) rarefaction. While the first one is negligible mainly for confinement sizes larger than 

20 nm, the latter is dominant when the surface-gas collisions become comparable to gas-

gas collisions in case of low gas pressures and/or small confinements9,88–91. Characterized 

by the Knudsen number H), rarefaction effects result in the divergence of gas 

permeability from its classical literature values. This discrepancy was first observed by 

Klinkenberg and later studied by many others as a function of Kn in various forms. 

Although many of these studies have been found accurate at various rarefaction levels, 

there is a discrepancy in the definition of the Kn in a porous system. Most of these studies 

employed characteristic height definition from Darcy, while some used classical 

hydraulic diameter calculations; neither can characterize a complex porous network 

consisting of pore throats and pore voids in between.

Alternatively, a characteristic flow dimension can be defined by calculating the size 

of a regularly placed bundle of tubes or plates, allowing an equivalent flow rate at the 

corresponding pressure gradient. Called as equivalent H (Heq), this was first defined by 

Kozeny and Carman decades ago but did not grab any attention until its capability to 

directly represent flow characteristics. However, there is still open discussion about such 

a concept since the calculation of Heq requires the permeability value of the corresponding 
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porous system, which is unknown and expected to be estimated based on the Heq in the 

first place. For such a case, modeling gas permeability based on the Kn number calculated 

from Heq is not a trivial task.

In this part of the study, pore-scale analyses of gas dynamics were performed to

calculate volume-averaged properties of the corresponding micro/nano-scale porous 

systems. The Kozeny-Carman theory will be employed to model equilibrium gas 

dynamics, while non-equilibrium will be incorporated using Klinkenberg theory in the 

slip flow regime. For such a case, Klinkenberg constants will be described based on the 

pore properties (porosity and pore connectivity), and Heq is calculated from Hagen-

Poiseuille and Darcy formulations first time in literature92.

Simulation Details

A porous medium consisting of solids and voids is considered by a representative 

volume, as shown in Figure 3.1. The size of REV is defined as HDarcy while the size of 

square solid parts is denoted as D. The ratio of pore size (HDarcy) to throat size between 

solid parts ( ) is given as Rpt (HDarcy/ ), defining the pore connectivity inside the REV.

Figure 3.1. Representation of elementary volume for calculation of transport properties.

Air flows through the porous media with a dynamic viscosity equal to 18.21×10-6

kg/ms. For different rarefaction levels, air density was varied to obtain different Kn 

values. Low Re flows were studied to remain in the Darcy flow region with negligible 

inertial effects. Steady and incompressible form of flow is considered in the voids

between the particles. Air is assumed to have constant thermo-physical properties. Steady
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forms of the continuity and momentum equations given in Equations (2.15), (2.16), and

(2.17) are solved to determine the velocity and pressure fields for the fluid flow using the

Fluent finite volume code. Symmetry boundary conditions were considered on top and

bottom, and periodicity conditions were applied on left and right boundaries of REV. Slip

velocity given in Equations (2.18) and (2.19) were applied on solid surfaces with a unity

momentum accommodation coefficient, assuming diffuse reflections.

The validation of the numerical procedure is performed by comparing the result 

with the literature. As shown in Figure 3.2, there is a good agreement between the 

computational result for dimensionless pressure drop and dimensionless permeability

(Darcy number) between the present work and selected studies in the literature.

Figure 3.2. (a) Variation of dimensionless pressure drop by increasing Re and (b) resulted 
permeability values at different porosities. Current results were compared with 
the values from the literature59,93,94.

In order to calculate the numerical results with high accuracy, the mesh 

independency test is performed to discover the optimum grid size for the present study.

Several mesh sizes were employed, through which optimum mesh sizes were selected 

when the error between consecutive mesh results becomes negligible. As shown in Figure 

3.3, it has been found that the results converged and stopped changing at the mesh density 

of 2.3×1011 # nodes per m2, which was selected to be used for all computations in this 

study. All results are evaluated with Re less than 1 in Darcy’s Law applicable range, 

where a linear relation between non-dimensional pressure drop and inverse of non-

dimensional permeability value develops. Typically, any flow with a Reynolds number 

less than unity is clearly in laminar region. Moreover, experimental tests have shown that 

flow regimes with Reynolds numbers up to 10 may still be Darcian.
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Figure 3.3. Evaluated pressure drop values with different mesh densities.

Results and Discussions

The study was initiated by calculating permeability values at different porosities, 

pore to throat size ratios, and rarefaction levels. Results normalized with the area of REV 

(HDarcy
2 ) were given in Figure 3.4(a). Depending on the porosity, Rpt varies between 2 and 

11. At a constant Rpt, throat size denoted by was kept constant while different porosities 

were obtained by varying connectivity size b.

Figure 3.4. (a) Variations of permeability by porosity at different pore to throat size ratio 
values. (b) Kozeny-Carman constants calculated for the corresponding 
intrinsic permeability values.

As illustrated in the inset figure of Figure 3.4(a), low Rpt cases cannot go below 

certain porosity values that possible porosity range for each Rpt is listed in Table 3.1. The 

lowest porosity value for each Rpt represents the case where b becomes zero and REV 
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becomes a straight channel. Overall, a decrease of Rpt increases the permeability due to 

the decreased tortuosity effects. At a constant Rpt, permeability increases by the increase 

in porosity.

Table 3.1. Lower and upper limits of porosity values at a certain pore to throat size 
ratio.

Pore to throat size ratio (Rpt) Porosity range

11 0.09-0.9

9 0.11-0.9

7 0.14-0.9

5 0.2-0.9

3.33 0.3-0.9

2.5 0.4-0.9

2 0.5-0.9

Next, Kozeny-Carman theory was used to devise a model to predict the 

calculated no-slip permeabilities, so-called intrinsic permeability, or liquid permeability. 

Kozeny- h)

is given in Equation (3.1) as,

2

16intrinsic
h

KC

dK
C

(3.1)

where CKC is the proportionality factor known as Kozeny Constant. CKC values for each 

case were calculated and plotted in Figure 3.4(b). Multiple studies suggest various forms 

of equations to describe the variation of CKC as a function of porous systems’ parameters. 

Detailed discussions can be found in Reference 81. Similar to earlier experiences, a 

power-law relation with porosity combined with the constants defined by the pore to 

throat size ratio (given in Equation (3.2)) was found best to describe the behavior 

observed in Figure 3.4(b).

B
KCC A (3.2)

while the constants were determined as,

1.986.56 ptA R and    
1.65.56 ptB R (3.3)

starting from the original definition of hydraulic diameter as,
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44×InternalCrossSection Area

Internal Perimeter
c

h
Ad
P (3.4)

where Ac is the cross-sectional area of flow and P is the wetted perimeter of the cross-

section. Kozeny simplified dh for a porous system as,

0

4

1hd
A (3.5)

, and A0 is the ratio of the interfacial area between fluid and solid 

phases (Afs) to solid volume (Vs) as A = . In terms of currently defined porous 

system parameters, A0 can be calculated as,

0 2

2 2 4 2

1

Darcy Darcy Darcy

DarcyDarcy Darcy

H a H b H a b
A

HH a H b
(3.6)

Equation (3.6) is simplified by describing and b in terms of porosity and Darcy height 

as,

1

and
1

1

Darcy
ptDarcy

pt

pt

H
RH

a b
R

R

(3.7)

while the definition of b comes from the definition of porosity for the REV model as,

2

2

Darcy Darcy Darcyvoid total solid

total total Darcy

H H a H bV V V
V V H

(3.8)

By combining Equations (3.7) and (3.8), the final form of A0 becomes as,

0

11
2 2

1

1

pt

pt pt

Darcy

R
R R

A
H

(3.9)

By substituting Equation (3.9) into Equation (3.5), hydraulic diameter can be obtained as,

2

11
2

1

Darcy
h

pt

pt pt

H
d

R
R R

(3.10)
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By using the description of dh pt, and HDarcy (Equation (3.10)), the Kozeny-

Carman equation extended to calculate intrinsic permeability as a function of porosity,

and Rpt reaches the final form given in Equation (3.11),

1.983 6.56

1.9

2

8 11
26.24 2

1

ptR
intrinsic

pt
pt

p

Da

t t

r

p

cy

K
R

R
R R

H (3.11)

Equation (3.11) can successfully predict the intrinsic permeability values 

presented in Figure 3.4(a) with an error of pt set at 

various levels of rarefaction to extend the devised Kozeny-Carman based model using 

Klinkenberg theory in slip flow regime was investigated. First, local Kn numbers at the 

pore throat and pore connectivity (Kn and Knb) were calculated based on the 

corresponding size of pore throat and pore connection ( and b) of each Rpt and porosity 

case. If any of the local Kn values exceeds the applicability limit of slip velocity boundary 

conditions given in Equations (2.18) and (2.19) (Kn ~ 0.3 ± 0.1), corresponding REV 

geometry is removed from considerations. It should also be mentioned here that the 

velocity slip boundary condition is calculated based on local velocity gradient and gas 

mean free path only. For a beginning, Kn numbers were defined using HDarcy similar to 

existing literature and denoted these as KnDarcy (KnDarcy Darcy). Keeping the porosity 

0.5, the rarefaction level at different Rpt values were varied. Velocity 

contours measured through two-dimensional REVs are shown in Figure 3.5.

Velocity values were normalized by the average velocity measured at the 

corresponding case. First, low Rpt cases develop straight streamlines similar to a straight 

channel case. With the increase of Rpt, secondary flow patterns increase as the pore voids 

grow in these constant porosity cases. These secondary flows disturb the main flow 

pattern, which becomes more diffused into pore voids by increasing Rpt. High Rpt values 

representing tight porous systems undergo significant velocity differences between pore 

throats and voids. This effect becomes more profound for tighter pores by increasing Rpt.

Results clearly show that very different flows develop regardless of the constant porosity, 

that the flow characterization solely based on the porosity is incomplete. Next, rarefaction 

effects growing with the increasing Kn yields smaller velocity gradients and more 

uniform velocity distributions in pore throats. Due to the gas slippage on the pore 

surfaces, gas velocity at pore throat center increases while the secondary flows in the 

voids lessen.
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Figure 3.5. Velocity contours and streamlines of the 0.5 porosity cases at different pore 
to throat size ratios and rarefaction levels.

The permeability values calculated from Darcy’s Law Equation (2.8) were 

normalized by HDarcy and plotted in Figure 3.6. Figure 3.6 is a combination of nine figures 

of nine porosity values ranging from 0.1 to 0.9. At a constant porosity, Kn was varied for 

the different pore to throat size ratios. At first glance, permeability values increase by 

increasing Kn. Overall, an increase in porosity yields higher permeabilities, while an 

increase in Rpt decreases permeability values in every case. For instance, if comparing the 

specific case of Rpt wo rarefaction levels (KnDarcy Darcy

87% of increase in permeability was observed, which shows the significance of slip 

effects in gas flows.
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Figure 3.6. Permeability values of different porosity and pore to throat size ratio values 
at different rarefaction levels described by Kn calculated from Darcy height.

In order to see the comparable behavior, normalized K values were normalized 

with the intrinsic K pt. Figure 3.7

presents these results. On the order of the KnDarcy, higher Kn effects develop at higher Rpt 

cases representing tighter systems. This outcome is very similar to the conclusions of the 

existing studies; however, it is questionable since Darcy height is an average 

representative size for a porous system and cannot describe the confinement size as a 

measure for rarefaction. Instead, a proper Kn calculation for the correct characterization 

of rarefaction effects on permeability was tried. First, another well-known concept, 

hydraulic diameter was implemented.

Figure 3.8 presents the same results as a function of Kndh
calculated from the 

corresponding dh of each case. Even though Kndh
provided successful rarefaction 

characterization for the case of straight tubes in complex shapes (square, triangular, etc.), 

such definition could not create a general normalization for rarefied flow data.
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Figure 3.7. Permeability values of different porosity and pore to throat size ratio values 
at different rarefaction levels based on HDarcy.

Figure 3.8. Permeability values of different porosity and pore to throat size ratio values 
at different rarefaction levels based on dh.
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In Figure 3.7 and Figure 3.8, Kn number is normalized by HDarcy and dh

respectively. The trend of normalized permeability is similar in both graphs. However, 

they are case-specific for each porosity and Rpt value. It is observed that this type of 

definition for Kn number could not provide a general relationship, and another definition 

should be proposed. Instead, porous confinement requires the characterization of 

secondary flow sites such as pore voids between pore throats. This can only be possible 

by defining an equivalent diameter from the corresponding permeability value. For such 

a case, equalizing the velocity calculated from the Hagen-Poiseuille equation for the 

bundle of tubes at the corresponding porosity ( ) to the velocity from Darcy’s equation as 

given in Equation (3.12), an equivalent diameter of the porous system can be defined by 

Equation (3.13),

2

32
eq apparentd KdP dP

dx dx
(3.12)

32 apparent
eq eq

K
H or d (3.13)

By using above Equation, Kn can be calculated as,

Eq
eq

Kn
d (3.14)

Permeability results of Figure 3.6 normalized with the corresponding intrinsic 

permeability values calculated from the KC relation were lined in Figure 3.9 as a function 

of newly defined KnEq. Different from the other two failed Kn-based normalization 

attempts using HDarcy and dh, this time results of various Rpt structures of a certain porosity 

were lined up and showed a collective behavior. Basically, permeability showed an 

almost universal linear variation by the change of KnEq independent of Rpt. Next, linear 

mathematical fit in which the relationship between an independent variable and the 

dependent variable is constant for all values of the independent variable, were applied to

the results to characterize the variation. Resulted functions were given on each figure with 

the corresponding R-squared value for regression. Linear fits showed a perfect match with 

data except for In this porosity the deviation of the 

results from linearity specially at high Kn values may be related to the existence of large 

void space. Probably, in this case due to the lack of sensitivity or imprecise mesh the 

Computational fluid dynamics (CFD) results developed an unexpected numerical error.
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Figure 3.9. Normalized Permeability values of different porosity and pore to throat size 
ratio values at different rarefaction levels described by Kn calculated from an 
equivalent diameter.

The current observed behavior is very similar to linear Kn dependence estimated 

by Klinkenberg. Hence, the following form of Klinkenberg equation as the combination 

of Equations (1.1), (1.2), and (3.12) was employed to model observed behavior,

1apparent intrinsic K EqK K C Kn (3.15)

Figure 3.10. Klinkenberg constants at different porosities
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K

(CK) variation from the linear fits was calculated in Figure 3.9. The slopes of the linear 

fits showed variation by porosity, independent from the Rpt. For such a case, variation of 

CK by porosity was plotted in Figure 3.10. CK was found to decrease almost linearly by 

increased porosity. A second-order fit showed a perfect match with the CK variation, a 

linear fit but was employed to keep the model simple. Linear fit created good results with 

an R-square value of 0.98.

By combining the linear CK model and Equation (3.13) into Equation (3.15),

Klinkenberg model became,

1 10 7.54
32

apparent intrinsic
apparent

K K
K

(3.16)

while the Kintrinsic is a known quantity from Equation (3.11), Kapparent can be predicted by 

solving the above equation. For such a case, Equation (3.16) can be rearranged as

3/2 1/2 10 7.54
0

32
apparent intrinsic apparent intrinsicK K K K (3.17)

In order to link the model with the current practices, Equation (3.17) was divided 

with HDarcy
3 . In this way, the general definition of the Kn in porous media was also created 

as KnDarcy,

3/2 1/2

3 2 2

10 7.54
0

32

apparent apparent Darcyintrinsic intrinsic

Darcy Darcy Darcy Darcy

K K KnK K
H H H H

(3.18)

Equation (3.18) is in the form of a third-degree polynomial function of the 

unknown K1/2
apparent, while the Kintrinsic is a known quantity from Equation (3.11). For the 

solution of this cubic polynomial, two cases exist depending on the below criteria:

if,

2
3

2 2

10 7.54

32
0

4 27

Darcyintrinsic intrinsic

Darcy Darcy

KnK K
H H (3.19)

then,
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while the second root develops if,
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)

Equation (3.22) can be simplified into an algebraic description of cos(3x) trigonometric 

function,

Let, 1

int
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Using 3cos3 4cos 3cosx x x
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The final simplified version can be written as,
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Finally, to find the apparent permeability as a function of the intrinsic 

permeability in the normalized form, there can be some simplifications of Equation (3.22)

as,

2
1int

2 2
int

2

0.221( )4 1
cos cos

3 3
apparent K Darcyrinsic

rinsicDarcy Darcy

Darcy

K C KnK
KH H
H

(3.26)

As a result, the solution of Equation (3.18) as Equation (3.20) and (3.22) provide

the apparent gas permeability in terms of porosity, Darcy length of the porous system, 

intrinsic permeability (liquid permeability), and KnDarcy as an extension of Klinkenberg 

model. The final model was tested on the current results. Comparison presented in Figure 

3.11 shows good agreement between the numerical results and the apparent permeability 

predictions of extended Klinkenberg model combined with the extended Kozeny-Carman 

model calculating intrinsic permeability (Equation (3.11)).

Figure 3.11. Comparison of the permeability predictions of the current model with the
0numerical calculations.
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Conclusion

Gas transport through micro/nano porous systems differs from conventional 

calculations due to non-equilibrium in gas dynamics at small confinements. The extended 

Kozeny-Carman theories and their alternatives estimating permeabilities as a function of 

pore parameters need to be corrected to consider gas rarefaction effects. This was widely 

practiced using various forms of Klinkenberg and similar theories, but a general 

characterization is missing. One of the problems is about the accurate definition of Kn 

number to characterize rarefaction level. In Kn calculations, existing theories frequently 

use Darcy defined pore size or hydraulic dimeter, which does not consider pore 

connectivity and the related secondary flow dynamics of a porous system. For such case, 

pore-level gas dynamic calculations were performed for different pore dimensions,

porosities, pore to throat size ratios, and rarefaction levels. Overall, permeability values 

increased by increasing porosity and reduced by increment of pore to throat size ratio.

First, Kozeny-Carman based model for intrinsic permeability calculations as a function 

of porosity and pore to throat size ratio was developed. Next, it is observed that gas 

rarefaction also increased permeability at different flow rates referring to variable pores.

The change of permeability as a function of Kn number calculated from Darcy Height or 

Hydraulic diameter showed dependence on both porosity and pore to throat size ratio. 

Instead, an equivalent diameter was calculated as a function of the apparent permeability 

of the corresponding system. Permeability variation by Kn from equivalent diameter 

became a simple function of porosity, independent from pore connectivity. For such a 

case, the Klinkenberg model was employed by only estimating the Klinkenberg constant 

as a linear function of porosity. However, such representation of Kn in terms of the 

unknown permeability creates an implicit equation. First time in literature, the equivalent 

diameter based Klinkenberg equation was solved and devised an extended model based 

on standard Darcy height. A new model combined with Kozeny-Carman and Klinkenberg 

was tested on the existing data set, where good agreements were observed.
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CHAPTER 4

RAREFACTION EFFECTS ON GAS PERMEABILITY IN 
DUAL-SCALE POROUS MEDIA

Basically, porous medium is defined as a solid with holes. The space within a

porous domain is formed by a solid matrix and void space. This space may alter over time 

as a result of natural or artificial processes95–97. For instance, precipitation reactions98 or 

swelling of minerals99 create multiple pore regions within a porous structure. This

distribution of pores throughout the system may be divided into major and minor (inter-

intra) types generally observed in dual-scale porous media100. In this porous media type,

the main flow occurs in major porosity, which is the region between pores.

On the other hand, the minor porosity is the interior parts of solid which may be 

dead-end or channels with only a narrow single connection like a fracture101,102. For 

example, hydraulic fracturing is a common practice method to extract gas from the shale 

layer in deep ground. In this method, a large amount of water gallons, sand, and chemical 

mixtures are injected at very high pressures in underground to crate fractures inside 

porous layers103,104. Such porous systems were created and studied in laboratory 

-on-a- (Figure 4.1)105 to 

characterize the flow behavior in tight dual-scale porous media.

There are many modeling relations available in the literature for estimating 

intrinsic permeability in porous media, and one of the well-known relationships is 

Kozeny-Carmen (KC) equation. By using this equation, one can measure the intrinsic 

permeability as a function of porosity and hydraulic diameter. However, predicting 

permeability value based on these parameters is not sufficient to characterize the transport

in the porous medium. Since the shape and connectivity of solid particles are composed 

of various forms of hydraulically resistive path (throats), secondary pores (intraparticle) 

can significantly impact transport in porous medium.

Yu and Cheng106 proposed a model based on fractal theory to estimate

permeability of bi-dispersed porous medium. They showed that at the same porosity the

value of permeability in mono-scale porous medium is greater than the bi-dispersed one.

Chastanet et al.107 used homogenization theory to describe a macroscopic model for gas 
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flow in low-pressure dual-porosity porous medium. They found that effective 

permeability is mainly relies on the size of pore and local flow regime in a fractured 

porous medium based on Klinkenberg’s or Knudsen’s diffusion models. Zheng and Yu108

investigated permeability of gas through a matrix of porous medium embedded with 

randomly shape of fractal-like tree networks. They concluded that the gas permeability 

decreases due to longer flow pathways and higher resistance by increasing the branching 

levels. A model corresponding with fractal gas diffusion model is recommended to 

predict permeability of micro/macro porous membranes by Zhang109. The effect of fractal 

dimension was calculated on permeability variations. Lower permeability is observed by 

increasing the fractal dimension because of high tortuosity effects, increasing the 

diffusion path and resistances. In the work of Xu and Yu106 a new analytical approach is 

suggested to describe permeability and the Kozeny-constant constant related to the fractal 

geometry for homogenous porous medium. In T de. Vries et al.110 work on several dual-

porosity systems by connecting many aggregates into the macropore structure. They 

analyzed the effects of pore-scale properties like permeability and porosity on 

macroscopic transport parameters in dual-porosity porous medium.

Figure 4.1. -on-a- 105 due to its easy to control 
porous system parameters.

In this part of the study, the focus is to find the apparent gas permeability in the 

porous system with dual-scale pores. Darcy equation was used to calculate the gas 

permeability values of a porous structure with different pore to throat size ratios (Rpt) and 

intraparticle dimensions (t). The results were compared with the previous section, which 

holds results for mono-scale results. Unlike other studies that use Darcy length or 

hydraulic diameter for calculating Kn number, the new Kn definition was employed based 

on gas permeability for dual-scale porous medium. It is observed that the empirical model

developed for the mono-scale porous medium can also be extended to be valid for porous 

structure with multi pores providing high accuracy results.
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4.1. Simulation Details

Similar to the previous section, a Representative Elementary Volume (REV) 

concept is used to discretize porous medium structure. The schematic of the porous 

medium selected for this study is shown in Figure 4.2, where square rods with 

intraparticle pores inside are in-line arrangements with uniform geometry. As discussed 

before, the ratio of pore size (HDarcy) to throat size between solid parts ( ) is given as Rpt

(HDarcy/ ). Likewise, HDarcy is chosen for the size of REV, while the solid particle and 

secondary pore dimensions are denoted as D and t, respectively. Rpt characterizes the pore 

connectivity inside the REV and as its value increases the throat size decreases, making 

the structure tighter. It is possible to have a porous structure with different Rpt while 

keeping the porosity value constant. 

Figure 4.2. REV with intraparticle pores.

Air is used as the working fluid inside the REV with constant thermo-physical 

properties. Air density and pressure were changed to obtain different Kn values while the 

dynamic viscosity was maintained at a constant value of 18.21×10-6 kg/ms. The flow in 

the voids between the particles is assumed incompressible and steady. Pressure and 

velocity fields are estimated by solving continuity and Navier-Stokes formulation given 

in Equations (2.15), (2.16), and (2.17). Slip velocity given in Equations (2.18) and (2.19)

were applied on solid surfaces with a unity momentum accommodation coefficient, 

assuming diffuse reflections. Simulations were carried on Darcy region with low Re 

values to dismiss inertial effects. In this region, non-dimensional pressure drop does not 

change and has a constant value.
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In the previous part of the study, intrinsic permeability values were calculated 

using the Kozeny-Carman theory, considering both porosity and pore to throat size ratio.

Figure 4.3 shows the comparison between the mathematical model, which is given in 

Equation (4.1), with numerical results for dimensionless permeability values. The figure 

clearly shows that the mathematical model fits the values very well at different porosity 

and pore connectivity scales. This equation can be used to find intrinsic permeability in a

mono-scale porous medium with less than 5% error.
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26.24 2
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(4.1)

The intraparticle dimension is evaluated based on Rpt values for a given porosity 

such that its value does not exceed 1/3 of throat size ( ) inside the REV. This limitation 

is considered regarding available studies111–113 discussing the intraparticle size criteria 

inside the porous medium. To generate the intraparticle region for the system b (Figure 

4.2) value is modified. The current study performed the calculation for four different 

porosities with values equal to 0.2, 0.4, 0.6, and 0.8 and three different intraparticle sizes. 

At the same time, the total porosity, Rpt, and mass flow rate were kept constant for proper 

comparison with mono-scale porous system. 

Figure 4.3. Variations of permeability inside the REV by porosity at different pore to 
throat size ratios.
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4.2. Results and Discussions

One set of configurations created for the simulation in this study can be seen in 

Figure 4.4. The figure represents the normalized velocity contours and streamlines at 

different Rpt and rarefaction levels for 0.4. The mean velocity of each corresponding

case, normalized velocity values. As can be seen from the figure, particularly for Rpt

values below 3.33, the streamlines are smooth, and flow resembles channel flow. 

However, as the throat becomes tighter (Rpt increases), the space between two solid 

particles in the horizontal direction gets larger, yields more fluid particles to penetrate in

this region and create substantial secondary flows. These secondary flows disturb the 

main flow patterns and significantly impact the velocity distribution and transmissibility 

inside the REV. Adding intra pores to the system changes the shape of these secondary 

flows due to the tortuosity effect in the porous medium. The most different form of 

secondary flows is observed when the dimension of the intraparticle region becomes 

comparable with throat size. In these cases, the secondary flows are suppressed between 

two pores due to a significant stream passing through intraparticle pores. Next, the 

rarefaction effect was applied by changing the density and pressure inside the REV. As 

the Kn number increases, velocity gradients decrease, and more uniform velocity 

distribution was obtained as a result of gas slippage effect on pore surfaces. Additionally, 

in Figure 4.4, different values of Kn number inside the REV based on throat size (Kn ), 

pore space between particles in the longitudinal direction (Knb), and finally intraparticle 

thickness (Knt) are also shown. Still, for this simple geometry, it is possible to define 

three different Kn values. However, determination of a characteristic height to quantify 

rarefaction effects of a such dual porous system is very challenging for a real porous 

medium with its complex shape. Thus, it is essential to establish a general concept to 

define proper Kn value for this type of porous system. Moreover, it should be mentioned 

here that the local Kn values which exceed the slip flow limit were not considered and 

excluded from simulation in all cases. Furthermore, it should be noted here that there are 

almost four times more data in the current results such that there are four different cases 

at different intra pore throat sizes at a given Rpt and porosity.
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Figure 4.4.
ratios and two different intra-pore thicknesses.
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Figure 4.5 illustrates the intrinsic permeability results calculated from Darcy 

Equation for porous medium with different intraparticle sizes, normalized by the 

corresponding mono-scale results. The results represent the ratio of intraparticle 

dimension in two ways: first, with respect to throat size (Figure 4.5 a-d) and latter with 

REV dimension (Figure 4.5 e-f). The figures clearly show that for most cases at different 

porosity and pore to throat size ratios (Rpt), the effect of intraparticle region on 

permeability values is adverse. As mentioned earlier total porosity, Rpt, and mass flow 

rate through dual-scale porous system were kept exactly the same as mono-scale system. 

The only parameter changed inside the REV is the distance between two pores (b) to 

maintain these constraints. As the intraparticle size increases, the b value is decreased. 

Due to this reason, fluid particles passing through the REV in the main flow direction 

experience more frictional forces, which ultimately decrease the permeability values. The 

only exception is observed at Rpt , in which the dimension of intraparticle becomes 

comparable with throat size and the amount of fluid passing through this region enhanced 

significantly. Next, calculated apparent permeability at one specific rarefaction level is 

plotted in Figure 4.6. In two cases with Rpt values higher than 9 the permeability values 

are greater than mono-scales, while the remaining results show a negative trend on 

permeability values. The increase of permeability at Rpt an be clarified 

because of velocity slip on the pore surface, decreasing the drag and enhancing the 

movement of the fluid particles through the REV with less friction.

Figure 4.5. Intrinsic gas permeability calculation for dual-scale porous medium at 
different intraparticle, normalized by intrinsic mono-scale gas permeabilities, 
(a-d) with respect to throat size ratio, (e-h) with respect to REV dimension.
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Figure 4.6. Apparent gas permeability calculation for dual-scale porous medium at 
different intraparticle, normalized by apparent mono-scale gas permeabilities 
(KnDarcy -d) with respect to throat size ratio, (e-h) with respect to 
REV dimension.
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Figure 4.7. Permeabilities as a function of different secondary pore throat sizes (t) and 
rarefaction levels at overall porosity values of (a) 0.4, (b) 0.6, and (c) 0.8 with 
constant pore size (H) to pore throat size ( pt 5.

Figure 4.8. Permeability values at different rarefaction levels described by Kn calculated 
from Darcy height.

Alternatively, a proper Kn definition that can establish a general characterization 

without considering the pore connectivity effects or secondary pore sizes was described. 

It was realized that it is possible to define and calculate equivalent diameter in the porous 

media based on Hagen-Poiseuille and Darcy’s equations. The equivalent diameter is 

0.94

0.96

0.98

1

1.02

1.04

1.06

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35
0.94

0.96

0.98

1

1.02

1.04

1.06

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35
0.94

0.96

0.98

1

1.02

1.04

1.06

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35

Kn
increases

t/

/

t/ t/
Kn

increases

Kn
increases

b c

S S S S
KnH = 0
Kn = 0
Knt = 0

KnH = 0.001
Kn = 0.006

0.02 < Knt < 0.08

KnH = 0.005
Kn = 0.02

0.08 < Knt < 0.3

KnH = 0.002
Kn = 0.01

0.03 < Knt < 0.14

KnH = 0.009
Kn = 0.05

0.15 < Knt < 0.3

KnH = 0.011
Kn = 0.06
Knt = 0.19

KnH = 0.014
Kn = 0.07
Knt =0.23

KnH = 0.018
Kn = 0.09
Knt =0.3

a

= 0.4 and Rpt = 5 = 0.6 and Rpt = 5 = 0.8 and Rpt = 5

t/ = 0 t/ = 0.07 t/ = 0.15 t/ = 0.3 t/ = 0 t/ = 0.07 t/ = 0.15 t/ = 0.3 t/ = 0 t/ = 0.07 t/ = 0.15 t/ = 0.3

/
/

KnDarcy KnDarcy

1

1.2

1.4

1.6

1.8

2

2.2

2.4

0 0.01 0.02 0.03 0.04 0.05

= 0.4 b

1

1.2

1.4

1.6

1.8

2

2.2

2.4

0 0.01 0.02 0.03 0.04 0.05

= 0.6 c

1

1.2

1.4

1.6

1.8

2

2.2

2.4

2.6

0 0.01 0.02 0.03 0.04 0.05

= 0.2 a

1

1.2

1.4

1.6

1.8

2

0 0.01 0.02 0.03 0.04 0.05

= 0.8 d



45

derived from the definition of Darcy velocity for low Reynold values and Hagen-

Poiseuille for a bundle of tubes combined in the following form:

32 apparent
eq

K
d (4.2)

by using the above Equation, Kn can be calculated as,

Eq
eq

Kn
d (4.3)

Figure 4.9. Normalized Permeability values of different porosity and pore to throat size 
ratio values at different rarefaction levels described by Kn calculated from 
equivalent diameter.
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include the rarefaction effect and calculating the Knudsen number from this permeability 

provides a proper characteristic height for the gas flow. However, in the usual case, 

permeability values are unknown. In the calculation of apparent permeability using 

Klinkenberg model, the Knudsen number as a function of apparent permeability itself 

was included, and Klinkenberg constants were determined from numerical calculations. 

This developed a third-degree polynomial function which has been solved for apparent 

permeability calculation in the previous chapter.

Conclusion

Rarefied gas flows behaviors were investigated through multi pore structures. It 

is observed that, similar to the previous findings, the increases of slip velocity on surfaces 

resulted in lower pressure drops compared to continuum flow. Hence the permeability 

values increase. On the other hand, the existence of intraparticle pores through the main 

flow direction caused the reduction of permeability in most cases compared to mono-

scale porous media. For such cases, intra pores created more friction forces towards the 

fluid path. However, there is a critical value of throat size where the permeability is higher 

than mono-scales. In these cases, it is observed that when the throat becomes comparable

in size with intraparticle at high rarefaction levels, the permeabilities reach higher values.

Next, the new definition of Kn number was tested on multi pore porous medium. In Kn 

calculations, porosity, pore connectivity, and intraparticle pore distribution were 

considered. The equivalent diameter-based solution showed that permeability variation is 

only a porosity function, independent of other structural parameters. In such cases,

Klinkenberg constant becomes a linear function of porosity. By calculating the equivalent 

diameter from apparent permeability, it is possible to apply the extended 

phenomenological model given in the previous chapter onto current results with an

excellent agreement.
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CHAPTER 5

GAS SLIP FLOW IN THREE-DIMENSIONAL POROUS 
MEDIA

Transport in porous media performs a vital role in numerous fields of science and 

engineering. Accordingly, quantitative pore-scale flow characterization of porous media 

has a fundamental importance in many areas such as composite materials114,115,

geophysics116, petroleum engineering117,118, soil science119,120, and biotechnology121.

Accurate estimation and prediction of 

transport properties is the concern of many research in these fields. Several theoretical, 

numerical, and experimental studies have been suggested and developed to investigate 

fluid flow in such complex and heterogeneous porous media. Since field experiments and

studies including SEM, X-ray, TEM and etc.122–126, are generally expensive and time-

consuming, simulating multiscale fluid flows becomes highly reasonable. Pore-scale 

simulations necessity is due to the fact that they can generate relatively precise and cost-

effective predictions. Meanwhile, they allow for systematic changes

parameters, such as fluid properties, pore space geometries, and boundary conditions, 

which are complex tasks to achieve with experiments.

With the growth of available computer power and development of numerical 

methods, three-dimensional flow visualization has attracted much attention127–130. In 

many cases, creating a three-dimensional model is the fundamental step to characterize 

flow properties. In actual porous materials, fluid flow at the pore

levels take place within a complex three-dimensional (3D) system of pores. However, 

due to the lack of reliable techniques to create models for complex real porous material, 

characterizing transport through heterogeneous porous medium has encountered many 

difficulties. For example, in shale-gas layers or coal beds, it is particularly needed to 

consider the presence of a complex micro/nano fracture network83,131. There are several 

models established in the literature to estimate the gas permeability in complex three-

dimensional structures132–135. Warren and Root (1963)136 dual-porosity (or double-

porosity) model is one of the methods which received much attention because of being 

practical and simple in use. This model showed the idealized system of inline combination 
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of cubic matrix blocks with fractures, as depicted in Figure 5.1. Several studies have 

shown that this simplified form of dual-porosity and homogeneous model can 

successfully explain many experimental observations in two- and three-dimensional of 

an actual heterogeneous naturally fractured system137–140.

Figure 5.1. (a) Real reservoir system (b) idealized fracture model141.

Flow in porous media occurs over a vast range of length scales. In micro/nano 

scales, gas flow deviates from the continuum approach, so different physics needs to be 

considered. New transport physics such as velocity slip, rarefaction and thermal jump at

the solid-fluid boundaries are present in micro/nano-scale gas flows. When the Kn value 

becomes larger than 0.01, the gas permeability differs from its intrinsic value. In porous 

media at slip flow regime (0.01 < Kn < 0.1), this discrepancy was first observed by 

Klinkenberg and later studied by many others as a function of Kn in various forms.

Since it is easy to characterize gas dynamics using Kn, it is essential to properly 

describe the characteristic pore size for the complex structures of the porous systems. 

Previous efforts used REV size or hydraulic diameter as the characteristic length142–144.

Additionally, these studies predict that gas permeability depends solely on porosity and 

pore size distribution, which fails to correct Kn values and gas dynamic characterization. 

However, in this study the Kn number is defined based on an equivalent diameter which 

depends on apparent gas permeability. In this way, besides porosity and REV size, pore 

connectivity effects were also involved in calculating the Kn number. Moreover, it is 

observed that the calculated Kn numbers were in the form of Klinkenberg theory.

Following from chapter three, which described a new approach to make

predictions of correct Kn number, the pore space was constructed in a three-dimensional

structure in this part of the study. Pressure-driven incompressible gas flow through three-

dimensional REV is numerically investigated by solving Navier–Stokes equations 

coupled with first-order slip boundary condition. Once again, it is observed that the 
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proposed model is also valid for the three-dimensional set of data with a very good 

agreement.

5.1. Simulation Details

A Representative Elementary Volume is considered a three-dimensional network 

of the porous system, as shown in Figure 5.2. The REV was measured with HDarcy, which 

has an equal dimension in all directions. The REV has shown in Figure 5.2(b) contains 

an eight-unit cell with a highly ordered packed structure. Here the size of solid particles 

was denoted by D(xyz) while the porosity ( ) is given as the ratio of void volume to total 

volume of structure. Another critical geometrical parameter that relates pore throat to pore 

size is also introduced. This parameter demonstrates the pore connectivity layout in the 

porous medium even if the porosity does not change. In this part of the study, simulations 

were conducted by varying two geometrical properties: porosity ( ) and pore size to throat 

size ratios (Rpt). Porosity was changed by modifying the length of the solids in three-

dimensional as the size distributions of solid parts defined the pore to throat size. Since 

the main flow takes place only in the x-direction, the pore to throat size was equally 

changed in the y and z direction. 

Air with a dynamic viscosity of 18.21×10 6 kg/ms is flowing through the porous 

media. For different rarefaction levels, the air density was varied to obtain different Kn 

values. Low-velocity flows were studied to remain in the Darcy flow region with 

negligible inertial effects. The gas flow is assumed to be in incompressible region while 

steady state condition is considered. For all simulations, temperature and other 

thermophysical properties were assumed to be constant. Steady forms of the continuity 

and momentum equations were solved to determine the velocity fields using the ANSYS 

Fluent finite volume code. Symmetry boundary conditions were applied on each side, and 

periodicity conditions were applied on inlet and outlet boundaries. Since the flow 

is in the fully developed region short 

channels were neglected. The slip velocity boundary condition was applied on solid 

surfaces with a unity momentum accommodation coefficient, assuming diffuse 

reflections.
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Figure 5.2. a) Schematic illustration of domain b) Simulation domain as a Representative 
Elementary Volume (REV).

The numerical simulation domain is one-fourth of the above figure since the remaining 

parts are in symmetry sides.

5.2. Results and Discussions

The study started by solving the velocity distributions for porosity values between 

0.2 and 0.8 with a changing pore to throat size ratios. The domain shown in Figure 5.2 is 

studied where the throat size was varied between 2 to 11. The velocity contours presented 

in Figure 5.3 were shown at the constant p Figure 5.3, each row has the 

same Rpt value with increasing rarefaction effects. To compare the velocity profile of 

different cases in the same range, the velocity profiles were normalized with their 

corresponding average values. A strong slip effect is clearly observed for all cases in the 

last column where KnDarcy pt at constant porosity creates tight pore 

throats in y and z directions while fixing up wider pore space in the axial direction. 

Therefore, penetration of flow between pores in the main flow direction at high Rpt cases 

generates secondary flows that substantially interrupt the main flow patterns. In this 

region, the secondary flows yielded different shapes and variations of streamlines, while 

at low Rpt cases, the streamlines were even more flattened resemble the straight channel 

flows. In these cases, it can clearly distinguish that characterization of flow based on 

porosity is not sufficient since different flow distributions developed regardless of 

constant porosity. Another factor that has an important effect on the velocity patterns is 

rarefaction. Due to the velocity slip developed on the surface as Kn increases, less 
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velocity gradients and more uniform velocity distributions in pore throats were observed.

These flow enhancements are due to the gas slippage effect near pore surfaces resulting 

gas velocity along the throat center reaches to its maximum value.

Figure 5.3. cases at different pore to throat size ratios 
and rarefaction levels.

In order to understand the pore connectivity and rarefaction effect on transport,

the normalized permeability values were plotted in Figure 5.4. In all cases, the 

permeability values were calculated based on Darcy’s law which is given in Equation 

(2.8). Two separate mechanisms have an essential effect on permeability variation for 

which is porosity and pore to throat size ratios. An increase in porosity resulted in higher 

permeability values, while an increase in Rpt decreases permeability values in every case. 

pt values of 3.33 and 11,

22 times difference in permeability was observed. This shows that with increasing Rpt,

the pore throat effect becomes more dominant on the flow parameters, while at low Rpt
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values, the throat effect vanishes away from the main flow (x+) direction. The second 

mechanism is the rarefaction effects. By increasing the magnitude of Kn, permeability 

values increase. 153% increase in permeability at KnDarcy pt 11 0.4

was observed, showing the importance of slip in gas flows. Overall, an increase in 

porosity and Kn with a decrease in Rpt yielded higher permeabilities. 

Figure 5.4. Non-dimensional Permeability values of different porosity and pore to throat 
size ratio values at different rarefaction levels described by KnDarcy

In Figure 5.5, apparent gas permeability normalized with corresponding intrinsic 

permeability is represented at given porosity and pore to throat size ratios. On the order 

of the KnDarcy, higher Kn effects develop at higher Rpt cases representing tighter systems. 

However, since Darcy length is an average representative size in the porous medium, this 

definition is not sufficient to characterize the rarefaction and pore connectivity together 

in one system. Hence the new description of Kn is required to capture these behaviors on 

permeability properly. Additionally, the impact of secondary flows take place between 

pore voids should be appropriately included. This can only be applicable in porous media 

by defining an equivalent diameter from the corresponding gas permeability value. More 

detailed analysis of equivalent diameter definition can be found in chapter 3. The main 

goal of the current study is to show that it is possible to characterize and combine the 
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effect of Rpt with rarefaction in three-dimensional flows, as depicted in Figures 5.6 and 

5.7.

Figure 5.5. Permeability values of different porosity and pore to throat size ratio values 
normalized with corresponding intrinsic permeability at different rarefaction 
levels described by Kn calculated from Darcy height.

New defined KnEq results were presented in Figure 5.6 as function of normalized 

permeability. Different than KnDarcy definition, calculation of equivalent length based on 

permeability showed that at specific porosity and various Rpt cases the results were lined 

up and appeared in a collective form. Thus, the Rpt can be ignored from results while the 

permeability showed quasi-linear change by the variation of Kneq. Additionally, the 

logarithmic form of the current results is shown in Figure 5.7. Particularly at low Rpt

values, results were accumulated in a small Kneq region which, for better envision and 

scattering data along the x-axis, the logarithmic scale was selected. Next, the 

mathematical fits were applied individually for different cases. Resulted functions were 

given on each figure with the corresponding R-squared value for regression. Except in 

pt values, can be explained by the 

fact that at this porosity, 80% of the total volume is occupied with fluid. Hence, the 

numerical errors and uncertainties in these regions were more likely to occur during the 

computational process.
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Figure 5.6. Normalized permeability values of different porosity and pore to throat size 
ratio values at different rarefaction levels described by Kn calculated from 
equivalent diameter.

Figure 5.7. Normalized permeability values of different porosity and pore to throat size 
ratio values at different rarefaction levels described by KnEq. (Logarithmic 
format).
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The linear form of equations found in Figure 5.6 is very similar to linear Kn 

dependence suggested by Klinkenberg. The slope of the linear fits only dependent on 

porosity and independent from Rpt. Thus, plotting these values related to porosity and 

applying an appropriate mathematical fit makes it possible to estimate the Klinkenberg 

constant. Different which predicted Ck as a 

constant value (CK the Klinkenberg constant by porosity variation was plotted in 

Figure 5.8. Klinkenberg constants given in this figure were calculated by employing a 

linear fit with high accuracy of R-square value of 0.98. In these cases, by increasing the 

porosity, a decreasing linear trend is observed for Ck values. 

Figure 5.8. Klinkenberg constants at different porosities.

Current results showed that the model suggested in Equation (3.18) can 

successfully be employed on the three-dimensional porous system at various geometrical 

and slip conditions. By modifying the value of Ck for three-dimensional flow, the solution 

of Equations (3.19) and (3.22) provides the apparent gas permeability in terms of porosity, 

Darcy as an 

extension of the Klinkenberg model.

Finally, the model is validated with numerical results in Figure 5.9. The solid 

symbols show the simulation results where the red lines are the calculations from the 

mathematical equations. Hence, the proposed model can predict the results with a high 

accuracy between the numerical results and the apparent permeability solutions from the 

extended Klinkenberg model.
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Figure 5.9. Comparison of the permeability predictions of mathematical model with the 
numerical calculations.

Conclusion

Three-dimensional simulations have been undertaken on gaseous slip flow 

through a set of orthogonal cubic blocks at different porosity, pore throat ratio, and 

various Knudsen numbers. Different geometrical dimensions and solutions conditions 

were studied. The enhancement of flow due to rarefaction was observed in terms of 

increased permeability values. The variation of permeability with respect to the Kn 

number calculated from the HDarcy showed dependence on both porosity and pore to throat 

size ratio. Instead, an equivalent diameter as a function of the apparent gas permeability 

of the corresponding system was calculated. It is observed that the change of permeability 

became only the function of porosity when the Kn number calculated as a function of an 

equivalent diameter. The results calculate in this way were independent from pore 

connectivity or other geometrical effects and were in the form of Klinkenberg’s linear 

model. Similar to previous findings, it is concluded that the mathematical model proposed 

-dimensional flow can be successfully adapted to 

three-dimensional flow where good agreements were observed in all cases.
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CHAPTER 6

THERMAL AND HYDRODYNAMIC BEHAVIOR OF 
FORCED CONVECTION GAS SLIP FLOW IN A KELVIN 

CELL METAL FOAM

In recent years, open foam structural materials which belong to the class of porous 

medium were frequently used as reliable materials to enhance transport in thermal and 

hydrodynamic systems145. Application of these materials can be found in many fields 

such as chemical filtration146, flame arresters147 and renewable energy systems148. In 

addition, the high thermal conductivity of metal and the large contact surface area per 

unit volume between solid and fluid creates further advantages for heat transfer 

applications, mainly in thermal management of electronic components149 and high-

performance heat exchangers150. However, an accurate characterization of primary fluidic 

and thermal properties of gas transport through these functional materials is still missing.

Metal foams are synthesized in various pore sizes and porosities and work at 

various pressures. Gas rarefaction is characterized by the Knudsen number (Kn) as the 

ratio of molecular mean free path to characteristic length. With an increase in Kn, gas 

flow deviates from the continuum behavior at different levels. For moderate Kn values 

(10 2 < Kn < 10 1), non-equilibrium mostly remains near the boundaries such that the 

non-continuum can be accounted for by temperature jump and velocity slip boundary 

conditions. Such gas rarefaction develops in the case of metal foam with ~6μm average 

pore size and smaller working at standard conditions (100kPa and 300K) or case of metal 

foam with ~0.3mm average pore size working at 2kPa and lower. The conventional 

conservation of momentum and energy equations are applicable in this rarefaction level 

ons. 

In literature, rarefaction effects on fluid flow and heat transfer are investigated 

widely for channels and tubes91,151–154. Specific for porous systems, hydrodynamic and 

thermal behavior of convective gas flows are characterized based on permeability values 

from the Darcy-Forchheimer model and interfacial heat transfer coefficient (h) through 

slip flow regime. Coupled momentum and energy equations are solved for micro-

channels/tubes filled with a porous medium at various Kn values155. An increase in 

apparent gas permeability is observed for increasing Kn value39, as described by 



58

Klinkenberg correction. Researchers presented that the velocity slip developing on pore 

surfaces enhances the heat transfer while the temperature jump between solid and gas has 

a negative influence156,157. Depending on Kn values and system parameters, the overall 

effect of rarefaction reduces the total heat transfer158. Except for only a few studies159–164,

most of these studies were performed at a two-dimensional (2D) solution system. While 

a 2D system made of solid and fluid regions can represent a tube/channel bundle, the 

complex microstructures of a porous media and resulted flow features require a solution 

in a three-dimensional (3D) coordinate system. 

In literature, the irregular and complex geometry of open-cell foams has been 

determined by micro-computed tomography (μCT) imaging to digitize the porous 

structures for pore-level computational fluid dynamic (CFD) analyses165–167. However, 

meshing the realistic open foam structure is very complicated, and the corresponding 

CFD simulations are computationally expensive168,169. Instead, researchers utilize 

idealized or simplified geometries of the samples as a representative elementary volume 

(REV) of the porous system. Ranging between a simple 3D cubic cell to a dodecahedron 

cell, literature studied various forms of unit structures170,171. Of these, the Kelvin cell 

model172 with a tetrakaidecahedron cell shape with slightly curved faces was validated by 

numerous researchers as the most suitable idealized geometry to represent the real open-

cell foam structure.

Kelvin cell model has been utilized for the understanding of heat and mass 

transport in metal foams. Researchers calculated pressure, velocity, and temperature 

distributions to calculate permeability and convective heat transfer coefficient of various 

foam systems with different pore sizes and porosities173–176. They validated that using

metal foam enhances the heat transfer, but with an increase in the pressure drop150.

However, no study characterizing the rarefaction in metal foams using the Kelvin cell 

model exists yet.

According to the comprehensive literature review, the novelty of the present study

shows that there are no studies yet completely characterize the transport properties of gas 

flow in open-cell metal foams at slip flow regime. In this study, a numerical solution was 

performed to evaluate convective gas flows accurately through highly ordered metal foam 

structures at varying porosities and rarefaction levels. The results provided more accurate 

transport values such as permeability and heat transfer coefficient, two important 

parameters useful for many engineering applications. The main contributions of this study 
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by investigating the characteristics of slip flow and temperature jump in the system with 

ordered Kelvin cell metallic foam structure are as follows: 

• characterize the effects of velocity slip, temperature jump, and structure of the 

porous media on the performance of flow and heat transfer 

• Quantify the effect of geometrical and operating parameters on transport 

performance at the cell level

• Propose accurate correlation to find the thermal performance of foam structure for 

a specified range of porosity at slip flow regime.

6.1. Simulation Details

The open cell structure of the metal foam is described using the Kelvin cell 

geometry177, as shown in Figure 6.1(a). The three-dimensional convection system is given 

by the Representative Elementary Volume (REV) presented in Figure 6.1 (b). The number 

of pores per inch (PPI) in this study was selected as 80 for six different porosity values. 

The geometrical description for the Kelvin cell structure is given in Figure 6.1 (c), where 

Lc is the cell length and ds is the strut (fiber) diameter. The characteristics of the porous 

metal structures were obtained from the correlations given in the work of Lucci et. al.178.

The Kelvin cell geometries were created using the Surface Evolver software179.

Figure 6.1. Illustration of (a) metal foam structure, (b) Representative Elementary 
Volume (REV) for Kelvin cell model, and (c) geometric parameters.

A steady-state, incompressible, and laminar flow with negligible buoyancy forces 

was considered. The periodic boundary condition was applied along the main flow 

direction (z-direction), while symmetric boundary conditions were considered for other 

Y

XZ

Lc

ds

a b c
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directions. Since the flow is in the thermally and hydrodynamically fully developed 

region, the effect of viscous dissipation on heat transfer is neglected.

An outflow condition was considered at the outlet while different pressure values 

at the inlet were applied to create flow in the z-direction at different velocities. First-order 

slip velocity and temperature jump given in Equations (2.18) and (2.19) were applied on 

solid surfaces. In these equations, m is the tangential momentum accommodation 

t is the thermal accommodation coefficient,

To calculate the numerical result with high accuracy, the mesh independency test 

is carried out. Several attempts to find an optimum mesh size were performed until the 

error between consecutive mesh results drops to less than 1%. In this study, the grid with 

276685 elements is selected for all simulations, which represents the best solution for 

accuracy, computational time, and convergence.

Table 6.1. Mesh independency analysis

Next, the validation of the numerical procedure was done by comparing our 

results with the literature. As shown in Figure 6.2, there is a good agreement between the 

computational result for Nu as a function of Peclet number of the current work and 

selected studies in the literature180,181.

Figure 6.2. Current findings were compared with the values from the literature.

Grid Total #Nodes VDarcy (m/s) % error h (W/m2K) % error

Mesh 1 53776 1.58 6.28% 688.90 4.64%

Mesh 2 108569 1.54 3.12% 675.86 2.66%

Mesh 3 276685 1.50 0.75% 664.52 0.94%

Mesh 4 582221 1.49 - 658.36 -
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6.2. Results and Discussions

6.2.1. Constant Thermophysical Properties

Air is flowing through the porous media with a dynamic viscosity of 17.89×10-6

kg/ms. For different rarefaction levels, the air density was varied to obtain different Kn 

values. In this part of the study, air was assumed to have constant thermophysical 

properties while a constant low heat flux condition was applied on the boundaries. 

Velocity contours in a single Kelvin cell are illustrated in Figure 6.3. The velocity 

profiles were normalized by average velocity measured at the corresponding case. The 

increasing effect of rarefaction as the increasing velocity slip on the strut surfaces can be 

observed for both highest and lowest porosity cases by increasing Kn value. In no-slip 

cases, the maximum velocity was developed in the center and corner of pores. The 

increase in rarefaction level led to decrease in core velocity and increase in surface slip. 

Therefore, lower velocity gradients and more uniform velocity distribution were 

developed inside the REV. In such cases, reduction in friction with increase in velocity 

yielded increase in permeability values.

Figure 6.3.
four different rarefaction levels.
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Figure 6.4. Pressure drops as a function of Darcy velocity at different Kn values.

Figure 6.4 shows the pressure drops through the porous systems with respect to 

ein, the Darcy velocities (average velocity) were 

computed with respect to average fluid velocity and porosity (VDarcy

an increase in porosity, pressure drop, and Kn value resulted in a considerably higher 

velocity value in the Kelvin cell structures. As shown in Equation (2.9), the pressure drop 

develops as a function of the viscous (V) and inertial (V2) terms

increasing flow velocities developed a strong inertial effect generating nonlinearity 

between pressure drop and flow rate. However, by increasing the Kn value, the variation 

of velocity by pressure became more linear. This behavior was due to gas slippage on the 

strut surfaces, which created a decrease in drag forces. Hence, in

to transport disappeared as the rarefaction level increased in this weak inertia regime.

Generally, in porous systems, the effect of inertial forces is characterized with respect to 

Reynolds number, which is provided in Figure 6.5. In Figure 6.5, by applying an 

utilizing the non-dimensional form of Forchheimer model [Equation (2.23)], permeability 

and inertia coefficient values were calculated at six different porosities. At negligible Re 

values, the dimensionless pressure term on the left side of Equation (2.23) simply leads 
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to the constant permeability of Darcy region represented by the first term on the right-

hand side of the equation ( ). The linear variation between velocity and pressure 

converges to this constant permeability. For finite Re values, inertial flow effects lead 

into non-linear variation of velocity under a given pressure drop as a function of Re 

number. For such a case, the formation of non-Darcy effects is not only determined by 

the Forchheimer coefficient but also by the corresponding permeability value, as 

described by the last term of the right-hand side ( ).

For slip cases, the fit values were shown and extended up to Ma < 0.3. In this 

study, the speed of sound is approximately assumed to be 343 m/s. In this case, for Mach 

values smaller than 0.3 where the incompressible assumption will be valid, the maximum 

fluid velocity could reach up to 103 m/s. In all cases reported in this study, the 

corresponding maximum fluid velocity calculated in the structure is less than 70 m/s. 

Moreover, maximum Reynolds numbers in the incompressible region with the rarefied 

gas flow were calculated based on the following equation, which related Mach, Re, and 

Kn numbers:

Re 2

MaKn (6.1)

At lower rarefactions, the flow characteristics were strongly governed by Darcy 

extended Forchheimer law. In this region, the dimensionless pressure drop was linearly 

increased since the Forchheimer effects developed rapidly in the flow. However, as the 

Kn increased, the rarefaction created lower inertial forces that so-called Darcy region 

extended. At high rarefaction levels, the studied velocities from incompressible flow 

regime (Ma < 0.3) remained in the Darcy region. Here the dimensionless pressure drop 

values were almost constant and did not change with increasing the Re values. It is 

possible to observe the separation of flow from Darcy to non-Darcy regions with respect 

to critical Reynolds number as the curves start to bend. It is clear from the graphs that in 

most cases, the linearity of curves is disrupted after Re values exceed 10. It should be

underlined here that Figure 6.5 is plotted based on Equation (2.23), which is the linear 

form of Equation (2.9). In Figure 6.5, x-axes were plotted in logarithmic format for better 

envisaging and comparing all Kn values, particularly at low Re values.
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Figure 6.5. Dimensionless pressure drop as a function of Re at different Kn.

The normalized permeability values and Forchheimer coefficients calculated 

based on Darcy-Forchheimer equation are given in Figure 6.6. While permeability is the 

basic description of Darcy theory, Forchheimer coefficients include non-Darcian 

behaviors182,183. In Figure 6.6, the focus is on the effects of Kn number and porosity. The 
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cell size was used as the characteristic size of the system to normalize the permeability 

values in the Kelvin structure. As shown in Figure 6.6(a), a significant increase in 

permeability was observed for increasing porosity and Kn value. On the other hand, as 

shown in Figure 6.6(b), the increase in rarefaction reduced the inertial effects such that 

Forchheimer coefficients decreased substantially for all porosities. Specially at low 

porosity cases with high Kn number the inertial coefficients reach to the negligible value 

which can not be measured.

Figure 6.6. Calculated permeability and Forchheimer coefficients as a function of Kn 
number.

The permeability and Forchheimer coefficients normalized with the 

corresponding Figure 6.7. As it was discussed earlier, 

permeability values increased by increasing Kn. This trend was observed for all porosity 

low enhancement by rarefaction was lower at higher 

porosities. This was expected as the increase in porosity yielded less surface area that 

rarefaction had a lower influence. Figure 6.7(b) gives the normalized Forchheimer 

coefficients. Rarefaction yielded a substantial decrease in inertial effects, while its impact 

lessens by the increase in porosity. Under normal conditions, the tortuosity developing 

by increasing Re is the main source of inertial effects and drag forces, leading to a

nonlinear increase in pressure drop by increasing flow rate. However, velocity slip due to 

rarefaction at metal foam surfaces created less distorted velocity fields and lower velocity 

gradients that the flow remained closer to the linear Darcy regime.
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Figure 6.7. Normalized permeability and Forchheimer coefficients as a function of Kn at 
different porosities.

Next, temperature fields inside the metal foams are analyzed. The dimensionless 

temperature contour inside the highest and lowest porosities are given in Figure 6.8. The 

normalized temperature profiles were calculated with respect to the average wall gas 

temperature of each individual case based on the following equation:

f in

f w in

T T
T T (6.2)

The dimensionless temperature in all cases was evaluated at the same mass flow 

rate and Re value. As expected, temperature increased from the inlet to exit uniformly 

through the structure. Due to the low heat flux regime, the temperature jumps were low,

which created a slight decrease in convection by increasing rarefaction. 

The Nusselt values for each porosity were calculated at different Re and Kn 

numbers. Due to rarefaction effects, the temperature jump between the strut surface and 

the bulk gas was developed. The variation of Nu values as a function of Re are given in 

Figure 6.9 for different porosity and Kn values. As expected, the Nusselt number 

increases with the growth of Reynolds number. While the increased permeability due to 

boundary slip had a positive effect on convection, temperature jump between the gas 

domain and the metal foam surfaces negatively affected heat transfer. This behavior 

resulted from a decrease in the interface temperature gradient as the temperature jump 

became more effective. The temperature jump is also known as thermal contact resistance 

between wall surface and gas. For the current application of highly conductive metal foam 

at low heat flux range, these two rarefaction effects almost canceled each other that 

Nusselt value became independent from Kn number. 
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Figure 6.8.
.

Figure 6.9. Nusselt values of Kelvin cells at different porosities and rarefaction levels as
a function of Reynolds number.

Next, the variation of Nu number by the change in Re is considered. At higher 

porosity systems, Nu was found to increase stronger by increasing Re. Nu variation by
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Re was described based on a power- B) and applied mathematical 

fits on the results as shown in Figure 6.9. Mathematical models are given on each figure 

with the corresponding R-squared value for regression. Fits showed a perfect match with 

data for all porosity cases, while Nusselt numbers predicted by this method have an error 

value less than 5%. 

Figure 6.10. Constant coefficient at different porosities

Variation of mathematical model parameters by porosity was given in Figure 6.10.

While the multiplier was increasing by porosity, the power over the Reynold decreased

at higher porosities. Second-order polynomial fits are applied to these coefficients to 

characterize their variation with respect to porosity. Corresponding fits are shown in 

Figure 6.10. In the studied porosity range, the final form of the model describing the 

Nusselt number as a function of Reynolds and porosity became:

2
2-3.5117 5.5201 -1.5561

81.821 -142.77 63.029 ReNu (6.3)

It was observed that for the low heat flux cases of highly conductive metal foam 

structures, the Nusselt numbers were primarily found related to Reynolds number 

independent of rarefaction. Hence, we were able to describe Nusselt number based on 

power-law model as a function of porosity and Reynolds number. Overall, the proposed 

model provides an accurate prediction for Nusselt number of all porosities.
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6.2.2. Variable Thermophysical Properties with Different Heat Flux

In the last section, variable thermophysical gas properties dependent on 

temperature and pressure were studied. Second degree polynomial models given in 

Equations (6.4) and (6.5) were applied for calculations of viscosity and thermal 

conductivity while an incompressible ideal gas model was applied for density evaluations. 

6 8 11 2( ) 2.28797 10 6.25979 10 3.13196 10T T T (6.4)

3 5 8 2( ) 1.30030 10 9.36766 10 4.44247 10k T T T (6.5)

Since the temperature range is not reaching extremely high values, the variation of 

specific heat with temperature is assumed to be negligible, and a constant value of 

100 was considered. The numerical calculations were performed for two 

extreme porosity cases ( , only the results of Darcy 

region (low Reynolds) with Kn values between 0.001 to 0.1 were noted. To evaluate the 

variation of temperature, heat flux in the range of 10 to 6000 W/m2 was applied at solid 

boundaries. Other boundary conditions were maintained similar to the previous section.

Figure 6.11. Dimensionless velocity contours at different rarefaction levels.

The investigations began by normalizing the velocity distribution shown in Figure 

6.11

same Re number in order to capture a similar behavior. As seen from the figure, 
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rarefaction led to a decrease in velocity gradient inside the REV. Therefore, friction 

coefficient decreases resulted in higher permeabilities.

Next, the dimensionless pressure drop with respect to Re is shown in Figure 6.12.

It is observed that at different rarefaction levels by varying the heat flux and obtaining 

temperature gradient the dimensionless pressure drop is approximately remaining at the

same values. These results are supported in Figure 6.12, where the permeability values 

are given as a function of average gas temperature.

Figure 6.12. Dimensionless pressure drop as a function of Re, Kn, and heat flux (W/m2).

Figure 6.13. Permeability values based on variable heat fluxes (W/m2) and Kn.

It is well known that in macro gas flows, permeability is an intrinsic property and

independent from fluid properties in porous medium. However, in some cases, fluid 

properties such as viscosity, thermal conductivity, and density should also be included to 

characterize the porous transport. In such examples, permeability becomes inadequate to 
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describe the transport, so another parameter known as hydraulic conductivity is mainly 

utilized. Since the permeability of the system remains the same with temperature gradient,

variation of hydraulic conductivity due to different flow conditions should be carefully 

investigated. The hydraulic conductivity is a material property that reflects the relative 

ease of fluid flow through porous media and is among the most variable material 

properties in engineering. In this regard, Hydraulic conductivity (h) can be obtained as 

follows,

f

hV P
g (6.6)

where g is the gravity, f is the density of fluid, <V> is the volumetric velocity and is 

the pressure gradient.

As a next step, hydraulic conductivity values were estimated for considered 

porosity, rarefaction levels, and heat flux ranges by using Equation (6.6). Figure 6.14

shows the results of variations of hydraulic conductivity with respect to average gas 

temperature. It can be seen that hydraulic conductivity decreases linearly by increasing 

temperature. A general increase in the value of hydraulic conductivity is observed with 

increasing porosity. However, the decreasing trend is still maintained. Finally, Figure 

6.15 is established by normalizing the hydraulic conductivity values with their value at 

Tf This representation explains that hydraulic conductivity 

becomes independent of rarefaction effects and only as a function of temperature. The

hydraulic conductivity decreases in all cases by increasing the temperature while the 

behavior remains almost linear.

Figure 6.14. Change of hydraulic conductivity with temperature gradient at different heat 
fluxes and rarefaction levels.
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Figure 6.15. Hydraulic conductivity normalized by its value at 300K .

In Figure 6.16 the dimensionless form of temperature variations inside the metal 

foams is illustrated. In all cases the normalized temperature fields were calculated at the 

same mass flow rate and Re value. It is obvious that the temperature is at its minimum 

level at the inlet and then it is rising through the exist section. Since the rarefaction has a 

negative effect on convection, the result of high Kn values shows less contribution to 

enhancement of heat transfer.

Figure 6.16. Dimensionless temperature contours at different rarefaction levels.

Lastly, the effect of temperature gradient on Nusselt number through a pressure 

driven fluid flow was analyzed. Interestingly, the variation of Nu when measured based 

0.6

0.7

0.8

0.9

1

300 350 400
0.5

0.6

0.7

0.8

0.9

1

300 350 400 450
(K)

a) 

(K)

a) 

T=
30

0K

T=
30

0K

Kn = 0.01, q" = 10 Kn = 0.01, q" = 100 Kn = 0.01, q" = 500 Kn = 0.01, q" = 1000 Kn = 0.01, q" = 2500
Kn = 0.01, q" = 4000 Kn = 0.01, q" = 6000 Kn = 0.025, q" = 10 Kn = 0.025, q" = 100 Kn = 0.025, q" = 500
Kn = 0.025, q" = 1000 Kn = 0.025, q" = 2500 Kn = 0.025, q" = 4000 Kn = 0.025, q" = 6000 Kn = 0.05, q" = 10
Kn = 0.05, q" = 100 Kn = 0.05, q" = 500 Kn = 0.05, q" = 1000 Kn = 0.05, q" = 2500 Kn = 0.05, q" = 4000
Kn = 0.05, q" = 6000 Kn = 0.1, q" = 10 Kn = 0.1, q" = 100 Kn = 0.1, q" = 500 Kn = 0.1, q" = 1000
Kn = 0.1, q" = 2500 Kn = 0.1, q" = 4000 Kn = 0.1, q" = 6000

W/m2

a)
 

= 
0.

87
5

b)
 

= 
0.

97
2

Dimensionless Temperature

Dimensionless Temperature



73

on reference temperature showed a collective behavior similar to the previous findings. 

The results for variable heat flux with different thermophysical properties shows that the 

Nu number is independent from Kn number. This is a very interesting behavior which 

should be properly investigated. Further assessment may be related by evaluation of 

entropy generation which measure of dissipated energy and degradation of the 

performance of systems.

Figure 6.17. Variation of Nusselt values at different temperature and rarefaction levels.

Conclusion

Pore-level gas dynamic analysis in slip flow regime was performed through a 

metallic foam with kelvin cell structure. Non-equilibrium effects developed in gas 

dynamics due to microscale flow domain. Permeability values were calculated using 

Darcy-Forchheimer model for a wide range of Re values covering both Darcy and non-

Darcy flows regimes. Rarefaction enhanced the transport and decreased the inertial 

effects. By increasing Kn number, permeability increased while the Forchheimer 

coefficients decreased. Rarefaction effects were stronger in lower porosity cases. At 

to no-slip permeability. At high velocities where the inertial effects were expected to be 

dominant, an increase of Kn number results in a decrease of drag forces. Hence, less 

distorted, and mostly uniform velocity fields were formed through the porous structures 

by increasing rarefaction levels. For the characterization of heat transfer, convection
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coefficients were calculated. At the low heat flux working condition, temperature jumps 

at the foam surfaces remained low yielding limited effects on Nusselt values. Nu number 

was found depending mostly on Re number, independent of rarefaction. Variation of Nu 

by Re was described based on a power-law model at different porosities. The proposed 

model can successfully predict the Nu values of different Re flows in a Kelvin cell at 

different porosities. Next, a variable heat fluxes were applied on strut surfaces for two 

different porosities. It is observed that by changing the temperature the variation of 

dimensionless pressure drops and permeability at different rarefaction levels remained 

constant. Hence, to characterize the transport and capture other effects due to change of 

fluid properties hydraulic conductivity were measured. The results showed that the 

hydraulic conductivity decreases as the temperature increased. It is also observed that the 

Nusselt number is still independent of rarefaction by applying variable heat flux. This 

behavior should be investigated further with help of other methos such as evaluation of 

entropy generation.
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CHAPTER 7

SUMMARY

In this thesis, a pore level numerical simulation is performed to characterize 

transport at a moderate slip flow regime in micro/nano-scale porous medium. Since an 

accurate transport solution is a fundamental feature for many applications, the need to 

investigate flow characteristics in these systems becomes crucial. Although many studies 

have solved gas transport in micro/nano-scale porous media, they did not properly include all

the geometrical parameters such as pore throat size ratio with rarefaction effects into porous 

fluid analysis. Hence, the current study aims to contribute to the community to fill the lack of 

knowledge on this aspect of transport in micro/nano-scale porous medium.

In Chapter 1, a broad introduction about gas transport at micro/nano-scale levels 

is described. The gas flow regime with their corresponding solution methods is given. In 

the next step, gas flows were estimates by Klinkenberg theory at micro/nano-scale porous 

media. The discussion about different literature on Klinkenberg theory is summarized and 

tabulated in the next part of this chapter. Finally, the importance of including pore 

connectivity and pore to throat size ratio definition on transport is supported by some 

examples from the literature.

In chapter 2, theoretical background on different methods to solve transport inside

the porous medium is given. The difference between pore-scale method (PSM) and 

volume average method (VAM) is demonstrated and formulated. Next, Darcy law and 

Kozeny-Carman equation are addressed. After that, the representative porous model 

selected in this study and the geometrical parameter calculations used for the next three 

following chapters are explained in detail.

In chapter 3, the significant role of throat size together with rarefaction on the 

calculation of permeability was considered. Parametric study results showed that, by 

increasing porosity and rarefaction, permeability values increased. However, for a given 

porosity, permeability values decreased as the value of Rpt increased since the substantial 

existence of secondary flows influences the main flow. Next, it is observed that by 

calculating Kn number based on an equivalent diameter at different pore to throat size 

ratios, the results were achieved in the form of Klinkenberg suggested model. The model 

was then extended with Kozeny-Carman relation to calculate the intrinsic permeability. 
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Finally, for all cases, it is demonstrated that the computational outcomes and the results 

calculated from the model were in good conformity.

In Chapter 4, the effect of the intraparticle region on transport is investigated. The 

results showed that except for limited cases, the permeability values were lower with 

respect to mono-scale results. It is observed that only when the throat size ratios become 

comparable in size with intraparticle thickness the permeabilities reach higher values. 

Once again, by calculating the equivalent diameter from apparent permeability for such 

porous structure, the extended phenomenological model given in the chapter 3 onto 

current results match with an excellent agreement. Hence, the equivalent diameter-based 

solution showed that permeability variation is only a porosity function, independent of 

other structural parameters.

In Chapter 5, a pressure-driven flow in a representative elementary volume with 

a three-dimensional network of the porous system is considered. The permeability values

were estimated at different rarefaction levels by changing the porosity and pore size ratio 

in the main flow direction. The results showed that the previous empirical model could 

successfully be employed on the three-dimensional porous system at various geometrical 

and slip conditions. By modifying the value of Klinkenberg constant for three-

dimensional flow, the proposed relation provides the apparent gas permeability in terms 

of porosity, ), and KnDarcy 

as an extension of the Klinkenberg model.

In Chapter 6, gas transport in metal foams which belongs to the class of porous 

medium, is analyzed at slip flow regime. The current study performed a wide range of 

pore-level analyses of convective gas flows with constant and variable thermophysical 

properties in a Kelvin cell model through Darcy to Forchheimer flow regimes. It is 

observed that permeability increased up to 60% by increasing rarefaction while the 

rarefaction lessened the inertial effects such that Forchheimer coefficients decreased 

substantially. On the other hand, the positive influence of boundary slip and the negative 

effect of temperature jump developing between gas and solid almost canceled each other

at variable heat flux regions. Hence, Nusselt numbers were found mostly related to 

Reynolds number independent from rarefaction. Additionally, it is found that the 

permeability of the system remains the same with temperature variation. In this situation, 

hydraulic conductivity is calculated. The normalized value of hydraulic conductivity shows 

that the results were independent of rarefaction effects and only as a function of 

temperature.
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