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Abstract We consider two scalar fields interacting through a x * x ¢*¢ term in the presence
of a Reissner—Nordstrgm black hole. Initially, only x particles are present. We find that the
produced ¢ particles are localized in a region around the black hole and have a tendency
toward condensation provided that ¢ particles are much heavier than the x particles. We also
find that such a configuration is phenomenologically viable only if the scalars and the black
hole have dark electric charges.

1 Introduction

One of the most popular models of dark matter and dark energy are scalar field models where
dark matter and dark energy are identified by scalar fields. Because of the homogeneity and
the isotropy of the universe, these fields at cosmological scales are taken to depend only
on time. The situation becomes fathomable if the corresponding scalar fields form Bose—
Einstein condensates at cosmological scales. Therefore, there are many studies that study
Bose-Einstein condensation of such scalar fields and their collapse at different cosmological
and astronomical backgrounds. Along the same lines, we had studied a model where initially
only a scalar field x is present and then it is converted to another scalar field ¢ through a ¢
interaction term in the background of a Robertson-Walker metric [1]. We had shown that the
evolution of ¢ is toward condensation provided ¢ particles are heavier than x particles. In
this study, we consider a similar setting in the background of a Reissner—Nordstrgm black
hole and investigate the effect of geometry and the field content on the tendency of the system
toward formation of a condensate. To be more specific, we assume that initially there is a
homogeneous distribution of a diluted x field in the presence of a Reissner—Nordstrgm black
hole [2], and it transforms to a ¢ field, by time, through a x*x¢*¢ interaction term. We
consider sufficiently early times of the process (so that the energy density of x reaches a
considerable value through superradiance [3], while the energy densities of the scalar fields
do not reach sufficiently high values that change the geometry appreciably). First, we study
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the motion of the scalar particles in the radial direction at the level of test particles. To this
end, we mainly study the problem in the corresponding 1+1-dimensional subspace of the
3+1-dimensional space because we are mainly interested in the behaviors of the fields in
the radial direction. Then, we find an approximate solution of the scalar field equations in
3+1 dimensions in closed form. We find that this solution has a soliton-like wave profile as
expected from the analysis at the level of test particles.

In the next section, first, we review some basic well-known facts about the Reissner—
Nordstrgm metric that are essential for the derivation of our results and provide the basic
equations to be used in the next section. In Sect. 3 we introduce a wave-like particular solution
for the wave profile of charged scalar fields around a Reissner—Nordstrgm black hole, and
we discuss the phenomenological viability of this solution. Finally, in Sect. 4 we conclude,
and some technical details are derived in appendices.

2 Framework

The Reissner—Nordstrgm metric is

ds? = —fdi® + f7ldr® + r? (d6? + sin 0 dg?). M
where
oM Q2
f=(1-—+4+ — |- @
r r

Here M, Q are the mass and the charge of the black hole, respectively. It describes a static
black hole of mass M and charge Q. One may either take the charge Q to be a local U(1)
charge other than electric charge, or one may take it to be a residual electric charge Q <« M
(that may be due to much longer mean free path of an electron compared to nucleon in a
hot baryonic plasma in a star, so the gravitational capture of some of the electrons by nearby
astronomical objects before its collapse to form a black hole).

2.1 Motion in radial direction

Consider the following 1+1-dimensional subspace of (1)
ds*> = —fdi*> + f~ldar’. 3)

The Lagrangian for a test particle of mass m in the space given by (3) is

ds . .
L =m— =m/—fi*2 + f172 4)
dt

where i = j—;, 7= Z—; with dt = +/—ds?. The Lagrange equation for the coordinate ¢ results
in conservation of h, i.e., the total energy (including the potential energy) per unit mass of a
test particle, namely

. 10L
h = ft = —— = C = constant, )
m ot
where we have used
(—fi2+ f7'7%) = -1 (6)
for massive particles. Equation (6) in combination with (5) results in
2M 2
;2:c2—<1—7+%). ™
r r
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Asr — 00, (7) becomes
=C?-1. )

=2
Too

It is well known that charged particles of charge g (of the same charge as the black hole)
with low enough energies w with 0 < o < q% (where ro = M + /M? — Q? is the
radius of the event horizon) can be scattered by Reissner—Nordstrgm black holes. Moreover
the scalar fields obeying the conditionm < w < ¢ rg experience superradiance after being
scattered [4]. Therefore one may consider scalar fields x with mass m, and total energy
m, C, that fall to the black hole from large distance that may be approximated by infinity.
Further one may consider another field ¢ with my > m, and a quartic interaction term
X x¢*¢p thatresultsin x x — ¢@¢ processes. Then, by conservation of energy (in the center
of mass frame) we have m, C, = my Cy,ie., Cyp = Cy %. On the other hand, Eq. (8)
implies that when the particle can barely reach infinity, i.e., when r'go =0,C? = 1,and
in general for a particle that can reach infinity C? > 1, and for a particle that cannot reach
infinity for C> < 1 (if the particle is reflected by the black hole). These two results together
imply that ¢ particles that are scattered by the black hole can reach only a finite distance
from the black hole (which is the greater root of (1 — C?)rg —2Mrg+ Q> =0for C < 1,
Q0 < M, that may be found by equating 7 in (7) to zero, the other root being inside the
event horizon ) if m, < mg. In other words there will be belt of ¢ particles with zero or
almost zero momenta around the black hole. This provides a suitable condition for formation
of Bose—Einstein condensation. (In fact this explains why we do not consider the simpler
case of a Schwarzschild black hole instead of a Reissner—Nordstrgm black hole. In the case
of a Schwarzschild black hole there will be no scattering from the horizon, so there will be
no x x — ¢¢ processes that are essential for the formation a belt of zero momenta scalar
particles around the black hole that promotes formation of condensation.). The conclusions
that are derived above at the level of test particles above will be studied at the level of field
theory in the following paragraphs.

2.2 The field equations for the scalars

We consider the following action for x and ¢ particles
S = / d*x J—g{ — ¢" [Du¢ (Du§)* + Dux (Dyx)*] — my 19l
—my x> — >~¢*¢>x*x}, ©)

where D, = 9, + iq A, with g being the electric charge of the scalar field and A, =
%, 0,0, 0) denoting the electric field of the black hole. We let both x and ¢ have the same
charge q. In (9) we have neglected the effect of electromagnetic interactions between the
scalar particles since the coupling constant of electromagnetic interactions is small, and the

density of the scalar particles is taken to be small.
If the coupling term in (9) is negligible with respect to the others, then the field equation

for ¢ is

D, D"¢ — my¢ = 0. (10)

The corresponding equation for x may be obtained by replacing ¢ in (10) by x . Equation (10)
and the corresponding equation for y are supplemented by the following equation obtained
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in Sect. 2.1.

Cp = CyX, (11)

X mg
In other words, although the coupling constant A is taken to be very small so that the inter-
action term may be neglected with respect to the other terms in the field equations to obtain
approximate solutions, the effect of the interaction is still imposed by imposing Eq. (11).
Note that, by (11), Cy < C, if m, <« mg which implies that one expects ¢ to be much
more localized than x as discussed in Sect. 2.1.
Using the ansatz [4]

bo(1,1,0,9) = 3 ey 0, ) Lo (12)
I,m r
(10) reduces to
d? d 0\’
PPV + I Ve + [(w ~ q—) ~V | ¥ = 0. (13)
r dr r
where 7 denotes derivative with respect to r, and
I1+1 ¢
V=f ( )+L+m§) . (14)
V2 r
We seek an approximate solution of (13) for
’ 2 M 2
fTer<7—%> < mi (15)

In the next section we will show that (15) is satisfied for a wide range of mi provided that
r is not close to r. Note that (15) implies a similar relation for mé since my < mg. For

(15) (where mf( is replaced by mé) and / = 0 (i.e., for the motion that depends on r), (13)

reduces to )
dzl//(u q0 ~2
drf + (a)— T) — my Yy = 0, (16)

where dr, = f_ldr, nﬁé = fmé. In fact, (16) is similar to the corresponding exact
1+1-dimensional field equation (see “Appendix” A). Equation (16) may be also expressed as

d? 2qQw —miM)  q*Q* —mj0?
dﬁer[z_m‘%_ — e =0 a7

3 A special solution
3.1 Derivation

In the hope of obtaining a wave-like solution for (17) we consider a following type of solution

Yo = €7 g(r), (18)
where s2 = w? — m2. Equation (16), after using (18), becomes
" ’ 2 _ 2M 2 _ .2\ 0)?2
8 g8 Qe mM) | @7 mIen (19)
g g r r
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where 7 denotes the derivative with respect to r,.
We try the following choice

!/
o
U84 20)
1
o
£-2.8.% @1

where o1, B1, v1, o2, B2, v» are some functions whose explicit forms will be derived below.
Hence, if such a solution exists, then (18) becomes

Ve = 7 ex / xr dr-l—/ il dr—i-'/—y1 dr
@ P r2 —2Mr + Q? r2 —2Mr + Q? r3 —2Mr? + Q%r '

(22)
We note this equation for reference later in the next subsection.
(20) and (21) solve (19) if (see Appendix B)
9 9 /M\? 9
= — — — | — s :—7M, :3 2, 23
@ =33 ( Q) Bi 3 Y1 0 (23)
0. 8 9 9 /M\[4 9 [M\? 2—18+63M2M
oH = , = |- —| — - — — | — . = _— — | —
2 2= 15 20 0/ |5 20\0 V2 s Talo
(24)

Inserting (23) and (24) into (19) and using s2 = w? — m?, we get three equations for three
unknown quantities w, ¢, m for a given M and Q:

(2 2) M72§ @%2 2_ (25)
"o _9Q4(5_40QJ o

3M? (18 63 M? 9 9 M*\(/4 9 M? 2 2
- (5-50) (5 mor) G- mgr) + @m0 e
2M(18_63M2)<9_9M2>_2 M — 0 -

where (11) is also imposed. The apparent independence of (25) of the charges and the masses
of x and ¢ may seem to imply independence of the form of the wave profile of the charges
and the masses of x and ¢ which may be misleading because the M and Q values in
(25) are indirectly related to m and ¢ through (26) and (27). Equation (25) implies that
w =myCy =myCyp =< my, <K mgy (ie., s is imaginary or zero). In other words, the
particles y and ¢ are either gravitationally bound or they have barely sufficient energy to
come from infinity, which is in agreement with our assumptions about the x and ¢ particles.
Localization of the wave profile of ¢ will be discussed in the following paragraphs. Although
we neglect the effect of the interaction term in the field equations to get an approximate
solution, we, in fact, impose the effect of interaction by imposing condition (11). Note that
we have w, < m, and m, < mg by assumption, while we need (11), i.e., wy = wy to
obtain wy < my <K mgy to make (25) self-consistent. In other words, requirement of reality
of w and (11) guarantees consistency of (25) and vice versa. In fact, one may simply assume
the condition @ << myg for localization of the wave profile of ¢ instead of introducing the
interaction between x and ¢ (with w =m,; Cy, =my Cyp < m, <K mgy), while such an
approach would be wholly ad hoc.
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Equation (22), after using (25) and (23), becomes
+3M (TM? — 160?) s oo r—-M
Ve = ""p{ < woror ) @) (s
2 2 -1 rp—M
—|—<Q —2M )tan (\/m)
+V/ 0% — M2 (M log (—2Mr + 0%+ rz) — M log (—2Mro + 0%+ ré) +r— r())}

9(M?* —40?%) ortan-! (=M ot [0 M
x [ exp{ _740Q2 o (2M tan 7Q2—M2 — tan 7Q2—M2

+V/07 = M2 (log (~2M7 + 0% +1?) —log (~2Mro + 0> +13) )}

—79M tan~! M) tan~! oM
2/0 - M2 Jor-m? Jor-m?

R Sy B e e O
2 /Q2_M2 Q2_M2 /Q2_M2
13702 — M2(—log (—2Mr 10+ r2) + log (—2Mr0 +0%+ r%)
+21log(r) — 21og(rp))]. (28)
Depending on the relative values of M and Q, the exponential function in (28) is either
an increasing or decreasing real exponential in ». We discard the case of increasing real
exponential functions because that case would correspond to an unphysical situation. We
will discuss the implications of (28) in the next subsection.
Equations (25), (26), (27) may be solved for m, w, and ¢. The solutions (that are obtained
by Mathematica) are given below.
2 9
myo =
< [(3200 010 (Q? — M?)]
+ 091182329 M'? — 1244936 M'°Q? + 3281072 M3 0* — 4249216 M® Q°

{133 M"Y + 124 M*Q'? — 1104 M2 Q' + 256 0'©

12552064 M* 08 — 237568 M2 00 + 65536 0212 } (29)
3
w2 =F 1 {98M8Q8 —413M%0"° + 1084M*Q'? — 1616 M% Q"
40ﬁQ8 (Q2 _ Mz)i
+256 0'° + 001182329 M2 — 1244936 M '° 0% + 3281072M8 0*
1
2
—4249216M° Q° + 2552064 M* 0% — 237568M> Q"0 + 65536Q121%} , (30)
3
w34 =F { —98MBQ% +413M0'° — 1084M* 0 "?

4072 08 /(0% — M?)

+1616M2 Q'™ — 256 0'° + 0'°[182329M ' — 1244936 M0
+3281072M8 0% — 4249216 M° Q° + 2552064 M* Q% — 237568 M> Q!0

1
+65536Q‘2]%}2, 31
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3
802017 /(02 — M?) (49M7 — 182M5 Q2 — 8M3Q* + 384 M Q°)

912 = F+

x {[49M6Q10 — 1100M* Q"2 +2384M2 0™ — 2560'° + 0197182329 M 12

—1244936M'°0? + 3281072M8 0* — 4249216 M° Q° + 2552064 M* Q8
—237568M20'° + 6553601212 x [98MB Q8 — 413M° Q10 + 1084M* 2
—1616M2 0" + +2560'% + 0'°[182329M % — 1244936 M '° 0?
+3281072M8 0* — 4249216M° Q8 + 2552064 M* Q% — 237568 M> Q!0

1655360121212 } (32)

3
80v2 Q17 (49M7 — 182M5 Q% — 8M3Q* + 384M Q°) /(M2 — 02)

q34 =%

x {[—98M8Q8 +413M°0Q'0 — 1084M* Q"% + 1616M>Q'* — 2560'°

+0'°1182320M 1% — 1244936M'° 02 + 3281072M3 0* — 4249216M° Q°
12552064M* 08 — 237568 M2 Q' + 65536021212 [—49M° Q1°
+1100M* Q"2 — 2384M? Q' + 2560 + 0'°[182329M ' — 1244936 M 0 0?
+3281072M8 Q% — 4249216 M° Q% + 2552064 M* 0¥ — 237568 M2 Q10

+65536Q‘2]%]}. (33)
3.2 Viability of the solution
To check the viability of the solution, it is more suitable to express r, in (16) or (17) in terms

of multiples of M or the mass of the sun (M,). Then, for example, (16) may be expressed as
(see Appendix C)

Py, [ G002 _» M0
1 +[(a)—7) —my 1—7+7—2 ]wwzo. (34)
%
Here
_ C2 _ C2
= Gu Ty, T = oM T, (35)
GM, _
T=wgt = (%)5 x 1079, (36)
GM,
m=met = (%) 45 x 10%, 37)
oM M -30
M= = )2x107%, (38)
o g
_ k
0= A/?J\;G = (%)5,7 x 10721, (39)
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M./Gk
G=q—>"" = <1>4, 8 x 107, (40)
hic C

_Q

where k is the Coulomb’s constant and we have explicitly written G, ¢, /i, k (that we had set
to 1) to see the phenomenological contents of these quantities.

n_1 and n_12 should be positive real numbers. This condition restricts possible values of Q
for a glven value of M. To this end, first we determine the roots of /7 m1 , = 0 in the equation

obtained from (29) by replacing the quantities in (29) by their barred forms. We find the
real roots of (29) as Ql’g == ‘/ZM . Then, we plot ml‘2 versus Q graphs for various values

of M. We find that rh% is real and positive in the intervals Q < —@ and Q0 > @.

On the other hand, ni% is real and positive in the intervals —%_ 5 («/ 697 ) < 0 <

4 5 (VeOT—23) and Y < 6 < M- < 0 < -¥I1.

We have also checked the consistency of the formulation by solvmg _Egs. (25), (20),
(27) (where all quantities are replaced by their barred forms) for m2, &, Q for g g = 0. We

have found that the corresponding Q and M satisfy Q = :i:%\/ 10 (299 + 52681)) (which

corresponds to the case m = m»). As expected from the discussion in the preceding paragraph
we find that it gives ¢ = 0 for n'z% < 0. Therefore, we conclude that there are no physical
solutions for g = 0. In other words, the solution described in the paper is realized only for

q # 0.
Next, we discuss the order of the values of 7,2 and § for the phenomenologically viable

intervals of Q discussed above. There are four relevant sets of parameters, namely, {lQl >
i3, él}, {|Q| > MR g, —6}1}, {IQI < b %(«/@—23) or
S <10 < M,n'a;cas,qz},{|é| < & 5 (V697 - 23) or L < 10] < W3,
—w3, —53} where the subindices are the ones in (29)—(33). We have used a Mathematica

code to try values of M (as multiples of the mass of the Sun) and different values of Q
to find the corresponding values of g;, m;. We observe that (the positive) nﬁ% value§ go to
their maximum values (that decrease with increasing M and which are about 1 for M = 1)
as 0 — +M and go to zero as 0 — j:fM and take intermediate values in between.

This implies that the value of m1 cannot exceed 1 that corresponds to a mass of order of
10~% kg, i.e., of the order of 10~? eV /c2. On the other hand (the positive) m2 values go to
plus infinity as O — Ooras Q — ~M oras Q — —1M, while they tend to zero as

0 —-+4 M («/ 697 23) and take all intermediate values in between. Note that positive

real values of 11_12 are only possible for |Q| < M, i.e., for black holes. Once the values 7i; are
determined, the values of @; may be determined by (25). In agreement with the range of O

for positive values n_z%, q1,2 have nontrivial values for 10| > @, and they go to + infinity

as Q0 — :I:@andgotozeroas@ — +ooand 0 — :I:%_\/% (299—v52681),and

take intermediate values (smaller than of order of 1) in between. Hence, the relevant set of

parameters are {| Q] > @,nﬁ%,id)l,ﬂ:cjl}and M > |0| > @,nﬁ%, +ws, +g3}. To
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100 200 300 400

Fig. 1 || versus 7 graph for M = 10, 0 = 17, 7y = 20

summarize, this analysis gives two main results. The first result is that the allowed values of
m? are smaller than 1072 ¢V /c%. The second result is that Q and ¢ in this study cannot be

the usual electric charge in the light of the condition 10| > @ derived above and in the
light of absence of observation of astronomical compact object with a significant value of
an electric charge. This scenario is possible if we take ¢ and Q as electric charges of a dark
U(1) force [5]. Another result of the above analysis is that the solutions with 10| < @
are unphysical.

Now we check if one may find the wave profiles that are expected from a test particle
treatment, i.e., if there exist wave profiles that peak about some values of  as discussed in the
first part of the preceding section. Given the complicated form of (28) it is difficult to deduce
simple general rules for the behavior of ¥,,. We have plotted 1, plots for various values of
its parameters by using a Mathematica code. We have found mainly two types of behaviors
for ||, namely, exponentially increasing with increasing r, exponentially decreasing with
increasing r with a local peak. We discard the exponentially increasing ones since they are
unphysical. Some examples of the physically relevant cases for the physically relevant set

(that is discussed above) |Q| > @ are shown in Figs. 1, 2. We find that the corresponding
M=10and 0 =7,0 = 17 result in —@; = 0.0219237, —&; = 0.0550123, and it seems

that all +@1 for |Q] > @ are real, while all +a; for |Q| < @ are imaginary (so,

=2 -
the corresponding solutions are unstable). Moreover, we find that ’%‘2 < 1 for M =10 and
1

- —2 — - =2

0 = 17,17, while :;—‘2 > 1 for M = 10 and Q = 6, and it seems that % < 1 for all
1 1

- ~ 72 — =
Q] > @, while % > 1 forall |Q| < @. Both Figs. 1 and 2 are examples of scalar
1

field profiles with = < 1 (as for ¢ particles). The existence of the wave profiles of the

form of Figs. 1, 2 is consistent with the accumulation of the scalar particles at some distance

from the black hole that is suggested by the test particle behavior predicted in the first part

of the preceding section. We observe that > > 1 always correspond to imaginary w’s, so

the corresponding solutions are unstable. It is also observed that for some M, Q pairs the

absolute value of ¥, peaks at some values of Q, for example, as in Fig. 3.
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09}
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04F

40 60 80 100

Fig. 2 |¥| versus 7 graph for M=10,0 =1, o =20

L 8 10 12 14
Fig. 3 |,| versus Q graph for M = 10, 7 = 20, iy = 30

!
We notice that the fT term is negligible with respect to mi for phenomenologically viable
values of the parameters as can be seen below

/ 1 2
Y] )

PR \F P

where we have replaced r, M, Q by their barred forms and using (35)-(40). We find that
for values of r greater than r, 7 is at least at the order of %a M is MM Q for black hole

solutions is at most in the order of MM Therefore, fT is at most in the order of 1 and for most

values of r it is much smaller than 1. It is evident from (37) that/i > 1 formc? > 107 %¢V.
This, in turn, implies that one may get good information about v, in the 3+1-dimensional
case for [ = O (i.e., for radial motion) by studying ¥, given in this study provided that
either mc®> > 10™%eV or 7 > 1. There may be also situations where mc?> > 10™%¢V
and 7 > 2 and ¥, for/ = 0 is a good approximation to (13). On the other hand, we have
found above that the phenomenologically viable values of particle masses in this setup satisfy
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mc* < 107%eV. However, the phenomenologically relevant interval {|Q| > Y, m

+ow1, £q1 } obtained above includes the case where | Q| ~ M. Note that for small values of

f/

ra

M

r outside the horizon ., we have 5~ =~ 1. The case 10|~ M may make

negligible with
respect to mi even formc? < 10~%eV for most of the values of 7 since the (% — 9—;) term
ensures fT/
f% ~ 0 for large values of r.

We have found that the ¢» and x fields and the black hole must have dark electric charges.
In this study we have considered small energy densities of the ¢ and x fields so that they do
not change the geometry of the space. Therefore, it is quite difficult to detect these dark matter
candidates. On the other hand, we do not expect a radical change in the form of the geometry
even when the energy density of the fields is increased provided we are at a sufficiently large
distance from the black hole so that (15) is satisfied and the spherical shape of the wave
profile is preserved, i.e., / = 0. In that case the geometry of the compact object will be still
described by the Reissner—Nordstrgm metric. In such a situation, the presence of the scalar
fields charged with a dark electric charge around a Reissner—Nordstrgm black hole (charged
with the same dark electric charge) can be detected by the gravitational effect of these field(s),
e.g., through their effect on the rotation curve(s) of their galax(ies) (while such an analysis
will have additional, nontrivial points to be addressed). All these points need a separate and
detailed analysis. To reach a definite and rigorous conclusion for the effect of non-negligible
energy densities of the scalar fields, all these points must be considered in rigorous, separate
detailed future studies. In fact, the question of galaxy rotation curves in the context of Bose—
Einstein condensate dark matter that consists of a self-gravitating scalar dark matter gas cloud
is discussed in the literature [6,7]. There are also studies in the literature that consider the
source of gravitational as a point source [8], while they do not discuss the predictions for
galaxy rotations curves. Most of these studies are nonrelativistic, while there are also studies
in the context of general relativity [6,9]. [6] studies the problem through postulation of a
mass density for the scalar field. On the other hand, [9] studies problem in the context of
charged black holes including Reissner—Nordstrgm black hole, while scalar field is taken to
be neutral. This paper also finds a localized solution of the scalar field, while the explicit
form of the solution is derived only at the limits r, — =o00. In other words, there are studies
in literature that have similar research interest as the present paper. The present study still
has some novel aspects such as being a model of two interacting scalars that result in Eq.
(11) (which may be considered as the mechanism behind the Bose—Einstein condensation in
this context), and the solution given in Sect. 3 being a new analytical solution.

¢ and/or x particles discussed here may be taken as the only source or as one of the sources
of dark matter in the universe. Given the mysterious nature of the source and the nature of
dark matter, the possibility of this mechanism being the only source of dark matter cannot
be wholly excluded. For example, a scenario where x particles (that are nonrelativistic at
very large distances away from the black hole) may serve as the component of dark matter at
cosmological scales, while ¢ particles may be considered as the component of dark matter
at galactic scales. The viability of such a scenario may be studied in future. Another related
nontrivial point is that a fixed pair of M, Q results in a fixed pair of m, g by (29-33). In other
words, for fixed values of m 4, g4 the number of M, Q pairs is finite. At first glance, this seems
to suggest that the solitonic-like scalar dark matter behavior discussed in this paper may exist
only in very specific cases, so this mechanism cannot be considered as a significant source of

~ 0 for small values of r that are in the order of 1, while the r% term ensures
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dark matter in the universe. Such a reasoning may be misleading in the light of the following
observations. Real black holes are expected to evolve in mass and charge by accretion, so they
take different values through their evolution. As the black hole evolves by swallowing y and
¢ particles, the change in the charge of the black hole evolves in proportional to the number
of the swallowed particles (since charge is an additive quantum number), while the change in
the mass of the black hole in general is smaller than the number of particles times their masses
because of the gravitational potential between them. At the initial times of the accretion the
effect of the gravitational potential between the particles may be neglected since the number
density of the scalar particles is small at that time. Hence, one expects % ~ % at initial

times, whlle Q > % at later times. Therefore, % may start from a smaller value and evolve
into a pair of Q and M that corresponds to formation of the solitonic solution discussed in
this paper. To illustrate the argument, for example, we consider a black hole that initially
has M = 10, Q = 5, and assume that it accredits by swallowing ¢ and x particles. Let m

satisfy the bound obtained above, i.e., mc? < 1072 V. At later times 29 ~ % > 10'8

for ¢ = e being the charge of a proton, and A Q ~ % > 1 for a millicharged particle

[10] with ¢ = 10~ '8¢, respectively. A M starts from zero and grows by time. When A M

reaches AM = 2x 1078 forg =e, then Igiif/[ > 5;52 = 0.7 which is in the physically

relevant range obtained above, while £ 7= = 0.5 is outside the physically relevant interval. In a

0+A0 5+6
aar = 0.6875

which is in the physically relevant range obtained above, while L2 — 0.5is outside physically
relevant interval. At even later times, accretion may change the M and Q values further so
that the new values do not correspond to the solitonic solution, so the localized wave profile
may begin to decay. However, at that time the energy density of the ¢ particles around the
black hole may become non-negligible so that at different distances from the black hole, the
effective mass and charge of the black hole take different values. This implies that, at late
times, always there will be a radial distance where the black hole’s mass and charge will
satisfy the condition necessary for formation of the solitonic solution. This together with the
gravitational force between the ¢ particles tends to counteract dispersion of the wave profile.
However, to reach a definite conclusion on this point, separate detailed technical studies on
this issue are needed. Moreover, one may let C,, take values in an interval about C, =1,
i.e., one may take w be in an interval about w = m, instead of taking a sharp value. Hence,
there will be more chance that a value of (mé — »?) in the interval satisfies (25) for a given
set of M, Q. In the light of these considerations, given the novelties of the solution and the
mechanism discussed here, in our opinion, this new mechanism and the solution deserve
detailed further studies that explore their all aspects and potential through future studies.

similar way, when A M reaches AM = 6 for q = 10~ 8¢ | then

4 Conclusion

In this study we have considered the problem of evolution of a heavier scalar field ¢ that
is produced from a lighter homogeneously distributed scalar field x through a x*x¢*¢
interaction term in the background of a Reissner—Nordstrgm black hole. To see the situation
better, first, we have studied the problem at a wholly classical setting at the level of test
particles. We have observed that ¢ particles tend to accumulate at some distance from the
black hole which provides a suitable condition for condensation. Then, we have considered the
problem at the framework of field theory. We have found approximate solitonic-like solutions
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for the scalar fields where the heavier ¢ particles seem to be more localized compared to the
lighter y particles. This wave profile seems to suggest suitable conditions for condensation as
in the case of the wholly classical treatment. We have also discussed the phenomenological
viability of this model. The requirement of phenomenological viability of the model suggests
that the black hole and the scalar particles should have a dark U(1) charge rather than the
usual electromagnetic charge to sustain the soliton-like configuration studied in this study in a
realistic framework. Note that we have argued that the ¢ field is produced from y field through
x ™ x¢*¢ interactions, while we have neglected interactions between the ¢ and x as we have
obtained the wave profiles of the solutions. Although this approach may be considered as
a sufficiently good approximation for small coupling constant X, a separate study in future
where this interaction is not neglected in the derivation of the wave profile would be useful
to understand all aspects of the problem.

The prospect of studying the extensions of this model along the lines mentioned above
seems promising. It is a well-known fact that, in view of rotation curves of spiral galaxies
and other astronomical data, there should be a localized distribution of dark matter around
the centers of these galaxies. Moreover, almost all large galaxies contain supermassive black
holes at their centers. Therefore, the model discussed in this study has the potential to describe
such localized distributions of dark matter after the model is extended to the case of non-
negligible energy density for the ¢ fields provided that (at least some of) the supermassive
black holes may be identified by the type of black holes discussed in this study. It will be
interesting to study these points in detail in future.

Acknowledgements This paper is financially supported by The Scientific and Technical Research Council
of Turkey (TUBITAK) under the project 117F296 in the context of the COST action CA 16104 “GWverse.”

Appendix A: the scalar field equation in 1 + 1 dimensions

In this appendix we show that the approximate scalar field equation corresponding to fT/ ~ 0,
namely, Eq. (16), is the scalar field equation in 1 4 1 dimensions.
We consider the following action for x and ¢ particles

S =/ dtdr { — ¢" [Du¢ (Dv§)* + Dyux (Dyx)*] — mj ol
—my x> = k¢*¢>x*x}, (AD)

where D, = 9, + iq A, with g being the electric charge of the scalar field and A, =
(g 0,0, 0) denoting the electric field of the black hole. We let both x and ¢ have the same
charge q. After the change of variables dr, = f~!dr, (Al) becomes

90 q0" [P 5
S = dtd - I - -
/ r*Hat—H r 071y y®

9 d i -

4|2 92 | 9x — 2y =Rt dx x| (A2)
3[ r ar*

where .
= fm?.ho=fr i=yx¢. (A3)
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Transforming (A1) to (A2) corresponds to changing the metric ds? into d52 where ds? and
d5? are related by
ds? = f(—di* + f2dr?) = fdi?, (A4)

where
ds? = —dr® + drl. (A5)

In other words we have passed to an effective Minkowski space given by (A5) at the expense
of making the masses and the coupling constant r-dependent (hence, r,.-dependent).

In the following we obtain the approximate profile of the distribution of the scalar particles
x and ¢. In (A1) and (A2) we have neglected the effect of electromagnetic interactions
between the scalar particles since the coupling constant of electromagnetic interactions is
small, and the density of the scalar particles is taken to be small. In a similar way we take the
coupling constant A to be small. Then the approximate field equation corresponding to (A2)
for ¢ is

o N 3¢ % 2iqQ ¢ o q*0?
Dubté —igé =33 ~ 52+, a*(’%‘ =

)qb =0, (A6

where DM = 5# +iqgA,= (% +i12 i). The corresponding equation for y may be

ro or
obtained by replacing ¢ in (A6) by x.
The total mechanical energy for metric (3) (i.e., for the local effective Minkowski space)
E is equal to the total energy of the particle. In other words E~l2 = ﬁl.z + ﬁ"le = ml2 Cl.z.
Hence the oscillatory solutions may be taken as

¢ = Ry(ry)e ', (A7)

where wy is identified by E = hwy = hmg Cy. Thus, (A6) reduces to

2 2
et [(“"qQ> —%]ho, (A8)

which is the same as (16).

Appendix B: derivation of equations (23)-(27)

Consider (19), namely,

" 1 2 _ 2M 2 _ .2\N2
8 g8 _2Qo-—mM) (g T)Q _o. (B1)
8 r r
where 7 denotes the derivative with respect to 7.
We let
/
o
goa hin (B2)
g r r r
4
o
g2, b, n (B3)
g r r r
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Next, we use (B2), (B3) and’ = ddT* = j—r’* % and the following identity to relate oy, B1, y1

and a2, B2, 2
d / N/ " 7\ 2
i (5)=(5)=5-(5)- @
dre \ g g g g

Hence, we obtain

"

1 1 1
g; = 72011(0!1 -+ 732(M061 —pr+ai1p) + r7(4,31M — Q%1 — 3y + 201y + B
1 1 o
+5206My) — Q*B1+Biv) + i —3Q2)r—6=72+%+f—§. (B5)
(B5) implies

=0, Br=ai(a;—1) , y»=2Ma1 — 1 +a1B1) .
4MB1 — Q%1 —3y1 + BT 4+ 27101 =0 , 3My; — Q*Bi+piyi =0 , y1 — 30> =0.

(B6)
(B6) results in
9 9 /M\? 9
S X N [ A T
=0, pf= 5_20<Q> 5_20(Q> SR +40(Q> '
(B8)

Inserting solutions (B7) and (B8) into (19) and using s = w? —m?, we get three equations

for three unknown quantities w, ¢, m for a given M and Q:

N _M2(18_63M2 2_0 B9
(m” — ) o0f\5 "200z) = (B9)
3M2 /18 63 M? 9 9 M*\/4 9 M? 5 2 5
02 <5 _%§>+<5_%?><5_?0§>+(q —ren=0 G0
2M (18 63 M\ (9 9 M? 5
@(?—E§)<g—2—0?)—2(qu—m M)=0. (B11)

These three equations solve m, w and ¢ as given in (29)—(33).

Appendix C: derivation of (34)

After inserting the Newton’s constant G, the speed of light ¢, the Planck’s constant 7 into
explicitly, the action for a charged free scalar field ¢ becomes

_ 2( _ v *_mzcz s | 72
S=[h g (Dud)(Dy¢) ey $P” |d”x. (ChH

Note that we are neglecting possible interaction terms other than electromagnetic interactions
because we take other possible interactions negligible with respect to the other terms in the
Lagrangian. The corresponding equation is

82 32 2ik 9 2 k2 22
sl - i g (S - T e =0 @
292 dar:  he* r 0t h nic* r
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— 1
where k = e

After inserting (12) into (C2) and using (15), we get

d*¥e, o kqQ\* & , 2GM kG Q?
— - — 1— = 0. C3
dr? N <C her ) 2 o 32r * r2ct Vo )
To express r, in terms of the Schwarzschild radius of the sun we multiply both sides of

2
(C3) by (%—@1) . Then (C3) becomes

2 2 2 2
dww+[(a)G3Mo_kq9> _mé<GMO> (1_ oM 0% )]wwzo, )

dr? c hcr fic M. M2G7?
where
c2 c2
7*_GM0"*, ?:GMOF. (C5)
We may define
GM,
B=w- 3 = (%)5 x 1079, (C6)
GM,
W=m — ()45 x 10, (C7)
hc kg
—=_ M M —-30
o 8
— k
_ MQ{FG _ (%)5, 7% 1072, (€9)
k —  qOM.VGk M./Gk
90 _ g - 19MVGE o MNGE (a4, o 105 (clo)
hic h hic C

where we have used the numerical values of M,, G, ¢, i in SI unit system.
Then, (C3) becomes

2

i o L
dw‘”+[(w—qu)2—m3><1—2iw+Qz)]%zo' (1

dr? T

*

References

1. R. Erdem, K. Giiltekin, A mechanism for formation of Bose—Einstein condensation in cosmology. JCAP
10, 061 (2019)

2. S. Chandrasekhar, The Mathematical Theory of Black Holes (Oxford University Press, Newyork, 2000)

3. R. Brito, V. Cardoso, P. Pani, Superradiance: energy extraction, black-hole bombs and implications for
astrophysics and particle physics. Lect. Notes Phys. 906, 1 (2015)

4. R. Vicente, V. Cardoso, J.C. Lopes, Penrose process, superradiance, and ergoregion instabilities, Phys.
Rev. D 97, 084032 (2018), arXiv:1803.08060

5. M. Fabbrichesi, E. Gabrielli, The Dark Photon, SpringerBriefs in Physics, (2020), arXiv:2005.02405;
and the references therein

6. C.G. Bohmer, T. Harko, Can dark matter be a Bose—Einstein condensate? JCAP 06, 025 (2007).
arXiv:0705.4158

7. M. Créciun, T. Harko, Testing Bose—Einstein condensate dark matter models with the SPARC galactic
rotation curves data, Eur. Phys. J. C bf 80, 735 (2020), arXiv:2007.12222; and the references therein

@ Springer


http://arxiv.org/abs/1803.08060
http://arxiv.org/abs/2005.02405
http://arxiv.org/abs/0705.4158
http://arxiv.org/abs/2007.12222

Eur. Phys. J. Plus (2021) 136:972 Page 17 of 17 972

8. P-H. Chavanis, Mass-radius relation of self-gravitating Bose-Einstein condensates with a central black
hole, Eur. Phys. J. Plus 134, 352 (2019), arXiv: 1909.04709; and the references therein
9. E. Castellanos, J.C. Delgollado, C. Lammerzahl, A. Macias, V. Perlick, Bose-Einstein condensates in
charged black-hole spacetimes, JCAP 01, 043 (2018), arXiv:1708.09057; and the references therein
10. A. Caputo, L. Sberna, M. Frias, P. Pani, Constraints on millicharged dark matter and axionlike particles
from timing of radio waves. Phys. Rev. D 100, 063515 (2019)

@ Springer


http://arxiv.org/abs/1909.04709
http://arxiv.org/abs/1708.09057

	Curved space and particle physics effects on the formation of Bose–Einstein condensation around a Reissner–Nordstrøm black hole
	Abstract
	1 Introduction
	2 Framework
	2.1 Motion in radial direction
	2.2 The field equations for the scalars

	3 A special solution
	3.1 Derivation
	3.2 Viability of the solution

	4 Conclusion
	Acknowledgements
	Appendix A: the scalar field equation in 1+1 dimensions
	Appendix B: derivation of equations (23)–(27)
	Appendix C: derivation of (34)
	References




