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Abstract. A kinesthetic haptic device’s performance relies on unpowered, powered and controlled
system characteristics. In this paper, a critical review is carried out for the well-known metrics for
kinematics, stiffness and dynamic aspects of robots that can be applied in evaluating the unpowered
system performance of kinesthetic haptic devices. The physical meanings of these metrics are
discussed and the important factors that affect the unpowered system performance of a kinesthetic
haptic device are revealed.
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1 Introduction

Haptic devices are interfaces that enable the interaction of the human with a slave
environment either virtual or a real one and they can be categorized with respect to
their targeted touch sensation as kinesthetic and cutaneous. The devices constructed
to stimulate kinesthetic sensation can be further categorized as impedance and ad-
mittance type devices. Impedance-type devices acquire the human motion and trans-
mit this information to a slave environment while the interaction forces measured
or calculated in the slave environment is displayed by these devices to the human.
The quality of the haptic interaction depends on unpowered, powered and controlled
system characteristics of this haptic device as explained in [16].

In [16], powered and controlled system performances were investigated in detail
but, in terms of the unpowered system characteristics, some performance metrics
were listed but not critically reviewed. The focus of this work is the evaluation of
impedance-type haptic devices based on the unpowered system performance, which
is only related with the mechanical properties of the device. The unpowered system
performance is investigated in three main topics: Kinematics, Stiffness, and Dy-
namics, which are among the performance metrics of robot manipulators. There are
some studies that investigate these metrics with case studies [4] however, this work
reviews these metrics and relates them to the haptic device performance metrics.
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In the optimal design of impedance-type haptic device manipulators, the de-
sired objective is to minimize the minimum mechanical impedance, maximize the
maximum mechanical impedance and enlarge the operational frequency range, the
bandwidth. Minimum impedance is achieved when the back-drivability is at its
best conditions, which require the minimization of dynamic effects by construct-
ing a lightweight manipulator and by maximizing the manipulability. Maximum
impedance, on the other hand, can be achieved when the manipulator is the least
back-drivable, which states that the requirements of the minimum impedance are
reversed. There are also other critical constraints in the design optimization of a
haptic device such as workspace and isotropy of the force and velocity ellipsoids.
The objective function construction becomes highly nonlinear due to the competi-
tive relationship between these constraints and performance metrics. Therefore, an
optimization algorithm such as a genetic algorithm can be used to solve the opti-
mization problem. However, the critical issue in this solution is the composition of
the objective function in a meaningful way. This work undertakes this challenge.

Manipulator kinematics is the backbone of the design procedure since the dimen-
sions of the links affect the kinematic, stiffness and dynamic properties. On the other
hand, mechanical impedance characteristics of a device are driven by its stiffness
and dynamics properties. In order to understand the relation between the kinemat-
ics and impedance, all the design parameters affecting the impedance performance
should be considered simultaneously. Therefore, the next sections are organized to
review the kinematics, stiffness, and dynamics related performance metrics and fi-
nally conclude the paper by providing a discussion on the adaptation of these metrics
in the optimal design of haptic device manipulators.

2 Kinematics Performance Metrics

Kinematic performance of the manipulators is usually evaluated depending on their
dexterity measure. Dexterity is evaluated in terms of manipulability and condition
number. Both metrics use the Jacobian matrix but evaluate its different properties.
Thus, as a first step, Jacobian matrix properties should be understood.

The Jacobian matrix is the mapping matrix of the velocities between the joint
space and task space in which its elements are called the velocity influence co-
efficients. Eigenvalues and eigenvectors of the Jacobian matrix reveal the physical
meaning of Jacobian matrix for a unit change in joint space velocities [6]. Eigenvec-
tors of the Jacobian matrix of a 3 degree of freedom (DoF) translational manipulator,
for instance, represent the orientation of an ellipsoid’s axes for a specific pose of the
manipulator. Eigenvalues of the matrix define the semi-axis dimensions of this ellip-
soid. This ellipsoid is named as velocity ellipsoid and the boundary of the ellipsoid
shows the motion capability of the manipulator in an arbitrary direction.

Higher eigenvalues correspond to higher motion capability which is desired for
minimizing the minimum impedance of a haptic device. The manipulability concept
is introduced in [18] to describe the easiness of motion of the end effector. Here, the
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determinant of the Jacobian is used as the performance measure. The manipulability
measure is shown in Eq. (1) for both redundant and non-redundant manipulators.

µv =

√
det(ĴĴT ) (1)

Here, Ĵ is the Jacobian matrix, µv is the manipulability measure. This metric is a
value that is proportional to the volume of the velocity ellipsoid. If the Jacobian
matrix is square, the absolute value of its determinant is used for evaluation [12].

Condition number calculates the magnitute of ratio between the maximum and
minimum eigenvalues of Jacobian matrix. The ratio is evaluated in order to under-
stand the motion resolution of the mechanism [15]. The formulation is shown as:

cv = ‖Ĵ‖‖Ĵ−1‖, (2)

where cv is the condition number calculated by using the Euclidean norm of the
Jacobian matrix and its inverse. If Jacobian matrix is a non square matrix, psuedo
inverse can be used. The resolution of the acquired motion is important in haptic
devices since the acquired motion is the demand for the slave system that might be
employed in a critical-precision operation such as telesurgery.

A key activity of a haptic device is reflecting forces back to the user. Therefore,
in contrast to the previous motion-related metrics, force-related metrics should be
evaluated. The relation between the actuator inputs, τ̄ , and the end-effector forcing,
F̄ , is established by using the Jacobian matrix as shown in Eq.(3).

F̄ = (Ĵ−1)T
τ̄ (3)

The force capability, µ f , of the manipulator can be written as a scalar index as:

µ f =

√
det(ĴĴT )−1 = 1/µv. (4)

In haptic device design, it is favorable to maximize the force capability, which re-
sults in receiving the most force output for unit input to the actuators. This would
maximize the maximum impedance of the device. On the other hand, maximization
of this metric means the minimization of the manipulability. Therefore, minimizing
the minimum impedance and maximizing the maximum impedance by using these
metrics are contradictory goals and a trade-off should be adjusted by the designer.

The abovementioned metrics are generalized and normalized for a fair compari-
son between different manipulators. If the design problem of the manipulator con-
sists of the selection of manipulators which have different degree-of-freedom (DoF),
the comparison between the performance metrics will be impossible since they have
different physical meaning (area, volume). This order dependency can be solved
with the manipulation in Eq.(1) and Eq.(4) as proposed in [11], which is :

µ
n
v =

n
√

det(ĴĴT ) and µ
n
f =

n
√

det(ĴĴT )−1 = 1/µ
n
v , (5)
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where n is the rank of the Jacobian matrix (instantaneous DoF of the manipulator).
Another problem stated in [11] is the scaling problem. In order to evaluate the

different size manipulators in a common framework, the characteristic length is in-
troduced in [1]. This length is used to normalize the Jacobian matrix. The charac-
teristic length L is defined as the ratio between the maximum desired reach, Rd , and
the maximum actual reach, Ra, which can be achieved by synthesized links. For a
normalized Jacobian matrix, Ĵn, the desired reach is 1.

Ĵn = ĴL for Rd = 1 , where L =
Rd

Ra
(6)

Another problem in using kinematic performance indices arises if the manipula-
tor has both translational and rotational DoFs. In this case, Eqs.(1) and (3) lose their
physical meanings. A solution is devised by using homogeneous coordinates [10].

3 Stiffness Performance Metrics

The stiffness of a haptic device manipulator determines the maximum impedance
along with the damping and inertial properties of the system. This property directly
determines the quality and the limits of rendered forces in a haptics scenario. The
stiffness of the manipulator can be analyzed using finite element methods (FEM).

Stiffness matrix can be obtained by using Hooke’s law [7] or virtual work method
[14]. In Eq.(7), the most general form of force-stiffness relation is presented where
K̂C is the Cartesian stiffness matrix, and δ r̄ denotes the deflection at the tip point.
Eq.(8) represents the joint reactions (F̄θ )-task space force relation and Eq.(9) repre-
sents the joint reaction-joint space deflections (δ θ̄ ) relation. Here, K̂θ denotes the
structural stiffness of the link of interest.

F̄ = K̂Cδ r̄ (7)

F̄θ = ĴT
θ F̄ (8)

F̄θ = K̂θ δ θ̄ (9)

Using the Conservative Congruency Transformation [5], the mapping between the
joint space stiffness matrix K̂θ and Cartesian space stiffness matrix is as follows:

K̂C = (Ĵθ K̂−1
θ

ĴT
θ )
−1, (10)

where the Ĵθ denotes the homogeneous Jacobian matrix developed for virtual joint
variables. Here, K̂θ can be a diagonal matrix for a simplified model approach or non-
diagonal matrix which represents the real case. Cartesian space stiffness is critical
in design since it directly relates the external forces and tip point deflections.

Kinematic evaluation methods can be extended for stiffness matrix [3]. Singular
value decomposition (SVD) of K̂C reveals directional stiffness properties of the ma-
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nipulator. Similar to force and velocity ellipsoids, SVD can be used for graphical
illustration of stiffness. Frobenius norm of K̂C is used to evaluate overall stiffness
of the manipulator, S f , ib Eq.(11). On the other hand, the Euclidean norm of K̂C
and (K̂C)

−1 denoted by Se exposes the stiffest and the most compliant axes of the
manipulator which is similar to condition number, Eq.(11).

S f =
√

tr(K̂CK̂T
C ) and Se = ‖K̂C‖‖(K̂C)

−1‖ (11)

If Se value is equal to 1, it can be stated that the manipulator is in an isotropic pose in
terms of stiffness. This index is useful when the link weights and dynamic effects are
included to the calculation of stiffness matrix. Hence, manipulator can be designed
to be more stiff along the axes affected by gravitational and dynamic forces.

Another scalar index can be defined as the determinant of K̂C shown in Eq.(12).
Sd is a value that is proportional to the the volume of stiffness ellipsoid. Naturally,
higher volume indicates higher stiffness.

Sd = det(K̂C) = det(Ĵθ K̂−1
θ

ĴT
θ )
−1 (12)

Notice that, Sd can be increased by increasing the determinant of K̂θ and/or by de-
creasing determinant of Ĵθ . If the manipulator is in a singular pose Sd becomes
infinite. Therefore, the designer should be careful while using stiffness oriented per-
formance metrics as a design objective and should make use of global indices to
resolve this problem. If the design parameters consist of link lengths, which is the
general case, in order to avoid such problems, kinematic synthesis should be con-
cluded before designing the link geometry for desired stiffness.

4 Dynamics Performance Metrics

Dynamic properties are hard to implement to design procedure since, dimensional
parameters must be solved first. Therefore, dynamics oriented designs are iterative.
Acceleration mapping between the task and joint space in Eq.(13) and dynamic
equation of motion in Eq.(14) are manipulated to define ¨̄r∗ and τ̄∗, respectively.

¨̄r = Ĵ ¨̄
θ + ˙̂J ˙̄

θ ⇒ ¨̄r∗ = ¨̄r− ˙̂J ˙̄
θ (13)

τ̄ = M̂ ¨̄
θ +V̂ ˙̄

θ ⇒ τ̄
∗ = τ̄−V̂ ˙̄

θ (14)

where τ̄ contains the actuator inputs, M̂ is the generalized inertia matrix, V̂ contains
the Coriolis and centripetal effects and θ̄ is the vector of generalized coordinates
(joint variables). Further manipulation can be issued to transform the Eq.(14) from
joint space to Cartesian space by using Eq.(3) and Eq.(15) can be obtained.

F̄∗ = M̂C ¨̄r∗ where M̂C = Ĵ−T M̂Ĵ−1 (15)
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Asada referred to the M̂C matrix as generalized inertia matrix (GIM), however, this
GIM is derived by using the generalized coordinates as Cartesian space pose compo-
nents [2]. He used the eigenvalues and eigenvectors in order to graphically illustrate
the properties of GIM and named them as generalized inertia ellipsoids (GIE). In
terms of haptics, M̂C is the dominating factor of minimum impedance. If a user jig-
gles the end effector with ¨̄r∗ input, the felt force due to the dynamic effects is the F̄∗

and the relationship between the input and output is established by the M̂C matrix.
Therefore, for minimization of the minimum impedance of a haptic device, the M̂C
matrix should be minimized.

Similar evaluations conducted for stiffness performance can be repeated for GIM.
Average inertia of the manipulator, I f , and inertia condition number, Ie, as the Eu-
clidean norm of inertia matrix are defined in Eq.(16).

I f =
√

tr(M̂CM̂T
C ) and Ie = ‖M̂C‖‖(M̂C)

−1‖ (16)

By using Eq.(13) and Eq.(14), Eq.(17) is derived. By using this, in [17], the
dynamic manipulability measure is introduced (Eq.(17)). This index indicates the
amplification rate between the actuator inputs and output acceleration of the end-
effector. Better dynamic manipulability can be achieved by increasing the manipu-
lability and/or decreasing the determinant of inertia matrix.

Id = det(ĴM̂−1) = det(Ĵ)/det(M̂) (17)

Another evaluation approach in [9] proposed the acceleration radius measure to
emphasize the acceleration capability of the end-effector for any arbitrary direction.
However, Ie and Id are more suitable as performance indices since they already
consider the acceleration radius.

Final evaluation can be carried out by computing the natural frequency of the
manipulator. Natural frequency can be computed by evaluating the eigenvalues of
the dynamic matrix D̂ which is defined in Eq.(18) in joint space and in Cartesian
space. Modal vectors are the eigenvectors of the dynamic matrix.

D̂ =−M̂−1K̂ and D̂C = ĴD̂Ĵ−1 (18)

Increasing the natural frequency corresponds to increasing bandwidth and de-
creasing the response time of the mechanism. This also maximizes the maximum
impedance by increasing gains of K̂ and minimizes the minimum impedance by de-
creasing gains of M̂. It should be noted that K̂C and M̂C are functions of link lengths
and joint variables. Thus, natural frequency can be intuitively optimized in kine-
matic level. Matrix D̂ or D̂C should be simplified as a scalar performance index. The
easiest way is by evaluating the Frobenius norm of the dynamic matrix (Eq.(19)),
which takes in account the value of natural frequency for Cartesian space, ωnc, and
for joint space, ωn. This way an average value of natural frequency is obtained.

ωnc =
√

tr(D̂CD̂T
C) and ωn =

√
tr(D̂D̂T ) (19)
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5 Globalization of Indicies

All indices, mentioned above, are pose depended. A manipulator cannot be designed
for a single pose. It should be evaluated at each discrete pose. The global perfor-
mance index is proposed by Gosselin and Angeles [8] to address this problem:

ki =

∫
W

idw

/∫
W

dw

 , (20)

where ki is the average of the globalized index, i is the index which will be glob-
alized and W denotes the workspace. As a scalar value, ki enables evaluating the
performance of related index for all discrete positions of the workspace. If there are
no singular poses within the workspace, this method can be simplified by consider-
ing only the critical poses which are generally at the boundaries of the workspace.

Evaluation of ki alone may mislead the designer. If the manipulator is close to a
singular pose, the effect of the index at that pose will be reduced when the average
value is calculated. In [13] the uniformity of the performance index is introduced as

U = Imin/Imax, (21)

where U is the uniformity measure, Imin and Imax are the minimum and maximum
values of the observed index through the workspace. As an example, the uniformity
of the force capability is especially important for haptic devices so that same amount
of impedance can be displayed to the user throughout the workspace.

6 Conclusions

The critical metrics to optimize the unpowered system characteristics of a haptic
device are reviewed and discussed in terms of kinematics, stiffness and dynam-
ics indices, and their physical meanings. All indices include the Jacobian matrix
or share the same parameters with the Jacobian matrix. Therefore, these metrics
can be narrowed down as a function of Jacobian matrix entries and it is possible
to optimize all performance indices in kinematic level up to a certain point. This
is computationally faster and it handles most of the design parameters, simultane-
ously. However, Jacobian matrices should be normalized and made homogeneous to
remove the scale and unit dependency to compare different manipulator topologies
in the same framework. The metrics investigated in this paper will be applied in the
optimal design of a new haptic device.
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